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1. INTRODUCTION

A real Banach lattice X is said to be injective if, for every Banach lattice Y, every
closed vector sublattice Yy C Y, and every positive linear operator Ty : Yy — X
there exists a positive linear extension 7' : Y — X with [|Ty]| = ||T'||. Equivalently,
X is an injective Banach lattice if, whenever X is lattice isometrically imbedded
into a Banach lattice Y, there exists a positive contractive projection from Y onto
X. Thus, the injective Banach lattices are the injective objects in the category of
Banach lattices with the positive contractions as morphisms. Arendt |7, Theorem
2.2] proved that the injective objects are the same if the regular operators with
contractive modulus are taken as morphisms.

Lotz [27] was the first who introduced this concept and proved among other
things that a Dedekind complete AM-space with unit and an AL-space are injective
Banach lattices ([27, Propositions 2.1 and 3.2]). Cartwright [13, Chapter 2] was
able to characterize injective Banach lattices in terms of order intersection property.
Haydon [19] discovered that a general injective Banach lattice has a mixed AM-AL-
structure.

The aim of this paper is to give a Boolean valued analysis approach to the the-
ory of injective Banach lattices and establish a Boolean valued transfer principle
from AL-spaces to injective Banach lattices. We prove that every injective Banach
lattice embeds into an appropriate Boolean-valued model, becoming an AL-space.
According to this fact and fundamental principles of Boolean-valued models, each
theorem about the AL-space within Zermelo-Fraenkel set theory has an analog for
the original injective Banach lattice interpreted as the Boolean-valued AL-space.
Translation of theorems from AL-spaces to injective Banach lattices is carried out
by appropriate general operations of Boolean-valued analysis.

In Section 2 we recall some basic notions and facts about injective Banach lat-
tices, Banach spaces with mixed norm and Banach spaces with Boolean algebra of
projections. Section 3 collects some Boolean-valued requisits. Section 4 is devoted
to Boolean valued interpretation of Banach lattice theory. Section 5 presents some
representation results and examples of injective Banach lattices. Section 6 contains
some instances of transferring of several well known AL-results to the results on
injective Banach lattices by means of Boolean valued interpretation. Section 7 deals
with the operators admitting factorization through injective Banach lattice and rep-
resents Boolean valued interpretation of a portion of the theory of cone absolutely
summing operators. Section 8 presents a Boolean valued representation of the no-
tion of atomic Banach lattice and complete description of the corresponding class of
injective Banach lattices. In this work we deal only with the isometric theory, i.e.
with l-injective Banach lattices. For A-injective Banach lattices (A > 1) see [26, 28].

In what follows X and Y denote Banach lattices, while Z(X,Y) and Z"(X,Y)
stand respectively for bounded and regular operators from X into Y and X* :=
Z(X,R). For the theory of Banach lattices and positive operators we refer to the
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books [4, 6, 29]. The needed information on the theory of Boolean-valued models is
briefly presented in [22, Chapter 9]; details may be found in [8, 23, 36].

We denote by P(X) the Boolean algebra of all band projections in a vector
lattice X. Throughout the sequel B is a complete Boolean algebra with unit 1 and
zero O, while A := A(B) is a Dedekind complete AM-space with unit such that
B = P(A). A partition of unity in B is a family (b¢)¢ez C B such that \/,zbe =1
and b¢ A b, = O whenever § # 7.

We let := denote the assignment by definition, while N, @, and R symbolize the
naturals, the rationals, and the reals.

2. PRELIMINARIES

Injective Banach lattices. A band projection 7 in a Banach lattice X is called an
M-projection if ||z|| = max{|7z|, ||7tx|} for all z € X, where 7+ := Iy — 7. The
collection of all M-projections forms a subalgebra M(X) of the Boolean algebra of
all band projections P(X) in X. The notion of an M-projection plays a crucial role
in the theory of injective Banach lattices. In a wider context of a general Banach
space theory the concept is presented in [9] and [18].

Consider a complete Boolean algebra B. A Banach lattice X is said to be a B-
cyclic if B is a subalgebra of M(X) and for every partition of unity (7¢)eez in B and
every norm bounded net (z¢)eez there exists a (unique) x € X such that mexe = mex
for all ¢ € Z. If X has the Fatou and Levi properties, then M(X) is an order closed
subalgebra of the complete Boolean algebra P(X). In this event X is a B-cyclic
Banach lattice for every order closed subalgebra B C M(X). A geometric property
which enables us to characterize injectivity was discovered by Cartright [13].

DEFINITION 2.1. (1) A Banach lattice X has the finite order intersection property
if, given z € X, finite collections z1,...,x, € Xy, y1,...,ym € Xy, and strictly

positive reals ry,...,r, € Ry, s1,..., s, € Ry such that ||z;|| < 7, [Jy;]| < s5, and
|z +y; + 2| <ri+s;foralli:=1,...,nand j:=1,...,m, there exist u,v € X
with z = u+v, ||z;+u|| <r;, and |Jy;+v|| < s;foralli:=1,...,nand j:=1,...,m.

(2) A Banach lattice X has the Cartwright property if, given z1,x9,y € X, and
0 < 1,19 € R with ||z1]] < 7, |22 < 7o, and ||y + 22 + y|| < 71 + 79, there exist
Yy1,y2 € Xy such that y1 +yo =y, |lz1 + w1l <71, and [lzg + 2 < 7o

(3) A Banach lattice X has the splitting property if, given xq,x9,y € X, with
lz1] < 1, |lzof] < 1, and ||y + 22 + y|| < 2, there exist y,y, € X such that
yi+y2 =y, 21+l <1, and [lzo + 3ol < 1.

The above three properties are equivalent and characterize Banach lattices with
the injective second dual as shown by Cartwright [13, Theorems 2.9 and 3.6]

Theorem 2.2. A Banach lattice has the finite order intersection property if and
only if it has the Cartwright property if and only if it has the splitting property.

Theorem 2.3. A Banach lattice has the splitting property if and only if its
second dual is injective.
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The results from Haydon [19, Theorem 3F(ii) and Corollary 5D] can be summa-
rized as follows. Concerning the terms Levi property and Fatou property see [4,
Definition 7] and [15].

Theorem 2.4. A Banach lattice is injective if and only if it has Cartwright,
Fatou, and Levi properties. An injective Banach lattice is an AL-space if and only
if there is no M-projection in it other than 0 and Ix.

Banach—Kantorovich spaces. Recall that a Banach—Kantorovich space over a
Dedekind complete vector lattice E is a vector spaces X with a decomposable norm
|-] : X — E which is norm complete with respect to order convergence in E. Decom-
posability means that for all ej,e; € E, and x € X, with |z| = e; + ey there exist
x1, 22 € X such that x = 21 + 29 and |z = e, (k:= 1,2). If a Banach-Kantorovich
space is in addition a vector lattice and the norm is monotone (|z| < |y| = |z]| < |y])
then it is called a Banach—Kantorovich lattice. Any Banach—Kantorovich lattice is a
lattice ordered module over the f-algebra Orth(|X|™"), where | X| = {|z| : = € X}.
A detailed presentation see in [22].

DEFINITION 2.5. A positive operator T : X — F'is said to have the Levi property
if sup z,, exists in X for every increasing net (z,) C X, provided that the net (7'z,,)
is order bounded in F. A Maharam operator is an order continuous order intervals
preserving (= 7T'([0,z] = [0,T'z]) for all x € X ) operator.

Consider vector lattices X and F', with F' order complete, and an operator ¢ €
L, (X, F). Suppose that ® is strictly positive (= z > 0 implies ®(x) > 0) and put
|z|:= ®(|z]) (z € X). Then (X,]|-|) is a lattice-normed space. The bo-completion
of X denoted by L'(®) is a Banach-Kantorovich lattice, see [22, Theorems 2.2.8
and 2.2.11]. Tt is easy to see that L'(®) = X if and only if ® is a strictly positive
Maharam operator with the Levi property.

Assume that X is a vector lattice endowed with an E-valued norm z — |z| € E
(x € X) which is monotone in the sense that x < y implies |z| < |y|. Then we are
able to introduce a mized norm in X by

llzll:= [ll=1f] ~ (z € X).

In this event (X, ||-|) is called a normed lattice with mized norm and a Banach
lattice with mized norm if, in addition, it is norm complete. It can be easily seen
that (X, [|-]]) is a Banach lattice if and only if (X, |-]) is br-complete, i .e. norm
complete with respect to uniform convergence in F, 22, Theorem 7.1.2].

Banach spaces with Boolean algebra of projections. Let X be a Banach space and
let Z(X) be a set of all bounded linear operators in it. Assume that the mapping
v :=px B — Z(X) is injective and satisfies the following conditions:

(1) ¢(b) is a norm one projection for each b € B;

(2) (1) and ¢(0) coincide with an identical and a zero operator, respectively;

(3) the projections ¢(b) and ¢(b') commute for all b,V € B;

(4) e(bV V) = () op(b) and p(b*) = Ix — ¢(b) hold for all b and ¥'.

Then the set & := p(B) is said to be a complete Boolean algebra of projections
in the space X. In the sequel we identify Boolean algebras B and % and speak
about the Boolean algebra of projections B C .Z(X).
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If (be)eez is a partition of unity in B and (x¢)eez is a family in X, then the
element x € X, for which bexe = bex whatever be £ € =, is called a mizing of (x¢)
with respect to (b¢). A Banach space X is said to be B-cyclic if B C £ (X) and the
following conditions hold:

(5) a mixing of any bounded family in X with respect to any partition of unity
in B (with the same index set) exists and is unique;

(6) the unit ball of X is closed with respect to any mixings.

Let X and Y be Banach spaces; moreover, B C .Z(X) and B C .Z(Y). An oper-
ator T': X — Y is called B-linear, if it is linear and commutes with all projections
from B, i.e., if boT = T'ob. (Here we mean ¢y (b)oT = Topx(b)). Denote the set of
all bounded B-linear operators from X into Y by Z5(X,Y). Then Z := Z(X,Y) is
a Banach space and, clearly, B C Z. In fact, the projection ¢z(b) can be defined by
the formula T'— bo T (T € Z). It is easily verified that the space Z is B-cyclic if Y
is B-cyclic. The reverse statement is also true if X # {0}. Call a bijective B-linear
operator a B-isomorphism and if, in addition, it is norm-preserving, we shall speak
about an isometric B-isomorphism. The space X# := Z5(X,A) is called B-dual
to X.

Theorem 2.6. A Banach space is linearly isometric to a bo-complete lattice with
mixed norm, whose norm lattice is a Dedekind complete AM -space with unit, if and
only if it is B-cyclic with respect to some complete Boolean algebra B of projections.

In particular, a B-cyclic Banach lattice can be equipped with the structure of
A-module with A = A(B) being a Dedekind complete f-algebra with unit whose
Boolean algebra of projections is isomorphic to B.

3. BOOLEAN VALUED REQUISITES

Boolean valued models. Given a complete Boolean algebra B, one can define
the universe V® of B-valued sets. For making statements about V® take an ar-
bitrary formula ¢ = @(uq,...,u,) of the language of set theory and replace the
variables w1, ..., u, by elements zi,...,2, € V® . Then we obtain some state-
ment about the objects z1, ..., x,. There is a natural way of assigning to each such
statement an element [p(z1,...,z,)] € B which acts as the ‘Boolean truth-value’ of
@(uy, ..., uy,) in the universe V® and is defined by induction, taking into consider-
ation the way in which formulas are built up from atomic formulas z € y and x =y
and assigning truth-values [z € y] € B and [z = y] € B, where z,y € V®,

We say that the statement o(zy,...,,) is valid inside V® or the elements
T1,...,T, possess the property o if [p(x1,...,2,)] = 1. In this event, we write
VB E o(ry,...,2,).

The pair (V® []) is called a Boolean-valued model of ZFC, Zermelo-Fraenkel set
theory with the axiom of choice. The most important properties of a Boolean-valued
model are stated in the following four principles (see [8, 23, 36)):

Theorem 3.1 ( The Transfer Principle). All the theorems of ZFC are true in V®);
in symbols, V®) £ “a theorem of ZFC” or V® £ ZFC.
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This result is usually expressed by saying that V() is a Boolean-valued model

of ZFC.

Theorem 3.2 (The Mazimum Principle). For any formula ¢(ug,uy,...,u,) of
ZFC and any collection x, . ..,xz, € V® there exists zo € V® such that

[(Fu) p(u, zq, ..., 2,)] = [e(zo, 1, .., 24)].

Theorem 3.3 (The Mizing Principle). For every family (z¢)ecz in V® and
a partition of unity (b¢)eez in B there exists a unique element x of V® such that
be < [z = x¢] for all £ € =. This element is called the mizing of a family (z¢) by (be)
and is denoted as x = mixeez(bewe) = mix{bexe : { € Z}.

There is a canonical embedding of the von Neumann universe V into the Boolean
valued universe V® which sends » € V to its standard name 2 € V®. The
standard name sends V onto V), where 2:= {0, 1}. A formula is called restricted
if bound variable x is restricted by a quantifier of the form (Va € y) or (Jz € y).

Theorem 3.4 (The Restricted Transfer Principle). For each restricted formula ¢
of ZFC and every collection x4, ...,x, € V the following equivalence holds:

P, m) = VO | o(ar, 1)),
Given an arbitrary element X € V® we define the descent X| of X as
Xl={zeV® . . [zeX]=1})

Then X is a set. Assume that X,Y, f, P € V® are such that [f : X — Y] =1
and [P C X?] =1, i.e., f is a mapping from X to Y and P is a binary relation on
X inside V®. Then f| is a unique mapping from X| to Y| for which [f|(z) =
f(@)] =1 (z € X|) and P| is a unique binary relation on X such that (z1,z,) €
Pl < [(z1,22)® € P] = 1.

Boolean valued reals and Banach spaces. Transfer principle and Maximum prin-
ciples guarantee the existence of various ‘Boolean-valued objects’ If the formula
(Fu) p(u,uy, ..., u,) is a ZFC-theorem then by the Transfer Principle this theorem
is also valid inside V® i.e. [(3u) p(u, 21, ...,2,)] = 1 and by Maximum Principle
there exists 7o € V® with [o(z¢,21...,7,)] = 1. Mixing Principle tells us how
these ‘Boolean-valued objects’ may be constructed.

For example, applying the Transfer and Maximum Principles to the ZFC-
theorem ‘There exists a field of reals’ we find an element % € V® for which [ %2
is a field of reals] = 1. We call # the reals in V®. The following result due to
Gordon [16] tells us that the interpretation of reals in V() is a universally complete
vector lattice with the Boolean algebra of band projections isomorphic to B.

Theorem 3.5. Let % be the field of reals inside V®. Then %) (with the
descended operations and order) is a universally complete vector lattice with order
unity 1. Moreover, there exists a Boolean isomorphism x : B — P(#J) such that

x()r=xby <= b<[r=y], xO)z<x(b)y <= b<[r <yl
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Let A be the bounded part of the universally complete vector lattice Z|, i.e. A
is the order-dense ideal in #Z| generated by the order-unit 1:= 1" € #Z]. Take a
Banach space 2 inside V® and denote

Z={xe 2| |x| € A}

Then 27|} is a Banach—Kantorovich space called the bounded descent of 2 . Since
A is a Dedekind complete AM-space with unit, 2"} is a Banach space with mixed
norm over A, and hence, B-cyclic Banach space, see [22, 7.3.3]. If & is another
Banach space and .7 : 2 — % is a bounded linear operator inside V® then the
bounded descent of .7 is the restriction of 7| to 2 |. Clearly, the bounded descent
of 7 is a bounded linear operator from 2|} to # .

The bounded part of the space 2] is named the bounded descent of Z .

Theorem 3.6. A bounded descent of a Banach space from the model V) is
a B-cyclic Banach space. Conversely, if X is a B-cyclic Banach space, then in the
model V®) there exists up to the isometric isomorphism exactly one Banach space
2" whose bounded descent is isometrically B-isomorphic to X.

Let 2" and % be the Boolean-valued representations of B-cyclic Banach spaces
X and Y, respectively. Let .Z(2,%) denote an element in V® which represents
the space of all bounded linear operators from 2" into #.

Theorem 3.7. A bounded descent of the Banach space £ (%, %) and a B-
cyclic Banach space £5(X,Y) are isometrically B-isomorphic. The isomorphism
is set up by assigning to any bounded B-linear operator T' : X — Y the element
7 := T, defined by the relations [T is a linear operator from 2 to %] = 1 and
[r(x) =T(x)] =1 (x € X).

Boolean valued ordinals and cardinals. It is customary to refer to the standard
names of ordinals and cardinals as standard ordinals and standard cardinals in-
side V® . Let Ord(a) and Card(a) denote the formulas that declare o an ordinal
and a cardinal, respectively.

Clearly, Ord(«) is a bounded formula, while Card(«) is not. Since lim(«) < « for
every ordinal «, the formula Ord(z) Az = lim(z) may be rewritten as Ord(x) A (Vt €
x)(Is € x)(t € s). Hence, Ord(z) Az = lim(z) is a bounded formula as well. Finally,
the record

Ord(z) A x = lim(z) A (Vt € x)(t = lim(t) - t = 0)

convinces us that the “least limit ordinal” is a bounded formula too. Hence « is
the least limit ordinal if and only if V® =“a” is the least limit ordinal.” Since w
is the least limit ordinal, V® = “w" is the least limit ordinal.” Using the similar
argument we can ensure that V® = “N” is the set of naturals and Q" is the field
of rationals.”

Proposition 3.8. Each ordinal inside V® is a mixing of some set of standard
ordinals. In other words, given x € V®  we have V®) |= Ord(z) if and only if there
are an ordinal f and a partition of unity (by)aes in B such that x = mix,ep b,".

Proposition 3.9. Given z € V® we have V® |= Card(z) if and only if there
are nonempty set of cardinals I' and a partition of unity (b,),er in B such that
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V®) = Card(y") for all v € T' and & = mix,er b,y". In other words, each Boolean
valued cardinal is a mixing of some set of standard cardinals.

Proposition 3.10. The standard name of a finite cardinal is a finite cardinal.

4. BOOLEAN VALUED BANACH LATTICES

Theorem 4.1. A bounded descent of a Banach lattice from the model V® is
a B-cyclic Banach lattice. Conversely, if X is a B-cyclic Banach lattice, then in the
model V®) there exists up to the isometric isomorphism a unique Banach lattice 2~
whose bounded descent is isometrically B-isomorphic to X. Moreover, B = M(X)
if and only if [there is no M-projection in 2" other than 0 and 4] = 1.

<1 The Banach part of the claim follows from Theorem 3.6. Assume that X
is a B-cyclic Banach lattice and put £, := X7. For any extensional mapping f
we have f(A)T = f1(AT) where A C dom(f), see [23, Theorem 3.3.11(3)] and
[22, A.10(2,4)]. Applying this relation to addition f : (z,y) — z+y (z,y € X)
with A:= X, x X, and A-multiplication f : (A\,z) — Az (A € A,z € X) with
A=A, x Xy wefind [Zy + 2, = 2] =1and [Z, - 2. = Z7] = 1,1 e
[Z is a convex cone] = 1. Moreover, [£ is pointed] = 1, since [z € 27 and
|lz]| < 1] = 1 imply £z € 21|l N X C X;. Now, define an ordering in 2" by
[(Vz,y € Z)(x <y y—x € Z,)] =1. By the Transfer Principle (27, Z7,) is an
ordered Banach space inside V® . Moreover, for any z,y € X the relations z < y
and [z < y] =1 are equivalent.

Consider a sentence 0 = (Va € {0,1})(Vz,y € Z') (ax < ay <> (a # 1V < y))
which is a very simple Z F-theorem. By the Transfer Principle [o] = 1. Calculating
the Boolean truth values for quantifiers we find the following equivalent form: For
all a € {0,1}] and z,y € 27| Jax < ay] = Ja = 1]* V [z < y]. Making use of the
Boolean isomorphism y : B — {0, 1}| we may replace a € {0,1}] by x(b) for b € B:
b* V [z < y] = [x(b)z < x(b)y]. Now it is easy to see that

b<[r <yl <= x(b)z<x()y (beBjz,ye 2)). (1)

The last relation allows us to treat the interplay between X and 2. As an
example we prove that 2 is a vector lattice, i. e. the sentence (Vx € 27)(Jy €
)y = sup{x, —z} is true inside V®). Using the the rules for calculating Boolean
truth values (see [23, 3.3.2] and [22, A.10(1)]) and the Maximum Principle we have
to prove that for every x € X there exists y € X for which [y = sup{z, —z}] = 1.
Put y = |z| and note that [tz < y] = 1. Thus, it remains to check that [(Vu €
) Etr <u—y <wu]=1. Again by [22, A4, A10(1)] it is equivalent to the
relation [tz < u] < [y < u] (v € X). Now, if b = [z < u] then £x(b)z < x(b)u
and x(b)y < x(b)u. It follows that b < [y < u].

The A-valued norm |-| of X is the descent of the norm || - || 2 of 2 . Therefore,
| - [ 2 is a lattice norm if and only if |z| < |y| implies |z| < |y| for all x,y € X.
If |x] > |y| then 7|z| > 7(|y| + 1) for some 7 € and 0 < ¢ € R. Therefore,
|rz|| = |7lz|lle = lI7lyllleo + € > ||7y|| which contradicts to |z| < |y|. Thus,
(2, Z) is a Banach lattice.
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Assume that 7 is an M-projection in 2" and II is the restriction of 7 to X. Then
[ror=na]=1,[0<mz < x(x € X)) =1, and ||z]| = max{|rz]|,||rtz]} (z €
Z). By [22, A9(4,7)] ] = (mom)| = mlon| and thus II = IT o Il. Since
[re =Tz] =1 (z € X), we have 0 < Iz < z for all z € X. Finally, the relations
[zl = max{||7z|, |7tz|} (x € )] = 1 and |z| = max{|[lz|, |[[I*z|} (x € ") are
equivalent, whence we deduce ||z|| = |||Tlz| V |TT*2]||o = max{||Tz||, |[[I*]|}. Thus,
IT is an M-projection in X, i. e. II € B = M(X) and, since B is the descent of the
two-element Boolean algebra {0, 4}, we have [either m = 0 or else 7 = 5] = 1.
The remaining details are obvious. >

DEFINITION 4.2. The element 2~ € V® from Theorem 2.3 is said to be the
Boolean-valued representation of X. Let 2 and % be the Boolean-valued repre-
sentations of B-cyclic Banach lattices X and Y, respectively. Let £ (2", %') and
L(Z, %) denote the elements in V® which represent respectively the spaces of
all bounded linear operators and regular operators from 2" into %'.

Corollary 4.3. A Banach lattice X is linearly isometric to a bounded descent
of some Banach lattice 2 from the model V®) if and only if it is B-cyclic relative
to the complete Boolean algebra of M-projections B.

DEFINITION 4.4. Say that a downward directed set A C X is B-convergent to
zero if for every 0 < ¢ € R there exists a partition of unity (7,)sca in B such that
|mqaal] < € for all @ € A. The norm in X is said to be order B-continuous if every
downward directed set A C X with inf A = 0 is B-convergent to zero. (This should
be compared with the notion of m-convergence by Takeuti [35].)

Theorem 4.5. Suppose that X is a B-cyclic Banach lattice and 2 € V®) is its
Boolean valued representation. The following assertions hold:

(1) X is a Dedekind complete <= [ Z" is Dedekind complete] = 1.
(2) X has a Fatou (Levi) norm <= [ 2" has a Fatou (Levi) norm] = 1.

(8) X has an order B-continuous norm <= [2 has an order continuous
norm] = 1.

(4) X has an order B-continuous Levi norm <= [ 2" is a K B-space] = 1.

< (1) Just as in [22, Theorem 8.1.2] (see also [17]) one can prove that for A C X
there exists a = sup(A) if and only if [exists sup(A1)] = 1 and in this case [a =
sup(A1)] = 1. Thus, the Dedekind completeness of 2~ inside V® implies that X is
Dedekind complete. Conversely, suppose that X is Dedekind complete and take a
set &7 C 2 bounded above by u € 2. There is no loss of generality in assuming
that [||u]| < 1] = 1. Then A:= &/ is contained in X and, taking the cancelation
rule &[T = &7 (see [23, 3.3.3(2)]) into account, we get the following: there exists
a = sup(«/]) if and only if [exists sup(</)] = 1 and in this case [a = sup(</)] = 1.

(2) We may assume without loss of generality that the upward directed sets in
the definitions of Fatou norm and Levi norm are taken from the unit balls B(X') and
B(Z"). Moreover, if A C X is upward directed then [A7 is upward directed] = 1
and [« C 2 is upward directed] = 1 implies that <7 is upward directed. Finally,
observe that B(Z)| = {x € 2] : |z| < 1} = B(X). Now, let 2" has a Levi
norm and take an upward directed set A C B(X). It follows that {|a| : a € A} C
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[—1,1] and thus [{||a]| : @ € AT} C [-1,1]], i. e. AT C B(Z"). By hypothesis
a = sup(AT) exists in 2, whence a = sup(A). The argument for the converse is
similar. To ensure the claim concerning the Fatou norm it is sufficient to observe
that |b] = sup{la| : @ € A} in A if and only if ||b]| = |||b]]|cc = sup{||/la]||« : @ € A},
since the AM-space A has a Levi norm.

(3) Making use of the above remarks in (2) it is easy to see that [ 2 has an
order continuous norm | = 1 if and only if for every downward directed set A C X
with inf(A) = 0 we have inf{la| : @ € A} = 0 in A. By [22, Theorem 8.1.8] the
latter property amounts to the following: for every € > 0 there exists a partition of
unity (m,)eea in B such that |r,a| = m,]a| < €1 for all @ € A. Thus, we arrive at
the desired result, since the relations |m,a| < €1 and ||m,al| < € are equivalent.

(4) Tt is immediate from (1) and (2). >

DEFINITION 4.6. A B-cyclic Banach lattice X is called B-separable, if there is
a sequence (x,) C X such that the norm closed B-cyclic subspace, generated by the
set {bx, : n € N, b € B}, coincides with X.

Theorem 4.7. Let X and 2 be a B-cyclic Banach lattice and its Boolean
valued representation in V® | respectively. Then the following assertions hold.

(1) [ is injective] = 1 and only if X is injective.

(2) [Z is an AM-space] = 1 if and only if X is an AM -space.

(3) [Z is an AL-space] = 1 if and only if X is injective and B = M(X).
(4) [Z is separable] = 1 if and only if X is B-separable.

<1 (1) Theorem 2.4 is valid inside V® by the Transfer principle. In view of
Theorem 4.5 (2) we only have to show that [2" has the splitting property] = 1 if
and only if X has the splitting property. It is easy to see that [2" has the splitting
property] = 1 is equivalent to the following property: for any x,y,z € X, with
|z] < 1, |[y] < 1, and |x 4+ y + 2| < 21, there exist u,v € X such that z = u + v,
|z +u] <1 and |y + v] < 1. But the latter amounts to the splitting property in X,
since the relations |z| < C1 and ||z]| = |||z]]|« < C are equivalent.

(2) Since the A-valued norm |-| in X is the bounded descent of the norm
|-l =1 - |l2 and the lattice operation (x,y) — = V y in X is the descent of the
similar operation in 2, it follows that [|| - |2 is an M-norm] = 1 if and only if
|z Vy|l = x| V]y| for all z,y € X,. Since (A, | - ||s) is an AM-space, we deduce
Iz vyl = lllz vV yllle = 2l V llyllle = NIzl V [lyll-

(3) By the Transfer Principle and Theorem 2.4 we can claim that |2 is an AL-
space if and only if M[((2") = {0, Ix}] = 1. Therefore, the result follows immediately
from Theorems 2.4, 4.1, and 4.5 (2). >

5. REPRESENTATION OF INJECTIVE BANACH LATTICES

The results above allow us to state a representation result and to produce new
examples of injective Banach lattices.

Theorem 5.1. Let X be a Banach lattice with the complete Boolean algebra
B = M(X) of M-projections, A be a Dedekind complete AM-space with unit such
that P(A) is isomorphic to B. Then the following assertions are equivalent:
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(1) X is injective.
(2) X is lattice B-isometric to the bounded descent of some AL-space from V®),

(3) There exists a strictly positive Maharam operator ® : X — A with the Levi
property such that X = L}(®) and ||z|| = ||®(|z|)||« for all x € X.

(4) There is a A-valued additive norm on X such that (X,|-|) is a Banach-
Kantorovich lattice and ||z|| = |||z]||o for all x € X.

< (1) <= (2) follows from Corollary 4.2 and Theorem 4.7 (3).

(2) = (3) Assume that the Boolean valued representation 2~ of X is an AL-
space inside V® . Working inside V® and using the Transfer Principle, we can find
a strictly positive order continuous functional ¢ : 2~ — Z with the Levi property
such that ||z|| = ¢(|z|) for all x € 2. The descent ®':= ¢| as well as its restriction
$:= P’y : X — A is a strictly positive Maharam operator with the Levi property,
see [21] and [22, Theorem 3.6.4 (4)]. Since || = (|| - ||2-)} we have |z| = ®(]z|) for
all z € X. By definition of the resrticted descent ||z]|x = |||Z]l|cc = [|P(|2])] s

(3) = (4) If (3) is true then a A-valued additive norm on X is defined by
|z]:= ®(|z|) (x € X). The fact that (X,|-]) is a Banach-Kantorovich space follows
from [22, 3.5.1-3.5.3].

(4) = (2) This is immediate from 3.6, 4.1, and 4.7 (3). >

Corollary 5.2. If ® is a strictly positive Maharam operator with the Levi prop-
erty taking values in a Dedekind complete AM-space A with unit and ||z|| =
|®(|z)||se (z € LY(®)), then (LY(®),||-||) is an injective Banach lattice with
M(LY(®)) = P(A).

Conversely, any injective Banach lattice X is lattice B-isometric to (L*(®), |||
for some strictly positive Maharam operator ® with the Levi property taking values
in a Dedekind complete AM-space A with unit, where B = M(L(®)) = P(A).

Corollary 5.3. An injective Banach lattice has an order B-continuous norm
with B being the complete Boolean algebra of its M-projections.

< It is immediate from 4.5 (3) and 5.1(2). >

Corollary 5.4. In an injective Banach lattice X with B := M(X) there is a
B-invariant closed sublattice which is lattice B-isometric to A = A(B).

< There exists an order continuous lattice isomorphism S : A — X such that
® oS = I, see [22, Theorem 3.4.10]. Thus, [[Aec = [|P(SUA))|le = ISV
for all A € A. Moreover, for 7 € B and A € A we have S(7)\) = S(7®(SN)) =
(So®)(mSA)) = mwSA, since So® is a positive projections onto S(A). It follows that
S(A) is B-invariant. >

Corollary 5.5. An injective Banach lattice X has an order continuous norm if
and only if X is a finite lo-product of AL-spaces.

< It is clear from the representation ||z|| = ||®(|z])||s (x € X) that X has an
order continuous norm if and only if A has an order continuous norm. But the latter
occurs only if A is finite dimensional. >

The construction of the Maharam’s extension of positive operators [22, §4.5] to-
gether with Corollary 5.2 supplies plenty of injective Banach lattices. Given a set M
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in a vector lattice X, denote by M* the collection of all elements € X that can be
written as x = inf(A), where A is a downward directed subset of M. The set M7 is
defined similarly on using upward-directed sets. We also put M+ := (M*)T.

Theorem 5.6. Let E be a vector lattice, A be a Dedekind complete AM -space
with unit, and ® : E — A be a strictly positive operator. Then there exists a unique
(up to lattice isometry) injective Banach lattice X such that the following hold:

(1) M(X) = P(A).

(2) there are a lattice isomorphism ¢ : E — X and an f-algebra isomorphism h
from Z(A) into 2 (X) such that ||o®(z)||e = ||h(o)(x)|| (x € E4, 0 € Z(A)4).

(3) for every x € X and 0 < ¢ € R there are x. € X, a partition (m¢)eez of unity

in M(X), and a family (eg)¢ez In E such that |z — z.|| < € and mex = meu(eg) for
all € € =.

(4) X = X§", where X, comprises finite sums Sr_, mpe(zy) with 7, € M(X),
€ E(k=1,...,neN).

<1 The Maharam extension ® of ® is a strictly positive Maharam operator with
Levi property, see [22, Propositions 3.5.1, 3.5.3 and Theorem 3.5.2]. If X = L(®)
is the domain of ® and ||z| = ||®(|z|)||s (z € X) then X is injective Banach lattice
by Theorem 5.1. The properties (1-4) are immediate from [22, 3.5.1 and 3.5.8 (1)].

Another proof can be given by interpreting in Boolean valued universe V® the
well known construction permitting us to produce an AL-space (E¥, || -||¥) from a
strictly positive linear functional ¢ € E™, see [29, Proposition 2.4.16]. To this end,
we have to observe that: a) the standard name E" of E is a vector lattice over the
rationals Q" inside V®): b) the modified ascent ¢ = ®1 of ® is a strictly positive
Q"-linear functional on E” inside V(®); ¢) Proposition 2.4.16 of [29] remains valid

for vector lattices over Q and Q-linear ¢. >

Theorem 5.7. Let X be an injective Banach lattice and let X, be a vector
sublattice of X. Denote by B, the part of M(X) consisting of the projections
leaving X invariant. If By is order closed subalgebra of M(X) and X is By-cyclic
Banach lattice then Xy is an injective Banach lattice with By = M(Xj).

<1 By Corollary 5.2 there exists a strictly positive Maharam operator ® : X — A
with the Levi property such that X = L'(®) and ||z = [|®(]z])||« (z € X). Denote
by Ao the order closed sublattice of A with P(A) = By. Under the hypothesis the
restriction & of ® onto X is also a strictly positive Maharam operator from X
to Ay with the Levi property. >

Let EF and F' be vector lattices and G be a majorizing sublattice of E. Fix a
positive operator S : G — F and denote by Ag the order ideal in L"(G, F') generated
by S with the order unit norm || - ||ooc = || - || with respect to S. Put

Xg:={T e L'(E,F): 3XeR,)|Tx| < AS|g| (x € E, g € G, |z| <|g])},
|T|ls:=1nf{\ € Ry : |[Tz| < AS|g| (x € E, g € G |z| < |g])}-

Theorem 5.8. Let E and F' be vector lattices with I’ Dedekind complete and G
be a majorizing sublattice of E. Then (Xg, || - ||s) is an injective Banach lattice.
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< This is immediate from Theorem 5.1, since the restriction operator ¢ : T'—T|q
acting from Xg to Ag is a Maharam operator with the Levi property see [22, Example
3.4.2(6) and Theorem 3.4.11]. >

If F =G and S = I then operators from Xg are called central with respect to G
and the notation Xg = Z(E|G) is used, see [37, Definitions 2.1 and 2.2]. For this
particular case we have the following improved version of Wickstead’s theorem [37,
Theorem 5.2].

Corollary 5.9. Let E be a vector lattice and G be a Dedekind complete majo-
rizing sublattice of E. Then 2 (E|G) with the natural norm, is an injective Banach
lattice.

Remak 5.10. (1) Theorem 5.8, Corollaries 5.2 and 5.9 suggest a slightly more
general construction. Let X and Y be Dedekind complete vector lattices and ® :
X — Y be a strictly positive Maharam operator with the Levi property. Denote by

Y(e)and || ||e:=|| - ||o the order ideal generated by e € Y, and an order unit norm
on Y (e), respectively. Then the vector space Li(®,e):= 7! (Y (e)) with the mixed
norm ||z||:= ||®(|z|)||. is an injective Banach lattice.

(2) As an illustration consider the space of Bochner summable functions X :=
Li(p,Y) := Li(2, %2, 1;Y), where (£2,%, 1) is a finite measure space and Y is a
Banach lattice with an order continuous norm. The latter hypothesis implies that
Ly(p,Y) has an order continuous norm [12], whence the Bochner integral I, : « —
Jox(w)du(w) (z € Li(p,Y)) is order continuous. If, in addition, Y has a Levi
norm, then Li(u,Y) also has a Levi norm [10] and, as a consequence, Bochner
integral has the Levi property. Now we can state the following result which is a
direct consequence of (1):

Let (2,%, 1) be a finite measure space, Y be a K B-space and e € Y,. Then
Li(p,Y,e) .= {z € X : I,(|z]) € Y(e)} with the norm |z| = ||L,(|z|)|e Is an
injective Banach lattice.

DEFINITION 5.11. The norm on a Banach lattice X is said to have the Nakano
property if, for every upward directed order bounded subset A C X, the identity
inf{||b]| : b € B} =sup{||a|| : a € A} holds, where B is the set of all upper bounds
for A.

Theorem 5.12. Let X and Y be B-cyclic Banach spaces and, in addition,
Y be an AM-space in which the norm has the Nakano property. Suppose that
there is a linear B-isometry ® from Y onto X# and denote X, :={zx € X : (Vy €
Yy) (z,®(y)) > 0}. Then X, is a convex cone and, being equipped with the induced
ordering, X is an injective Banach lattice with B = M(X).

< Let 2" and # be Boolean valued representations of X and Y, respectively. Put
@:= ®71 and observe that [y is a linear isometry from % onto 2™* ] = 1. Moreover,
[# is an AM-space with the Nakano property | = 1 and [#/ is lattice isometric to
%o(K) for some locally compact Hausdorff space K| = 1 by virtue of the Nakano’s
isometric characterization of the space %,(K) of all continuous real-valued functions
on K vanishing at infinity under the supremum norm [30]. Now the Grothendieck
theorem [34, Theorem 27.4.1] tells us that 2 is an AL-space and it remains to apply
Theorem 5.1. >
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Theorem 5.13. Let A be a Dedekind complete AM -space with unit and let <f
be a Boolean algebra with unit 1. Then the vector lattice ba(</, ) of A-valued order
bounded finitely additive measures on &/ equipped with the norm ||v|:= |||v|(1)||«
(v € ba(&/\)) is an injective Banach lattice.

< Clearly, ba(«7,A) is a Dedekind complete vector lattice, since it is order iso-
morphic to a space of regular operators. By 5.1 (4) we have to show that ba(<7, A) is
a Banach—Kantorovich space with additive A-valued norm. The A-valued norm de-
fined as {v}:= |v|(¥) is evidently additive on the positive cone. It is also decompos-
able. Indeed, if |v| = A\; + Ay then Ay = ay|v| for some orthomorphism 0 < oy < Iy
and, putting vy := apr we get v = v + vy and || = |ayr|(1) = axlr|(1) = Ak
(k:=1,2). For every order bounded family (v¢)ecz in ba(e/, A) and every partition
of unity (me)eez in P(A), the sum v(A) 1= 0-3 = mere(A) exists. Moreover, v is
a unique element in ba(e7, A) satistying the relations mer = merve (€ € Z). In view
of [22, Theorem 2.2.3] it remains to ensure the uniform completeness of ba(<7, A)
which can be proved by standard arguments. >

6. OPERATORS ON INJECTIVE BANACH LATTICES

Denote by Z5(X,Y) the space of all regular B-linear operators from X to Y
equipped with the regular norm ||T, := inf{||S|| : S € ZL(X,Y}, £T < S}. Let
L X, %) stands for the space of all regular operators from 2" to % with the
regular norm inside V®.

Theorem 6.1. Assume that X and Y are B-cyclic Banach lattices, while 2~
and % are their respective Boolean-valued representation. The space Z5(X,Y) is
lattice B-isometric to the bounded descent of the space L7 (X, %).

<1 According to Theorem 4.1 we may assume without loss of generality that
X and Y are the bounded descents of some internal Banach lattices 2" and %'.
Moreover, Z5(X,Y) and Z(2,%)| are B-isometric by Theorem 3.7. Since
T(X )T = THX:T) = 7(Zy), it follows that T'(X,) C Y, if and only if
[7(Z4) € #,] = 1. This means that the bijection T' <» 7 = T'T preserves positivity
and hence is an order B-isomorphism between £} (X,Y) and Z" (2", #){}. Since
for S € ZE(X,Y) and o:= ST the relations £7° < S and [£7 < o] = 1 are equiv-
alent, we have [||7|. = |T|.] = 1, where |T|, = inf{|S|: S € Z(X,Y), £T < S}
and |S|:= sup{|Sz| : |z| < 1}. Thus, we have to show that the regular norm in
ZE(X,Y) is the mixed norm, i.e. ||T||, = |||T],||« (T € Z5(X,Y)).

f 7 < S then I7lle < ISl = IS] and hence |T], > (1T}l To
prove the reverse inequality take an arbitrary 0 < ¢ € R and choose a partition
of unity (m¢)eez in B and a family (S¢)eez in Z5 (X, Y) such that S, > £7T and
el Sel < (1 + ¢)|T|, for all & € =Z. Define an operator S € ZE(X,Y) by Sz :=
mixeez Sz (x € X)), where the mixing is taken in Y and is equal to the sum of the
family (Sex) in A-valued norm on Y. Then S > 47T and |S| < (1 + ¢)|T|,, whence
1T < IS = [l1Sllloe < (1 + )T, [[o0->

Theorem 6.2. Let X be an injective Banach lattice and an operator T € £(X)
commutes with all M-projections. Then there exist pair-wise disjoint M -projections
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o, 1, and mo in X such that my+m+m9 = [x and the operator m o T +myoT —my0T
satisfies the Daugavet equation. Moreover, for any nonzero M-projections p;, < Ty
(k =1,2) the operators —ps o T and py o T fail to satisfy the Daugavet equation.

< Let 27,7 € V® be the Boolean-valued representations of X and T, re-
spectively. By Theorem 4.7 [Z" is an AL-space and .7 € Z(27)] = 1. Let the
formula ¢(T") formalize the sentence ‘T" satisfies the Daugavet equation’ and put
m = [W(T)], 72 = [W(=T)], mo = 71 0 Te, and m; = 7; — mo. It was shown in
Abramovich [2] and Schmidt [33] that if .7 is a continuous operator on an AL-space,
then either .7 or —.7 satisfies the Daugavet equation, see [4, Theorem 11.23]. It
follows from the Transfer Principle that 71 V 7o = [¢(7) V ¢(—=T)] = 1, whence
m + mo + Mo = 1. Denote by . the mixing of (7, .7,—.7) by (m,m,m2), i. €.
mo+m < [ = T]and m < [ = —T]. If S:= | then S:= m0T+m0T —my0T.
By applying [22, A.5(6)] we have mp + m < [W(I)] A [ = T] < ()]
and m < [W(=T)] N[ = =] < [¢(S)] which imply [¢()] = 1. Since
<1 = |S]] = 1, we have |I + S| = 1 + |S| and taking into account the easy
relation |1 + Allee = 1 + || M| for all A € A we arrive at the required equality
I+ S||=1+]S]|. The operator 3 0T — mg 0T — w5 o T is handled similarly. >

Theorem 6.3. Let T be a positive operator on an injective Banach lattice
X which commutes with all projections in M(X). Assume that norms ||T"| are
bounded and the arithmetic means (x+Tx+ ...+ T"x)/n are order bounded above
for every x € X,. Then the sequence of these means B-converges in norm for all
reX.

< The proof is similar to that of the previous theorem. The ergodic theorem
by G. Birkhoff and Kakutani (see [20]) tells us that the claim is true in the case
of AL-space X, i.e. whenever M(X) = {0,/x}. By the Transfer principle it is
also true in V® for 27 and 7. If C = sup,, |T"|| then [sup, ||.7| < C"] = 1 and
V= (x+Tz+...+T"z)/n < a (n € N) implies Ju,:= (z+ Tz+...+ T"x)/n < a
(n € N*)] = 1. Thus, the sequence of means u, is convergent to some u € 2, i.e
[limy,, ||u, — u|| = 0] = 1. This amounts to saying that |v, — u| is order convergent
to zero. The latter implies that v, is norm B-convergent to u. >

Theorem 6.4. A Dedekind complete B-cyclic Banach lattice Y has a Levi
norm if and only if for every injective Banach lattice X with B = M(X) we have
LB(X,)Y) =G (X,Y).

< In fact, a Dedekind complete Banach lattice F' is monotonically complete if
and only if Z(F,F) = 2" (FE, F) for every AL-space E, see [5]. >

Theorem 6.5. Suppose that the B-cyclic Banach lattices X and Y satisfy
Z(X)Y)="(X,Y) and ||T|| = ||T||, for all T € Z(X,Y). Then there exists
an M-projection my and mo such that m X is an injective Banach lattice, moY is an
AM -space, and m V my = 1.

< By Transfer Principle we have that if £(2,%) = £ (2, %) and || 7| =
|7 || for all 7 € L(Z", %) then either 2" is AL-space or % is an AM-space, see
[4, Theorem 11]. Consequently, if m := [Z" is an AL-space] and my := [# is an
AM-space], then m; V m = 1. Now, the claim follows from Theorem 4.7. >
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Theorem 6.6. Let X and Y be B-cyclic Banach lattices neither of which is the
zero space with Y Dedekind complete. Then 45 (X,Y') is an injective Banach lattice
under the regular norm with B = M(.Z5(X,Y)) if and only if X is an AM-space
and Y is an injective Banach lattice with B = M(Y).

< This a Boolean-valued interpretation of the following result by Wickstead [38,
Theorem 2.1]: If 2" and % are Banach lattices, neither of which is the zero space,
with 2 Dedekind complete then £" (2", %) is an AL-space under the regular norm
if and only if 2" is an AM-space and % is an AL-space. >

Theorem 6.7. Let Y be a nonzero B-cyclic Dedekind complete Banach lattices.
Then £5(X,Y) is an AM-space under the regular norm for every injective Banach
lattice X with B = M(X) if and only if Y is an AM-space with a Fatou norm.

< This a Boolean-valued interpretation of the following result by Wickstead
[38, Theorem 2.3]: If # be a nonzero Dedekind complete Banach lattices then
L X, %) is an AM-space under the regular norm for every AL-space 2 if and
only if # is an AM-space with a Fatou norm. >

Theorem 6.8. If a Banach lattice X satisfies Z5(X) = Z3(X), then there
exists an M-projection m € B such that mX is order mB-isomorphic to an injective
Banach lattice and 7w+ X is order m+B-isomorphic to an AM -space.

<1 This is a Boolean-valued interpretation of the following result: If a Banach
lattice X satisfies Z(X) = .£7(X), then X is order isomorphic either to an AL- or
AM-space, see Abramovich [3]. >

Consider an injective Banach lattice represented as L'(®). Denote by L(®) the
universal completion of L'(®) with a fixed order unit 1. Then there is a unique
structure of a semiprime f-algebra on L°(®) with ring unit 1. Consider also the set
X' C L°(®) defined as

X'={2' e °(®): o X C L'(D)}.

Theorem 6.9. Let X be an order B-continuous B-cyclic Banach lattice. In the
universal completion X" of X there is an order dense ideal which is an injective
Banach lattice represented as L'(®) for some order continuous Maharam operator
with the Levi property. Moreover, the map assigning the operator S, € Lg (X, A)
to an element ' € X' by

Sy (2)=®(z-2") (veX).

is an lattice B-isometry from X# onto X'.

< The Boolean valued representation 2 of X is an order continuous Banach
lattice inside V® see Theorem 4.6. Working inside V®) we can find a strictly
positive order continuous functional ¢ : Li(¢) — Z with the Levi property such
that L'(¢) being an order dense ideal in the universal completion 2™ of 2". Put
2 ={r e 2% : 2 C L' (¢). Then assigning to every element 2/ € 2 the
functional o, : z +— ¢(x2’) (z € Z7) yields a lattice isometry from 27 onto the
dual Z7*. It is easy to see that Z™"] = X"“. Define ® as the restriction of ¢ to
LY(®):={x € X": ¢)(x) € A}. Clearly, ® is a strictly positive Maharam operator
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with the Levi property and thus L!(¢){ = L'(®). Now, it remains to observe that
identifying X with a order dense ideal in Z°| we have 27| = X# 2|} = X', and
Sy = 0gd. >

Corollary 6.10. Let X be an injective Banach lattice. Let E and A be Dedekind
complete AM-spaces with unit such that P(F) ~ P(X) and P(A) ~ M(X). Then
X is lattice isometric to £ (E, A).

Remak 6.11. Corollary 6.10 is essentially the Haydon’s main representation
theorem in [19, Theorem 5C]. Haydon’s another representation result [19, Theorem
6H] tells us that an injective Banach lattice can be represented as L'(m) for some
A-valued modular Maharam measure m. This result is immediate from our repre-
sentation result 5.1, since the mapping ® : L'(m) — A defined by ® : f +— [ fdm
is a Maharam operator with the Levi property and L'(m) = L'(®), see [22, Theo-
rem 6.1.10].

7. OPERATORS FACTORABLE THROUGH INJECTIVE BANACH LATTICES

Let X be a Banach lattice and Y be a B-cyclic Banach space. Denote by
Prt, := Prt,(B) and P4,(X) the set of all countable partitions of unity in B and
the collection of all finite subsets of X, respectively. For every T' € Z(X,Y’) put

Zm < }

DEFINITION 7.1. An operator T' € Z(X,Y) is said to be cone B-summing if
o(T) < oo. Thus, T is cone B-summing if and only if there exists a positive constant

o(T) = sup{ inf  sup Z |meTxi| © (25) € Pan(X

(mi)EPrts  keN )

C such that for any finite collection zy, ...z, € X there is a countable partition of
unity (7 )gen in B with

n
supz |m L] < C
keN =7

Denote by #5(X,Y) the set of all cone B-summing operators. Observe that if
B = {0, Iy} then .#5(X,Y) is the space of cone absolutely summing operators, see
[32, Ch. 4, §3, Proposition 3.3 (d)] or (which is the same) 1-concave operators, see
[14, p. 330]. Cone absolutely summing operators were introduced by Levin [24], [25]
and later independently by Schlotterbeck, see [32, Ch. 4]

Suppose that ) is a Stonean space and X is a Banach space. Let C.(Q, X) be
the set of cosets of continuous vector-functions u that act from comeager subsets
dom(u) C @ into X. (Recall that a set is called comeager if its complement is of
first category.) Vector-functions u and v are equivalent if u(q) = v(q) whenever g €
dom(u)Ndom(v). The set Co (@, X) is endowed, in a natural way, with the structure
of a module over C,(Q). Moreover, the continuous extension of the pointwise norm
q — ||u(q)|| defines a decomposable norm u — |u| € Co(Q) on Coo (Q, X).

Denote by C4(Q,X) the part of Cy(Q, X) that consists of vector-functions u
satisfying |u| € C(Q) with the norm given by ||u|| := |||ul|| (cf. [22, 2.3.3]). Suppose
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that ) a Stonean space and X is a Banach lattice. Then the space Cx(Q, X) is a
B-cyclic Banach lattice with B being the Boolean algebra of clopen subsets of Q.

Proposition 7.2. Suppose that X is a Banach lattice and 2" is the completion
of the metric space X* inside V®. Then [ 2 is a Banach lattice] = 1 and 2|
is B-isomorphic to Cx(Q, X). Moreover, if % is the Boolean-valued representation
of a B-cyclic Banach space Y, then the map T +— T is a linear isometry from
fB(O#(Q, X), Y) onto 0%(%, @)l}

< The proof is a duly modification of [22, 8.3.4], see also [17]. >

Observe also that the map 7'+ T o h is a linear isometry from .Z(X,Y’) onto
(Cu(Q,X),Y), where h : X — C(Q, X) is defined as h(z):= 1gz.

Corollary 7.3. X is an AL-space if and only if C(Q), X) is an injective Banach
lattice.

Let (%2, %) denotes the space of all cone absolutely summing operators from
Z to % inside V®).

Theorem 7.4. Let X, 2, Y, and % be the same as in Proposition 7.3. For
every T € .#(X,Y) there exists a unique .7 := T1¢€ V®) determined from the
formulas

|7 e A XL, %) =1, [T2"=Tz]=1 (zeX).
The mapping T — 7 is a B-isometry from /5(X,Y’) onto the bounded descent
(X, 9.
< Suppose that T € Z5(X,Y) and 7 € S (2,%)| is the Boolean valued

representation of 7, see Theorem 3.7. Then o(.7) € A and we can assume o(.7) <
C1 for some 0 < C' € R. Moreover, the relation

(V0 € Pau( X)) era |Tz|| < C* (2)

erﬁ |I|

holds in V® and hence, its Boolean truth value is 1. Replacing .2~ by its dense sub-
lattice X” and making use of the formula P, (X") = P, (X)" we can replace the
universal quantifier in (2) over finite subsets of X* inside V® by external infimum
over f € P, (X) and get

(B) N < A A
VO EY I7el<e| Y
for every 0 € P5,(X). Recall that Q" may be considered as the internal field of
rationals. Denote by U(#) the unit ball of #. For arbitrary 0 < ¢ € R and
0 € Pun(X) the sentence

(9 S yﬁn<%)) (3)

(Ve € 0)(Fr, € Q")(r. < L+ M| Tz||) N Tz €r,UX)).

Replacing quantifiers by infimum over # and supremum over Q we deduce that for
every = € 6 there exists a countable partition of unity (7, x) and a sequence ()
of rationals such that

Mo < [(rpp S A+ N[ T2 ) A (T2 €, U@))] (keN).
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Let (m) be a common refinement of the finite collection of partitions of unity (r, )
(z € 0). Then for every x € 6 there is k(x) € N such that

T S [ropey < A+ EDT2M], m <[T2" ey U@)] (keN).  (4)

Since [Ta" = Tx] = 1 and ry k) U(Y) = (rgjk(x)U(@))li, the second relation in
(4) implies 1,72 € 1y k) U(Y) or ||mT2| < rype). The last inequality together
with (3) and the first relation in (4) yields

(Simral) < (Lreser) =X riuey

el el e

~(a+90| X, o

S(@L+e)" Y 1Tz < (L +e)C)"

z€l

27|

It follows that for any finite subset § C X we have

i, 20 STl < (0] 3 |

Thus, T is B-summing and o(7") < C, since € > 0 is arbitrary.

Conversely, assume that 7' € #5(X,Y) and C is a positive constant in Defini-
tion 7.1. Then for a finite subset # C X there is a countable partition of unity ()
in B such that

\ YimTzl <\ Y ImTz|ml < ¢

keN zeb keN zeb

> Jal|jL

z€l

Taking into account the definition of .77 we deduce from the last inequality
e S [{ere | T || = Zm€9|Tx|]] A[(Ve € 0)Tx = mTx]
Al — <
S |:|:Zx€0 ng H Zz€9|ﬂ—kT$| = ¢ :”

Finally, for every 6 € &,(X) we have

"
1=\/m< [[Zzee |7z < C

keN :|:|

and thus we arrive at (2) which implies that 7 € (2", %) and [0 (T )< C"] =

Corollary 7.5. Let X be a Banach lattice and Y be a B-cyclic Banach lattice.
An operator T' € £(X,Y) is cone B-summing with o(T) < C' if and only if there
exists A € A such that |M|«~ < C and for any finite collection z4,...z, € X we

n n
D_ITwl <A Yo
i=1 i—1

Theorem 7.6. Let X be a Banach lattice and Y be a B-cyclic Banach lattice.
For an operator T' € Z(X,Y) the following are equivalent:

(1) T is cone B-summing and o(T) < C.

|z

"]
€

have
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(2) There exists a linear operator S € £ (X, A) such that ||S|| < C and ||7Tx| <
|mS(|z])||oo for all x € X and w € P(A).

(8) There exist an injective Banach lattice L, a lattice homomorphism T1
Z(X, L) with B-dense range, and Ty, € £(L,Y’) such that |T1] < C, ||T3] <
and T =T50T].

(1) = (2) Let T € £(X,Y) with o(T) < C and 7 is defined as in Theo-
rem 7.4 Then 7 € (2, %) and by [32, Ch. 4, §3, Proposition 3.3 (b)] there is
o € V® such that [o € 2”7 and |lo|| < C" and ||Tz|| < (|z|,0) forallz € 2] =
If S is the bounded descent of o then ||S|| < C and |Tz| < S(|z|) for all z € X
The last inequality is equivalent to (Vr € P(A)) ||7Tx| < ||7S(|x|)||oo-

(2) = (3) Making use of Theorem 5.6 with ®:= S we only have to put L:= X,
Ty:= ¢ and define T : L — Y by Thw:= lim._,o Thx. and nlhe. = nTze (€ € Z).
Evidently, by 5.6 (2,3) we have ||T1]| < C, Ty € Z5(L,Y) and ||T»|| < 1. Moreover,
T =T, 01="Ty0T; by definition and T (X) is B-dense in L by 4.3 (3).

(3) = (1) Let T' = T o T be a factorization claimed in (3). Observe that the
relation |Tz| < S(|z]) (x € X) implies |Thz| < |z| (x € L). For any finite collection
Z1,...,%, € Xy we have

zn:lTQOTl.ZUZ'l ZlTImzl_ZcI)OTImZ_CDOTI(Xn: ) <G

i=1 =1 =1

n

>

i=1

1

and the assertion (1) follows from Corollary 7.5. >

Corollary 7.7. Let X, be a Banach sublattice of a Banach lattice X and Y
be a B-cyclic Banach space. If Ty € 5(Xo,Y) then Ty admits an extension T €
IB(X,Y) with o(Ty) = o(T).

Theorem 7.8. Let X be a Banach lattice and Y be a B-cyclic Banach lattice.
The following are equivalent:

(1) #(X,Y) is an injective Banach lattice with a Boolean algebra of M-
projections isomorphic to B.

(2) X is an AM-space and Y is an injective Banach lattice with B = M(Y").

<1 The proof can be carried out in similar lines by Boolean valued interpretation

of the corresponding result for cone absolutely summing operators due to Schlotter-
beck, see [32, Ch. 4, Proposition 4.5]. >

8. AtoMIc INJECTIVE BANACH LATTICES

DEFINITION 8.1. A positive element x of a B-cyclic Banach lattice X is said to
be B-indecomposable or a B-atom if for any pair of disjoint elements x,y € X, with
y + z < x there exists a projection 7 € B such that 7y = 0 and 7tz = 0, while X
is called B-atomic if the only element of X disjoint from every B-atom is the zero
element. Denote by at(%Z") and B-at(X) the sets of atoms in 2~ and B-atoms in X.

Proposition 8.2. Let X be a B-cyclic Banach lattice identified with the bounded
descent 2|} of a Banach lattice, its Boolean valued representation 2 € V® . Then
the following assertions hold:
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(1) B-at(X) = at(2"){.
(2) X is B-atomic if and only if [Z" is atomic] = 1.

< Observe that x € at(Z") if and only if z € 27 and for any two positive
disjoint elements z1,xy € 42 with 1 + 2o < x we have 1 = 0 or 2o = 0. Now,
given z € at(Z){ with y + z < x for some disjoint y,z € X, we put b:= [y = 0]
and 7:= x(b). Since [y # 0 — z = 0] = 1, we have [y # 0] < [z = 0] and thus
b* = [y # 0] < [z = 0]. By Gordon Theorem 7y = 0 and 7tz = x(b*)z = 0.
Thus, at(Z2")§ C B-at(X) and for the converse inclusion the argument is similar.
The second claim is immediate from the first one, since disjoint complement and
bounded desent commute: (A1){} = (Al})L. >

Theorem 8.3. A B-cyclic Banach lattice X is B-atomic and order B-continuous
if and only if Zf(X,Y) is a vector lattice for every B-cyclic Banach lattice Y.

< For the two-element Boolean algebra B the result was established by van Rooij
[31]. The general case is an easy Boolean valued interpretation of the latter. >

Theorem 8.4. If X is a B-cyclic Banach lattice then the following are equivalent:
(1) X is B-isomorphic to a B-atomic injective Banach lattice.

(2) L(X,Y) = Z5(X,Y) for all B-cyclic Banach lattices Y.

(3) £(X,Y) is a vector lattice for all B-cyclic Banach lattices Y .

< This result for two-element Boolean algebra see in Wickstead [38, Theorem
2.4]. The general case is again an easy Boolean valued interpretation. >

Given a non-empty set I', denote by [!(I'*) the internal Banach lattice of all
summable families z := (2,),err C # with the norm |[[z|| :== > _pa|z,[. Let
[1(I'; A) stands for the vector lattice of all order summable families in A, i.e.

L(D,A):= {x ToA: x=>  |x(v)| e A}

vel

equipped with the norm ||x|| := |||x|||c; X = (24)yer. The map ® : [;(I',A) — A
defined by

vel

is a strictly positive Maharam operator with the Levi property, thus {;(I",A) is an
injective Banach lattice by Corollary 5.2.

Proposition 8.5. The Banach lattice [*(T") is lattice isometric to the completion
of R"-normed space [*(T")" inside V®).

<1 Denote by ., the completion of I}(I')" inside V). Let A be the set of all
norm-one atoms in /; (I') which is of course bijective with I". Then A" and I'" are also
bijective and A" can be considered as the set of all norm-one atoms in /; (I'"). Denote
by Q-lin(A) the set of all linear combinations of the members of A with rational
coefficients. Then by [22, 8.4.10] we have (Q-lin(A))" = Q"-lin(A"). Clearly, Q"-
lin(A") is dense sublattice in Iy (I'"), while (Q-lin(A))" is dense sublattice in [*(T")"
and thus in .2, since Q-lin(A) is dense in {*(T"). Moreover, the norms induced in
(Q-lin(A))" by [, (') and I}(T")" coincide. Indeed, if z € (Q-lin(A))" is of the form
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Y okenT(K)u(k) whithn € N, 7 :n — Q, and u : n — A, then v : n* — Q"
u':n® — A" and " =), A" (k)u(k); therefore,

el = el = (32 @) =30 1)l = el

It follows that £ and [;(I'") are lattice isometric. >

Corollary 8.6. Let Q be the Stone space of B = P(A). Then the injective
Banach lattices I;(I', A) and C(Q,[;(I")) are lattice B-isometric.

Corollary 8.7. Given an arbitrary infinite cardinals v, and 7,, we may find a
Stonean space () so that the injective Banach lattices C4(Q), l1(71) and Cx(Q, l1(72))
are lattice B-isometric.

<1 There exists a complete Boolean algebra B such that the ordinals v{ and 79
have the same cardinality inside V&) see [22, A.19]). The claim follows from 7.2
and 8.5. >

Corollary 8.8. For every infinite cardinal 7y, there exists a Stonean space () such
that the injective Banach lattice Cy(Q,l1(7y)) is B-separable, with B standing for
the Boolean algebra of the characteristic functions of clopen subsets of Q).

Take some cardinal A. Given b € B and an ordinal 3, denote by b(f) the set of
all partitions of b of the form (b,)aecp. Define the [0, b]-valued function d on b(3) by

d(u,v):= ( \/ ta A va)*, (u=(ua), v=(va) €b(B)).

aef

It is easy to observe that the function d is a Boolean valued metric, see [22, 7.4.11].

DEFINITION 8.9. Given an ordinal «y, write b(3) ~ b(~) if there is a bijection
1 between b(f) and b(y) which preserves the Boolean metric; i.e., d(u(u),2(v)) =
d(u,v). We call the Boolean algebra B as well as its Stone space A-stable provided
that A < « for all nonzero b € B and each ordinal o with b(\) ~ b(«). A nonzero
element b € B is A-stable by definition whenever [Q, b] is a A-stable Boolean algebra.

Proposition 8.10. Suppose that the injective Banach lattices C(Q), 11 (7)) and
Cx(Q,11(6)) are lattice B-isometric, where ) is the Stone space of B, while vy and ¢
are infinite cardinals. If B is y-stable and §-stable then v = §.

QIf Cu(Q,11(T1)) and Cy(Q,1(A)) are lattice B-isometric then V® =« [;(4")
and [;(0") are lattice isometric” and thus V® |= [y = [0*|. It remains to observe
that B is y-stable (d-stable) if and only if V®) |= |44 = 4" (|6°] = §"). >

Theorem 8.11. Let X be a B-atomic injective Banach lattice with B = M(X).
Then there is a family of Stonean spaces (Q)-)~er, with I' a set of cardinals, such
that ()., is y-stable for all v € I' and the following lattice B-isometry holds:

X >p (Zir s (QW’ ll(f}/)))lm

If some family (Ps)sea of Stonean spaces satisfies the above conditions, then I' = A,
and P, is homeomorphic with @), for all v € I

< By Theorem 4.7 (3) we may assume that X is the bounded descent of an AL-
apace 2 € VB Working inside V® we observe that 2 is atomic by Proposition
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8.2 and thus is lattice isometric to [1(A) for some set A. Now, according to Propo-
sition 3.9, the Boolean valued cardinal |A] is a mixing of some set of standard cardi-
nals I', i.e. |A] = mix,er 77", Denote by @), the clopen subset of the Stone space
of B which corresponds to b, € B under the Stone representation. We next make
use of the fact that X is the [, direct sum of the spaces b, X, with b, X lattice B,-
isometric to the restricted descent of the space b, 2" from V&) where B, = [0, b,].
By the argument similar to [22, Theorem 8.4.9], we can show that b, < [b,Z" is an
atomic AL-space and the cardinality of the set of norm-one atoms is equal to y"].
Appealing to the Transfer Principle, we infer that V(&) |= « b, 2" is lattice isometric
to l1(7").” By virtue of Propositions 7.2 and 8.5, the bounded descent of {1 (") from
the model V&) is lattice B-isometric to the injective Banach lattice Cy(Q-, 11 (7))
Suppose that u, € V®) is a lattice isometry from b,.2" onto (") inside V&),
and U, is the bounded descent of u,. Then U, is a lattice B-isometry between the
injective Banach lattices b,X and Cg(Q.,l1(7)). By definition, the element b, € B,
together with the compact space @, is vy-stable.

Assume now that some family Stonean spaces (Ps)sca obeys the same conditions
as (Qy)yer. Then Pj is homeomorphic with some clopen subset Pj of the Stonean
space of B. Moreover, P is d-stable. If Ps,:= P{ N Q, and b,s is the corresponding
element of B then the injective Banach lattices Cx( Py, [1(6)) and Cy(Ps,, l1(7y)) are
lattice [O, bs,|-isometric to the same band bs,X. Furthermore, the compact space
Ps., must be ¢- and y-stable simultaneously.

According to 8.10 either Py, = @& or [3(d) ~ l2(7), implying 6 = 7. Therefore,
Pi=0Q,(yeTl) >

Corollary 8.12. Let X is a injective Banach lattice and () be the Stone space
of B=M(X). If X is B-separable, then X is lattice B-isometric to Cx(Q, ;).

Proposition 8.13. A B-cyclic Banach lattice is atomic if and only if it is B-
atomic and the Boolean algebra B is atomic.

< The complete Boolean algebra B is atomic if and only if B = &2(A) for some
set A and then X is the [,-sum of a family of Banach lattices (X,)aca. This lo-sum
is evidently atomic if and only if X, is atomic for all a € A. >

The following corollary should be compared with [13, Theorem 5.6].

Corollary 8.14. An injective Banach lattice X is atomic if and only if there is
a set of cardinals I' such that the following lattice isometry holds:

X (3 o))

< By Proposition 8.13 ) is a one-point space and Cx (Qv, (7)) ~li(y). >

loo

DEFINITION 8.15. The second B-dual of a B-cyclic Banach space is defined by
X##= (X#)*:= LB(X#,A). A B-cyclic Banach space is said to be B-reflezive if X
and X## coincide under the canonical embedding X — X##, see [22, 8.5.4].

Theorem 8.16. Let X be a B-reflexive injective Banach lattice with B = M(X).
Then there are a sequence of Stonean spaces (Q)ren, and an increasing sequence
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of naturals (ny) such that the following lattice B-isometry holds:

X= (X7 Cul@unim)

If some family (Py)ren of Stonean spaces satisfies the above conditions, then Qy and

(oo}

P, are homeomorphic for all k € N.

< Again identify X with 27|}, where 2" is an AL-space in V®_ It follows from
Theorem 3.7 that 27| = 2| and 27| = 2" }*#. Therefore, X is B-reflexive if
and only if [Z" is reflexive | = 1. Since a reflexive AL-space is finite-dimensional,
we have

1=[(3neN")dim(2)=n] = \/neN[[dim(%) = n"].

This relation enables us to choose a countable partition of unity (b,) in B such
that b, < [Z is a n"-dimensional AL-space]. Pick the sequence (ny) of indices of
nonzero projections in (b, ) and denote by @ the Stonean space of a Boolean algebra
By := [0,b,,]. Now, by the Transfer Principle we conclude that V&) = “p, 2
is lattice isometric to l;(n})”. The proof is concluded as in Theorem 8.11 taking
into consideration Proposition 3.10 and the fact that a complete Boolean algebra is
A-stable for any finite cardinal \. >
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