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1. Introduction

This work is a continuation of [32] and is devoted to some useful construction in
Banach lattice theory: homogeneous functional calculus, convexification and con-
cavification, direct sum and tensor product. We are mainly concerned with the
problem how to produce new injective Banach lattice from the old ones using these
constructions.

We attack the problem by means of the Boolean-valued transfer principle from
AL-spaces to injective Banach lattices established in [32]: every injective Banach
lattice embeds into an appropriate Boolean-valued model, becoming an AL-space.
According to this fact and fundamental principles of Boolean-valued models, each
theorem about the AL-space within Zermelo–Fraenkel set theory has an analog for
the original injective Banach lattice interpreted as the Boolean-valued AL-space.
Translation of theorems from AL-spaces to injective Banach lattices is carried out
by appropriate general operations of Boolean-valued analysis. This approach stems
from Gordon [19, 20] and Takeuti [49].

In Section 2 we recall some basic notions and facts about injective Banach lat-
tices, Kaplansky–Hilbert modules, and Fremlin’s tensor products of vector and Ba-
nach lattices. Section 3 deals with the interrelation between homogeneous functional
calculi in a Boolean-valued Banach lattice and in its bounded descent. Section 4
demonstrates that Kaplansky–Hilbert lattices and injective Banach lattices may be
produced from each other by means of the well known convexification and con-
cavification procedures. Section 5 contains three lemmas which are basic for the
understanding of the interplay between the vector-valued norm and the conven-
tional one. In Section 6 we sketch a Boolean-valued version of the cocavification
procedure and demonstrate that it enables us to produce new examples of injective
Banach lattices. Section 7 deals with injective sum of injective Banach lattices and
contains also a characterization of injective Banach lattices in terms of summable
sequences. In Section 8 we construct the injective tensor product of two injective
Banach lattice which, in a particular case of one-dimensional M -centers, is similar
to the relationship between the L1 space of a product measure and the L1 spaces of
its factors.

In this work we deal only with the isometric theory, i.e. with 1-injective Banach
lattices. For λ-injective Banach lattices (λ > 1) see [37, 39].

For the theory of Banach lattices and positive operators we refer to the books
[1, 2, 40]. The elementary theory of Boolean algebras can be found in [41, 47, 53].
The needed information on the theory of Boolean-valued models is briefly presented
in [28, Chapter 9]; details may be found in [5, 33, 52].

In what follows X and Y denote Banach lattices. We denote by P(X) the Boolean
algebra of all band projections in a vector lattice X. Throughout the sequel B is a
complete Boolean algebra with unit 1 and zero O, while Λ := Λ(B) is a Dedekind
complete AM -space with unit such that B = P(Λ). A partition of unity in B is
a family (bξ)ξ∈Ξ ⊂ B such that

∨
ξ∈Ξ bξ = 1 and bξ ∧ bη = O whenever ξ 6= η. Every-

where below V(B) is the Boolean-valued model of set theory built from a complete
Boolean algebra B.

We let := denote the assignment by definition, while N, Q, and R symbolize the
naturals, the rationals, and the reals.



4 A. G. Kusraev

2. Prerequisites

Let Λ be a real Dedekind complete AM -space with unit 1 endowed with a unique
f -algebra multiplication. Then Λ̄ := Λ⊕iΛ is a commutative C∗-algebra often called
a Stone algebra. We write Λ = Λ(B) whenever B is a Boolean algebra of band
projections (or positive idempotents) in Λ. The unexplained terms of use below can
be found in [28] and [40].

Injective Banach Lattices. Recall some definitions and facts needed in the sequel.

Definition 2.1. A real Banach lattice X is said to be injective if, for every
Banach lattice Y , every closed vector sublattice Y0 ⊂ Y , and every positive linear
operator T0 : Y0 → X there exists a positive linear extension T : Y → X with
‖T0‖=‖T‖. Equivalently, X is an injective Banach lattice if, whenever X is lattice
isometrically imbedded into a Banach lattice Y , there exists a positive contractive
projection from Y onto X.

Thus, the injective Banach lattices are the injective objects in the category of Ba-
nach lattices with the positive contractions as morphisms. Arendt [3, Theorem 2.2]
proved that the injective objects are the same if the regular operators with contrac-
tive modulus are taken as morphisms. More details see in Lotz [38], Cartwright [13],
Haydon [23], Buskes [8], and Wickstead [54].

Definition 2.2. A band projection π in a Banach lattice X is called an M -
projection if ‖x‖ = max{‖πx‖, ‖π⊥x‖} for all x ∈ X, where π⊥ := IX − π. The
collection of all M -projections forms a subalgebra M(X) of the Boolean algebra of
all band projections P(X) in X. The f -subalgebra of the center Z (X) generated
by M(X) is called the M -center and denoted by Zm(X).

Observe that M(X) is an order closed subalgebra of P(X) whenever X has the
Fatou and Levi properties. The relations B ' M(X) and Λ(B) ' Zm(X) are
equivalent. The notion of an M -projection plays a crucial role in the theory of in-
jective Banach lattices. In a wider context of a general Banach space theory the
concept see in [6] and [22].

Definition 2.3. Let X and Y be Banach lattices and B a Boolean algebra which
is identified with a subalgebra of P(X) and a subalgebra of P(Y ). An operator
T : X → Y is called B-linear, if it is linear and b ◦ T = T ◦ b for all b ∈ B. Say
that X is lattice B-isometric to Y and write X 'B Y if there is a B-linear lattice
isometry from X onto Y .

Now we are able to state a Boolean valued transfer principle from AL-spaces to
injective Banach lattices, see [32, Theorem 5.1 and Corollary 5.2].

Theorem 2.4. The bounded descent X := X ⇓ of an AL-space X in V(B) is an
injective Banach lattice with B ' M(X) and Λ(B) ' Zm(X). Conversely, if X is
an injective Banach lattice and B = M(X), then there exists a unique up to lattice
isometry AL-space X in V(B) whose bounded descent is lattice B-isometric to X.

Corollary 2.5. If Φ is a strictly positive Maharam operator with the Levi prop-
erty taking values in a Dedekind complete AM -space Λ with unit and |||x||| =
‖Φ(|x|)‖∞ (x ∈ L1(Φ)), then (L1(Φ), |||·|||) is an injective Banach lattice and there is
a Boolean isomorphism ϕ from P(Λ) onto M(L1(Φ)) with π ◦Φ = Φ ◦ϕ(π) (π ∈ B).

Conversely, any injective Banach lattice X is lattice B-isometric to (L1(Φ), |||·|||)
for some strictly positive Maharam operator Φ with the Levi property taking values
in a Dedekind complete AM -space Λ with unit, where B = P(Λ) 'M(L1(Φ)).
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Corollary 2.6. Let X be an injective Banach lattice, B = M(X), and Λ = Λ(B).
Then Λ and Zm(X) are f -algebra isomorphic. In particular, X can be endowed
with the structure of lattice ordered Banach module over Λ.

Kapansky–Hilbert Modules. Let X be a unitary Λ̄-module.

Definition 2.7. The mapping 〈· | ·〉 : X ×X → Λ̄ is a Λ̄-valued inner product,
whenever for all x, y, z ∈ X and a ∈ Λ̄ the following are satisfied:

(1) 〈x |x〉 > 0; 〈x |x〉 = 0 ⇐⇒ x = 0;
(2) 〈x | y〉 = 〈y |x〉∗;
(3) 〈ax | y〉 = a〈x | y〉;
(4) 〈x + y | z〉 = 〈x | z〉+ 〈y | z〉.

If X is complete with respect to the norm ‖x‖ :=
√
‖〈x, x〉‖∞ (x ∈ X), it is called

a C∗-module over Λ̄.

Definition 2.8. A C∗-module X over Λ̄ is a Kaplansky–Hilbert module over
Λ̄ = Λ̄(B) if it enjoys the property: Given a norm-bounded family (xξ)ξ∈Ξ in X and
a partition of unity (eξ)ξ∈Ξ in B, there exists an element x ∈ X such that eξx = eξxξ

for all ξ ∈ Ξ, see [28, Definition 7.4.5].

Consider a Kaplansky–Hilbert module X with a Λ̄-valued inner product 〈·, ·〉. The

norm ‖x‖ :=
√
‖〈x|x〉‖∞ (x ∈ X) and the Λ-valued norm x :=

√
〈x|x〉 (x ∈ X)

in X are related as ‖x‖ =
∥∥ x

∥∥
∞ (x ∈ X). Moreover, two forms of the Cauchy–Bu-

nyakovskĭı inequality are fulfilled:

〈x | y〉 6 x · y , ‖〈x | y〉‖∞ 6 ‖x‖ ‖y‖ (x, y ∈ X).

The following result due to M. Ozawa [43] (together with the other results from
[42, 44]) tells us that the category of Kaplansky–Hilbert modules over Λ̄ = Λ̄(B)
and bounded Λ̄-linear operators is equivalent to the category of Hilbert spaces and
bounded linear operators in V(B). For a Banach space X inside V(B) the descent
X ↓ and the bounded descent X ⇓ are defined as X ↓ :=

{
x ∈ V(B) : [[x ∈ X ]] = 1

}
and X ⇓ :=

{
x ∈ X ↓ : [[‖x‖ 6 C∧]] = 1 for some C ∈ R+

}
. More details can be

found in [28, Chapter 8].

Theorem 2.9. The bounded descent of an arbitrary Hilbert space in V(B) is
a Kaplansky–Hilbert module over the Stone algebra Λ̄(B). Conversely, if X is
a Kaplansky–Hilbert module over Λ̄(B), then there is a Hilbert space X in V(B)

whose bounded descent X ⇓ is unitarily equivalent with X. The space X is unique
to within unitary equivalence inside V(B).

Remark 2.10. The concept of Kaplansky–Hilbert module was introduced by
I. Kaplansky in [26] under the name AW ∗-module. In the introduction he wrote:

“. . . the new idea is to generalize Hilbert space by allowing the inner product to
take values in a more general ring then the complex numbers. After the appropriate
preliminary theory of these AW ∗-modules has been developed, one can operate with
a general AW ∗-algebra of type I in almost the same manner as with the factor.”

In other words, the central elements of an AW ∗-algebra can be taken as complex
numbers and one can work with with factors rather then with general AW ∗-algebras.

Fremlin’s tensor product of vector lattices. In his fundamental paper [15] Fremlin
introduced for every two Archimedean vector lattices X and Y a new Archimedean
vector lattice X⊗Y . In the sequel all vector lattices are assumed to be Archimedean.



6 A. G. Kusraev

Theorem 2.11. Let X and Y be vector lattices. Then there exist a unique
up to isomorphism vector lattice X ⊗ Y and a bimorphism φ : X × Y → X ⊗ Y
such that:

(1) whenever Z is a vector lattice and ψ : X × Y → Z is a lattice bimorphism,

there is a unique lattice homomorphism T : X ⊗ Y → Z with T ◦ φ = ψ;
(2) φ induces an embedding of the algebraic tensor product X ⊗ Y into X ⊗ Y ;

(3) X ⊗ Y is dense in X ⊗ Y in the sense that for every v ∈ X ⊗ Y there exist
x0 ∈ X and y0 ∈ Y such that for every ε > 0 there is an element u ∈ X ⊗ Y with
|v − u| 6 εx0 ⊗ y0;

(4) if 0 < v ∈ X ⊗ Y , then here exist x ∈ X+ and y ∈ Y+ with 0 < x⊗ y 6 v.

The lattice bimorphism φ is conventionally denoted by ⊗ and the algebraic tensor
product X⊗Y is regarded as actually embedded into X⊗Y . If X0 and Y0 are vector
sublattices in X and Y , respectively, then the tensor product X0⊗ Y0 is isomorphic
to the vector sublattice in X⊗Y generated by X0⊗Y0. Therefore, X0⊗Y0 is regarded
as a vector sublattice of X ⊗ Y , see [15, Corollaries 4.4 and 4.5]. D. Fremlin [15,

Theorem 5.3] proved also the following important universal property of X ⊗ Y .

Theorem 2.12. If Z is a relatively uniformly complete vector lattice, then for
every positive bilinear operator B : X×Y → Z there exists a unique positive linear
operator T : X ⊗ Y → Z such that B = T⊗.

For Banach lattices X and Y Fremlin [16] defined the positive projective tensor

norm ‖ · ‖|π| on X ⊗ Y by putting

‖u‖|π| := inf

{∑

k6n

‖xk‖‖yk‖ : xk ∈ X+, yk ∈ Y+, k 6 n ∈ N, |u| 6
∑

k6n

xk ⊗ yk

}
.

The Fremlin projective tensor product X⊗̂|π|Y (≡ Λ1

4⊗ Λ2) of X and Y is the

completion of X ⊗ Y with respect to the norm ‖ · ‖|π|.
Theorem 2.13. For any Banach lattices X and Y the following hold:
(1) X⊗̂|π|Y is a Banach lattice and ⊗ : X×Y → X⊗̂|π|Y is a lattice bimorphism.

(2) The positive cone (X⊗̂|π|Y )+ is the closure in X⊗̂|π|Y of the cone {x ⊗ y :
x ∈ X+, y ∈ Y+}.

(3) ‖x⊗ y‖|π| = ‖x‖ ‖y‖ for all x ∈ X and y ∈ Y .
(4) For any Banach lattice Z there is a one-to-one norm-preserving correspon-

dence between continuous positive blinear operators B : X×Y → Z and continuous
positive operators T : X⊗̂|π|Y → Z given by B = T⊗.

3. Homogeneous Functional Calculus

Everywhere below X is a Banach lattice in V(B) and X = X ⇓. In this section,
we discuss the relation between homogeneous functional caculi in X and X . To do
this we need some auxiliary facts.

For a non-empty subset A of a vector lattice, denote by ∨(A) (resp. ∧(A)) the
collection of all vectors that can be written as suprema (resp. infima) of finite
subsets of A. Put ∧∨ (A) := ∧(∨(A)) and ∨∧ (A) := ∨(∧(A)). It always turns out
that ∨∧ (A) = ∧∨ (A). Denote by Pfin(A) the set of all finite subsets of A.

Lemma 3.1. For any nonempty set A ⊂ X we have [[∧∨ (A↑) = (∧∨ (A))↑]] = 1.
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C The relation A ⊂ ∧∨(A) implies that A↑ ⊂ ∧∨(A)↑ and thus ∧∨(A↑) ⊂ ∧∨(A)↑,
since ∧∨ (A)↑ is a sublattice. For the converse, take u ∈ ∧∨ (A) represented as
u =

∧
k∈n

∨
f(k) with n ∈ N and f : n := {0, 1, . . . , n − 1} → Pfin(A). Making

use of the relation Pfin(A↑) = {θ↑ : θ ∈ Pfin(A)}↑, define an internal function
g : n∧ → Pfin(A↑) by [[g(k∧) = f(k)↑]] = 1 (k ∈ n). It is easy to verify that[[
u =

∧
k∈n∧

∨
g(k)

]]
= 1 and therefore [[u ∈ ∧∨(A↑)]] = 1. Now, if [[x ∈ ∧∨(A)↑]] = 1

then there exists a partition of unity (bξ) in B and a family (uξ) in ∧∨ (A) such
that bξ 6 [[x = uξ]] for all ξ. Taking into account that uξ is in ∧∨ (A↑) we deduce
bξ 6 [[x = uξ]] ∧ [[uξ ∈ ∧∨ (A↑)]] 6 [[x ∈ ∧∨ (A↑) ]], whence [[x ∈ ∧∨ (A↑)]] = 1. B

Denote by H (RN) the vector lattice of all continuous functions ϕ : RN → R
which are positively homogeneous (≡ ϕ(λt) = λϕ(t) for λ > 0 and t ∈ RN). If S :=
{t = (t1, . . . , tN) ∈ RN : |t1| + · · · + |tN | = 1}, then the map ϕ 7→ ϕ|S is a lattice
isomorphism from H (RN) onto C(S), the Banach lattice of continuous functions
on S. Thus, H (RN) can be also considered as a Banach lattice with the induced
order unit norm.

Observe, that (RN)∧ = (R∧)N∧
. If ϕ ∈ H (RN) then [[ ϕ∧ : (RN)∧ → R∧ is

a continuous function ]] = 1 and [[ there exists a unique continuous function ϕ̃ ∈
H (RN∧

) such that ϕ̃|(RN )∧ = ϕ∧ ]] = 1, see [21, Lemma 16]. Evidently, the map

τ : ϕ 7→ ϕ̃ is a lattice isomorphism from H (RN) into H (RN∧
)↓. Let ek stands for

the kth coordinate function on RN , i. e. ek : (t1, . . . , tN) 7→ tk. Clearly, ẽk is a kth
coordinate function on RN∧

.

Lemma 3.2. The following holds inside V(B): the Banach lattice H (RN∧
) is lat-

tice isomorphic to the completion of the R-normed vector lattice H (RN)∧ over R∧.
C Recall that if Q is the field of rationals then Q∧ is the field of rationals

in V(B). Denote by Q(e1, . . . , eN) and Q〈e1, . . . , eN〉 the Q-linear subspace and Q-
linear sublattice generated by {e1, . . . , eN}. Let Q∧(ẽ1, . . . , ẽN) and Q∧〈ẽ1, . . . , ẽN〉
be the corresponding internal objects in V(B). If A := τ(Q(e1, . . . , eN)) and
B := τ(Q〈e1, . . . , eN〉) then B = ∧∨ (A) (see [1, Lemma 5.63]) and B↑ = ∧∨ (A↑)
by Lemma 3.1. Moreover, A↑ = Q∧(ẽ1, . . . , ẽN), since Q(e1, . . . , eN) is defined by
a restricted formula. The last two observations imply B↑ = Q∧〈ẽ1, . . . , ẽN〉. It re-
mains to note that B↑ is uniformly dense in H (RN∧

) and is lattice isometric to the
sublattice Q〈e1, . . . , eN〉∧ which is uniformly dense in H (RN)∧. B

Theorem 3.3. Let x1, . . . , xN ∈ X, x := (x1, . . . , xN), and x be an element
of V(B) with [[ x = (x1, . . . , xN∧)B ]] = 1. If x̂ : H (RN) → X and x̂ : H (RN∧

) → X
are homogeneous functional calculi in X and X , respectively, then x̂↓ ◦ τ = x̂.

C By Lemma 3.2 x̂ is a unique continuous extension of the map from τ
(
H (RN)∧

)
into X defined by x̂ : ϕ̃ 7→ x̂(ϕ). Therefore, [[ x̂(ϕ̃) = x̂(ϕ) ]] = 1 for all ϕ ∈
H (RN). B

Definition 3.4. A map ϕ : RN → Λ is said to be τo-continuous at t ∈ RN if

inf
n∈N

sup
{|ϕ(s)− ϕ(t)| : s ∈ RN , ‖s− t‖ 6 1/n

}
= 0.

This is equivalent to saying that for every 0 < ε ∈ R there exists a countable
partition of unity (πk) in B such that πk|ϕ(s)−ϕ(t)| 6 ε1 for all k ∈ N and s ∈ RN

with ‖s − t‖ 6 1/k. Now, ϕ is called τo-continuous if it is τo-continuous at every
t ∈ RN . Write Hτo(RN , Λ) for the set of all τo-continuous functions from RN to Λ
which are positively homogeneous (≡ ϕ(λt) = λϕ(t) for 0 6 λ ∈ R and t ∈ RN).
For any ϕ ∈ H (RN) and λ ∈ Λ define ϕ ⊗ λ ∈ Hτo(RN , Λ) by ϕ ⊗ λ : s 7→ ϕ(s)λ
(s ∈ S).
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Clearly, Hτo(RN , Λ) is a vector lattice and an f -algebra with unit 1S ⊗ 1. Equip
Hτo(RN , Λ) with a mixed norm by putting ϕ := sups∈S |ϕ(s)| and |||ϕ||| := ‖ ϕ ‖∞.

Lemma 3.5. The map τ is a lattice B-isometry from Hτo(RN , Λ) onto H (RN∧
)⇓.

In particular, (Hτo(RN , Λ), |||·|||) is a B-cyclic Banach lattice.

C By Lemma 3.2 and [32, Proposition 7.2] the B-cyclic Banach lattices H (RN∧
)⇓

and C#(Q, H (RN)) are lattice B-isometric, whenever Q is the Stone space of B
and Λ is identified with C(Q). Thus, we have only to show that Hτo(RN , Λ)
and C#(Q, H (RN)) are lattice B-isometric. This is equivalent to Hτo(RN , Λ)
and C#(Q, H (RN)) being lattice isometric relative to Λ-valued norms. The al-
gebraic tensor product H (RN) ⊗ Λ can be identified with a dense subspace both
in C#(Q, H (RN)) and Hτo(RN , Λ). Moreover, the two induced Λ-valued norms on
H (RN)⊗ Λ coincide. B

For a subset M of a B-cyclic Banach lattice X define B〈M〉 as the set of all
x ∈ X such that there are a partition of unity (πξ)ξ∈Ξ in B and a family (xξ)ξ∈Ξ

in M with πξx = πξxξ for all ξ ∈ Ξ. Denote B〈x1, . . . , xN〉 := B〈lin(x1, . . . , xN)〉,
where lin(x1, . . . , xN) is the linear hull of {x1, . . . , xN}.

Corollary 3.6. Let X be a B-cyclic Banach lattice. For any x := (x1, . . . , xN) ∈
XN there exists a unique lattice B-homomorphism (denoted by the same symbol x̂)

x̂ : ϕ 7→ x̂(ϕ) := ϕ̂(x1, . . . , xN)
(
ϕ ∈ Hτo(RN , Λ)

)

of Hτo(RN , Λ) into X with x̂(dtk ⊗ λ) = λxk for all k := 1, . . . , N and λ ∈ Λ.
Moreover, x̂

(
Hτo(RN , Λ)

)
equals the norm closure of B〈x1, . . . , xN〉.

C By the Boolean-valued transfer principle and maximum principle there is a
unique lattice homomorphism x̂ inside V(B) from H (RN∧

) to X N∧
with x̂(ẽk) = xk

(k := 1, . . . , N), see [10] and [36]. Therefore, the required statement is immediate
from Theorem 3.3 and Lemma 3.5. B

Definition 3.7. For a positive invertible α ∈ Λ and arbitrary s, t ∈ R we denote
tα := sgn(t)|t|α and σα(s, t) := (s1/α + t1/α)α, where 1/α := α−1. Clearly, tα ∈ Λ
and σα ∈ Ho(R2, Λ), so that σα(x, y) is well defined in X for every x, y ∈ X by
Corollary 3.6. In a vector lattice X, we introduce new vector operations ⊕ and ∗,
while the original ordering 6 remain unchanged:

x⊕ y := σα(x, y) := (x1/α + y1/α)α, t ∗ x := tαx (x, y ∈ X; t ∈ R).

Then X(α) := (X,⊕, ∗,6) is again a vector lattice called an α-convexification of X.
Note, that 1/α-covexification is also called an α-concavification, cf. [36, pp. 53, 54].

Corollary 3.8. Let α be a positive invertible element in Λ = R⇓. Then for a
Banach lattice X inside V(B) we have

(X (α))⇓ = (X ⇓)(α).

C Denote x = (x1, x2), x := (x1, x2)
B and observe that (x1, x2) 7→ x̂(σα) and

(x1, x2) 7→ x̂(σα) are the operations of addition in X := X ⇓ and X , respectively.
The addition in X(α) is the bounded descent of the addition in X (α), since x̂↓(σ̃α) =
x̂(σα) by Theorem 3.3. Similar assertion about multiplication is evident. B

Define also a homogeneous function ‖ · ‖〈α〉 : X(α) → R by

‖x‖〈α〉 := inf{0 < λ ∈ R : ‖λ−αx‖ 6 1} (x ∈ X). (1)

Evidently, if α = ν1, then ‖x‖〈α〉 := ‖x‖1/ν .
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Theorem 3.9. Let (X, |||·|||) be a B-cyclic Banach lattice and 1 6 α ∈ Λ. Then
(X(α), |||·|||〈α〉) is also a B-cyclic Banach lattice and there exists a (non-linear) order

isomorphism ια : X → X(α) such that

ια(λαx) = λ ∗ ια(x), ια((x1/α + y1/α)α) = ια(x)⊕ ια(y)

for all x, y ∈ X and λ ∈ R. Moreover, |||x||| = 1 if and only if |||ια(x)|||〈α〉 = 1.

C We can assume without loss of generality that X = X ⇓ and |||·||| = ‖ · ‖∞,
where (X , ‖ · ‖) is a Banach lattice in V(B) and · is the descent of ‖ · ‖. Then
X(α) = (X (α))⇓ by Corollary 3.8. Write ‖ · ‖(α) and |||·|||(α) for the norms in X (α)

(internal) and the mixed norm in (X (α))⇓ (external), respectively. Then, taking into
account that α is an internal positive real, we have [[‖x‖(α) = ‖x‖1/α (x ∈ X )]] = 1
and hence |||x|||(α) =

∥∥ x 1/α
∥∥
∞ for all x ∈ X. It follows that |||x|||(α) 6 1 if and only

if x 1/α 6 1 if and only if x 6 1. At the same time, according to (1), |||x|||〈α〉 6 1

if and only if for every ε > 0 there is λε 6 (1 + ε) with |||λ−α
ε x||| 6 1. Because

|||λ−αx||| = ‖ λ−αx ‖∞ = ‖λ−α x ‖∞, we conclude that |||λ−α
ε x||| 6 1 if and only if

x 6 λα
ε . Now, it is clear that if |||x|||〈α〉 6 1, then x 6 λα

ε 6 (1 + ε)α 6 1+ εα for

any ε > 0, so that x 6 1.
We have proved thus that the bounded descent of (X (α), ‖ · ‖(α)) is lattice B-

isometric to (X(α), |||·|||〈α〉). Because (X (α), ‖ · ‖(α)) is a Banach lattice inside V(B),

we conclude that (X(α), |||·|||〈α〉) is a B-cyclic Banach lattice. Since the underlying

sets of X and X(α) coincide, we can define ια as the identity map. The required
properties of ια are obvious. B

Remark 3.10. In various situations it is desirable to have an extended version
of the homogeneous functional calculus. Apart from the standard homogeneous
functional calculus [10, 36, 48] there are at least four instances: 1) A generalized
functional calculus on a Banach lattice with the center Z (X) was developed in
[24] for H (RN ,Z (X)), the f -algebra of positively homogeneous continuous Z (X)-
valued functions on RN . 2) Corollary 3.6 above treats the case of Hτo(RN , Λ) with
a special f -subalgebra Λ ⊂ Z (X). 3) It is shown in [29, 30] that the function of
elements of a relatively uniformly complete vector lattice can naturally be defined if
the continuous positively homogeneous function is defined on some conic set in RN .
4) In [35] the homogeneous functional calculus from 3) is extended so that it becomes
the continuous functional calculus. A unified treatment of these different approaches
is desirable.

4. Kaplansky–Hilbert Lattices

In this section we show that injective Banach lattices and Kaplansky–Hilbert
lattices are closely related and one can be transformed into another by means of
the procedures of 2-convexification and 1/2-concavification. This surprising fact is
almost trivial inside an appropriate Boolean valued model.

Definition 4.1. A real Banach lattice X is said to be a Kaplansky–Hilbert lattice
over Λ whenever X ⊕ iX is a Kaplansky–Hilbert module over Λ̄ with respect to the
norm ‖x+iy‖ :=

√
‖x‖2 + ‖y‖2 (x, y ∈ X). A Kaplansky–Hilbert lattice over Λ = R

is called a Hilbert lattice, see [40].

It can be easily seen that a real Banach lattice X is a Kaplansky–Hilbert lattice
if and only if the following hold:
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(1) X is a unitary Λ-module;
(2) There is a Λ-valued inner product 〈· | ·〉 (i. e. 〈· | ·〉 satisfy 2.6 (1–4) with

λ = λ∗ for all λ ∈ Λ) in X such that ‖x‖ :=
√
‖〈x |x〉‖∞ (x ∈ X);

(3) Given a norm-bounded family (xξ)ξ∈Ξ in X and a partition of unity (eξ)ξ∈Ξ

in B, there exists an element x ∈ X such that eξx = eξxξ for all ξ ∈ Ξ.

Definition 4.2. We need one more useful concept introduced by G. Buskes and
A. van Rooij [12], see also [9]. Let X be a vector lattice. The pair (X¯,¯) is called
a square of E if the following conditions are fulfilled:

(1) X
¯

is a vector lattice;
(2) ¯ : X ×X → X

¯
is a symmetric lattice bimorphism;

(3) for any vector lattice Y and every symmetric lattice bimorphism ϕ : X×X→Y
there exists a unique lattice homomorphism S : X

¯→Y such that S ◦ ¯ = ϕ.

Theorem 4.3. An arbitrary Archimedean vector lattice X has a unique (up to a
lattice isomorphism) square (X¯,¯). If X is uniformly complete then X

¯
= X(1/2)

and x ¯ y := (xy)1/2 for all x, y ∈ X. If X is a q-convex Banach lattice for some
q > 2, then X

¯
equipped with the norm ‖x ¯ x‖¯ := ‖x ¯ x‖(1/2) := ‖x‖2 is also

a Banach lattice.

C The existence of X
¯

was established in [12]. For the identity X
¯

= X(1/2) see
[48, Proposition 4.8 (ii)]. The last statement can be found in [36, p. 53]. B

Lemma 4.4. Let X ¯
stand for the square of X inside V(B). Then

(
X

¯)⇓ =
(
X ⇓)¯

.

C Apply Corollary 3.8 with α := 1/2. B
Theorem 4.5. Let X be a Banach lattice and Λ a Dedekind complete AM -

space with unit. Then X is a Kaplansky–Hilbert lattice over Λ if and only if the
square X

¯
is an injective Banach lattice with Λ ' Zm(X

¯
). In this case the map

ι : x 7→ x¯ |x| is an isometric order isomorphism from X onto X
¯
.

C Assume that X is a Kaplansky–Hilbert lattice over Λ. By Theorem 2.8 there is
a real Hilbert space X inside V(B) such that X and X ⇓ are unitary equivalent real
Kaplansky–Hilbert modules over Λ. In view of [32, Theorem 4.1] X is also a Banach
lattice inside V(B). Thus, from [40, Corollary 2.7.5] we deduce [[X is lattice isometric
to L2(µ) for some measure space (Ω, Σ, µ)]] = 1. Taking into consideration the
relation (L2(µ))

¯
= L1(µ) we conclude that [[X ¯

is lattice isometric to L1(µ)]] = 1.
By Theorem 2.4 X ¯⇓ is an injective Banach lattice with Λ ' Zm(X

¯
) and it

remains to apply Lemma 4.4.
Conversely, suppose that X

¯
is an injective Banach lattice Then, in view of

Theorem 2.4, X
¯

is lattice B-isometric to Y ⇓ for some Y ∈ V(B) with [[Y =
L1(µ) = (L2(µ))

¯
]] = 1. Using again Lemma 4.4 we deduce X = (X

¯
)(2) 'B

(Y ⇓)(2) = ((L2(µ))
¯⇓)(2) 'B L2(µ)⇓. By Theorem 2.8 and [32, Theorem 4.1] X is

a Kaplansky–Hilbert lattice over Λ. B
Remark 4.6. Theorem 4.5 says that Kaplansky–Hilbert lattices and injective

Banach lattices are related as L2 and L1. Ivanov [25] proved that if X := L2([0, 1])
(and hence X

¯
= L1([0, 1])), then the bijection ι : x 7→ x¯ |x| is also a (non-linear)

homeomorphism.

Definition 4.7. Denote by
√

the inverse of ι, i. e.
√

(x ¯ |x|) = x and√
(y) ¯ |√(y)| = y for all x ∈ X and y ∈ X

¯
. Then ‖y‖¯ = ‖√(y)‖2 and
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‖x‖ =
√
‖x¯ |x|‖¯. The maps ι and

√
were named in [25] the alternating square

and the alternating square root, respectively.

Definition 4.8. Let X and Y be vector lattices. A positive operator T : X → Y
(resp. a positive bilinear operator T : X ×X → Y ) is said to have the Levi property
if Im(T )⊥ = {0} and sup xα exists in X for every increasing net (xα) ⊂ X+, provided
that (Txα) (resp. (T (xα, xα))) is order bounded in Y , see [32, Definition 2.5].

Definition 4.9. A positive bilinear operator B from X×X into Y is said to be
orthosymmetric if |x| ∧ |y| = 0 implies B(x, y) = 0 for arbitrary x, y ∈ X, see [11].
Say that B possesses the Maharam property if B ( [0, x] × [0, y] ) = [0, B(x, y)] for
all x, y ∈ X+. A positive order continuous bilinear operator with the Maharam
property is called a bilinear Maharam operator, see [31].

Corollary 4.10. A Banach lattice X is injective if and only if its M -center
Zm(X) is Dedekind complete and X(2) is a real Kaplansky–Hilbert lattice over
Zm(X).

C By Theorem 4.5 X(2) is a Kaplansky–Hilbert lattice over Zm(X) if and only
if (X(2))

¯
is an injective Banach lattice. It remains to observe that (X(2))

¯
=

(X(2))(1/2) = X(1) = X. B
Corollary 4.11. A Banach lattice X with the Dedekind complete M -center

Λ = Zm(X) is a Kaplansky–Hilbert lattice over Λ if and only if there exists a
linear Maharam operator Φ : X

¯ → Λ with the Levi property such that ‖x‖ =√
‖Φ(x¯ x)‖∞ (x ∈ X).

C This is immediate from Theorem 4.5 and [32, Theorem 5.1 (3)]. A standard
proof (i. e. without involving V(B)) can be given by using [9, Theorem 3.1] and [31,
Proposition 4.4]. B

Corollary 4.12. A Banach lattice X is injective if and only if Λ = Zm(X) is
Dedekind complete and there exists a bilinear orthosymmetric Maharam operator
〈·, ·〉 : X(2) × X(2) → Λ with the Levi property such that ‖x‖ = ‖〈√(x),

√
(x)〉‖2

∞
(x ∈ X).

C Apply Corollary 4.9 with X := X(2), observe that the bilinear operator 〈x, y〉 :=
Φ(x ¯ y) is Maharam if and only if so is the linear operator Φ : X = (X(2))

¯ → Λ
(see [31, Proposition 4.4]), and take into account [32, Theorem 5.1] with the identity
〈√(x),

√
(x)〉 = Φ(|x|). B

5. The Three Basic Lemmas

This section contains three relatively simple lemmas which are basic for the un-
derstanding of the interplay between the vector norm (with values in the M -center)
and the mixed (scalar) norm of an injective Banach lattice.

Denote by Prtσ := Prtσ(B) and Pfin(X) the set of all countable partitions of
unity in B and the collection of all finite subsets of X, respectively. Let X be a
B-cyclic Banach lattice. Recall that ‖x‖ =

∥∥ x
∥∥
∞ (x ∈ X), where (X, · ) is a

Banach–Kantorovich space with Λ-valued norm, Λ = Λ(B) = Zm(X).

Lemma 5.1. Let 1 6 p 6 ∞. For any finite collection x1, . . . , xN ∈ X we have

∥∥∥∥
( N∑

i=1

xi
p

) 1
p
∥∥∥∥
∞

= inf
(πk)∈Prtσ

sup
k∈N

( N∑
i=1

‖πkxi‖p

) 1
p

. (2)
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If 1 6 p < ∞ then the following equality is also true:

∥∥∥∥
N∑

i=1

xi
p

∥∥∥∥
∞

= inf
(πk)∈Prtσ

sup
k∈N

N∑
i=1

‖πkxi‖p. (3)

C We restrict to the first equality. The second equality can be obtained by raising
the first one to the power p. Observe that in the case p = ∞ the needed equation is
immediate from the Fatou property of the norm ‖ · ‖∞:

sup
k∈N

( N∑
n=1

‖πkxn‖p

) 1
p

= sup
k∈N

‖ πkx1 ‖∞ ∨ · · · ∨ ‖ πkx1 ‖∞

= sup
k∈N

∥∥πk( x1 ∨ · · · ∨ x1 )
∥∥
∞ =

∥∥∥∥
∨

k∈N
πk( x1 ∨ · · · ∨ x1 )

∥∥∥∥
∞

=
∥∥ x1 ∨ · · · ∨ xN

∥∥
∞ =

∥∥∥∥
( N∑

i=1

xi
p

) 1
p
∥∥∥∥
∞

.

Assume now that p < ∞. For a fixed finite collection x1, . . . , xN ∈ X and for an
arbitrary countable partition of unity (πk) in B we deduce

( N∑
n=1

xn
p

) 1
p

=
∞∨

k=1

( N∑
n=1

πkxn
p

) 1
p

=
∞∨

k=1

πk(1)

( N∑
n=1

‖πkxn‖p

) 1
p

6 1 · sup
k∈N

( N∑
n=1

‖πkxn‖p

) 1
p

,

whence the inequality 6 holds. To prove the reverse inequality, take an arbitrary
0 < ε ∈ R and choose a countable partition of unity (πk) such that

‖πkxi‖πk1 6 πk( xi + ε1) (k ∈ N, n := 1, . . . , N). (4)

Forming p-sums over n 6 N and taking the supremum over k ∈ N in (4) we obtain

sup
k∈N

( N∑
i=1

‖πkxi‖p

) 1
p

=

∥∥∥∥
∞∨

k=1

( N∑
i=1

‖πkxi‖pπk1
) 1

p
∥∥∥∥
∞

6 sup
k∈N

∥∥∥∥
( N∑

i=1

πk( xi + ε1)p

) 1
p
∥∥∥∥
∞

6
∥∥∥∥
( N∑

i=1

xi
p

) 1
p
∥∥∥∥
∞

+ N
1
p ε.

Since 0 < ε is arbitrary, we arrive at the required equality. B
Lemma 5.2. Given 1 6 p < ∞ and x ∈ X, denote

A(x) := inf

{
n∑

i=1

ui
p : |x| 6

( n∑
i=1

up
i

) 1
p

, {u1, . . . , un} ⊂ X+, n ∈ N
}

.
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The following representation holds:

‖A(x)‖∞ = inf

{
sup
k∈N

nk∑
i=1

‖πkui,k‖p : |x| 6
( nk∑

i=1

up
i,k

) 1
p

,

ui,k ∈ X+, i := 1, . . . , nk ∈ N, k ∈ N, (πk) ∈ Prtσ(B)

}
. (5)

C Denote by |||x||| the right-hand side of (5). For an arbitrary countable partition
of unity (πk) in B and for a sequence of finite collection {u1,k . . . , unk,k} with |x| 6( ∑nk

i=1 up
i,k

) 1
p (k ∈ N) in X we have A(x) 6

∨∞
k=1

∑nk

i=1 πk vi,k
p. Taking norms and

making use of Lemma 5.1 we deduce

‖A(x)‖∞ 6 sup
k∈N

∥∥∥∥∥
nk∑
i=1

πkvi,k
p

∥∥∥∥∥
∞

= sup
k∈N

inf
(ρj)∈Prtσ

sup
j∈N

nk∑
i=1

‖ρjπkvi,k‖p

6 inf
(ρj)∈Prtσ

sup
j,k∈N

nk∑
i=1

‖ρjπkvi,k‖p 6 sup
j,k∈N

nk∑
i=1

‖πjπkvi,k‖p = sup
k∈N

nk∑
i=1

‖πkvi,k‖p.

Taking the infimum on the right over all (πk) and (vi,k), we obtain ‖A(x)‖∞ 6 |||x|||.
Conversely, for ε > 0 there is a partition of unity (πk) in B such that for any

k ∈ N there exists a finite collection v1,k, . . . , vnk,k ∈ X+ with
∑nk

i=1 vi,k > |x| and

πk

nk∑
i=1

vi,k
p 6 πk(A(x) + ε1).

Summing over k ∈ N and taking into account the relation
∑

k∈N πkA(x) = A(x), we
get

∞∨

k=1

nk∑
i=1

πk vi,k
p 6 A(x) + ε1.

Taking norms and making use of the fact that ‖ · ‖∞ is a Levi norm we arrive at the
inequality

sup
k∈N

∥∥∥∥∥
nk∑
i=1

πkvi,k
p

∥∥∥∥∥
∞

6 ‖A(x)‖∞ + ε.

By Lemma 5.1 we can rewrite the last inequality as supk∈N ak 6 ‖A(x)‖∞+ε, where

ak := inf

{
sup
j∈N

nk∑
i=1

‖ρjπkvi,k‖p : (ρj) ∈ Prtσ(B)

}
.

For every k ∈ N we can choose a partition of unity (ρj,k)j∈N such that

sup
j∈N

nk∑
i=1

‖ρj,kπkvi,k‖p 6 ak + ε.

Moreover, we may assume that (ρj,k)j∈N is a refinement of (πk)k∈N. Denote τj,k :=
ρj,kπk and ui,j,k := vi,j whenever ρj,kπk = ρj,k. Then

|||x||| 6 sup
j,k∈N

nk∑
i=1

‖τj,kui,j,k‖p = sup
k∈N

sup
j∈N

nk∑
i=1

‖ρj,kπkvi,k‖p 6 sup
k∈N

ak+ε 6 ‖A(x)‖∞+2ε.

As ε > 0 is arbitrary, |||x||| = ‖A(x)‖∞. B
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Definition 5.3. Let Q1 and Q2 be extremally disconnected compact Hausdorff
spaces, Λ1 = C(Q1), Λ2 = C(Q2), and let Λ be the Dedekind completion of C(Q1×
Q2). If ui ∈ Λi then u1 ⊗ u2 ∈ Λ is defined as u1 ⊗ u2 : (q1, q2) 7→ u1(q1)u2(q2).
Consider injective Banach lattices X1 and X2 whose norms are expressible in the
form ‖x‖1 = ‖ x 1‖∞ and ‖x‖2 = ‖ x 2‖∞, where · i is a Λi-valued norm on Xi. For

any x ∈ X1 ⊗X2 define B(x) ∈ Λ by

B(x) := inf

{
n∑

i=1

ui ⊗ vi : 0 6 ui ∈ X1, 0 6 vi ∈ X2,

i = 1, . . . , n ∈ N, |x| 6
n∑

i=1

ui ⊗ vi

}
.

Lemma 5.4. For any x ∈ X1 ⊗X2 the representation holds:

‖B(x)‖∞ = inf

{
sup
k∈N

n∑
i=1

‖πkui,k‖ · ‖ρkvi,k‖ : (πk) ∈ Prtσ(B1), (ρk) ∈ Prtσ(B2),

0 6 ui,k ∈ X1, 0 6 vi,k ∈ X2 (i 6 n), |x| 6
n∑

i=1

ui,k ⊗ vi,k (k ∈ N)

}
.

C The proof goes along similar lines to the proof of Lemma 5.2 making use of
Lemma 5.1. B

6. Concavification

Definition 6.1. Take a positive invertible α ∈ Λ. An α-concavification X(α) may
be defined as in Definition 3.7. In a uniformly complete vector lattice X, introduce
new vector operations ⊕ and ∗, while the original ordering 6 remain unchanged:

x⊕ y := σα−1(x, y) := (xα + yα)1/α, t ∗ x := t1/αx (x, y ∈ X; t ∈ R).

Then X(α) := (X,⊕, ∗,6) is again a vector lattice called an α-concavification of X.

As was mentioned in Definition 3.7, X(α) = X(1/α). But we no longer have a
guarantee that X(α) is normable for an arbitrary Banach lattice X even if 1 6 α =
p ∈ R. The function x 7→ ‖x‖p is not a norm in general. Nevertheless, we can define
a lattice seminorm ‖ · ‖(p) on X(p) as

‖x‖(p) := inf

{
n∑

i=1

‖ui‖p : |x| 6 u1 ⊕ · · · ⊕ un, ui ∈ X+, n ∈ N
}

.

The seminorm ‖ · ‖(p) does not have to be a norm, and if it is a norm, it need
not be complete (see [7, Examples 18 and 26]). Denote by (X[p], ‖ · ‖[p]) the norm
completion of the normed lattice X(p)/ ker ‖ · ‖(p).

Assume now that X is a B-cyclic Banach lattice and Λ = Λ(B). Then there is a
Λ-valued norm · on X such that ‖x‖ = ‖ x ‖∞ (x ∈ X). Define x (α) : X → Λ as

x (α) := inf

{
n∑

i=1

x α : |x| 6 u1 ⊕ · · · ⊕ un, ui ∈ X+, n ∈ N
}
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and put ‖x‖〈α〉 =
∥∥ x (α)

∥∥
∞ (x ∈ X). Then ‖ · ‖〈α〉 is a lattice seminorm on X(α).

Again, the seminorm ‖·‖〈α〉 is not generally a norm and need not be complete. Write
(X〈α〉, ‖ · ‖〈α〉) for the completion of X/ ker(‖ · ‖〈α〉) with respect to the norm ‖ · ‖〈α〉.

Definition 6.2. The Banach lattice X[α] is called the [α]-concavification of a Ba-
nach lattice X and the B-cyclyc Banach lattice X〈α〉 is called the 〈α〉-concavification
of a B-cyclic Banach lattice X.

Proposition 6.3. Let α ∈ Λ = R⇓ and 1 6 α. For any Banach lattice (X , ‖·‖)
inside V(B) the bounded descent of the [α]-concavification of X equals the 〈α〉-
concavification of the bounded descent of X ; in symbols, (X[α])⇓ = (X ⇓)〈α〉.

C Put X := X ⇓ and · := ‖ · ‖⇓. Note that [[1∧ 6 α ∈ R]] = 1 Take x ∈ X
and denote by A (x) ∈ V(B) the internal set consisting of all finite sums

∑
i6n ‖xi‖α

with n ∈ N∧, {x1, . . . , xn} ⊂ X+, and |x| 6 x1 ⊕ · · · ⊕ xn. Denote by A(x) the set
of all finite sums

∑
i6n xi

α with n ∈ N, {x1, . . . , xn} ⊂ X+, and |x| 6 x1⊕ · · ·⊕xn.
Observe that x (α) = inf A(x) and [[‖x‖(α) = inf A (x)]] = 1. It can be easily checked
that [[inf A(x) is a greatest lower bound of A (x)]] = 1, so that [[‖x‖(α) = x (α) ]] = 1
(x ∈ X) or, equivalently, ‖ · ‖(α)⇓ = · (α). Write X0 for the set ker ‖ · ‖(α) and put
X0 := X0⇓.

Clearly, X0 := {x ∈ X : x (α) = 0} = {x ∈ X : ‖x‖〈α〉 = 0} and X0 is an order
ideal. Moreover, B〈X0〉 = X0 and thus X/X0 is a normed B-lattice and Λ-normed
lattice simultaneously. Let (X[[α]], · (α)) stands for the completion of X/X0 with
respect to the norm x (α). Then (X[[α]], · (α)) is linearly isometric (in the sense of
Λ-valued norms) to (X[α], ‖ · ‖[α])⇓. Now, it remains to observe that X〈α〉 = X[[α]] is

a B-cyclic Banach lattice and ‖x‖〈α〉 =
∥∥ x (α)

∥∥
∞ (x ∈ X〈α〉). B

Remark 6.4. The metric properties of the internal Banach lattice (X[α], ‖ · ‖[α])
can be immediately transferred into the language of the lattice (X[[α]], · (α)) by means
of the descent procedure. But the further translation into the language of the Banach
lattice (X〈α〉, ‖ · ‖〈α〉) is not so easy. Therefore, we restrict ourselves to the case
1 6 α := p ∈ R.

Definition 6.5. A B-cyclic Banach lattice X is said to be (B, p)-concave if there
exists a constant M > 0 such that for every x1, . . . , xn ∈ X+ and ε > 0 there exists
a countable partition of unity (πn) in B with

∥∥∥∥
( n∑

i=1

xp
i

) 1
p
∥∥∥∥ > 1

M + ε

( n∑
i=1

‖πkxi‖p

) 1
p

for all k ∈ N. Equivalently, X is (B, p)-concave if there is a constant M > 0 such
that ∥∥∥∥

( n∑
i=1

xp
i

) 1
p
∥∥∥∥ > 1

M
inf

(πk)∈Prtσ(B)
sup
k∈N

( n∑
i=1

‖πkxi‖p

) 1
p

whenever x1, . . . , xn ∈ X+.

Definition 6.6. Similarly, X is called (B, p)-convex if there is a constant M > 0
such that for every finite collection x1, . . . , xn ∈ X+, countable partition of unity
(πn) in B, and 0 < ε ∈ R there exists k ∈ N with

∥∥∥∥
( n∑

i=1

xp
i

) 1
p
∥∥∥∥ 6 (M + ε)

( n∑
i=1

‖πkxi‖p

) 1
p

.
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Equivalently, X is (B, p)-convex if there is a constant M > 0 such that

∥∥∥∥
( n∑

i=1

xp
i

) 1
p
∥∥∥∥ 6 M inf

(πk)∈Prtσ(B)
sup
k∈N

( n∑
i=1

‖πkxi‖p

) 1
p

whenever x1, . . . , xn ∈ X+.

Definition 6.7. A B-cyclic Banach lattice X satisfies a lower (B, p)-estimate
with constant M > 0 whenever for any finite collection of pair-wise disjoint elements
x1, . . . , xn ∈ X and every ε > 0 there exists a countable partition of unity (πn) in B
with ∥∥∥∥

n∑
i=1

xi

∥∥∥∥ > 1

M + ε

( n∑
i=1

‖πkxi‖p

) 1
p

for all k ∈ N. Equivalently, X satisfies a lower (B, p)-estimate with constant M > 0
whenever for any finite collection of pair-wise disjoint elements x1, . . . , xn ∈ X we
have ∥∥∥∥

n∑
i=1

xi

∥∥∥∥ > 1

M
inf

(πk)∈Prtσ(B)
sup
k∈N

( n∑
i=1

‖πkxi‖p

) 1
p

.

Definition 6.8. A B-cyclic Banach lattice X satisfies an upper (B, p)-estimate
with constant M > 0 whenever for any finite collection of pair-wise disjoint elements
x1, . . . , xn ∈ X, a countable partition of unity (πn) in B, and ε > 0 there exists k ∈ N
with ∥∥∥∥

n∑
i=1

xi

∥∥∥∥ 6 (M + ε)

( n∑
i=1

‖πkxi‖p

) 1
p

.

Equivalently, X satisfies a lower (B, p)-estimate with constant M > 0 whenever for
any finite collection of pair-wise disjoint elements x1, . . . , xn ∈ X we have

∥∥∥∥
n∑

i=1

xi

∥∥∥∥ 6 M inf
(πk)∈Prtσ(B)

sup
k∈N

( n∑
i=1

‖πkxi‖p

) 1
p

.

Proposition 6.9. Suppose that X is a B-cyclic Banach lattice and X ∈ V(B) is
its Boolean valued representation. The following assertions hold:

(1) [[ X is p∧-convex ]] = 1 ⇐⇒ there exists a countable partition of unity (πk)k∈N
in B such that πkX is (πkB, p)-convex for all k ∈ N.

(2) [[ X is p∧-concave ]] = 1 ⇐⇒ there exists a countable partition of unity
(πk)k∈N in B such that πkX is (πkB, p)-concave for all k ∈ N.

(3) [[ X satisfies a lower p∧-estimate with constant M∧ ]] = 1 ⇐⇒ X satisfies a
lower (B, p)-estimate with constant M .

(4) [[ X satisfies an upper p∧-estimate with constant M∧ ]] = 1 ⇐⇒ X satisfies
an upper (B, p)-estimate with constant M .

C We can assume that X = X ⇓ for some Banach lattice X in V(B). By Lem-
ma 5.1 the left hand-side of the equivalence 6.9 (1) is true if and only if there is a
countable partition of unity (πk)k∈N in B such that

πk

( n∑
i=1

xp
i

) 1
p

6 kπk

( n∑
i=1

xi
p

) 1
p
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for all k ∈ N and finite collections x1, . . . , xn ∈ X+. The latter is equivalent to
p∧-convexity of X inside V(B). Similarly, by Lemma 5.1 X satisfy a lower (B, p)-es-
timate with constant M if and only if

n∑
i=1

xi > 1

M

( n∑
i=1

xi
p

) 1
p

for any finite collections of pair-wise disjoint x1, . . . , xn ∈ X. This is equivalent to
saying that X satisfy a lower p∧-estimate with constant M∧ inside V(B). We have
thus proved 6.9 (1) and 6.9 (3). The proofs of 6.9 (2) and 6.9 (4) are similar. B

Proposition 6.10. Let X be a B-cyclic Banach lattice and there is a countable
partition of unity (πk)k∈B in B such that πkX is (πkB, p)-convex for every k ∈ N.
Then X〈p〉 is a B-cyclic Banach lattice.

C Let X = X ⇓ for some Banach lattice X inside V(B). If X satisfies the
hypotheses then [[X is p∧-convex]] = 1 by Proposition 6.9. It follows that [[X(p∧) is
a Banach lattice]] = 1, see [37, pp. 53, 54]. By Proposition 6.3 X〈p〉 coincides with
X(p∧)⇓, while the latter is a B-cyclic Banach lattice in view of [32, Theoren 4.1]. B

Theorem 6.11. Let X be a B-cyclic Banach lattice satisfying a lower (B, p)-es-
timate with constant M . Then X〈p〉 is lattice B-isomorphic to an injective Banach
lattice with a Boolean algebra of M -projections isomorphic to B. Moreover, if M = 1
then X〈p〉 is an injective Banach lattice with M(X〈p〉) ' B.

C We can assume without loss of generality that X = X ⇓. If X satisfies a
lower (B, p)-estimate with constant M , then [[ X satisfies a lower p∧-estimate with
constant M∧ ]] = 1. By [7, Theorem 10] and Boolean-valued transfer principle there
exist L , u ∈ V(B) such that [[L is an AL-space]] = 1 and [[u : X[p∧] → L is a

lattice isomorphism of X[p∧] onto L ]] = 1. Moreover, ‖u‖, ‖u−1‖ 6 max{1, 1/Mp∧}.
It follows that U := u⇓ is a lattice B-isomorphism of (X[p∧])⇓ onto L := L ⇓ and
‖U‖, ‖U−1‖ 6 max{1, 1/Mp}. It remains to observe that L is an injective Banach
lattice with M(L) ' B by Theorem 2.4 and (X[p∧])⇓ is lattice B-isomorphic to X〈p〉
by Proposition 6.3. B

Remark 6.12. (1) Theorem 6.11, for the particular case of B = {O,1}, asserts
that if X is a Banach lattice satisfying a lower p-estimate with constant M , then
X〈p〉 = X[p] is lattice isomorphic to an AL-space and X is an AL-space if, in addition,
M = 1. This is theorem 10 in [7]. At the same time Theorem 6.11 itself is nothing
but a Boolean-valued interpretation of [7, Theorem 10].

(2) Various p-characteristics of spaces and operators are an important tool in
modern Banach space theory, see [14, 36]. Definitions 6.5–6.8 should be considered
as an attempt to produce a useful combination of p-characteristics and M -structure
in Banach lattices. Further progress depends partly on advanced functional calculus,
see Remark 3.10.

7. Sums

In this section we will construct the injective sum of injective Banach lattices and
prove a characterization of injective Banach lattices in terms of summable sequences.

Lemma 7.1. For a family (xα)α∈A in X with o-summable ( xα )α∈A we have

sup
θ∈Pfin(A)

inf
(πk)∈Prtσ

sup
k∈N

∑

α∈θ

‖πkxα‖ =

∥∥∥∥ o-
∑

α∈A

xα

∥∥∥∥
∞

. (6)

Moreover, ( xα )α∈A is o-summable if and only if the left hand-side in (6) is finite.
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C According to Lemma 5.1, for every θ ∈ Pfin(A) we can write down
∥∥∥∥

∑

x∈θ

x

∥∥∥∥
∞

= inf
(πk)∈Prtσ

sup
k∈N

∑

x∈θ

‖πkx‖. (7)

It follows that the family ( xα )α∈A is order summable if and only if the numerical
family (‖∑

α∈θ xα ‖)α∈A is bounded, since ‖ · ‖∞ is a Levi norm. Taking the supre-
mum in (7) over all finite subsets θ ⊂ A and making use of the fact that ‖ · ‖∞ is a
Fatou norm we arrive at (6). B

Theorem 7.2. Let (Xα)α∈A be a family of injective Banach lattices. Assume that
there is a complete Boolean algebra B and a family (bα)α∈A in B with

∨
α∈A bα = 1

and M(Xα) ' Bα = [O, bα] for all α ∈ A. Then there exists a unique up to a lattice
B-isometry injective Banach lattice X such that the following hold:

(1) B 'M(X).
(2) For any α ∈ A there is a lattice Bα-isometry ια : Xα → X.
(3)

(
ια(Xα)

)
α∈A

is a family of pair-wise disjoint bands in X.

(4) B
〈⊕

α∈A ια(Xα)
〉

is norm dense in X.

C We may assume without loss of generality that Λα := Λα(Bα) and bα is a band
projection in Λ with Λα = bα(Λ). According to [32, Theorem 5.1] there exists a
strictly positive Maharam operator Φα : Xα → Λα with the Levi property such
that ‖x‖α = Φα(|x|) (x ∈ Xα). Define an order ideal X ⊂ ∏

α∈A and an operator
Φ : X → Λ as

X :=

{
x = (xα)α∈A ∈

∏
α∈A

Xα : o-
∑

α∈A

Φα(|xα|) ∈ Λ

}
,

Φ(x)=: o-
∑

α∈A

Φα(xα) (x = (xα)α∈A ∈ X).

It is easy to check that Φ is a strictly positive Maharam operator with the Levi
property. Thus, the vector lattice X, equipped with the norm ‖x‖ins := Φ(|x|)
(x ∈ X), is an injective Banach lattice and B 'M(X) by [32, Theorem 5.1].

Given α ∈ A, denote by ια(xα) the family (xβ)β∈A with xβ = 0 for α 6= β ∈ A.
Then ια is a lattice isometry from Xα into X. Moreover, the sets ια(Xα) are pair-
wise disjoint bands in

⊕
α∈A Xα, which is an order ideal in X. Take x ∈ X and a

finite subset θ ⊂ A and put

xθ =
∑

α∈θ

ια(xα), λθ := Φ(|x− xθ|) = Φ

(∣∣∣∣
∑

α∈A\θ
ια(xα)

∣∣∣∣
)

.

Clearly, (λθ)θ∈Pfin(A) is a downward directed net in Λ and infθ λθ = 0. Therefore,
given 0 < ε ∈ R, there exists a partition of unity (πθ) in B such that

πθλθ 6 ε1
(
θ ∈ Pfin(A)

)
.

Since X is injective, there exists a unique xε ∈ X with πθxε = πθxθ for all θ ∈
Pfin(A). Now we can deduce

πθΦ(|x− xε|) = Φ(|πθx− πθxε|) = πθΦ(|x− xθ|) = πθλθ 6 ε1.

It follows that Φ(|x− xε|) 6 ε1, whence ‖x− xε‖ = ‖Φ(|x− xε|)‖∞ 6 ε. B
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Definition 7.3. Denote
∑

inj

α∈A Xα := X. The Banach lattice (X, ‖·‖ins) is called
an injective sum of injective Banach lattices.

Corollary 7.4. The norm ‖·‖ins of the injective sum of a family (Xα) of injective
Banach lattices has the following representations:

‖x‖ins = sup
θ∈Pfin(A)

inf
(πk)∈Prtσ

sup
k∈N

∑

α∈θ

‖πkxα‖

=

∥∥∥∥ o-
∑

α∈A

Φα(|xα|)
∥∥∥∥
∞

(
x = (xα)α∈A ∈

∑
α∈A

inj

Xα

)
.

In particular, the injective sum of a family (Xα)α∈A may be defined as

∑inj

α∈A
Xα :=

{
x ∈

∏
α∈A

Xα : ‖x‖ins < ∞
}

.

C Immediate from Lemma 5.2. B
Corollary 7.5. If X is an injective Banach lattice and (πα)α∈A is a partition of

unity in M(X), then X =
∑

inj

α∈A παX.

Definition 7.6. A sequence (xn) in X is said to be B-summable if there is x ∈ X
such that for every 0 < ε ∈ R there exists a countable partition of unity (πn) in B
with

∥∥πn

(
x−∑N

k=1 xk

)∥∥ 6 ε for all n ∈ N and N > n. In this event x is called the
B-sum of (xn). A sequence (xn) is called absolutely B-summable if

sup
N∈N

inf
(πk)∈Prtσ(B)

sup
k∈N

N∑
n=1

‖πkxn‖ < +∞.

Theorem 7.7. For a B-cyclic Banach lattice X the following are equivalent:
(1) There is a countable partition of unity (πn)n∈N in B such that πnX is lattice

πnB-isomorphic to an injective Banach lattice for every n ∈ N.
(2) Every positive B-summable sequence in X is absolutely B-summable.
(3) Every positive B-summable sequence of pairwise disjoint elements in X is

absolutely B-summable.

C Let X be a B-cyclic Banach lattice and X a Banach lattice inside V(B), the
Boolean valued representation of X, see [32, Theorem 4.1 and Definition 4.2]. By
Lemma 7.1 a sequence (xn) in X is absolutely B-summable if an only if o-

∑
n∈N xn

exists in Λ. But the latter is equivalent to saying that [[the sequence (xn) is absolutely
summable in X ]] = 1. It is easily seen that B-sum of (xn) exists and equals x if
and only if o-lim n→∞ x−∑n

k=1 xk = 0 or, equivalently, limn→∞
∥∥x−∑n

k=1 xk

∥∥ = 0.
Consequently, (2) is equivalent to saying that [[every positive summable sequence in
X is absolutely summable]] = 1. The Boolean-valued transfer principle enables us
to apply inside V(B) the Schlotterbeck’s characterization of AL-spaces, so that by the
Maximum Principle there exist L , u ∈ V(B) such that [[L is an AL-space]] = 1 and
[[u : X → L is a lattice isomorphism of X onto L ]] = 1. Assume, in addition, that
[[‖u‖, ‖u−1‖ 6 n∧]] = 1 for some n ∈ N. Then U := u⇓ is a lattice B-isomorphism of
X ⇓ onto L := L ⇓ and ‖U‖, ‖U−1‖ 6 n. To handle the general case observe that
the sentence (∃n ∈ N)‖U‖, ‖U−1‖ 6 n is true, so that by The Transfer Principle

1 = [[(∃n ∈ N∧)‖u‖, ‖u−1‖ 6 n]] =
∨

n∈N
[[‖u‖, ‖u−1‖ 6 n∧]].
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It follows that there is a partition of unity πn in B such that πn 6 [[‖u‖, ‖u−1‖ 6 n∧]].
Denote Bn := πnB := [O, πn], Xn := πnX , Ln := πnL , un := πnu and note that
V(Bn) |= “un is a lattice isomorphism from Xn onto Ln”. It follows that Un := un⇓
is a lattice Bn-isomorphism from (Xn⇓ onto Ln := Ln⇓ and ‖Un‖, ‖U−1

n ‖ 6 n. B
Remark 7.8. Taking B to be the two-element Boolean algebra {O,1} in The-

orem 7.7, one obtains the characterization of AL-spaces due to Schlotterbeck: a
Banach lattice X is lattice isomorphic to an AL-space if and only if every positive
summable sequence in X is absolutely summable, see [45, Theorem 2.7].

8. Tensor Products

Given injective Banach lattices X1 and X2, there exists an injective Banach lattice
X1⊗̂δ|π|X2, the mixed tensor product of X1 and X2, and the canonical bilinear map

⊗ from X1 ×X2 to X1⊗̂δ|π|X2 such that the structure of B-cyclic Banach lattice of

X1⊗̂δ|π|X2 is uniquely determined up to lattice B-isometry by X1, X2, and ⊗.

Definition 8.1. Let Λ1 and Λ2 be Dedekind complete AM -spaces with units
and B1 and B2 complete Boolean algebras. Define a Dedekind complete projective
tensor product Λ1⊗̂δ|π|Λ2 of Λ1 and Λ2 as the Dedekind completion of the AM -space

Λ1⊗̂|π|Λ2 (≡ Λ1

4⊗ Λ2) endowed with the order unit norm, see [16, Corollary 3C].

Write B := B1 ⊗̂B2 for the Dedekind completion of the free product B0 := B1 ⊗ B2

of Boolean algebras B1 and B2, see [27, §11]. Let Q• and Clop(Q) stand for the
absolute of Q and the Boolean algebra of clopen subsets of Q, respecively.

Recall that the absolute Q• of a compact Hausdorff space Q is characterized by the
following universal mapping property: Q• is an extremally disconnected and there
is an irreducible mapping p : Q• → Q such that for each continuous mapping f
from a compact Hausdorff P onto Q there is a continuous mapping g : Q• → P
with p = f ◦ g. The Gleason theorem says that Q• exists and is unique up to
homeomorphism for every compact Hausdorff Q, see [4, Theorem 5.8].

Proposition 8.2. The Boolean algebras P(Λ1 ⊗̂δ|π| Λ2) and P(Λ1) ⊗̂P(Λ2) are
isomorphic.

C Let Qi be the Stone space of P(Λi), so that Λi is lattice isometric to C(Qi),
the space of all continuous functions on Qi. Then Λ1⊗̂|π|Λ2 is lattice isometric to
C(Q1 ×Q2), see [15, Corollary 3E]. Observe that if C(Q)δ stands for the Dedekind
completion of C(Q) then the Boolean algebras P(C(Q)δ) and Clop(Q•) are isomor-
phic. Therefore, the Boolean algebras P(Λ1⊗̂δ|π|Λ2) and Clop((Q1 × Q2)

•) are also
isomorphic. It remains to observe that P(Λ1) ⊗ P(Λ2) ' Clop(Q1 × Q2) and thus
P(Λ1) ⊗̂P(Λ2) ' Clop((Q1 ×Q2)

•). B
Definition 8.3. A subset X0 ⊂ X is said to be M(X)-dense in X whenever

for every x ∈ X and 0 < ε ∈ R there are xε ∈ X, a partition of unity (πξ)ξ∈Ξ in
M(X), and a family (xξ)ξ∈Ξ in X0 such that ‖x− xε‖ 6 ε and πξxε = πξxξ (ξ ∈ Ξ).
Equivalently, X0 is B-dense in X with B = M(X) if B〈X0〉 is norm dense in X.

Recall that X↓
0 is the collection of all elements x ∈ X representable as x = inf(A),

where A is a downward directed subset of X0. The set X↑
0 is defined similarly on

using upward-directed sets. We also put X↓↑
0 := (X↓

0 )↑.
Theorem 8.4. Let X1 and X2 be injective Banach lattices. Then there exist a

unique up to isomorphism injective Banach lattice X1 ⊗̂δ|π| X2 and a lattice bimor-

phism ⊗ : X1 ×X2 → X1 ⊗̂δ|π| X2 such that the following hold:
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(1) ⊗ induces an embedding φ of the Fremlin tensor product X1 ⊗ X2 into
X1 ⊗̂δ|π| X2.

(2) There is a Boolean isomorphism  from M(X1) ⊗̂M(X2) onto M(X1 ⊗̂δ|π| X2)

with (π1 ⊗ π2)(x1 ⊗ x2) = π1x1 ⊗ π2x2 for all πi ∈M(Xi) and xi ∈ Xi (i = 1, 2).
(3) ‖x1 ⊗ x2‖δ|π| = ‖x1‖ · ‖x2‖ for all x1 ∈ X1 and x2 ∈ X2.

(4) X1 ⊗X2 is B-dense in X1 ⊗̂δ|π| X2 with B = M(X1 ⊗̂δ|π| X2).

(5) X1 ⊗̂δ|π| X2 = X↓↑
0 , where X0 comprises all finite sums

∑n
k=1 πkφ(uk) with

πk ∈M(X1 ⊗̂δ|π| X2) and uk ∈ X1 ⊗X2 (k = 1, . . . , n ∈ N).

C Take injective Banach lattices (X1, ‖·‖1) and (X2, ‖·‖2). By [32, Corollary 5.2]
there are strictly positive Maharam operators Φi : Xi → Λi with the Levi property
such that ‖x‖i = Φi(|x|) (x ∈ Xi, i = 1, 2). Put Λ := Λ1 ⊗̂δ|π| Λ and consider a
positive bilinear operator B : X1×X2 → Λ defined as B : (x1, x2) 7→ Φ1(x1)⊗Φ2(x2).
Making use of the linearization via Fremlin’s tensor product (see [15, Theorem 5.3]),

we can find a positive operator Φ : X1 ⊗X2 → Λ such that B = Φ⊗. Clearly, Φ is
strictly positive, since for any 0 6= u ∈ X1⊗X2 there exist 0 < x1 ∈ X1 and 0 < x2 ∈
X2 with x1⊗x2 6 |u| (see [15, Theorem 4.2 (iv)]), so that Φ(|u|)>Φ1(x1)⊗Φ2(x2)>0.
Define X1 ⊗̂δ|π| X2 := L1(Φ̃) and ‖u‖δ|π| := Φ̃(|u|), where Φ̃ : X1 ⊗̂δ|π| X2 → Λ is the

Maharam extension of Φ, see [32, Theorem 5.6]. Then (X1 ⊗̂δ|π| X2, ‖ · ‖δ|π|) is an

injective Banach lattice and M(X1 ⊗̂δ|π| X2) ' P(Λ) in virtue of [32, Corollary 5.2].
Observe also that ‖x1 ⊗ x2‖δ|π| = Φ(|x1 ⊗ x2|) = B(|x1|, |x2|) = ‖x1‖ · ‖x2‖ for all
x1 ∈ X1 and x2 ∈ X2 and 8.4 (4, 5) follow from [32, Theorem 5.6 (3, 4)].

According to Proposition 8.2 we can identify P(Λ) with P(Λ1) ⊗̂P(Λ2). In virtue
of Theorem 2.6 there are Boolean isomorphisms hi from P(Λi) onto M(Xi) with
πiΦi(x) = Φi(hi(πi)x) for all πi ∈ Λi and x ∈ Xi (i = 1, 2) and h from P(Λ) onto

M(X1 ⊗̂δ|π| X2) with πΦ̃(u) = Φ̃(h(π)u) for all π ∈ Λ and u ∈ X1 ⊗ X2. There is

a unique Boolean isomorphism h1 ⊗ h2 from P(Λ1) ⊗̂P(Λ2) onto M(X1) ⊗̂M(X2)
such that (h1 ⊗ h2)(π1 ⊗ π2) = h1(π1) ⊗ h2(π2) for all π1 ∈ P(Λ1) and π2 ∈ P(Λ2).
Clearly,  := h ◦ (h1 ⊗ h2)

−1 is a Boolean isomorphism from M(X1) ⊗̂M(X2) onto
M(X1 ⊗̂δ|π| X2). Moreover, in view of [32, Theorem 5.6] there is a lattice isomor-

phism ι from X1 ⊗X2 into X1 ⊗̂δ|π| X2 and an f -algebra isomorphism h from Λ to

Z (X1 ⊗̂δ|π| X2) such that πΦ(u) = Φ̃(h(π)ι(u)) for all u ∈ X1 ⊗X2 and π ∈ Λ. De-

note ⊗ := ι⊗, where ⊗ is the canonical bilinear map from X1×X2 to X1⊗X2, and
let φ is a unique lattice isomorphism from X1 ⊗X2 into X1 ⊗̂δ|π| X2 with φ⊗ = ι⊗,
see [15, Theorem 5.3]. Given ρi ∈ M(Xi) (i := 1, 2), the map ι ◦ (ρ1 ⊗ ρ2) ◦ ι−1

is an M -projection in ι(X1 ⊗ X2) and has a unique extension to an M -projection
0(ρ1 ⊗ ρ2) in X1 ⊗̂δ|π| X2. The map 0 has a unique extension to a Boolean iso-

morphism from M(X1)⊗M(X2) into M(X1 ⊗̂δ|π| X2). It can be easily verified that

0(ρ1⊗ρ2)(x1⊗x2) = ρ(x1)⊗ρ2(x2). It remains to prove that  is an extension of 0.
Take arbitrary xi ∈ Xi, πi ∈ P(Λi) and put ρi := hi(πi) (i = 1, 2) and π := π1 ⊗ π2.
Then

πΦ̃(x1 ⊗ x2) =π(Φ1(x1)⊗ Φ2(x2)) = (π1Φ1(x1))⊗ (π2Φ2(x2))

=Φ1(ρ1(x1))⊗ Φ(ρ2(x2)) = Φ̃(ρ1(x1)⊗ ρ2(x2))

=Φ̃(0(ρ1 ⊗ ρ2)(x1 ⊗ x2)) = h−1(0(ρ1 ⊗ ρ2))Φ̃(x1 ⊗ x2)

=h−1(0((h1 ⊗ h2)(π)))Φ̃(x1 ⊗ x2).
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Thus, h(π) = 0 ◦ (h1 ⊗ h2)(π), so that 0 coincides with the restriction of  onto
M(X1)⊗M(X2). The uniqueness assertion follows from Theorem 8.10 below. B

Remark 8.5. The lattice bimorphism φ is conventionally denoted by ⊗. Identi-
fying M(X1) ⊗̂M(X2) and M(X1 ⊗̂δ|π| X2) we can rewrite the identity in 8.4 (2) as
(π1 ⊗ π2)(x1 ⊗ x2) = (π1x1) ⊗ (π2x2) for all πi ∈ M(Xi) and xi ∈ Xi (i = 1, 2).
Moreover, one can endow X1 ⊗̂δ|π| X2 with the structure of a lattice ordered module

over Λ identifying Λ with Λ1 ⊗̂δ|π| Λ2. As is seen from the proof of Theorem 8.4,
there is more to say about canonical bimorphism: If λi ∈ Λi and xi ∈ Xi (i = 1, 2)
then (λ1 ⊗ λ2)(x1 ⊗ x2) = (λ1x1)⊗ (λ2x2).

Lemma 8.6. For any x ∈ X1 ⊗X2 the representation holds:

x = inf

{ n∑
i=1

ui ⊗ vi : 0 6 ui ∈ X1, 0 6 vi ∈ X2 (i 6 n), |x| 6
n∑

i=1

ui ⊗ vi

}
.

C Denote by x |π| the right-hand side of the required representation. It can be

easily seen that · |π| : X1 ⊗X2 → Λ is a Λ-valued seminorm. If |x| 6 ∑n
i=1 ui ⊗ vi

for some 0 6 ui ∈ X1 and 0 6 vi ∈ X2 (i 6 n), then

x 6 Φ

( n∑
i=1

ui ⊗ vi

)
=

n∑
i=1

Φ1(ui)⊗ Φ2(vi) =
n∑

i=1

ui ⊗ vi ,

so that we get x 6 x |π|. Conversely, given x0 ∈ X1 ⊗ X2, by Hahn–Banach–

Kantorovich Theorem we can pick a linear operator S : X1 ⊗ X2 → Λ such that
S(|x0|) = x0 |π| and S(x) 6 x |π| (x ∈ X1 ⊗ X2). Clearly, S is positive. For any
positive x1 ∈ X1 and x2 ∈ X2 we have S(x1 ⊗ x2) 6 x1 ⊗ x2 |π| 6 x1 ⊗ x2 =
Φ(x1 ⊗ x2) and thus S⊗ 6 Φ⊗. Consequently, S 6 Φ by [15, Theorem 5.3], so that
x0 = Φ(|x0|) > S(|x0|) = x0 |π|. B

Proposition 8.7. For any x ∈ X1 ⊗X2 the representation holds:

‖x‖δ|π| = inf

{
sup
k∈N

n∑
i=1

‖πkui,k‖ · ‖ρkvi,k‖ : (πk) ∈ Prtσ(B1), (ρk) ∈ Prtσ(B2),

0 6 ui,k ∈ X1, 0 6 vi,k ∈ X2 (i 6 n), |x| 6
n∑

i=1

ui,k ⊗ vi,k (k ∈ N)

}
.

C This is immediate from Lemmas 5.4 and 8.6. B
Lemma 8.8. If M ⊂ X1⊗X2 and M0 is a norm dense subset of M , then B0〈M0〉

is norm dense in B〈M〉. In particular, B0〈X1 ⊗X2〉 is norm dense in X1 ⊗̂δ|π| X2.

C For x ∈ B〈M〉 choose a partition of unity (πξ)ξ∈Ξ in B and a norm bounded
family (xξ)ξ∈Ξ in M such with x =

∑
ξ∈Ξ πξxξ. There is no loss of generality in

supposing that πξ ∈ B0 = B1 ⊗ B2 for all ξ ∈ Ξ. Indeed, because B0 is an order
dense subalgebra in B, for every ξ ∈ Ξ one can pick a family (πξ,η)η∈H(ξ) of pair-wise
disjoint projections in B0 with πξ =

∨
η∈H(ξ) πξ,η. Putting Γ :=

⋃
ξ∈Ξ{ξ} × H(ξ),

ργ := πξ,η and uγ := xξ, whenever γ = (ξ, η), we see that (ργ)γ∈Γ is a partition of
unity in B0, (uγ)γ∈Γ is a norm bounded family in M and x =

∑
γ∈Γ ργuγ.

Take an arbitrary ε > 0. By hypothesis, for every ξ ∈ Ξ there is a uξ ∈ M0

such that ‖xξ − uξ‖ < ε. Since the family (uξ) is norm bounded, we can define
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uε ∈ B0〈M0〉 by putting uε :=
∑

ξ∈Ξ πξuξ. Making use of the equivalence of the

relations ‖xξ − uξ‖ 6 ε and xξ − uξ 6 ε1, we deduce

‖x− uε‖ = ‖ x− uε ‖∞ =

∥∥∥∥
∑

ξ∈Ξ

πξ xξ − uξ

∥∥∥∥
∞

=

∥∥∥∥
∨

ξ∈Ξ

πξ xξ − uξ

∥∥∥∥
∞

= sup
ξ∈Ξ

‖πξ xξ − uξ ‖∞ 6 sup
ξ∈Ξ

‖πξ(ε1)‖∞ = ε

Thus, ‖x − uε‖ 6 ε and, as ε > 0 is arbitrary, the first part of the lemma is
proved. The second one follows from Theorem 8.4 (4) by putting M0 := X1 ⊗ X2,

M := X1 ⊗X2, since X1 ⊗X2 is dense in X1 ⊗X2 by [15, Theorem 4.2 (iii)]. B
Corollary 8.9. The positive cone in X1 ⊗̂δ|π| X2 is the closure of B0〈P 〉, where

P is the convex cone in X1 ⊗X2 generated by {x1 ⊗ x2 : 0 6 xi ∈ Xi (i = 1, 2)}.
C The Banach lattice X1 ⊗̂δ|π| X2 can be considered as the completion of the

normed lattice B〈X1 ⊗ X2〉. Consequently, the positive cone B〈X1 ⊗ X2〉+ of

X1 ⊗̂δ|π| X2 is the closure of the positive cone of B〈X1 ⊗ X2〉. But the cone

B〈X1 ⊗X2〉+ is easily seen to coincide with the cone B〈(X1 ⊗X2)+〉. It remains to

observe that P is dense in (X1 ⊗X2)+ by [16, Corollary 1B (b)] and thus B0〈P 〉 is

dense in B〈(X1 ⊗X2)+〉 by Lemma 8.8. B
Theorem 8.10. Let X1 and X2 be injective Banach lattices and X1 ⊗̂δ|π| X2

their injective tensor product. Assume that Y is a B-cyclic Banach space with
B = M(X1 ⊗̂δ|π| X2) and B : X1×X2 → Y is a bounded bilinear operator such that
(π1 ⊗ π2) ◦ B(x1, x2) = B(π1x1, π2x2) for all πi ∈ M(Xi) and xi ∈ Xi (i = 1, 2).
Then there exists a unique bounded B-linear operator T : X1 ⊗̂δ|π| X2 → Y such
that T = B ◦ ⊗ and ‖T‖ = ‖B‖.

C First, it is easy to see that B(x1, x2) 6 ‖B‖ x1 ⊗ x2 for all x1 ∈ X1 and
x2 ∈ X2. Indeed, if B(x̄1, x̄2) 
 ‖B‖ x̄1 ⊗ x̄2 for some x̄1 ∈ X1 and x̄2 ∈ X2

then, making use of the fact that B1 ⊗ B2 is order dense in B, we can pick nonzero
πi ∈ Bi (i = 1, 2) and ε > 0 such that π B(x̄1, x̄2) > π(‖B‖ x̄1 ⊗ x̄2 + ε1), where
π := π1 ⊗ π2. It follows that B(π1x̄1, π2x̄2) > ‖B‖ π1x̄1 ⊗ π2x̄2 + επ1, so that

‖B(π1x̄1, π2x̄2)‖ = ‖ B(π1x̄1, π2x̄2) ‖∞ > ‖ ‖B‖ π1x̄1 ⊗ π2x̄2 + πε1‖∞
= ‖B‖ · ‖ π1x̄1 ‖∞‖ π2x̄2 ‖∞ + ε = ‖B‖ · ‖π1x̄1‖ · ‖π2x̄2‖+ ε.

But this contradicts the boundedness of B.
Write T0 for the linear operator from X1 ⊗ X2 to Y such that B = T0 ◦ ⊗ and

prove that T0x 6 x and πT0 x = T0(πx) for all x ∈ X1 ⊗ X2 and π ∈ B1 ⊗ B2.
If x =

∑n
i=1 ui ⊗ vi for some u1, . . . , un ∈ X1 and v1, . . . , vn ∈ X2, then

T0x 6
n∑

i=1

B(ui, vi) 6 ‖B‖
n∑

i=1

ui ⊗ vi ,

so that T0x 6 ‖B‖ x by Lemma 8.6. Moreover, for π := ρ ⊗ σ with ρ ∈ B1 and
σ ∈ B2 we have

πT0x =
n∑

i=1

πB(ui, vi) =
n∑

i=1

B(ρui, σvi)

= T0

( n∑
i=1

ρui ⊗ σvi

)
= T0

( n∑
i=1

π(ui ⊗ vi)

)
= T0(πx).
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An arbitrary projection π ∈ B1 ⊗ B2 can be written in the form π =
∑n

i=1 ρi ⊗ σi

with ρi ∈ B1 and σi ∈ B2 (i = 1, 2), so that

πT0x =
n∑

i=1

(ρi ⊗ σi) T0x = T0

( n∑
i=1

(ρi ⊗ σi)x

)
= T0(πx).

Now, extend the operator T0 to an operator T1 from B0〈X1 ⊗X2〉 to Y by putting
T1x :=

∑
πξTxξ, whenever x =

∑
πξxξ for a partition of unity (πξ) in B0 and a

norm bounded family (xξ) in X1⊗X2. It can be easily verified that this definition is
sound. Moreover, T1 is a linear operator with the same properties: T1x 6 ‖B‖ x
and πTx = T (πx) for all x ∈ X1⊗X2 and π ∈ B0. In particular, T1 is norm bounded
and ‖T1‖ 6 ‖B‖, since ‖T1x‖ = ‖ T1x ‖∞ 6 ‖B‖‖ x ‖∞ = ‖B‖‖x‖.

Finally, extend T1 to an operator T : X1 ⊗̂δ|π| X2 → Y by norm continuity making
use of Lemma 8.8. Then T is a linear operator and ‖T1‖ = ‖T‖. Moreover, T1x 6
‖B‖ x for all x ∈ X1 ⊗̂δ|π| X2, since · : X1 ⊗̂δ|π| X2 → Λ is a norm continuous

operator. If π ∈ B and x ∈ X1 ⊗̂δ|π| X2 then πT (π⊥x) 6 ‖B‖π π⊥x = 0. It follows
that πT (I − π) = 0 and πT = πTπ. Similarly, (I − π)Tπ = 0 and Tπ = πTπ, so
that T is B-linear.

Assume that a norm bounded B-linear operator T̄ : X1 ⊗̂δ|π| X2 → Y satisfies the
condition B = T̄⊗. Then T and T̄ agree on the dense subspace B0〈X1 × X2〉 of
X1 ⊗̂δ|π| X2 and hence T = T̄ . B

Proposition 8.11. Let Y is a B-cyclic Banach lattice, while B and T are the
same as in Theorem 8.10. Then B is positive if and only if so is T .

Corollary 8.12. The tensor product X1 ⊗̂δ|π| X2 of injective Banach lattices X1

and X2 is unique up to lattice B-isometry with B = M(X1)⊗̂M(X2).

Remark 8.13. In the particular case of B = B1 = B2 = {O,1} we obtain from
Theorem 8.4 relationship between the L1 space of a product measure and the L1

spaces of its factors. Theorem 8.10 shows that the canonical map from L1(µ)×L1(ν)
to L1(µ×ν) is universal for continuous bilinear maps from L1(µ)×L1(ν) to Banach
spaces and determines the product L1(µ× ν) up to isomorphism as Banach lattice,
see [17, Theorems 253F and 253G].
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