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[\N�`WK JD, ^�-?[\eIY�cfl\l\o�V�PSkAo/+
/ +.-'9�-53�! 9�+4>08467% :��"> -'3�+4>23 
LTLR0+
/ +.-'9�-5> �"! (

( /06 3�9 1�6 9;%'!/
dTLR (*��#4/06 / - ��1 :��"> :,+32�9�3�4�Tf�?PSkAo�wxXdcfeU[=NATLRUu*K
� � T
wxXdcfeU[hgONATLRUu�e

‖ · ‖
cfNAV

‖ · ‖′
cfRUo�o�wxXA[ }fcfl\o�NQP�[ �?PSkAo�RUo1[\e�c	Y�TLNAe�P,cfNQP

A > 1
eUXAY,k

PSkdcnP
A−1‖x‖ 6 ‖x‖′ 6 A‖x‖

��TLRIcfl\l
x ∈ X

KfiD��PSkAo��_TL�x[ ~r��TLl\oZ��[\Y��5PSkAo�TLRUo�u ,�eUo�o � ^ { � -/

o�cfY,k�wxXdcfeU[hgONATLRUu [\e_o�wxXA[ }fcfl\o�NQP_PST	eUTLu�o

p
gONATLRUu ��TLR_eUTLu�o

0 < p 6 1
K

�/57698�:;6=<?>�@A>CB 2�H"D �FEHG�H"IW>KJ � �&L�M @7NPO;Q
(X, ‖ · ‖) R OTSVUKWXSZY�[]\�^`_;a�bcOedfY�g&SXheOjik[�Q�lQ�l`OmUKWXSZY�[]\�Q�a�[�SZ^�nXo
Ophe_;^KYqQ�SZ^`Q

C > 1
SZ^`d

p = (1 + log2 C)−1 rKs O�tK^`O ‖ · ‖p : X → R
SZY

‖x‖p := inf

{( n∑

k=1

‖xk‖
p

)
: x =

n∑

k=1

xk, n ∈ N

}
(x ∈ X).
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� l`O�^
0 < p 6 1, ‖ · ‖p

[AYpS
p
\�^`_;a�b��`SZ^`d

‖x‖p 6 ‖x‖ 6 21/p‖x‖p � _;a0SZoAo x ∈ X r
C
�Wo�o1s�cfl\[\�LRScfNAVdc � { z�
9�_kAo�TLRUo�u JLK `��*
9�5[\oZPSeUY,k � pL��
b�rK `WK p�� K

B
�_kxXAe7
�� o�uvc1� cfeUeUXAu�o�XANAl\o�eUe#TfPSkAo�R���[\eUo�[\e u�o�NQPS[\TLNAo�V�PSkdcnP�c
wxXdcfeU[hgji$cfNdcfY,k eU�dcfY�o

[\e_o�wxXA[\�A��o�V*��[ PSk*c
p
gONATLRUu ��TLR_eUTLu�o

0 < p 6 1
K

� PSTL��TLl\TL�L[\Y�cfl?}Lo�YZPSTLR�eU�dcfY�o
X
[\e1eScf[\V PST ��o 67��:,+46�6 4�� �"/0>�#&%,#�[ �$[ P1kdcfe�c ��TLXANAVAo�V

NAo�[\�Lk%��TLRUkATWTWVvTf� ��o�RUTAK�� wxXdcfeU[hgONATLRUu�o�VveU�dcfY�o [\e$c1l\TWY�cfl\l��<��TLXANAVAo�V
PSTL��TLl\TL�L[\Y�cflA}Lo�YZPSTLR
eU�dcfY�o�[ ��� o�P,cf�fo�PSkAo�eUoZPSe

{x ∈ X : ‖x‖ 6 ε} (0 < ε ∈ R)
��TLR0c �dcfeUo�Tf��NAo�[\�Lk%��TLRUkATWTWVAe

Tf����o�RUTAK_s*TLRUo�T�}Lo�R7
$PSkA[\evPSTL��TLl\TL��� uvc1�B��o [\NAVAXAY�o�VT���Bu�oZPSRU[\Y
d(x, y) := |||x − y|||p

(x, y ∈ X)
��kAo�RUo

|||·|||
[\e�cfN�o�wxXA[ }fcfl\o�NQP

p
gONATLRUu*K�& TLNQ}Lo�RUeUo�l���
M0'�Lo�RUe � `f���q�ARUT�}Lo�V�PSkdcnP

PSkAo�PSTL��TLl\TL���
Tf�5c�l\TWY�cfl\l��P��TLXANAVAo�V*PSTL��TLl\TL�L[\Y�cfl�}Lo�YZPSTLR�eU�dcfY�o
X
Y�cfN ��o�VAo�VAXAY�o�V ��RUTLu

c wxXdcfeU[hgONATLRUu 
7��kA[\Y,k uvc1�F��o�T��rP,cf[\NAo�V cfe�PSkAo*s*[\NA�fT���eU�x[_��XANAYZPS[\TLNdcfl Tf� c���TLXANAVAo�V
�dcflmcfNAY�o�V*NAo�[\�Lk%��TLRUkATWTWV

B
Tf�?��o�RUTK�

‖x‖ := ‖x‖B := inf
{
0 < λ ∈ R : x ∈ λB

}
(x ∈ X).

� wxXdcfeU[hgONATLRUu uvc1�
��o�VA[\eUY�TLNQPS[\NxXATLXAe�[\N�[ PSe�T���N*PSTL��TLl\TL��� � pL��
b�rK JLK z�� KH0�T�� oZ}Lo�R7
�oZ}Lo�R	�
wxXdcfeU[hgONATLRUu [\e�o�wxXA[ }fcfl\o�NQP_PST�c�Y�TLNQPS[\NxXATLXAe�TLNAo�
deU[\NAY�o�c

p
gONATLRUu [\e_Y�TLNQPS[\NxXATLXAe�K

) >�*8� C�� ��� HIC  3���3 � +
/ +.-'9�-	� +4>�+&:�
 -51 +&:�%J,
p
g�> �"! (*%,# -51 +&:�%�-"[\e c�wxXdcfeU[hgONATLRUu�o�V�eU�dcfY�o

��kA[\Y,k*[\e_Y�TLu��Al\oZPSo#[\N�[ PSe_u�oZPSRU[\Y XANA[ ��TLRUu�[ P@�LK
�/57698�:;6=< >�@��7@�
 UKWXSZY�[]\�^`_;a�bcOed Y�g&SXheO

X := (X, ‖ · ‖)
ik[�Q�l S Q�a�[�SZ^�nXo
O he_;^KYqQ�SZ^`Q

C > 1
[AYmhe_;b/gHo
O;Q O

(
SZ^`d l`O�^`heOjScUKWXSZY�[]\	��SZ^�SXh�l Y�g&SXheO

)
[ � SZ^`d _;^Ko�� [ ��� _;amO�� O�a�� Y�O�a�[
O�Y

(xk)
[A^

X
YqW9h�l Q�l�S�Q ∑∞

k=1 C
k‖xk‖ < ∞

Q�l`O�a�O O���[AYqQ�Y ∑∞
k=1 xk ∈ X

SZ^`d
∥∥∥∥

∞∑

k=1

xk

∥∥∥∥ 6

∞∑

k=1

Ck+1‖xk‖.

C
�Wo�o1s�cfl\[\�LRScfNAVdc � { z�
9�_kAo�TLRUo�u JLK J7� K

B
�_kAo �dcfeU[\Y*RUo�eUXAl PSevTf�#PSkAo i$cfNdcfY,kBeU�dcfY�o�PSkAo�TLR	� eUXAY,k cfevTL��o�NBuvcf�A�A[\NA� PSkAo�TLRUo�u

cfNAV PSkAo�Y�l\TLeUo�V �LRScf�Ak PSkAo�TLRUo�u , ��TLR�l\[\NAo�cfR�TL��o�RScnPSTLRUe3-�cfRUo
}fcfl\[\V cfl\eUT [\N PSkAo�Y�TLNQPSoytWP
Tf�?wxXdcfeU[hgji$cfNdcfY,k*eU�dcfY�o�e7
beUo�o � ^Q� � K

) >�*8� C�� ��� HIC  3���3 � wxXdcfeU[hgji$cfNdcfY,k),�wxXdcfeU[hgONATLRUu�o�V�

p
gji$cfNdcfY,kH-�eU�dcfY�o

(X, ‖ · ‖)
[\e

Y�cfl\l\o�V�c +
/ +.-'9�-	� +4>�+&:�
 6 +43�3�9;:�%S,�RUo�eU��o�YZPS[ }Lo�l���
 +
/ +.-'9�-5> �"! (*%,# 6 +43�3�9;:�%"

p
g�� +4>�+&:�
 6 +43�3�9;:�%�-

[ � 
x[\N
cfVAVA[ PS[\TLN�

X
[\e$c�}Lo�YZPSTLR$lmcnPUPS[\Y�o�cfNAV

|x| 6 |y|
[\u��Al\[\o�e

‖x‖ 6 ‖y‖
��TLR cfl\l

x, y ∈ X
K

. 6=< <�� >�@���@�� ^ SZ^ �(UKWXSZY�[]\�^`_;a�bcOed o�S�Q�Q�[
heO
X

o�S�Q�Q�[
heOV_ g"O�a�S�Q�[
_;^KY SZa�Oche_;^`Q�[A^`W9_=W3Y
SZ^`d Q�l`O g"_;Y�[�Q�[!� Omhe_;^`O [AYph�o
_;Y�Oed r#" _;a�Oe_$� O�a%��[ � SZ^ [A^`h�a�O SZY�[A^�n (

dKOeh�a�O SZY�[A^�n
)
^`O;Q

(xα)α∈A[AYpUKWXSZY�[]\�^`_;a�b he_;^#� O�a�n�O�^`Q0Q _
x ∈ X

� Q�l`O�^
x = supα∈A xα (x = infα∈A xα)

r
C
�_kA[\e Y�cfN���o�o�NAeUXARUo�VP2UXAe�P�cfe [\N�PSkAo�Y�cfeUo�Tf� i$cfNdcfY,k lmcnPUPS[\Y�o�XAeU[\NA��u�TLNATfPSTLNA[\Y�[ P@�

Tf�7PSkAo�wxXdcfeU[hgONATLRUu cfNAV�wxXdcfeU[hg PSRU[mcfNA�Ll\o�[\NAo�wxXdcfl\[ P@�LK
B

M P1��TLl\l\T���e���RUTLu ?=o�u�uvc�`WK �*PSkdcnP1PSkAovY�TLu��Al\oZPS[\TLN Tf��c�wxXdcfeU[hgONATLRUu�o�V�lmcnPUPS[\Y�o
X
[\e

c�wxXdcfeU[hgji$cfNdcfY,kvlmcnPUPS[\Y�o�[\NAY�l\XAVA[\NA�
X
cfe c�}Lo�YZPSTLR$eUX8�AlmcnPUPS[\Y�ofK���l\TLNA��eU[\u�[\lmcfRIl\[\NAo�e7
Q[ P0Y�cfN

cfl\eUT���o��ARUT�}Lo�V*PSkdcnP ��u�o�u�[��Qc'& e_RUo�eUXAl P�TLN*Y�TLu��Al\oZPSo�NAo�eUe�Tf�INATLRUu�o�V�lmcnPUPS[\Y�o�e_[\e_PSRUXAo�[\N
PSkAo$Y�TLNQPSoytWPqTf��wxXdcfeU[hgONATLRUu�o�V1eU�dcfY�o�ee� STUKWXSZY�[]\�^`_;a�bcOedmo�S�Q�Q�[
heO

X
[AY he_;b/gHo
O;Q Ok[ � SZ^`d _;^Ko��[ � O�� O�a�� [A^`h�a�O SZY�[A^�n)(kS�W9h�l � Y�OeUKW9O�^`heOV[A^

X
[AY he_;^#� O�a�n�O�^`Q r �_kA[\e�� cfYZP�[\N�Y�TLu<�A[\NdcnPS[\TLN

��[ PSk �_kAo�TLRUo�u�`WK { l\o�cfVAe_PST�PSkAo#��TLl\l\T���[\NA��RUo�eUXAl P�K
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�/57698�:;6=< >�@��H@��H_;a SjUKWXSZY�[]\�^`_;a�bcOed Y�g&SXheO
X := (X, ‖ · ‖)

ik[�Q�lcS Q�a�[�SZ^�nXo
O he_;^KYqQ�SZ^`Q
C > 1

Q�l`O � _;oAo
_3ik[A^�n SZY�Y�O�aqQ�[
_;^KYpSZa�OmOeUKW3[!� SZo
O�^`Q��
(1) X

[AY0SVUKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO r
(2)

�H_;a O�� O�a�� Y�O�a�[
O�Y
(xk)

[A^
X+

YqW9h�l Q�l�S�Q ∑∞
k=1 C

k‖xk‖ < ∞
Q�l`O�a�O/O���[AYqQ�Y

x ∈ Xik[�Q�l
x =

∑∞
k=1 xk

r
(3)

�H_;a O�� O�a�� Y�O�a�[
O�Y
(xk)

[A^
X+

YqW9h�l Q�l�S�Q ∑∞
k=1 C

k‖xk‖ < ∞
Q�l`O�a�O/O���[AYqQ�Y

x ∈ Xik[�Q�l
x = o

\ ∑∞
k=1 xk := supn∈N

∑n
k=1 xk

r
C
�4�Q}W[\TLXAeUl���
�,jJ�-

=⇒
, `�-

=⇒
, ^�-5[\Nv}W[\oZ� Tf��?=o�u�uvc1`WK �rK��5NAeUXARUo�PSkdcnP , ^�-

=⇒
,jJ�-yK

��eUeUXAu�o PSkdcnP_��TLR_c�eUo�wxXAo�NAY�o
(xk)

[\N
X
� o#kdc�}Lo ∑∞

k=1C
k‖xk‖ < ∞

K8�5XrP
un := x+

ncfNAV
vn := x−

n

K�iD�$, ^�-vPSkAo�RUo oytr[\e�PSe
u = o

g ∑∞
k=1 uk


_eU[\NAY�o
‖un‖ 6 ‖xn‖

K & kATWTLeUo
c	e�PSRU[\YZPSl��
[\NAY�RUo�cfeU[\NA�	eUo�wxXAo�NAY�o1Tf�?NdcnPSXARScfl\e

(nk)
eUXAY,k*PSkdcnP ∑nk+1

l=nk
C l‖ul‖ 6 k−3 ��TLR�cfl\l

k ∈ N
cfNAV�VAo�NATfPSo

yk =
∑nk+1

l=nk+1 kul
K9�_kAo�N*��TLR$PSkAo�eUo�wxXAo�NAY�o

(yk)
� o�VAo�VAXAY�o

∞∑

k=1

Ck‖yk‖ 6

∞∑

k=1

Ck

nk+1∑

l=nk+1

C l−nk‖kul‖ 6

∞∑

k=1

nk+1∑

l=nk+1

C lk‖ul‖ 6

∞∑

k=1

1

k2
< ∞.

�_Y�Y�TLRUVA[\NA�	PST , ^�-0PSkAo�RUo�oytr[\e�PSe
y = o

g ∑∞
k=1 yk

cfNAV

k

(
u−

nk∑

l=1

ul

)
= sup

m∈N

m∑

l=nk+1

kul 6

∞

o
g ∑

j=k

yj 6 y.

M P���TLl\l\T���e#PSkdcnP
(u −

∑nk

l=1 ul) 6 y/k
��TLR1cfl\l

k ∈ N
cfNAV�kAo�NAY�o

u =
∑∞

l=1 ul
[\N }W[\oZ�

Tf�0u�TLNATfPSTLNA[\Y�[ P@��Tf�5PSkAo�wxXdcfeU[hgONATLRUu*K�iD��eU[\u�[\lmcfR�cfRU�LXAu�o�NQPSe�PSkAo�RUo�oytr[\e�PSe
v =

∑∞
l=1 vl

K
� eU[\NA�J?=o�u�uvc�`WK ��TLNAY�o cf�Qcf[\N#� o0eUo�o0PSkdcnP PSkAo0eUo�RU[\o�e ∑∞

k=1 xk
Y�TLNQ}Lo�RU�Lo�e?PST

x := u−v
K
B) >�*8� C�� ��� HIC  3
	�3 �BwxXdcfeU[hgji$cfNdcfY,k	lmcnPUPS[\Y�o

(X, ‖·‖)
, cfeI� o�l\lAcfeIPSkAo_wxXdcfeU[hgONATLRUu

‖·‖
-

[\e�eScf[\V�PST ��o �"!$#&%'! :��">23�9�>2/2�"/ -"
b[ �
xα ↓ 0

[\u��Al\[\o�e
‖xα‖ ↓ 0

��TLR�cfN���NAoZP
(xα)α∈A

[\N
X
K

M �5cfRN�A[ PSRScfR	�vNAoZPSe�cfRUo#RUo��AlmcfY�o�V ����eUo�wxXAo�NAY�o�e7
�TLNAo�eU��o�cf�
Tf� �"!$#&%'!
σ
-$:��">23�9�>2/09�3�4nK

. 6=< <�� >�@���@ 
p^ _;a�dKO�aChe_;^`Q�[A^`W9_=W3Y UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO.[AY.YqWqg"O�a s OedKO�
9[A^`dhe_;b/gHo
O;Q O SZ^`d O�� O�a�� [A^`h�a�O SZY�[A^�nc_;a�dKO�a R _=W3^`dKOedc^`O;Qk[A^c[�Q"[AYphe_;^#� O�a�n�O�^`Q r
C
�?cf�fo�cfN [\NAY�RUo�cfeU[\NA� NAoZP

(xα)α∈A
[\N c wxXdcfeU[hgji$cfNdcfY,k lmcnPUPS[\Y�o

X
eUXAY,k PSkdcnP

0 6

xα 6 x
��TLR�eUTLu�o

x ∈ X+
K'�_kAo eUoZP

Γ := {γ ∈ X : xα 6 γ
��TLR�cfl\l

α ∈ A}
[\e

XA�Q�$cfRUV VA[\RUo�YZPSo�V ��[ PSk PSkAo
TLRUVAo�RU[\NA�
γ1 4 γ2

[ �
γ1 > γ2

kATLl\VAe1[\N
X
K5s*TLRUo�T�}Lo�R7
?PSkAo

NAoZP
(yγ − xα)(α,γ)∈A×Γ

��[ PSk
yγ := γ

[\e VAo�Y�RUo�cfeU[\NA�*cfNAV TLRUVAo�R#Y�TLNQ}Lo�RU�Lo�NQP�PST���o�RUT8
"eUo�o
� { 
R?=o�u�uvc { K ��� K$iD�Fk��W��TfPSkAo�eU[\e7
 ��TLR�cfN cfRN�A[ PSRScfR	�

ε > 0
PSkAo�RUo oytr[\e�P

α0 ∈ A
cfNAV

γ0 ∈ Γ
eUXAY,k PSkdcnP

‖yγ − xα‖ 6 C−1ε
��TLR	cfl\l

γ > γ0
cfNAV

α > α0
K5M P	��TLl\l\T���e1PSkdcnP

‖xβ − xα‖ 6 C(‖xβ − yλ0‖+ ‖yλ0 − xβ‖) 6 2ε
��TLR$cfl\l

β, α > α0

xPSkdcnP$[\e7
xPSkAo NAoZP

(xα)[\e�&$cfXAY,k��
cfNAV
Y�TLNQ}Lo�RU�Lo�e PST1eScfu�o
x ∈ X

KWiD�P?=o�u�uvc1`WK �
x = supα xα

cfNAV
X
[\e0TLRUVAo�R

Y�TLu��Al\oZPSofK
?=oZP�c�NAoZP

(xα)α∈A
��o	eUXAY,k PSkdcnP

0 6 xα ↑ x
��TLR#eUTLu�o

x ∈ X+
K �_kAo�N

x − xα ↓ 0cfNAV [\N�}W[\oZ��Tf��TLRUVAo�R�Y�TLNQPS[\NxXA[ P@� Tf�_PSkAo
wxXdcfeU[hgONATLRUu � o
kdc�}Lo
‖x − xα‖ ↓ 0

K & kATWTLeUo
[\NAY�RUo�cfeU[\NA��eUo�wxXAo�NAY�o

(αn)
∞
n=1 ⊂ A

��[ PSk
‖x−xαn‖ 6 n−1 ��TLR7cfl\l n ∈ N

K��_kAo�N�
fcfe � o0eUo�o�

x
[\e�c�wxXdcfeU[hgONATLRUu l\[\u�[ P$Tf�I��TLeU[ PS[ }Lo�[\NAY�RUo�cfeU[\NA��eUo�wxXAo�NAY�o

(xαn)
∞
n=1

cfNAV ��� ?=o�u�uvc�`WK �
x = supn xαn

K8�_kAo�RUoZ��TLRUo�

X
[\e_eUXA��o�R���o�VAo��x[\NAV�Y�TLu��Al\oZPSofK

�_kAo�eUo�Y�TLNAV��dcfR�P�[\e�T��Q}W[\TLXAe�K
B
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�/57698�:;6=< >�@����&@ �H_;a SVUKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO
X

Q�l`O � _;oAo
_3ik[A^�n SZa�OmOeUKW3[!� SZo
O�^`Q��
,jJ�-

X
[AYp_;a�dKO�a he_;^`Q�[A^`W9_=W3Y r

, `�-�� � O�a�� [A^`h�a�O SZY�[A^�nc_;a�dKO�a R _=W3^`dKOedfY�OeUKW9O�^`heOT[A^ X+
[AYphe_;^#� O�a�n�O�^`Q r

, ^�-
X

[AY s OedKO�
9[A^`d σ
\ he_;b/gHo
O;Q OpSZ^`d _;a�dKO�a

σ
\ he_;^`Q�[A^`W9_=W3Y r

C (1) =⇒ (2)
+ TLl\l\T���e ��RUTLu ?=o�u�uvc	`WK zrK

(2) =⇒ (3)
� RUVAo�R

σ
gOY�TLu��Al\oZPSo�NAo�eUeq[\eq[\u�u�o�VA[mcnPSo0��RUTLu ?=o�u�uvc�`WK �rK��7T�o�NAeUXARUo�TLRUVAo�R

σ
gOY�TLNQPS[\NxXA[ P@��
�P,cf�fo	cvVAo�Y�RUo�cfeU[\NA��eUo�wxXAo�NAY�o

(xn)
[\N

X
TLRUVAo�R Y�TLNQ}Lo�RU�Lo�NQP�PST���o�RUTAK��_kAo�N

x1−xn ↑ x1
cfNAV ���	k��W��TfPSkAo�eU[\eqPSkAo�RUo�oytr[\e�PSe

limn(x1−xn) = y
KQiD��?=o�u�uvc�`WK �

y = x1cfNAV
limn xn = 0

K

(3) =⇒ (1)
?=oZP

(xα)
��o�cvVAo�Y�RUo�cfeU[\NA�
NAoZP TLRUVAo�R�Y�TLNQ}Lo�RU�L[\NA�vPST
��o�RUTAK�M �

(xα)
[\e�NATfP

&$cfXAY,k�� PSkAo�N�PSkAo�RUo�oytr[\e�P
ε > 0

cfNAV cfN�[\NAY�RUo�cfeU[\NA�*eUo�wxXAo�NAY�o
(αn)

eUXAY,k PSkdcnP
‖xαn −

xαn+1‖ > ε
��TLR1cfl\l

n ∈ N
K7MON�}W[\oZ� Tf�_TLRUVAo�R

σ
gOY�TLu��Al\oZPSo�NAo�eUe1Tf�

X
PSkAo�RUo
oytr[\e�PSe

x =

inf xαn

KbiD��k��W��TfPSkAo�eUo�e7

(xαn)

[\e_Y�TLNQ}Lo�RU�Lo�NQP���kA[\Y,k*[\e�c	Y�TLNQPSRScfVA[\YZPS[\TLN"KrM P���TLl\l\T���e PSkdcnP

(xα)
[\e &$cfXAY,k��*cfNAV*Y�TLNQ}Lo�RU�Lo�e�PST	eUTLu�o

y ∈ X
KdiD� ?=o�u�uvc�`WK �

y = infα xα = 0
K
B

) >�*8� C�� ��� HIC  3 ��� 3 � wxXdcfeU[hgji$cfNdcfY,k lmcnPUPS[\Y�o
(X, ‖ · ‖)

[\e
eScf[\VFPST kdc�}Lo PSkAo���%,+	�

 +435�"/ 1�!,��12%'! 3�4�,�RUo�eU��o�YZPS[ }Lo�l�����%,+	�

σ
- 
 +435�"/ 1�!,��12%'! 3�4�-#[ �$PSkAo�RUovoytr[\e�PSe

K > 0
,�Y�cfl\l\o�V

PSkAo���%,+	� 
 +435�"/ :��"> -'3�+4>23N-�eUXAY,k PSkdcnP ��TLR oZ}Lo�R	� [\NAY�RUo�cfeU[\NA� NAoZP
(xα)

,�RUo�eU��o�YZPS[ }Lo�l��
eUo�wxXAo�NAY�o

(xn)
-5��[ PSkvPSkAo�eUXA�ARUo�u�XAu

x ∈ X
� o kdc�}Lo

‖x‖ 6 K supα ‖xα‖
,�RUo�eU��o�YZPS[ }Lo�l��

‖x‖ 6 K supn ‖xn‖
-yKAM �

K = 1
PSkAo�N

‖x‖ = supα ‖xα‖
cfNAV�[\N
PSkA[\e$eU[ PSXdcnPS[\TLN

X
[\e$eScf[\V

PST�kdc�}Lo#PSkAo 
 +435�"/ 1�!,��12%'! 3�4�,�RUo�eU��o�YZPS[ }Lo�l��
σ
g 
 +435�"/ 1�!,��12%'! 3�4�-yK

) >�*8� C�� ��� HIC  3 �  3 �rc1�1PSkdcnP0c#wxXdcfeU[hgONATLRUu�o�V�lmcnPUPS[\Y�o
(X, ‖·‖)

kdcfe5PSkAo�
�% 2�9 1�!,��12%'! 3�4
,�RUo�eU��o�YZPS[ }Lo�l��

σ
-�
�% 2�9 1�!,��12%'! 3�4�- [ �

supα xα
,�RUo�eU��o�YZPS[ }Lo�l��

supn xn
- oytr[\e�PSe���TLR oZ}Lo�R	�

[\NAY�RUo�cfeU[\NA�#NAoZP
(xα)

,�RUo�eU��o�YZPS[ }Lo�l���eUo�wxXAo�NAY�o
(xn)

-7[\N
X+

�ARUT�}W[\VAo�V�PSkdcnP
supα ‖xα‖ < ∞,�RUo�eU��o�YZPS[ }Lo�l��

supn ‖xn‖ < ∞
-yK ��+
/ +.-'9�-

KB
-;-51 +&:�%�[\e�cfN TLRUVAo�R�Y�TLNQPS[\NxXATLXAe wxXdcfeU[hg

NATLRUu�o�V*lmcnPUPS[\Y�o���[ PSk�PSkAo ?=oZ}W[=�ARUTL��o�R�P@�LK
� :;8��k8������	�
8�� >�@�����@��HWqgKg"_;Y�O Q�l�S�Q

X
[AY S UKWXSZY�[]\�^`_;a�bcOed(o�S�Q�Q�[
heO ik[�Q�l Q�l`O NPO�� [

gHa�_ g"O�aqQ�� r � l`O�^ X
[AY�S s OedKO�
9[A^`dVhe_;b/gHo
O;Q O�UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO0ik[�Q�l Q�l`OpikO S 
 �`S�Q _=W

gHa�_ g"O�aqQ�� r
C
�_kAo�� cfYZP PSkdcnP_c1wxXdcfeU[hgONATLRUu�o�VvlmcnPUPS[\Y�o���[ PSkvPSkAo ?=oZ}W[��ARUTL��o�R�P@�vkdcfe$cfl\eUT1PSkAo�� o�cf�

+ cnPSTLXv�ARUTL��o�R�P@��[\e5PSkAo�TLNAl���PSkA[\NA��PSkdcnP NAo�o�VAe0}Lo�RU[�6dY�cnPS[\TLN"K%�_kAo��ARUTWTf�"[\e0eU[\u�[\lmcfR?PST�PSkdcnP
Tf� �5RUTL��TLeU[ PS[\TLN*`WK { K J�z�[\N�s*o"�Lo�Rjg C�[\o7��o�RU� � p { � K
��eUeUXAu�o�PSkdcnP

X
kdcfe�PSkAo<?=oZ}W[7�ARUTL��o�R�P@� �AXrP�lmcfY,�xe�PSkAo�� o�cf� + cnPSTLX��ARUTL��o�R�P@�LKE�_kAo�N

��TLR�oZ}Lo�R	�
n ∈ N

PSkAo�RUo�oytr[\e�PSe	cfN [\NAY�RUo�cfeU[\NA� NAoZP
(yn,α)α∈A(n)

[\N
X+

eUXAY,k PSkdcnP
yn =

supα∈A(n) yn,α
oytr[\e�PSe�cfNAV

‖yn‖ > nτ, τ = Cnn2 supα∈A(n) ‖yn,α‖ (n ∈ N),

��kAo�RUo
C > 1

[\e#PSkAo�PSRU[mcfNA�Ll\o�Y�TLNAe�P,cfNQP1Tf�
X
K��5XrPUPS[\NA�

ȳn := yn/τ


ȳn,α := yn,α/τ

� o
cfRURU[ }Lo�cnP_PSkAo#��TLl\l\T���[\NA��RUo�lmcnPS[\TLNAee�

ȳn= supα∈A(n) ȳn,α, ‖ȳn‖ > n, ‖ȳn,α‖ 6 C−nn−2 (n ∈ N).

?=oZP
(xγ)

e�P,cfNAVAe?��TLR PSkAo NAoZPITf�96dNA[ PSo0eUXA�ARUo�uvc�Tf�do�l\o�u�o�NQPSe?[\N
{ȳn,α : n ∈ N, α ∈ A(n)}

K
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M �
xγ = ȳn1,α1 ∨ · · · ∨ ȳnk,αk

��[ PSk
αj ∈ A(nj)


rPSkAo�N

‖xγ‖ 6 ‖ȳn1,α1 + · · ·+ ȳnk,αk
‖ 6

k∑

j=1

Cj‖ȳnj ,αj
‖ 6

k∑

j=1

CjC−njn−2
j 6

∞∑

n=1

1

n2
< ∞.

iD�*k��W��TfPSkAo�eU[\e7

x = supγ xγ

oytr[\e�PSe cfNAV�eScnPS[\e	6do�e
x > ȳn

��TLR�cfl\l
n ∈ N

K�& TLNAeUo�wxXAo�NQPSl���

‖x‖ > n

��TLR�cfl\l
n ∈ N


bc�Y�TLNQPSRScfVA[\YZPS[\TLN"K
B

��3���<�� ��� <PI !�8 <?9��$#���HI:��#>bD	�
�M� >bC79�� HIC

& TLNAeU[\VAo�R
c wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�o
(X, ‖ · ‖)

��[ PSk PSkAo*wxXdcfeU[hg PSRU[mcfNA�Ll\o�Y�TLNAe�P,cfNQP
C
K

?=oZP
Xδ e�P,cfNAV ��TLR�PSkAo ��o�VAo��x[\NAV Y�TLu��Al\oZPS[\TLN Tf� X 
�eUTFPSkdcnP

X
[\e [\VAo�NQPS[�6do�V ��[ PSk

c�uvc 2UTLRU[\��[\NA�
TLRUVAo�R�VAo�NAeUo�eUX8�AlmcnPUPS[\Y�o�Tf�
Xδ 
=��kA[\l\o Xδ [ PSeUo�l � [\e�c*��o�VAo��x[\NAV�Y�TLu��Al\oZPSo

}Lo�YZPSTLR�lmcnPUPS[\Y�ofKA��o"6dNAo1c���XANAYZPS[\TLN
‖ · ‖δ : X

δ → R
cfe

‖x̄‖δ := inf
{
‖x‖ : x ∈ X+, |x̄| 6 x

}
(x̄ ∈ Xδ).

& l\o�cfRUl���

‖x‖ = ‖x‖δ

��TLRvcfl\l
x ∈ X

cfNAV
‖x̄‖δ < ∞

��TLR	o�cfY,k
x̄ ∈ Xδ 
5eU[\NAY�o X

[\e
uvc 2UTLRU[\��[\NA��eUX8�AlmcnPUPS[\Y�ofKH�7TLeU[ PS[ }Lo�kATLu�TL�Lo�NAo�[ P@��cfNAV�u�TLNATfPSTLNA[\Y�[ P@�vTf�

‖ · ‖δ
cfRUo�T��Q}W[\TLXAe�K

s*TLRUo�T�}Lo�R7
L[ �
|x̄| 6 x

cfNAV
|ȳ| 6 y

��TLR7eUTLu�o
x, y ∈ X

cfNAV
x̄, ȳ ∈ Xδ 
;PSkAo�N |x̄+ȳ| 6 x+ycfNAV

‖x̄ + ȳ‖δ 6 ‖x + y‖ 6 C(‖x‖ + ‖y‖)
cfNAV�kAo�NAY�o

‖x̄ + ȳ‖δ 6 C(‖x̄‖δ + ‖ȳ‖δ)
K

M P���TLl\l\T���e�PSkdcnP
(Xδ, ‖ · ‖δ)

[\e�c wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�o
��[ PSk PSkAo*eScfu�o�wxXdcfeU[hg PSRU[mcfNA�Ll\o
Y�TLNAe�P,cfNQP�K
. 6=< <�� ��@�� @#� � (X, ‖ · ‖)

[AY S UKWXSZY�[]\	��SZ^�SXh�lco�S�Q�Q�[
heOTik[�Q�l ScQ�a�[�SZ^�nXo
O0he_;^KYqQ�SZ^`Q
C
_;a

S
p
\	��SZ^�SXh�l o�S�Q�Q�[
heO �7Q�l`O�^ Y�_j[AY

(Xδ, ‖ · ‖δ)
r

C
��eUeUXAu�ovPSkdcnP ∑∞

k=1C
k‖x̄k‖δ < ∞

��TLR1c�eUo�wxXAo�NAY�o
(x̄k)

[\N
Xδ

+

KM�5[\Y,�
xk ∈ X+eUXAY,k*PSkdcnP

x̄k 6 xk
cfNAV

‖xk‖ 6 ‖x̄k‖δ + 1/(2C)k
K9�_kAo�N

n∑

k=1

Ck‖xk‖ 6

n∑

k=1

Ck‖x̄k‖δ +
n∑

k=1

1

2k

cfNAV kAo�NAY�o ∑∞
k=1C

k‖xk‖ < ∞
K�iD�$�_kAo�TLRUo�u]`WK �

x := o
g ∑∞

k=1 xk
oytr[\e�PSe�[\N

X
K

& TLNAeUo�wxXAo�NQPSl���

o
g ∑∞

k=1 x̄k
oytr[\e�PSe�[\N

Xδ 
deU[\NAY�o ∑n
k=1 x̄k 6 x

��TLR�cfl\l
n ∈ N

K
B

��eUeUXAu�o*NAT�� PSkdcnP
(X, ‖ · ‖)

[\e�c ��o�VAo��x[\NAVBY�TLu��Al\oZPSo�wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�ov��[ PSk
c�wxXdcfeU[hg PSRU[mcfNA�Ll\o	Y�TLNAe�P,cfNQP

C
K7MOVAo�NQPS[ � �

X
��[ PSk cfN TLRUVAo�R1VAo�NAeUo�[\VAo�cflq[\N�[ PSe1XANA[ }Lo�RUeScfl

Y�TLu��Al\oZPS[\TLN
Xu Kd��o"6dNAo1c���XANAYZPS[\TLN ‖ · ‖κ : Xu → R ∪ {+∞}

�����AXrPUPS[\NA�

‖x̂‖κ := sup
{
x ∈ X : 0 6 x 6 |x̂|

}
(x̂ ∈ Xu).

�4�AeUo�R�}Lo
PSkdcnP
‖x‖ = ‖x‖κ

��TLR1cfl\l
x ∈ X

K?��o�NATfPSo
Xκ := {x̂ ∈ Xu : ‖x̂‖κ < ∞}

K
M �

0 6 u 6 |x̂ + ŷ| 6 |x̂| + |ŷ|
��TLR�eUTLu�o

x̂, ŷ ∈ Xκ
cfNAV

u ∈ X

7PSkAo�N PSkAo�RUo�oytr[\e�P

x, y ∈ X
��[ PSk

0 6 x 6 |x̂|


0 6 y 6 |ŷ|


IcfNAV
u = x + y

K7M P���TLl\l\T���e�PSkdcnP
‖u‖ 6

C(‖x‖ + ‖y‖) 6 C(‖x̂‖κ + ‖ŷ‖κ)
cfNAV PSkxXAe

‖x̂ + ŷ‖κ 6 C(‖x̂‖κ + ‖ŷ‖κ)
K �W[\u�[\lmcfRUl���


‖ · ‖κ
[\e�c

p
gONATLRUu 
r��kAo�NAoZ}Lo�R

‖ · ‖
[\e�K8�?cf�x[\NA��[\NQPST�cfY�Y�TLXANQP�T��Q}W[\TLXAe�u�TLNATfPSTLNA[\Y�[ P@�
cfNAV

��TLeU[ PS[ }Lo�kATLu�TL�Lo�NAo�[ P@��Tf�
‖ · ‖κ


Q� o�eUo�o�PSkdcnP
(Xκ, ‖ · ‖κ)

[\e0c�wxXdcfeU[hgONATLRUu�o�V�lmcnPUPS[\Y�o$��[ PSk
PSkAo�wxXdcfeU[hg PSRU[mcfNA�Ll\o�Y�TLNAe�P,cfNQP

C
cfNAV�
d[ �

‖ · ‖
[\e�c

p
gONATLRUu 
reUT�[\e

‖ · ‖κ
K
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) >�*8� C�� ��� HIC ��3  3 � ( +���9�( +460+
/ +.-'9�-5> �"! (*%,# %���35%'> -'9;�"> Tf�#c wxXAeU[hgONATLRUu�o�V lmcnPUPS[\Y�o
(X, ‖ · ‖)

[\e$PSkAo��dcf[\R
(Xδκ, ‖ · ‖δκ)

��[ PSk
Xδκ := (Xδ)κ

cfNAV

‖x̂‖δκ := sup{inf{‖x‖ : x ∈ X, |x̄| 6 x} : x̄ ∈ Xδ, 0 6 x̄ 6 |x̂|} (x̂ ∈ Xδκ).

�4�AeUo�R�}Lo�PSkdcnP�[ �
X
[\e���o�VAo��x[\NAV�Y�TLu��Al\oZPSo�PSkAo�N

Xδκ = Xκ
cfNAV

‖ · ‖δκ = ‖ · ‖κ
K

. 6=< <�� ��@ ��@ � � (X, ‖ ·‖X)
SZ^`d

(Y, ‖ ·‖Y )
SZa�O UKWXSZY�[]\�^`_;a�bcOed/o�S�Q�Q�[
heO�Y%�

Y
[AY�SZ^c_;a�dKO�a

dKO�^KY�O [
dKO SZo�[A^
Xu he_;^`Q�SZ[A^K[A^�n X

�HSZ^`d
‖x‖X = ‖x‖Y � _;a0SZoAo x ∈ X

�PQ�l`O�^
Y ⊂ Xκ r

C
�_kA[\e�[\e�cfN�[\u�u�o�VA[mcnPSo�Y�TLNAeUo�wxXAo�NAY�o1Tf�7PSkAo�VAo"6dNA[ PS[\TLN"K

B) >�*8� C�� ��� HIC ��3��"3 � wxXdcfeU[hgONATLRUu�o�V�lmcnPUPS[\Y�o
X
[\e_Y�cfl\l\o�V 9�>235%'!�2"+46�6 4 :��"( 1�67%'35%�[ �7oZ}Lo�R	�

TLRUVAo�R�[\NQPSo�R�}fcfl_Tf�
X
[\e	Y�TLu��Al\oZPSo�TLR7
5[\N TfPSkAo�R�� TLRUVAe7
0oZ}Lo�R	� TLRUVAo�R���TLXANAVAo�VT&$cfXAkAY"�

eUo�wxXAo�NAY�o�Tf�
X
[\e_Y�TLNQ}Lo�RU�Lo�NQP�PST�cfN�o�l\o�u�o�NQP�Tf�

X
K

M P?Y�cfNO��o o�cfeU[\l��#eUo�o�N1PSkdcnP?o�cfY,k�[\NQPSo�R�}fcfl\l�� Y�TLu��Al\oZPSoqwxXdcfeU[hgONATLRUu�o�V1lmcnPUPS[\Y�o5[\e?cfN1TLRUVAo�R
VAo�NAeUo�[\VAo�cfl�Tf�?[ PSe_T���N�u�oZPSRU[\Y Y�TLu��Al\oZPS[\TLN�cfNAV*oZ}Lo�R	��TLRUVAo�R�[\VAo�cfl�Tf�IcfN���wxXdcfeU[hgji$cfNdcfY,k
lmcnPUPS[\Y�o�[\e�cfN [\NQPSo�R�}fcfl\l���Y�TLu��Al\oZPSo�wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�ofK��_kxXAe7
 PSkAo	Y�lmcfeUe�Tf� [\NQPSo�R�}fcfl\l��
Y�TLu��Al\oZPSo wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�o�e�Y�TL[\NAY�[\VAo�e���[ PSk PSkAo�Y�lmcfeUe�Tf��TLRUVAo�R�VAo�NAeUo [\VAo�cfl\e�Tf�
wxXdcfeU[hgji$cfNdcfY,k*lmcnPUPS[\Y�o�e�K
. 6=< <�� ��@���@ � ^`Q O�a � SZoAo�� he_;b/gHo
O;Q O UKWXSZY�[]\�^`_;a�bcOedVo�S�Q�Q�[
heO [AYmW3^K[ � _;a�b o�� he_;b/gHo
O;Q O r
C
?=oZP

(xn)
��o*c XANA[ ��TLRUu�l�� &$cfXAY,k�� eUo�wxXAo�NAY�o�
0PSkdcnP�[\e7
?PSkAo�RUo*oytr[\e�P

e ∈ X+
cfNAV

c1eUo�wxXAo�NAY�o#Tf�=RUo�cfl\e
(εn)

eUXAY,k
PSkdcnP
limn εn = 0

cfNAV
|xn+k −xn| 6 εne

��TLR cfl\l
n, k ∈ N

K
�_kAo�N

‖xn+k − xn‖ 6 εn‖e‖
cfNAV

(xn)
[\e�&$cfXAY,k�� [\N

(X, ‖ · ‖)
Kqs*TLRUo�T�}Lo�R7


|xk+1| 6

|x1|+ ε1e
��TLR cfl\l

k ∈ N
KWiD��k��W��TfPSkAo�eU[\e7
WPSkAo�RUo�oytr[\e�PSe

x = limn xn
[\N

(X, ‖ · ‖)
K%�?cfeUeScf�Lo

PST
PSkAo�l\[\u�[ P�[\N
|xn+k − xn| 6 εne

��[ PSk
k → ∞

�W[\o�l\VAe
|x − xn| 6 εne

��TLR cfl\l
n ∈ N



��kAo�NAY�o

X
[\e_XANA[ ��TLRUu�l���Y�TLu��Al\oZPSofK

B
. 6=< <�� ��@���@ NPO;Q

X̃ R OcQ�l`OjbcO;Q�a�[
h he_;b/gHo
O;Q�[
_;^ _ � SZ^ [A^`Q O�a � SZoAo�� he_;b/gHo
O;Q O UKWXSZY�[]\
^`_;a�bcOedfo�S�Q�Q�[
heO

X r � l`O�^ X̃
[AY s OedKO�
9[A^`d he_;b/gHo
O;Q O0[ � SZ^`d _;^Ko�� [ � Y�_j[AY X r

C
M �

X̃
[\e���o�VAo��x[\NAV Y�TLu��Al\oZPSo PSkAo�N eUT [\e

X

_eU[\NAY�o

X
[\e*cfN TLRUVAo�R�VAo�NAeUo [\VAo�cfl

Tf�
X̃
K���eUeUXAu�o�PSkdcnP1c�wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�o

X
[\e�[\NQPSo�R�}fcfl\l�� Y�TLu��Al\oZPSo�cfNAV���o�VAo��x[\NAV

Y�TLu��Al\oZPSo#cfNAV��ARUT�}Lo
X̃
[\e$��o�VAo��x[\NAV*Y�TLu��Al\oZPSofKWM P_�$cfe_�ARUT�}Lo�V ���P:qo��xeUl\o�R � �Lz�
d�f����PSkdcnP

cfN ��RUY,kA[\u�o�VAo�cfN�}Lo�YZPSTLR1lmcnPUPS[\Y�o	[\e1��o�VAo��x[\NAV Y�TLu��Al\oZPSo�[ ��cfNAV�TLNAl�� [ �$[ P1[\e�XANA[ ��TLRUu�l��
Y�TLu��Al\oZPSo cfNAV�kdcfe PSkAo��ARUT�2Uo�YZPS[\TLN��ARUTL��o�R�P@�LKAiD�.?=o�u�uvc1^rK p�[ P eUX���Y�o�e_PST�eUkAT�� PSkdcnP

X̃kdcfe�PSkAo��ARUT�2Uo�YZPS[\TLN �ARUTL��o�R�P@�LKM& TLNAeU[\VAo�R1cfN o�l\o�u�o�NQP
x ∈ X̃

cfNAV c �dcfNAV
B̃
[\N

X̃
cfNAV

�A[\Y,��c eUo�wxXAo�NAY�o
(xn)

[\N
X
Y�TLNQ}Lo�RU�L[\NA� PST

x
K5�4�AeUo�R�}Lo�
IPSkdcnP

B := B̃ ∩ X
[\e�c �dcfNAV

Tf�
X
cfNAV

B⊥ = B̃⊥ ∩ X

�eU[\NAY�o

X
[\e#cfN TLRUVAo�R VAo�NAeUo�[\VAo�cfl7[\N

X̃
K�M �

π
e�P,cfNAVAe���TLR�PSkAo

�dcfNAV��ARUT�2Uo�YZPS[\TLN�[\N
X
TLNQPST

B

LPSkAo�N

π′ := IX −π
[\eIPSkAo'�dcfNAV��ARUT�2Uo�YZPS[\TLN�TLNQPST

B⊥ K��_kAo
eUo�wxXAo�NAY�o�e

(πxn)
cfNAV

(π′xn)
cfRUo<&$cfXAY,k���
"cfe�eUT
[\e

(xn)

bkAo�NAY�o�PSkAo"�*Y�TLNQ}Lo�RU�Lo1PSTveUTLu�o

u ∈ X̃
cfNAV

u′ ∈ X̃

dRUo�eU��o�YZPS[ }Lo�l��LKE& l\o�cfRUl���


u ∈ B̃


u′ ∈ B̃⊥ 
bcfNAV x = u+ u′ K B
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 UKWXSZY�[]\�^`_;a�bcOed/o�S�Q�Q�[
heO
X
[AYk[A^`Q O�a � SZoAo��Vhe_;b/gHo
O;Q O [ � SZ^`d _;^Ko�� [ � O�� O�a��[A^`h�a�O SZY�[A^�nc_;a�dKO�a R _=W3^`dKOed (kS�W9h�l � Y�OeUKW9O�^`heOm[A^

X+
[AYpUKWXSZY�[]\�^`_;a�b he_;^#� O�a�n�O�^`Q r

C
�_kAo��ARUTWTf�0�L[ }Lo�N [\N � �WJ�
��_kAo�TLRUo�u/JLK J7�?��TLR NATLRUu�o�V lmcnPUPS[\Y�o�e�� TLRU�xe#[\N PSkAo�wxXdcfeU[hg

NATLRUu�o�V*eUoZPUPS[\NA�AK
B
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X R O S W3^K[!� O�a�Y�SZoAo�� he_;b/gHo
O;Q O�� Oeh;Q _;aco�S�Q�Q�[
heO SZ^`d

(xα)α∈A
SZ^

[A^`h�a�O SZY�[A^�nT^`O;Q`[A^
X+

r � l`O�^ Q�l`O�a�O O���[AYqQ�Y S R SZ^`dpgHa�_�
eOeh;Q�[
_;^ π _;^
X
YqW9h�l Q�l�S�Q

supα πxα
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O���[AYqQ�Y [A^
X
�0iklK[Ao
O � _;a Q�l`O he_;b/gHo
O�bcO�^`Q�SZa�� R SZ^`d gHa�_�
eOeh;Q�[
_;^

π′ := IX − π
ikOfl�S � O

Nπ′e = supα π
′(xα ∧Ne) � _;a0SZoAo N ∈ N

SZ^`d
e ∈ X+

r
C
�_kAo�RUo�[\e#NAT�l\TLeUe#Tf� �Lo�NAo�RScfl\[ P@� [\N cfeUeUXAu�[\NA�
PSkdcnP

X = C∞(Q)
��[ PSk oytWPSRUo�uvcfl\l��

Y�TLu��dcfYZP�eU�dcfY�o
Q
K�, ��o�Y�cfl\l�PSkdcnP$PSkAo�e	�Wu<��TLl

C∞(Q)
VAo�NATfPSo�e$PSkAo#XANA[ }Lo�RUeScfl\l��vY�TLu��Al\oZPSo

}Lo�YZPSTLR�lmcnPUPS[\Y�o�Tf� cfl\l7Y�TLNQPS[\NxXATLXAe ��XANAYZPS[\TLNAe
f : Q → [−∞,∞]

��TLR���kA[\Y,k PSkAo�TL��o�N eUoZP

{q ∈ Q : −∞ < f(q) < ∞}
[\e_VAo�NAeUo�[\N

Q
K -R?=oZP

(xα)
��o�cfN�[\NAY�RUo�cfeU[\NA�	NAoZP�[\N

C∞(Q)cfNAV*VAo"6dNAo�PO� T	��XANAYZPS[\TLNAe
x̄, x : Q → [0,∞]

���

x̄(q) = sup{xα(q) : α ∈ A} (q ∈ Q),

x(q) := inf
U∈N (q)

sup
q′∈U

x̄(q′) (q ∈ Q),

��kAo�RUo
N (q)

[\e#c.�dcfeU[\e Tf�0NAo�[\�Lk%��TLRUkATWTWVAe�Tf�
q
K>�_kAo�N

x̄
[\e l\T�� o�R eUo�u�[\Y�TLNQPS[\NxXATLXAe�cfNAV

x
[\e�Y�TLNQPS[\NxXATLXAe7
7eUo�o � �L`�
�?=o�u�uvc.:�K JLK `*cfNAVF�_kAo�TLRUo�u :�K JLK J7� KM& TLNAeU[\VAo�R�cfN�TL��o�N�eUoZP

Q0 := {q ∈ Q : x(q) < ∞}
cfNAV T��AeUo�R�}Lo�PSkdcnP1[ PSe�Y�l\TLeUXARUo

Q̄0
[\e�Y�l\TL��o�N"K�C�T�� 
 l\oZP

πe�P,cfNAVAe ��TLR5PSkAoJ�dcfNAVv�ARUT�2Uo�YZPS[\TLNvTf�
C∞(Q)

Y�TLRURUo�eU��TLNAVA[\NA��PST
Q̄0

cfNAV
πx
e�P,cfNAVAe ��TLR5PSkAo

��XANAYZPS[\TLN Y�TL[\NAY�[\VA[\NA����[ PSk
x
TLN

Q̄0
cfNAV }fcfNA[\eUkA[\NA�
TLN

Q1 := Q \ Q̄0
K �I}W[\VAo�NQPSl���


πx ∈

C∞(Q)
cfNAV

πx = supα πxα

QeUo�o � �L`%
��_kAo�TLRUo�u :�K `WK J7� K��$PqPSkAo�eScfu�o_PS[\u�o

x(q) = ∞
��TLR

cfl\l
q ∈ Q1


�eUTvPSkdcnP
x̄(q) = ∞

��TLR�cfl\l
q ∈ Q1 \ A

��kAo�RUo
A
[\e cvu�o�cf�Lo�R�eUX8�AeUoZP#Tf�

Q1
K

�_kAo�lmcnPUPSo�R�[\u��Al\[\o�e$PSkdcnP
Ne(q) = supα xα(q) ∧ Ne(q)

��TLR�cfl\l
q ∈ Q1 \ A


b��kAo�NAY�o1PSkAo
VAo�eU[\RUo�V*o�wxXdcnPS[\TLN

Nπ′e = supα π
′(xα ∧Ne)

��TLl\l\T���e�K
B
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X R O S UKWXSZY�[]\�^`_;a�bcOed o�S�Q�Q�[
heO X ik[�Q�lfQ�l`O�ikO S 


σ
\ �`S�Q _=W gHa�_ g"O�aqQ�� r� � X [AY [A^`Q O�a � SZoAo�� he_;b/gHo
O;Q OpSZ^`d s OedKO�
9[A^`d he_;b/gHo
O;Q O �7Q�l`O�^ [�Q�Y bfS ��[AbfSZo&UKWXSZY�[]\�^`_;a�bcOedO���Q O�^KY�[
_;^

Xκ
[AY�[A^`Q O�a � SZoAo�� he_;b/gHo
O;Q O r

C
�?cf�fovcfN [\NAY�RUo�cfeU[\NA��TLRUVAo�R ��TLXANAVAo�V &$cfXAY,k�� eUo�wxXAo�NAY�o

(x̂n)
[\N

Xκ

+

K �W[\NAY�o
Xκ

[\e
��o�VAo��x[\NAV�Y�TLu��Al\oZPSo�
rPSkAo�RUo�oytr[\e�PSe

x̂ = supn x̂n
KH�5RUT�}Lo�PSkdcnP

(x̂n)
Y�TLNQ}Lo�RU�Lo�e�PST

x̂
K

��o�uvc1�	cfeUeUXAu�o���[ PSkATLXrP0l\TLeUeqTf�"�Lo�NAo�RScfl\[ P@��PSkdcnP
A :=

∑∞
n=1C

nn‖x̂n+1 − x̂n‖κ<∞
K

���A�Al��W[\NA�P?=o�u�uvc�^rK ��PST�PSkAo�[\NAY�RUo�cfeU[\NA��eUo�wxXAo�NAY�o
(ẑn)

��[ PSk
ẑn :=

∑n
k=1 k(x̂k+1 − x̂k)�W[\o�l\VAe
cF�dcfNAVB�ARUT�2Uo�YZPS[\TLN

π
TLN

Xu eUXAY,kBPSkdcnP ẑ := supn πẑn
oytr[\e�PSev[\N

Xu cfNAV ��TLR

π′ := IX − π
� o�kdc�}Lo

Nπ′e = supn π
′(ẑn ∧Ne)

��TLR�cfl\l
N ∈ N

cfNAV
e ∈ X



0 6 e 6 ẑ

K
s�cf�x[\NA��XAeUo	Tf�0PSkAo�� o�cf�

σ
g + cnPSTLX �ARUTL��o�R�P@� cfNAV u�TLNATfPSTLNA[\Y�[ P@�*Tf�qPSkAo	wxXdcfeU[hgONATLRUu�� o

VAo�VAXAY�o

N‖π′e‖ 6 K supm ‖π′(ẑm ∧Ne)‖ 6 K supm ‖ẑm‖κ 6 KA < ∞.

M P	��TLl\l\T���e1PSkdcnP
π′e

��TLR	cfl\l
e ∈ X

��[ PSk
0 6 e 6 ẑ

cfNAV kAo�NAY�o
π′ẑ = 0

K C�TfPSo�PSkdcnP
ẑn ∈ x̂⊥⊥ ��TLR�cfl\l n ∈ N

cfNAV kAo�NAY�o
ẑ = supn ẑn

K �7T�o�NAeUXARUo�PSkdcnP
ẑ ∈ Xκ

[ P�eUX���Y�o�e
PST�Y,kAo�Y,� PSkdcnP

‖x‖ 6 A
��TLR�cfN cfRN�A[ PSRScfR	� o�l\o�u�o�NQP

x ∈ X
��[ PSk

0 6 x 6 ẑ
K + TLR�cfN��

eUXAY,k
x
�AXrP

yn := ẑn ∧ x
cfNAV�T��AeUo�R�}Lo�PSkdcnP

(yn)
[\e�cfN*[\NAY�RUo�cfeU[\NA�	eUo�wxXAo�NAY�o�[\N

X+
��[ PSk

x = supn yn
Kbs*TLRUo�T�}Lo�R7


(yn)
[\e &$cfXAY,k���
beU[\NAY�o#��TLR�cfRN�A[ PSRScfR	�

n, l ∈ N
� o�Y�cfN�o�e�PS[\uvcnPSo3�

‖yn+l − yn‖ = ‖ẑn+l ∧ x− ẑn ∧ x‖κ 6 ‖ẑn+l − ẑn‖κ

=

n+l∑

k=n+1

Ckk‖x̂k+1 − x̂k‖κ 6

∞∑

k=n+1

Ckk‖x̂k+1 − x̂k‖κ → 0
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n → ∞

K9�_kAo�[\NQPSo�R�}fcfl=Y�TLu�l\oZPSo�NAo�eUe�Tf�
X
[\u��Al\[\o�e0PSkdcnP�PSkAo�eUo�wxXAo�NAY�o

(yn)
[\e�Y�TLNr}Lo�Rjg

�Lo�NQP [\N
X

LeUT�PSkdcnP

limn yn = supn yn = x
����?=o�u�uvc�`WK �rKx�4�AeUo�R�}Lo�NAT�� PSkdcnP

‖x‖ 6 A



eU[\NAY�o
‖yn‖ 6 ‖ẑn‖κ 6 A

cfNAV
‖x‖ = limn ‖yn‖ 6 A


r��kAo�NAY�o
ẑ ∈ Xκ

K
C�T�� � o�cfRUo*c��Al\o�PST eUkAT�� PSkdcnP

(x̂n)
Y�TLNQ}Lo�RU�Lo�evPST

x̂
K + [\RUe�P	NATfPSo�PSkdcnP

x̂ − x̂n =

o
g ∑∞

k=n(x̂k+1 − x̂k)

bcfNAV*Y�TLNAeUo�wxXAo�NQPSl��

n(x̂− x̂n) 6
∞

o
g ∑

k=n

k(x̂k+1 − x̂k) 6 ẑ.

M P���TLl\l\T���e PSkdcnP
0 6 x̂− x̂n 6 (1/n)ẑ

cfNAV
‖x̂− x̂n‖κ 6 (1/n)‖ẑ‖κ → 0

K8���A��o�cfl\[\NA��PST
?=o�u�uvc�^rK ��Y�TLu��Al\oZPSo�e$PSkAo��ARUTWTf�jK
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σ
\ �`S�Q _=WmgHa�_ g"O�aqQ�� r � l`O bfS ��[AbfSZo7UKWXSZY�[]\�^`_;a�bcOed O���Q O�^KY�[
_;^ (Xκ, ‖ · ‖κ)[AY0SVUKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO [ � SZ^`d _;^Ko�� [ � X [AY�[A^`Q O�a � SZoAo�� he_;b/gHo
O;Q O r��

C
�_kAo�NAo�Y�o�eUeU[ P@��[\eq[\u�u�o�VA[mcnPSo ��RUTLu PSkAo�� cfYZPqPSkdcnP

X
[\e0cfNvTLRUVAo�RqVAo�NAeUo�[\VAo�cflbTf�

Xκ
K

�7T1�ARUT�}Lo�PSkAo�eUX���Y�[\o�NAY"�vT��AeUo�R�}Lo�PSkdcnP0PSkAo�u�oZPSRU[\Y_Y�TLu��Al\oZPS[\TLN
(Y, ‖ · ‖Y )

Tf�
(Xκ, ‖ · ‖κ)[\ev��o�VAo��x[\NAVFY�TLu��Al\oZPSo ���B?=o�u�uvc ^rK �rK��$PvPSkAo*eScfu�o�PS[\u�o

Xκ
[\e�TLRUVAo�R�VAo�NAeUo [\VAo�cfl

Tf�
Y

0eU[\NAY�o

Xκ
[\ev[\NQPSo�R�}fcfl\l�� Y�TLu��Al\oZPSo ���#?=o�u�uvc�^rK z cfNAV cfNB[\NQPSo�R�}fcfl\l�� Y�TLu��Al\oZPSo

wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�o�[\e�cfN TLRUVAo�R�VAo�NAeUo�[\VAo�cfl0Tf��[ PSe1u�oZPSRU[\Y�Y�TLu��Al\oZPS[\TLN"K��_kxXAe7

X ⊂

Y ⊂ (Xκ)u = Xu cfNAV ‖x‖ = ‖x‖Y
��TLR#cfl\l

x ∈ X
eUT�PSkdcnP

Y ⊂ Xκ
���S?=o�u�uvc
^rK ^rK

M P���TLl\l\T���e PSkdcnP
Y = Xκ

cfNAV
Xκ

[\e�Y�TLu��Al\oZPSofK
B

M P�[\e oZ}W[\VAo�NQP�PSkdcnP�[ �
X
kdcfe#PSkAo�?=oZ}W[5�ARUTL��o�R�P@� PSkAo�N
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�AXrP#PSkAo	Y�TLNQ}Lo�RUeUo�[\e

� cfl\eUo�
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9[A^`d he_;b/gHo
O;Q OmUKWXSZY�[]\�^`_;a�bcOedVo�S�Q�Q�[
heO r � l`O�^ Q�l`O
bfS ��[AbfSZoHUKWXSZY�[]\�^`_;a�bcOedfO���Q O�^KY�[
_;^

Xκ
l�SZY Q�l`O0NPO�� [KgHa�_ g"O�aqQ��c[ � SZ^`dc_;^Ko��V[ � X l�SZY Q�l`O

ikO S 
 �`S�Q _=WmgHa�_ g"O�aqQ�� r
C
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X
��o c ��o�VAo��x[\NAV Y�TLu��Al\oZPSo wxXdcfeU[hgONATLRUu�o�VFlmcnPUPS[\Y�o*��[ PSkBPSkAo � o�cf� + cnPSTLX

Y�TLNAe�P,cfNQP
K
K �?cf�fo cfN [\NAY�RUo�cfeU[\NA�FNAoZP

(x̂α)
[\N

Xκ
��[ PSk

B := supα ‖x̂α‖κ < ∞
K

iD�A?=o�u�uvc ^rK ��PSkAo�RUo�oytr[\e�PSeqc4�dcfNAV	�ARUT�2Uo�YZPS[\TLN
π
TLN

Xκ
eUXAY,k	PSkdcnP

x̂ = supα πx̂α
oytr[\e�PSe

[\N
Xu cfNAV	��TLRqoZ}Lo�R	� N ∈ N

cfNAV
e ∈ X+

� o�kdc�}Lo
Nπ⊥e = supα π

⊥(x̂α∧Ne)
Krs�cf�x[\NA�

XAeUo�Tf��PSkAo�� o�cf� + cnPSTLX �ARUTL��o�R�P@� � o*VAo�VAXAY�o
N‖π⊥e‖ 6 K supα ‖π

⊥(x̂α ∧ Ne)‖ 6

K supα ‖x̂α‖κ = BK
cfNAV

π⊥ = 0

�eU[\NAY�o

N
cfNAV

e
cfRUo�cfRN�A[ PSRScfR	�LK�M P#��TLl\l\T���e�PSkdcnP

π
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TL��o�RScnPSTLR�cfNAV
x̂ = supα x̂α

K��WkAT�� PSkdcnP
x̂ ∈ Xκ

KdM �
x ∈ X

cfNAV
0 6 x 6 x̂PSkAo�N

x∧ x̂α ∈ X
cfNAV

(x∧ x̂α)
[\e5cfN�[\NAY�RUo�cfeU[\NA�#NAoZP5��[ PSk�PSkAo_eUXA�ARUo�u�XAu

x
KQiD�1PSkAo$� o�cf�
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‖x‖ 6 K supα ‖x ∧ x̂α‖ 6 K supα ‖x̂α‖κ = KB
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PSkdcnP
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(x̂α)[\N
Xκ

+

eUXAY,k PSkdcnP
x̂ = supα x̂α

��TLR�eUTLu�o
x̂ ∈ Xκ

+

K �5[\Y,� cfN cfRN�A[ PSRScfR	�
x ∈ X+

��[ PSk

0 6 x 6 x̂
cfNAV�NATfPSo�PSkdcnP

x̂α ∧ x
[\e�cfN�[\NAY�RUo�cfeU[\NA��eUoZP�[\N

X+
cfNAV

supα x̂α ∧ x = x
K

MON�}W[\R�PSXAo#Tf�7PSkAo + cnPSTLX��ARUTL��o�R�P@�
� o�kdc�}Lo
‖x‖ = supα ‖x̂α ∧ x‖ 6 supα ‖x̂α‖κ

K90�o�NAY�o�

‖x‖ 6 supα ‖x̂α‖κ 6 ‖x̂‖κ

��TLR#cfl\l
x ∈ X+

��[ PSk
0 6 x 6 x̂

K��_kAo�lmcnPUPSo�R�[\u��Al\[\o�e�PSkdcnP
‖x̂‖κ = supα ‖x̂α‖κ

K
B

�/8�:;8���� �K:�� ��@�����@ NPO;Q
X R O S s OedKO�
9[A^`d he_;b/gHo
O;Q O UKWXSZY�[]\�^`_;a�bcOedco�S�Q�Q�[
heO r � � � l�SZY

Q�l`O �`S�Q _=W�gHa�_ g"O�aqQ�� Q�l`O�^ Q�l`O bfS ��[AbfSZoKUKWXSZY�[]\�^`_;a�bcOedjO���Q O�^KY�[
_;^
Xκ

l�SZY Q�l`O �`S�Q _=WmSZ^`d
Q�l`O NPO�� [`gHa�_ g"O�aqQ�� r

C
�_kAo��ARUTWTf�7��TLl\l\T���e$[\u�u�o�VA[mcnPSo�l��	��RUTLuG�_kAo�TLRUo�u�^rK JLJ�cfNAV �5RUTL��TLeU[ PS[\TLN�^rK J;`WK

BG�> � <?:7D ��3 � �"3 �_kAo�uvc;tr[\uvcflbNATLRUu�o�V�oytWPSo�NAeU[\TLN*Tf�?c	��o�VAo��x[\NAV*Y�TLu��Al\oZPSo NATLRUu�o�V
lmcnPUPS[\Y�o?�$cfe [\NQPSRUTWVAXAY�o�V�cfNAV#PSkAo �_kAo�TLRUo�u ^rK J��$�$cfe=�ARUT�}Lo�V1[\N �J�ARScfu�T�}W[\Y,k � J�
���o"6dNA[ PS[\TLN
TLN �"KS��cfNAV��_kAo�TLRUo�u ^�� K�?=o�u�uvcfe	^rK � cfNAV ^rK � ��TLR�NATLRUu�o�V lmcnPUPS[\Y�o�e�Y�cfNB��o�eUo�o�N [\N
:qo��xeUl\o�R � �f��
H?=o�u�uvc	`�� cfNAV � �WJ�
9�_kAo�TLRUo�u JLK J7�*
ARUo�eU��o�YZPS[ }Lo�l��LK

�"3?6�<?C�� HI:�H"@ � �&%HE�� :����k%��V�SC�� >	�5:=<8��� HIC
MON PSkA[\e eUo�YZPS[\TLN

X
[\e#c���o�VAo��x[\NAV

σ
gOY�TLu��Al\oZPSo�}Lo�YZPSTLR�lmcnPUPS[\Y�o�cfNAV

Ω
[\e#c
NATLNAo�u��rP@�

eUoZP�K ?=oZP
P(Ω)

e�P,cfNAVAe1��TLR�PSkAo
��T�� o�RUeUoZP	Tf�
Ω
KM� ! 9�>08B,�Tf��eUX8�AeUoZPSe	Tf�

Ω
-�[\e�c�eUX8�AeUoZP

R ⊂ P(Ω)
eUXAY,k	PSkdcnP

A\B ∈ R
cfNAV

A∪B ∈ R
��TLRqcfl\l

A,B ∈ R
K��

δ
g�! 9�>081[\eqc#RU[\NA�8


��kA[\Y,k [\e�Y�l\TLeUo�V XANAVAo�R�PSkAo�Y�TLXANQP,c��Al\o1[\NQPSo�RUeUo�YZPS[\TLNAe�K>?=oZP
R loc e�P,cfNAV ��TLR�PSkAo�Y�TLl\l\o�YZPS[\TLN

Tf�?eUoZP
A ⊂ Ω

eUXAY,k*PSkdcnP
A ∩ B ∈ R

��TLR�cfl\l
B ∈ R

 d[\N�e	�Wu<��TLl\e7


R
loc :=

{
A ∈ P(Ω) : A ∩B ∈ R

��TLR�cfl\l
B ∈ R

}
.

,jJ�-

M �
R
[\eqc

δ
gORU[\NA� PSkAo�N	PSkAo_Y�TLl\l\o�YZPS[\TLN

R loc [\eqc σ gjcfl\�Lo7�ARSc�Y�TLNQP,cf[\NA[\NA� R
KQMONAVAo�o�Vv�L[ }Lo�N

A ∈ R
loc cfNAV�c	eUo�wxXAo�NAY�o (An)

∞
n=1

[\N
R

loc 
A� o�kdc�}Lo (Ω \ A) ∩ B = B \ (B ∩ A) ∈ RcfNAV
(
⋂∞

n=1 An) ∩ B =
⋂∞

n=1(An ∩ B) ∈ R
��TLR#cfl\l

B ∈ R
K��_kxXAe7


Ω \ A ∈ R loc cfNAV
⋂∞

n=1 An ∈ R loc K�s*TLRUo�T�}Lo�R R ⊂ R loc PSRU[ }W[mcfl\l��LK
) >�*8� C�� ��� HIC �"3 � 3 � ��XANAYZPS[\TLN

µ : R → X+
[\e eScf[\V PST ��o	c (*%,+.-'/0!,%"
�[ �

µ(∅) = 0cfNAV���TLR$oZ}Lo�R	��eUo�wxXAo�NAY�o
(An)

∞
n=1

Tf�?�dcf[\R���[\eUo VA[\e 2UTL[\NQP$eUoZPSe
An ∈ R

��[ PSk ⋃∞
n=1 An ∈ RPSkAo�eUo�RU[\o�e ∑∞

n=1 µ(An)
[\e_TLRUVAo�R_Y�TLNQ}Lo�RU�Lo�NQP�PST

µ(
⋃∞

n=1 An)
 A[\N�e	�Wu<��TLl\e7


µ

( ∞⋃

n=1

An

)
=

∞

o
g ∑

n=1

µ(Ak) :=

∞∨

n=1

( n∑

k=1

µ(Ak)

)
.

� PSRU[\�Al\o
(Ω,R, µ)

[\e_eScf[\V�PST ��o�c 24%�:'35�"! (*%,+.-'/0!,% -51 +&:�%�[ �
Ω
[\e�c�NATLNAo�u��rP@��eUoZP1


R
[\e

c
δ
gORU[\NA��Tf�?eUX8�AeUoZPSe�Tf�

Ω

bcfNAV

µ : R → X+
[\e�c�u�o�cfeUXARUofK

�I}Lo�R	�x��kAo�RUo ��o�l\T��
An ↑

u�o�cfNAe?PSkdcnP
An ⊂ An+1

��TLR5cfl\l
n ∈ N


n��kA[\l\o
An ↑ A

u�o�cfNAe
PSkdcnP

An ↑
cfNAV ⋃∞

n=1 An = A
K9�_kAo�u�o�cfNA[\NA�Le$Tf�

An ↓
cfNAV

An ↓ A
cfRUo#eU[\u�[\lmcfR�K

. 6=< <����7@A>�@ NPO;Q
A,B ∈ R

SZ^`d
(An)

∞
n=1 R O�S Y�OeUKW9O�^`heO�[A^ R r � l`O�^ � _;a S bcO SZYqW3a�O

µ : R → X+
Q�l`O � _;oAo
_3ik[A^�n l`_;o
d��,jJ�- � � A ⊂ B

Q�l`O�^
µ(B \ A) = µ(B)− µ(A)

SZ^`d
µ(A) 6 µ(B) r

, `�- � � An ↑ A
Q�l`O�^

µ(An) ↑
SZ^`d

µ(A) = o
\
lim n µ(An)

r



��^ �������
���
	���
�����
���������������
�	������

, ^�- � � An ↓ ∅
Q�l`O�^

µ(An) ↓
SZ^`d

o
\
lim n µ(An) = 0 r, { - � � o \ ∑∞

n=1 µ(An)
O���[AYqQ�Y [A^

X
SZ^`d

A =
⋃∞

n=1 An
�PQ�l`O�^

µ(A) 6
∑∞

n=1 µ(An)
r

C
�_kA[\e�Y�cfN ��o��ARUT�}Lo�V ����e�P,cfNAVdcfRUV*cfRU�LXAu�o�NQPSe_��RUTLu u�o�cfeUXARUo#PSkAo�TLR	�LK

B) >�*8� C�� ��� HIC �"3���3 � eUoZP
A ∈ R loc [\e�Y�cfl\l\o�V > %�846 9 849 �
67%.,�TLR7
bu�TLRUo��ARUo�Y�[\eUo�l���
 µ g�> %�846 9�-

849 �
67%�- [ �
µ(B ∩A) = 0

��TLR_cfl\l
B ∈ R

Kb�rc1�vPSkdcnP�c��ARUTL��o�R�P@�
P (·)

[\e PSRUXAo ��TLR +46 (*��-'3�+46�6

ω ∈ Ω
TLR +46 (*��-'3=% 24%'!�4 � 
2%'!,%J,

µ
gjcrK ofK�
Z��TLR"eUkATLR�P/-�TLN

Ω
��kAo�NAoZ}Lo�R

{ω ∈ Ω : P (ω)
[\e$� cfl\eUo

}[\e
µ
gONAo��Ll\[\�L[��Al\ofKx��o"6dNAo1c1� cfu�[\l��

R∗ Tf�?eUX8�AeUoZPSe�Tf� Ω cfNAV*c1��XANAYZPS[\TLN
µ∗ : R∗ → X+

���
�AXrPUPS[\NA�8
dcfe

R
∗ := {B ∪ A : B ∈ R

cfNAV
A
[\e_NAo��Ll\[\�L[��Al\o

},

µ∗(B ∪ A) := µ(B) (B ∈ R, A ∈ N ).
M P ��TLl\l\T���e���RUTLu ?=o�u�uvc { K `	PSkdcnP�PSkAo�Y�TLl\l\o�YZPS[\TLN

N (µ)
Tf�0cfl\l

µ
gONAo��Ll\[\�L[��Al\o#eUoZPSe#[\e c

σ
g�9�#&%,+465[\N PSkAo�eUo�NAeUo�PSkdcnP ,jJ�-

∅ ∈ N (µ)

 , `�-�[ �

A ∈ R loc 
 B ∈ N (µ)

�cfNAV

A ⊂ B



PSkAo�N
A ∈ N (µ)


�, ^�-$Y�TLXANQP,c��Al\o#XANA[\TLN�Tf�?NAo��Ll\[\�L[��Al\o�eUoZPSe�[\e_NAo��Ll\[\�L[��Al\ofK
. 6=< <�� �7@��7@ � l`O � SZb [Ao�� R

∗ [AYPS δ \�a�[A^�nThe_;^`Q�SZ[A^K[A^�n R
SZ^`d Q�l`O � W3^`h;Q�[
_;^ µ∗ � a�_;b R

∗

Q _
X+

[AY0SjbcO SZYqW3a�OmO���Q O�^`d9[A^�n
µ � a�_;b R

Q _fQ�l`O
δ
\�a�[A^�n

R∗ r
C
& l\o�cfRUl���


R∗ [\e�Y�l\TLeUo�V XANAVAo�R 6dNA[ PSo XANA[\TLNAe�cfNAV [\NQPSo�RUeUo�YZPS[\TLNAe�K��WkAT�� PSkdcnP
R∗

Y�TLNQP,cf[\NAeqcfl\eUT VA[�K�o�RUo�NAY�o�e�K���eUeUXAu�o�6dRUe�PIPSkdcnP
B ∈ R

cfNAV
A
[\eINAo��Ll\[\�L[��Al\ofKf�W[\NAY�o

B∩A ∈

R
cfNAV

R
[\e5c�RU[\NA�8
;� o_kdc�}Lo

B\A = B\(B∩A) ∈ R
K�C�T�� 
n��TLR

B1∪A1, B2∪A2 ∈ R
∗

��[ PSk*cfRN�A[ PSRScfR	�
B1, B2 ∈ R

cfNAV*NAo��Ll\[\�L[��Al\o
A1, A2

� o�VAo�VAXAY�o

(B1 ∪ A1) \ (B2 ∪ A2) = (B1 ∪ A1) ∩ (Bc
2 ∩ Ac

2) =

(B1 ∩Bc
2 ∩ Ac

2) ∪ (A1 ∩Bc
2 ∩ Ac

2) = ((B1 \B2) \ A2) ∪ C,
��kAo�RUo

C = A1∩Bc
2∩Ac

2

[\eINAo��Ll\[\�L[��Al\o�
;eU[\NAY�o
N (µ)

[\e5cfN	[\VAo�cflATf��eUoZPSe7
L��kA[\l\o
(B1 \B2)\

A2 ∈ R
����}W[\R�PSXAo Tf�APSkAo$c���T�}Lo$T��AeUo�R�}fcnPS[\TLN"K�& TLNAeUo�wxXAo�NQPSl���


(B1∪A1)\(B2∪A2) ∈ R∗ K
M P RUo�uvcf[\NAe_PST
o�NAeUXARUo1PSkdcnP�PSkAo1� cfu�[\l��

R∗ [\e�Y�l\TLeUo�V XANAVAo�R�Y�TLXANQP,c��Al\o1[\NQPSo�RUeUo�YZPS[\TLNAe�K
+ TLR c eUo�wxXAo�NAY�o

(Bn ∪ An)
∞
n=1

[\N
R∗ ��[ PSk

Bn ∈ R
cfNAV NAo��Ll\[\�L[��Al\o

An
�AXrP

B :=
⋂∞

n=1 Bn ∈ R
cfNAV

A :=
⋃∞

n=1 An
KH�_kAo�N

B ⊂
⋂∞

n=1(Bn ∪ An) ⊂ B ∪ A
KH�?cf�x[\NA�

[\NQPST*cfY�Y�TLXANQP#PSkAo�� cfYZP#PSkdcnP
N (µ)

[\e�c
σ
gO[\VAo�cfl7� o�Y�TLNAY�l\XAVAo�PSkdcnP

A
[\e#NAo��Ll\[\�L[��Al\o1cfNAV

PSkAo�VAo�eU[\RUo�RUo�lmcnPS[\TLN ⋂∞
n=1(Bn ∪ An) ∈ R∗ kATLl\VAe�K BiD��}W[\R�PSXAo�Tf��?=o�u�uvc { K { � o Y�cfN�cfeUeUXAu�o���[ PSkATLXrP$l\TLeUe Tf� �Lo�NAo�RScfl\[ P@��PSkdcnP PSkAo

δ
gORU[\NA�

R
Y�TLNQP,cf[\NAe�cfl\lINAo��Ll\[\�L[��Al\o�eUoZPSe�cfNAV

µ(A) = 0
��TLR o�cfY,k NAo��Ll\[\�L[��Al\o�eUoZP

A ∈ R loc K C�T��
� ov�ARUo�eUo�NQP<�ARU[\o"!8� PSkAo�Y�TLNAe�PSRUXAYZPS[\TLN�Tf�$|�cfNQPSTLRUT�}W[\Y,kx~x��RU[\�LkQP�[\NQPSo��LRScnPS[\TLN ��TLR���TLeU[ PS[ }Lo
}Lo�YZPSTLR u�o�cfeUXARUo�P,cf�x[\N	}fcfl\XAo�e0[\Nvc���o�VAo��x[\NAV

σ
gOY�TLu��Al\oZPSo_}Lo�YZPSTLR lmcnPUPS[\Y�o_Y�TLu�[\NA� �dcfY,��PST

|�cfNQPSTLRUT�}W[\Y,k � ^Lz�
d^L��� cfNAV���RU[\�LkQP � �f^�
�� { � K
) >�*8� C�� ��� HIC �"3���3 � ��XANAYZPS[\TLN

f : Ω → R
[\e1Y�cfl\l\o�V cfN

R
g$-'9�( 1�67%
[ ��[ P�[\e�c 6dNA[ PSo

l\[\NAo�cfR Y�TLu<�A[\NdcnPS[\TLN Tf� Y,kdcfRScfYZPSo�RU[\e�PS[\YF��XANAYZPS[\TLNAe Tf� eUoZPSe [\N
R

�PSkdcnP [\e7


f
cfVAu�[ PSe

c RUo��ARUo�eUo�NQP,cnPS[\TLN
f =

∑n
k=1 akχAk

��[ PSk
A1, . . . , An ∈ R

cfNAV
a1, . . . , an ∈ R

K MON
PSkA[\e RUo��ARUo�eUo�NQP,cnPS[\TLN NAo�[ PSkAo�R

a1, . . . , an
cfRUo VA[\e�PS[\NAYZP NATLR

A1, . . . , An
cfRUo NATLNAo�u��rP@�LK

, iD� VAo"6dNA[ PS[\TLN
χ∅ = 0

K -	i XrP
A1, . . . , An

cfl �$c1�Wevuvc1�I��o*Y,kATLeUo�NF�dcf[\R���[\eUo*VA[\e 2UTL[\NQP�K
��o�NATfPSoS���

S(R)
PSkAo eUoZP�Tf��cfl\l

R
gOeU[\u��Al\o*��XANAYZPS[\TLNAe�K��#[ }Lo�N cfN

R
gOeU[\u��Al\o*��XANAYZPS[\TLN

f =
∑n

k=1 akχAk


APSkAo�[\NQPSo��LRScfl ∫
f dµ

[\e_VAo"6dNAo�V ���

Ioµ(f) :=

∫
f dµ :=

n∑

i=1

aiµ(Ai).
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MONQPSo��LRScflvTf��c eU[\u��Al\o ��XANAYZPS[\TLN [\e�� o�l\lhgOVAo"6dNAo�V�
1[ KUofK�
1[ �*c eU[\u��Al\o ��XANAYZPS[\TLN
f
[\e

RUo��ARUo�eUo�NQP,c��Al\o cfe
f =

∑n
i=1 aiχAi

cfNAV
f =

∑m
j=1 bjχBj


�PSkAo�N ∑n
i=1 aiµ(Ai) =∑m

j=1 bjµ(Bj)
Kq��o TLu�[ P�PSkAo*}Lo�RU[�6dY�cnPS[\TLNBTf�#PSkA[\e�� cfYZP1
 cfev� o�l\l�cfevPSkAo��ARUTWTf��evTf�#PSkAo

��TLl\l\T���[\NA�1PO� T�l\o�u�uvcfe7
Acfe�RUTLXrPS[\NAo#oytro�RUY�[\eUo�e�K
. 6=< <�� �7@���@ � l`OkY�O;Q

S(R)
ik[�Q�lfQ�l`O&g"_;[A^`Q�ik[AY�O _ g"O�a�S�Q�[
_;^KYPSZ^`d/_;a�dKO�a�[A^�np[AY"S � Oeh;Q _;a

o�S�Q�Q�[
heO SZ^`dVQ�l`O bfSegKgH[A^�n
Ioµ : f 7→ Ioµ(f) � a�_;b S(R)

Q _
X
[AYkS�g"_;Y�[�Q�[!� OkoA[A^`O SZak_ g"O�a�S�Q _;a r

" _;a�Oe_$� O�a%�
Ioµ(|f |) = 0

[ � SZ^`d _;^Ko�� [ � f = 0 µ
\�S r O r � _;a0SZoAo f ∈ S(R) r

. 6=< <�� �7@��H@ � � 0 6 g =
∑n

i=1 biχBi

[AY S
R
\�Y�[Ab/gHo
O � W3^`h;Q�[
_;^ SZ^`d

0 6 f =∑m
j=1 ajχAj

[AY0S
R loc \�Y�[Ab/gHo
O � W3^`h;Q�[
_;^#� Q�l`O�^ Q�l`O � W3^`h;Q�[
_;^ g ∧ f

[AY
R
\�Y�[Ab/gHo
O r

. 6=< <�� �7@�	�@PNPO;Q
(fn) R O/S bc_;^`_=Q _;^`O/dKOeh�a�O SZY�[A^�n Y�OeUKW9O�^`heO _ � g"_;Y�[�Q�[!� O � W3^`h;Q�[
_;^KY[A^

S(R)
YqW9h�l Q�l�S�Q

limn fn = 0 µ
\�SZoAbc_;YqQkO�� O�a���ikl`O�a�O r � l`O�^ ∧∞

n=1 I
o
µ(fn) = 0 r

C
�_kAo��ARUTWTf�?[\e_eU[\u�[\lmcfRqPST�PSkdcnP�Tf� � �f^�
H�5RUTL��TLeU[ PS[\TLN�^rK J7� K

B) >�*8� C�� ��� HIC �"3���3 �rc1� PSkdcnP�c
R loc gOu�o�cfeUXARSc��Al\o�RUo�cflhg }fcfl\XAo�V���XANAYZPS[\TLN f

VAo"6dNAo�V�TLN
c#Y�TLNAo��Ll\[\�L[��Al\o0eUX8�AeUoZP Tf�

Ω
[\e 9�>235%�84!$+ �
67%"
f[ �bPSkAo�RUo�oytr[\e�PSeqc#eUo�wxXAo�NAY�o

(fn)
∞
n=1

Tf�
R
gOeU[\u��Al\o

��XANAYZPS[\TLNAe5eUXAY,k�PSkdcnP
0 6 fn ↑ f µ

gjcrK ofKLcfNAV ∨∞
n=1

∫
fn dµ

oytr[\e�PSeq[\N
X+

KLMON�PSkA[\e5TWY�Y�cfeU[\TLN
� o��AXrP

Ioµ(f) :=

∫
f dµ :=

∞∨

n=1

∫
fn dµ.

, � eUX8�AeUoZP
A ⊂ Ω

[\e :��"> %�846 9 849 �
67%�[ �
Ω \A

[\e0NAo��Ll\[\�L[��Al\ofK -M��N�cfRN�A[ PSRScfR	�
R loc gOu�o�cfeUXARSc��Al\o

��XANAYZPS[\TLN
f
[\e 9�>235%�84!$+ �
67%"
r��kAo�NAoZ}Lo�R eUTvcfRUo

f+ cfNAV f− K8�_kAo�[\NQPSo��LRScfl"Tf� f [\e_VAo"6dNAo�V cfe
Ioµ(f) = Ioµ(f

+)− Ioµ(f
−)
K

�_kAo#��TLl\l\T���[\NA��l\o�u�uvc1eSc1�We�PSkdcnP�PSkAo�[\NQPSo��LRScfl
Ioµ
[\e$� o�l\l"VAo"6dNAo�V"K

. 6=< <��)�7@����&@PNPO;Q
f : Ω → R+ ∪ {∞} R O/SZ^ R

loc \�bcO SZYqW3a�S R o
O � W3^`h;Q�[
_;^ SZ^`d o
O;Q
(fn)

SZ^`d
(gn) R O [A^`h�a�O SZY�[A^�n Y�OeUKW9O�^`heO�Y _ � g"_;Y�[�Q�[!� O R

\�Y�[Ab/gHo
O � W3^`h;Q�[
_;^KY r � � limn fn =

f = limn gn µ
\�SZoAbc_;YqQkO�� O�a���ikl`O�a�O Q�l`O�^

x :=

∞∨

n=1

Ioµ(fn) =

∞∨

n=1

Ioµ(gn) =:y,

gHa�_$� [
dKOed Q�l�S�Q S�Q"o
O SZYqQ _;^`Om_ � Q�l`Opo
O SZYqQ�WqgKg"O�a R _=W3^`d9Y O���[AYqQk[A^ X r
C
�4�AeUo�R�}Lo1PSkdcnP�PSkAo1eUo�wxXAo�NAY�o

(fn ∧ gm)n∈N
[\NAY�RUo�cfeUo�e cfNAV�Y�TLNQ}Lo�RU�Lo�e

µ
gjcrK ofK

gm
��TLR

o�cfY,k 6rtro�V
m ∈ N

KIs*TLRUo�T�}Lo�R7

(fn ∧ gm)n∈N

l\[\o�e�[\N
S(R)

��� ?=o�u�uvc { K �WK����A�Al��W[\NA�
?=o�u�uvc { K �A�W[\o�l\VAe

Ioµ(gm) =
∞∨

n=1

Ioµ(fn ∧ gm) 6
∞∨

n=1

Ioµ(fn) = x.

M P���TLl\l\T���e PSkdcnP
y 6 x

cfNAV*eU[\u�[\lmcfRUl��
x 6 y

K
B

��o�NATfPSo ���
L 0(µ) := L 0(Ω,R loc, µ)

PSkAo�eUoZP�Tf�#cfl\l RUo�cflhg }fcfl\XAo�V
R loc gOu�o�cfeUXARSc��Al\o

��XANAYZPS[\TLNAe�VAo"6dNAo�V*TLN*Y�TLNAo��Ll\[\�L[��Al\o�eUX8�AeUoZPSe�Tf�
Ω
K��rc1�
PSkdcnP_PO� T	��XANAYZPS[\TLNAe

f, g ∈ L 0(µ)cfRUo o�wxXA[ }fcfl\o�NQP�cfNAVB��RU[ PSo
f ∼ g

[ �
f(ω) = g(ω)

��TLR
µ
gjcrK ofK

ω ∈ Ω
K�?=oZP

L0(µ) :=

L0(Ω,R loc, µ)
e�P,cfNAV ��TLR#PSkAo�eUoZP1Tf�_o�wxXA[ }fcfl\o�NAY�o	Y�lmcfeUeUo�e1[\N

L 0(µ)
XANAVAo�R

∼
K + TLR

f ∈

L 0(µ)

$��RU[ PSo

f̃
��TLR�[ PSe�o�wxXA[ }fcfl\o�NAY�o Y�lmcfeUe�[\N

L0(µ)
KR�_kAo l\[\NAo�cfR�e�PSRUXAYZPSXARUo cfNAV PSkAo
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TLRUVAo�RU[\NA�*Tf�
L0(µ)

cfRUo�Y�TLNQ}Lo�NQPS[\TLNdcfl\l�� VAo"6dNAo�V XAeU[\NA����TL[\NQPO��[\eUo	TL��o�RScnPS[\TLNAe�cfNAV�TLRUVAo�R
RUo�lmcnPS[\TLN�
reUo�o + RUo�u�l\[\N � ` { 
�=�` { J7� K
?=oZP

L 1
o (µ) := L 1

o (Ω,R
loc, µ)

��o PSkAo eUoZP�Tf�1RUo�cflhg }fcfl\XAo�V
µ
gO[\NQPSo��LRSc��Al\o���XANAYZPS[\TLNAe

VAo"6dNAo�V TLN Y�TLNAo��Ll\[\�L[��Al\o1eUX8�AeUoZPSe1Tf�
Ω
K��_kxXAe7
 ��TLR

f ∈ L 0(µ)

"� o�kdc�}Lo

f ∈ L 1
o (µ)

[ �
PSkAo�RUo1[\e�c

g ∈ L 1
o (µ)

eUXAY,k PSkdcnP
|f | 6 |g| µ

gjcrK ofK� b[\N*�dcfR�PS[\Y�XAlmcfR7

L 1

o (µ) ⊂ L 0(µ)
KH?=oZP

L1
o(µ) := L1

o(Ω,R, µ)
��o#PSkAo�eUoZP�Tf�Io�wxXA[ }fcfl\o�NAY�o�Y�lmcfeUeUo�e�Tf�Iu�o�u<��o�RUe_Tf�

L 1
o (µ)

Kd��o"6dNAo
cfN*TL��o�RScnPSTLR

Ioµ : L1
o(µ) → X

������RU[ PS[\NA�
Ioµ(f̃) := Ioµ(f)

��TLR_oZ}Lo�R	�
f ∈ L 1

o (µ)
K

. 6=< <�� �7@���� @ � l`O � _;oAo
_3ik[A^�n SZY�Y�O�aqQ�[
_;^KY l`_;o
d��,jJ�-
L0(µ)

[AY0S s OedKO�
9[A^`d σ
\ he_;b/gHo
O;Q O � Oeh;Q _;a0o�S�Q�Q�[
heO r

, `�-
L1
o(µ)

[AY0SZ^ _;a�dKO�a dKO�^KY�O [
dKO SZo�[A^
L0(µ)

r
, ^�-

L0(µ)
[AY0S s OedKO�
9[A^`d he_;b/gHo
O;Q O0[ � SZ^`d _;^Ko�� [ � µ [AY o
_=h SZoA[�� S R o
O r

C
�_kAov�ARUTWTf�$Tf� ,jJ�- [\e�e�P,cfNAVdcfRUV cfNAV PSkAo��ARUTWTf�$Tf� , ^�- [\e�eU[\u�[\lmcfR�PST � ` { 
 �_kAo�TLRUo�u

` { J �4� K��_kAo�� cfYZPqPSkdcnP
L1
o(µ)

[\e0cfNvTLRUVAo�R0[\VAo�cfld[\N
L0(µ)

��TLl\l\T���eI��RUTLu ?=o�u�uvc { K �WKr�WkAT��
PSkdcnP

L1
o(µ)

[\e_TLRUVAo�R_VAo�NAeUo�[\N
L0(µ)

K
�?cf�fo

0 < f̃ ∈ L0(µ)
cfNAV �AXrP

{f > n−1} := {ω ∈ Ω : f(ω) > n−1} ∈ R loc

��[ PSk
f ∈ L0(µ)

cfNAV
n ∈ N

K7M �
µ(B ∩ {f > n−1}) = 0

��TLR1cfl\l
B ∈ R

cfNAV
n ∈ NPSkAo�N

{f > n−1}
[\e

µ
gONAo��Ll\[\�L[��Al\o���TLR�cfl\l

n ∈ N
K�s*TLRUo�T�}Lo�R7


{f > n−1} ∈ R
cfNAV

µ({f > n−1}) = 0
��TLR cfl\l

n ∈ N
���#PSkAo5RUo�uvcfRU� cn� PSo�R"PSkAoq�ARUTWTf�rTf�8?=o�u�uvc { K { K�M P=��TLl\l\T���e

PSkdcnP
f = 0 µ

gjcrK ofKn��kA[\Y,k	Y�TLNQPSRScfVA[\YZPSeIPSkAo�Y,kATL[\Y�o_Tf�
f̃ > 0

K��_kxXAe7

µ(B∩{f > n−1

0 }) > 0��TLR�eUTLu�o
n0 ∈ N

cfNAV
B0 ∈ R

K �I}W[\VAo�NQPSl���

0 < χC ∈ L1

o(µ)
cfNAV

n−1
0 χC 6 f

��[ PSk

C := B0 ∩ {f > n−1
0 }

K
B�_kAo }fcfRU[mcfNQPSe�Tf��PSkAo Y�TLNQ}Lo�RU�Lo�NAY�o PSkAo�TLRUo�u�e�Tf�<?=o7��o�eU�LXAo [\NQPSo��LRScnPS[\TLNBPSkAo�TLR	� cfRUo

PSRUXAo���TLR�|�cfNQPSTLRUT�}W[\Y,kx~x��RU[\�LkQP�[\NQPSo��LRScfl K9�_kAo1�ARUTWTf��e�Tf�IPSkAo���TLl\l\T���[\NA��PSkARUo�o1RUo�eUXAl PSe�Y�cfN
��o��L[ }Lo�N�cfl\TLNA��PSkAo�l\[\NAo�e#Tf� � �f^�
��5RUTL��TLeU[ PS[\TLNAe�^rK ^�~r^rK p��qcfNAV � { `%
��_kAo�TLRUo�u�e1�rK JLK { cfNAV
�rK JLK p�� K
�/57698�:;6=< �7@��=> , s*TLNATfPSTLNAo#Y�TLNQ}Lo�RU�Lo�NAY�o - @ NPO;Q

(fn) R O S/Y�OeUKW9O�^`heOT[A^ L 1
o (µ)

YqW9h�l
Q�l�S�Q

fn 6 fn+1 µ
\�S r O r � _;aTO SXh�l n ∈ N

SZ^`d
{Ioµ(fn) : n ∈ N}

[AYT_;a�dKO�a R _=W3^`dKOed [A^ X r� l`O�^ Q�l`O�a�OmO���[AYqQ�Y
f ∈ L 1

o (µ)
YqW9h�l Q�l�S�Q

(fn)
he_;^#� O�a�n�O�YjQ _

f µ
\�S r O r SZ^`d

Ioµ(f) = o
\
lim
n

Ioµ(fn).

�/57698�:;6=< �7@���� , + cnPSTLX & e�?=o�u�uvc�- @=NPO;Q
(fn)∈N R O SpY�OeUKW9O�^`heO�[A^ L 1

o (µ)+
YqW9h�l Q�l�S�Q

0 6 fn µ
\�S r O r � _;a O SXh�l n ∈ N

SZ^`d
lim infn I

o
µ(fn) :=

∨∞
n=1

∧
k=n I

o
µ(fk)

O���[AYqQ�YT[A^
X+

r� l`O�^ Q�l`O � W3^`h;Q�[
_;^ lim infn fn ∈ L1
o(Ω,R

loc, µ)+
SZ^`d

Ioµ(lim inf
n

fn) 6 lim inf
n

Ioµ(fn).

�/57698�:;6=< �7@�� � , ��TLu�[\NdcnPSo�V	Y�TLNQ}Lo�RU�Lo�NAY�o - @HNPO;Q
(fn) R O�STY�OeUKW9O�^`heO _ �#� W3^`h;Q�[
_;^KY [A^

L 1
o (µ)

he_;^ � O�a�nX[A^�n Q _
f ∈ L 0(µ) µ

\�S r O r � � Q�l`O�a�OmO���[AYqQ�Y g ∈ L 1
o (µ)

YqW9h�l Q�l�S�Q
|fn| 6 g

µ
\�S r O r � _;apO SXh�l n ∈ N

� Q�l`O�^
f
[AY�[A^`Q O	nXa�S R o
O � (Ioµ(fn)) [AYp_;a�dKO�a he_;^#� O�a�n�O�^`Q��7SZ^`d
Ioµ(f) = o

\
lim
n

Ioµ(fn).

�/57698�:;6=< �7@�� ��@�NPO;Q
X R O�S s OedKO�
9[A^`d σ \ he_;b/gHo
O;Q O � Oeh;Q _;ako�S�Q�Q�[
heO SZ^`d µ : R → X+S bcO SZYqW3a�O r � l`O�^ L1

o(µ)
[AY S s OedKO�
9[A^`d σ

\ he_;b/gHo
O;Q O�� Oeh;Q _;ajo�S�Q�Q�[
heO SZ^`d.Q�l`O bfSegKgH[A^�n
Ioµ : L1

o(µ) → X
[AY0SjYqQ�a�[
h;Q�o�� g"_;Y�[�Q�[!� OT_;a�dKO�a

σ
\ he_;^`Q�[A^`W9_=W3Y�oA[A^`O SZa0_ g"O�a�S�Q _;a r

C
�_kA[\e�[\e_[\u�u�o�VA[mcnPSo���RUTLu ?=o�u�uvcfe { K �	cfNAV { K JLJ�cfNAV �_kAo�TLRUo�u { K J { K
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E
cfNAV

F
��o�}Lo�YZPSTLR$lmcnPUPS[\Y�o�e0��[ PSk

F
��o�VAo��x[\NAV�Y�TLu��Al\oZPSo cfNAV

l\oZP
G
��o	cfN TLRUVAo�R#[\VAo�cfl?Tf�

E
K�& TLNAeU[\VAo�R�c���TLeU[ PS[ }Lo�TL��o�RScnPSTLR

S : G → F
cfNAV VAo�NATfPSo

���
Ĝ
PSkAo�Y�TLl\l\o�YZPS[\TLN Tf�$cfl\l

x ∈ X
eUXAY,k PSkdcnP PSkAo	eUoZP

{S(g) : g ∈ G, 0 6 g 6 |x|}
[\e

TLRUVAo�R'��TLXANAVAo�V*[\N
F
K8�_kAo�N

Ĝ
[\e�cfN�TLRUVAo�R�[\VAo�cfl"[\N

E
cfNAV�� o�uvc1�
VAo"6dNAo

Ŝx := sup{Sg : g ∈ G, 0 6 g 6 x} := sup{S(g ∧ x) : g ∈ G} (x ∈ E+).

�_kAo*TL��o�RScnPSTLR
Ŝ : Ĝ+ → F

[\e	cfVAVA[ PS[ }Lo�cfNAV ��TLeU[ PS[ }Lo�l���kATLu�TL�Lo�NAo�TLXAe7
5eUT [ P�Y�cfN���o
oytWPSo�NAVAo�V PST

Ĝ
���*VA[�K�o�RUo�NAY�o�e�KE�_kAo�RUo�eUXAl PS[\NA��TL��o�RScnPSTLR7
A��kA[\Y,k�� o�VAo�NATfPSoO���

Ŝ
cf�Qcf[\N�


oytWPSo�NAVAe
S
cfNAVv[\e0l\o�eUe TLR0o�wxXdcflbPST1oZ}Lo�R	�vTfPSkAo�R0��TLeU[ PS[ }Lo�oytWPSo�NAeU[\TLN
Tf�

S
PST�cfl\ldTf�

Ĝ
K��_kAo

TL��o�RScnPSTLR
Ŝ
[\e0NdcnPSXARScfl\l��	Y�cfl\l\o�V�PSkAo -'( +46�67%�-'3�%���35%'> -'9;�">�� ��1
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�_kAo�TLRUo�u JLK ^L��� cfNAV � { `%
b^rK JLK ^�� K
�W��o�Y�[ � �veUTLu�o �ARUTL��o�R�PS[\o�e_Tf�=PSkAo#eUuvcfl\l\o�e�P$oytWPSo�NAeU[\TLN"Kdi o�l\T�� 
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S

dcfNAV

Ŝ
cfRUo#PSkAo�eScfu�o�cfe�[\N���o"6dNA[ PS[\TLN�pWK JLK

. 6=< <�� ��@A>�@ � l`O Y�bfSZoAo
O�YqQ7O���Q O�^KY�[
_;^
Ŝ
[AY�_;a�dKO�a he_;^`Q�[A^`W9_=W3Y�_;a�_;a�dKO�a

σ
\ he_;^`Q�[A^`W9_=W3Y

[ � SZ^`d _;^Ko�� [ � Y�_j[AY S r
C
�Wo�o � { 
9�_kAo�TLRUo�u JLK � { � K

B
. 6=< <�� ��@ ��@ � l`O � _;oAo
_3ik[A^�n SZY�Y�O�aqQ�[
_;^KY l`_;o
d��
(1) Ŝ

[AY0S o�S�Q�Q�[
heO l`_;bc_;bc_;a�gHlK[AY�b [ � SZ^`d _;^Ko�� [ � Y�_j[AY S r
(2)

� � G [AYp_;a�dKO�a dKO�^KY�O [A^
E
Q�l`O�^

Ŝ
[AY�YqQ�a�[
h;Q�o�� g"_;Y�[�Q�[!� O0[ � SZ^`d _;^Ko�� [ � Y�_/[AY S r

C
MON ��TfPSk�Y�cfeUo�e�PSkAo�NAo�Y�o�eUeU[ P@��[\e$PSRU[ }W[mcfl K

,jJ�- ��eUeUXAu�o�PSkdcnP
S
[\e c1lmcnPUPS[\Y�o�kATLu�TLu�TLRU�AkA[\eUu(cfNAVvo�NAeUXARUo�PSkdcnP

Ŝ(x1)∧ Ŝ(x2) = 0��TLR�cfl\l
x1


x2 ∈ Ĝ

��[ PSk
x1 ∧ x2 = 0

KdMONAVAo�o�V�
buvcf�x[\NA��XAeUo�Tf�I��o"6dNA[ PS[\TLN�pWK J#� o�VAo�VAXAY�o

Ŝ(x1) ∧ Ŝ(x2) =

(∨
g1∈G+

S(g1 ∧ x1)

)
∧

(∨
g2∈G+

S(g2 ∧ x2)

)

∨
g1,g2∈G+

S(g1 ∧ x1) ∧ S(g2 ∧ x2) = 0

��kA[\Y,k*[\u��Al\[\o�e0PSkdcnP
Ŝ
[\e�c�lmcnPUPS[\Y�o kATLu�TLu�TLRU�AkA[\eUu ��� � { 
9�_kAo�TLRUo�u�`WK J { � K

, `�-��#[ }Lo�N
0 < x ∈ Ĝ


A� o1Y�cfN �A[\Y,�
g ∈ G

��[ PSk
0 < g 6 x


�eU[\NAY�o
G
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E
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Ĝ
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d[ �

S
[\e$e�PSRU[\YZPSl��
��TLeU[ PS[ }Lo�PSkAo�N

Ŝ(x) > Ŝ(g) = S(g) > 0
K
B

. 6=< <�� ��@��7@ 
pY�YqW3bcOcQ�l�S�Q
(xα)α∈A

[AY SZ^ [A^`h�a�O SZY�[A^�n ^`O;Q�[A^
Ĝ+

SZ^`d Q�l`O�a�O O���[AYqQ�Y
x = supα xα

[A^
E r � � Ŝ [AYT_;a�dKO�amhe_;^`Q�[A^`W9_=W3YTSZ^`d

supα Ŝ(xα)
O���[AYqQ�Y [A^

F
�kQ�l`O�^

x ∈ ĜSZ^`d
Ŝ(x) = supα Ŝ(xα)

r 
 Y�[Ab [Ao�SZa YqQ�S�Q O�bcO�^`Qkl`_;o
d9Y SZoAY�_ � _;a SZ^ _;a�dKO�a σ \ he_;^`Q�[A^`W9_=W3Y ŜSZ^`d SZ^ [A^`h�a�O SZY�[A^�n Y�OeUKW9O�^`heO
(xn)

[A^
Ĝ+

r
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Ŝ
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x ∈ Ĝ
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g ∈ G

��[ PSk
0 6 g 6 xcfNAV�NATfPSo5PSkdcnP

(xα∧g)
[\e cfN�[\NAY�RUo�cfeU[\NA��NAoZP7[\N
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g = supα xα∧g
Kn� RUVAo�R Y�TLNQPS[\NxXA[ P@�
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S
�W[\o�l\VAe?PSkAo�N

0 6 S(g) = supα S(xα∧g) 6 supα Ŝ(xα)
KfM P?��TLl\l\T���e7PSkdcnP
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F
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x ∈ Ĝ
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pY�YqW3bcO Q�l�S�Q
E
[AY W3^K[!� O�a�Y�SZoAo�� he_;b/gHo
O;Q O �

Ĝ
[AY _;a�dKO�a dKO�^KY�O0[A^

E
�`SZ^`d

Ŝ
[AYTYqQ�a�[
h;Q�o�� g"_;Y�[�Q�[!� OjSZ^`d _;a�dKO�ajhe_;^`Q�[A^`W9_=W3Y r 
pY�YqW3bcO � W3aqQ�l`O�a Q�l�S�Q (xα)

[AYT[A^`h�a�O SZY�[A^�n
^`O;Qm[A^

Ĝ+
YqW9h�l Q�l�S�Q

y := supα Ŝ(xα)
O���[AYqQ�Y [A^

F r � l`O�^ Q�l`O�a�O O���[AYqQ�Y
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y = Ŝ(x) r

C
iD� ?=o�u�uvc�^rK �	PSkAo�RUo1oytr[\e�PSe c �dcfNAV �ARUT�2Uo�YZPS[\TLN

π
[\N

E
cfNAV cfN o�l\o�u�o�NQP
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KL�W[\NAY�o
k ∈ N

[\eIcfRN�A[ PSRScfR	��
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Ĝ
Tf�
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O;Q O � Oeh;Q _;a o�S�Q�Q�[
heO r

C
�_kAo o�wxXA[ }fcfl\o�NAY�oG,jJ�-

⇐⇒
, `�- ��TLl\l\T���e ��RUTLu ?=o�u�uvc(pWK zrK.�7T�o�NAeUXARUo PSkdcnP

, `�-
⇐⇒

, ^�-
[ P�eUX���Y�o�e*PST T��AeUo�R�}Lo PSkdcnP
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α∈A Aα ⊂ Ω
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K��_kAo�N����<?=TWTLu�[\eO~A�W[\�fTLRUeU�x[%�_kAo�TLRUo�u � { `%
��_kAo�TLRUo�u JLK `WK �9,jJ�-@�WPSkAo�RUo

oytr[\e�PSe?c�i TWTLl\o�cfN#[\eUTLu�TLRU�AkA[\eUu
h
��RUTLu PSkAoqwxXATfPS[\o�NQP?cfl\�Lo7�ARSc

Σ/∆
TLNQPST

Clop(Q)
cfNAV#PSkAo

wxXATfPS[\o�NQP_uvcf�A�A[\NA�
ϕ : Σ → Σ/∆

[\e$c�i TWTLl\o�cfN
σ
gOkATLu�TLu�TLRU�AkA[\eUu*KQ��o"6dNAo

µ : Σ → X+cfe
µ := ι−1 ◦ h ◦ ϕ

��kAo�RUo
ι : C (e) → Clop(Q)

[\e$PSkAo1�xPSTLNAo#RUo��ARUo�eUo�NQP,cnPS[\TLN"KH�_kAo�N
µ
[\e
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c�i$cf[\Rqu�o�cfeUXARUo�TLN
Q
KxM P$[\e0[\u�u�o�VA[mcnPSo$��RUTLu PSkAo�VAo"6dNA[ PS[\TLNvTf�

µ
PSkdcnP

∆
Y�TL[\NAY�[\VAo�eq��[ PSk

PSkAo�Y�TLl\l\o�YZPS[\TLN�Tf�
µ
gONAo��Ll\[\�L[��Al\o�eUoZPSe�K

iD� �_kAo�TLRUo�u { K J;p�PSkAo�[\NQPSo��LRScnPS[\TLN TL��o�RScnPSTLR
Ioµ : f̃ →

∫
f dµ

��RUTLu PSkAov��o�VAo��x[\NAV

σ
gOY�TLu��Al\oZPSo1}Lo�YZPSTLR#lmcnPUPS[\Y�o

L1
o(Q,Clopσ(Q), µ)

PST
X
[\e e�PSRU[\YZPSl��*��TLeU[ PS[ }Lo�cfNAV TLRUVAo�R

σ
g

Y�TLNrPS[\NxXATLXAe�Kqs*TLRUo�T�}Lo�R7

Ioµ
[\e�[\N�2Uo�YZPS[ }Lo
lmcnPUPS[\Y�ovkATLu�TLu�TLRU�AkA[\eUu 
=eU[\NAY�o

µ
[\e�c i TWTLl\o�cfN

kATLu�TLu�TLRU�AkA[\eUu*K
�7T Y�TLu��Al\oZPSo PSkAo �ARUTWTf�v� o kdc�}Lo PST eUkAT�� PSkdcnP

Ioµ
[\e TLNQPSTAK���o�Y�cfl\l�PSkdcnP�cfN

e
g

e�PSo�� o�l\o�u�o�NQP�[\N
X
[\e�cfN�� }Lo�YZPSTLR

x ∈ X
RUo��ARUo�eUo�NQP,c��Al\o cfe

x =
∑n

k=1 λkek
��kAo�RUo

e1, . . . , en
cfRUo��dcf[\R���[\eUo�VA[\e 2UTL[\NQPqY�TLu���TLNAo�NQPSe0Tf�

e
��[ PSk

e = e1+ · · ·+ en
cfNAV

λ1, . . . , λncfRUoBcfRN�A[ PSRScfR	� RUo�cfl\e�KOC�TfPSo PSkdcnP ��TLR�oZ}Lo�R	�
e
gOe�PSo��(o�l\o�u�o�NQP

x ∈ X
PSkAo�RUoBoytr[\e�PSe c

eU[\u��Al\o
��XANAYZPS[\TLN
f ∈ L1

o(µ)
eUXAY,k PSkdcnP

Ioµ(f) = x

qeU[\NAY�o�PSkAo*RUo�e�PSRU[\YZPS[\TLN

µ|Clop(Q)
[\e

cfN [\eUTLu�TLRU�AkA[\eUu Tf�
Clop(Q)

TLNQPST
C (e)

K�C�T�� 
 P,cf�fo cfNFo�l\o�u�o�NQP
x ∈ X+

cfNAVF�AXrP

xn := x ∧ (ne)
��TLR�cfl\l

n ∈ N
K��_kAo�N PSkAo*eUo�wxXAo�NAY�o

(xn)n∈N
l\[\o�e	[\N PSkAo*TLRUVAo�R�[\VAo�cfl

Xe
�Lo�NAo�RScnPSo�VS���

e
K=iD� + RUo�XAVAo�NQPSkdcfl	& e��W��o�YZPSRScfl �_kAo�TLRUo�u � { 
��_kAo�TLRUo�u�`WK ���I��TLR oZ}Lo�R	�

n ∈ N
PSkAo�RUo	oytr[\e�PSe�cfN

e
gOe�PSo�� o�l\o�u�o�NQP

un
eScnPS[\e�� �W[\NA�

0 6 xn − un 6 e/n
K + TLR

n ∈ N�A[\Y,��c	eU[\u��Al\o���XANAYZPS[\TLN
gn ∈ L1

o(µ)
eUXAY,k*PSkdcnP

un = Ioµ(gn)
cfNAV*�AXrP

fn := g1 ∨ · · · ∨ gncfNAV
vn := u1 ∨ · · · ∨ un

K�& l\o�cfRUl���

(fn)

cfNAV
(vn)

cfRUo	[\NAY�RUo�cfeU[\NA�*eUo�wxXAo�NAY�o�e�Y�TLNANAo�YZPSo�V
��� PSkAo���TLRUu�XAlmc

vn = Ioµ(fn) (n ∈ N)
K0s*TLRUo�T�}Lo�R7


0 6 xn − vn 6 xn − un 6 e/ncfNAV kAo�NAY�o
x =

∨∞
n=1 vn

K7iD� PSkAovu�TLNATfPSTLNAo	Y�TLNQ}Lo�RU�Lo�NAY�o
�_kAo�TLRUo�u { K J;`�PSkAo�RUovoytr[\e�PSe

f ∈ L 1
o (µ)

eUXAY,k PSkdcnP
f =

∨∞
n=1 fn µ

gjcrK ofK=cfNAV
x = Ioµ(f)

K��_kxXAe
Ioµ
[\e#TLNQPST�cfNAV PSkAo

�ARUTWTf�?[\e_Y�TLu��Al\oZPSofK
B
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X R O S s OedKO�
9[A^`d σ

\ he_;b/gHo
O;Q O � Oeh;Q _;a o�S�Q�Q�[
heO r � l`O�a�O O���[AYqQ�Y
S/d9[AY�
e_;[A^`Q � SZb [Ao�� _ � ^`_;^ �;O�a�_�g"_;Y�[�Q�[!� O�O�o
O�bcO�^`Q�Y

Γ ⊂ X
YqW9h�l Q�l�S�QPO SXh�lcO�o
O�bcO�^`Q

x ∈ X+SXd9b [�Q�Y S W3^K[
UKW9O a�O�gHa�O�Y�O�^`Q�S�Q�[
_;^
x =

∨
γ∈Γ xγ

ik[�Q�l
0 6 xγ ∈ Xγ := {γ}⊥⊥ � _;a SZoAo

γ ∈ Γ r
C

�qcfY,k�VA[\e 2UTL[\NQP�Y�TLl\l\o�YZPS[\TLN
Γ
Tf�INATLNA��o�RUT���TLeU[ PS[ }Lo#o�l\o�u�o�NQPSe�[\N

X
��[ PSk

X = Γ⊥⊥ [\e
eUXA[ P,c��Al\o�
AeUo�o :qXAl\[\�xk � �L`�
9?=o�u�uvc�M;:�K �WK J�
8�_kAo�TLRUo�u�e�M;:�K pWK `	cfNAV�M;:�K pWK ^�� K

B
?=oZP

X


Γ

WcfNAV

(Xγ)γ∈Γ
��o�cfe0[\NP?=o�u�uvc1�WK `WKxiD���_kAo�TLRUo�u �WK J���TLRqo�cfY,k

γ ∈ Γ
PSkAo�RUo

oytr[\e�P$c�NATLNAo�u��rP@�	eUoZP
Ωγ

Wc

σ
gjcfl\�Lo7�ARSc

Σγ
Tf�"[ PSeqeUX8�AeUoZPSe7
AcfNAV
c�u�o�cfeUXARUo

µγ : Σγ → XγeUXAY,k PSkdcnP�PSkAo�[\NQPSo��LRScnPS[\TLN TL��o�RScnPSTLR
Ioµγ

: f̃ 7→
∫
f dµγ

[\e�c lmcnPUPS[\Y�o
[\eUTLu�TLRU�AkA[\eUu�Tf�

L1
o(Ωγ ,Σγ , µγ)

TLNQPST
Xγ
Kxs�cf�fo_PSkAo_VA[\RUo�YZPqeUXAu

(Ω,R, µ)
Tf��PSkAo$� cfu�[\l��

(Ωγ ,Σγ, µγ)γ∈Γ



eUo�o1��o"6dNA[ PS[\TLN*�rK JLK
) >�*8� C�� ��� HIC �b3���3 ��o"6dNAo

XΓ
cfe�PSkAo�eUoZP Tf�5o�l\o�u�o�NQPSe

x ∈ X

d��kATLeUo1RUo��ARUo�eUo�NQP,cnPS[\TLN

[\N ?=o�u�uvc	�WK `�kdcfe�cnP�u�TLe�P�Y�TLXANQP,c��Al\o�NATLNA��o�RUT��ARUT�2Uo�YZPS[\TLNAe7 d[\N�e	�Wu<��TLl\e7


XΓ :=
{
x ∈ X : (∃ ν : N → Γ) |x| =

∨∞

n=1
πν(n)|x|

}
,

, ^�-

��kAo�RUo
πγ
[\e�c��dcfNAV*�ARUT�2Uo�YZPS[\TLN�[\N

X
TLNQPST�PSkAo �dcfNAV

Xγ := {γ}⊥⊥ K
& l\o�cfRUl���
APSkAo�[\NAY�l\XAeU[\TLN

Γ ⊂ XΓ
[\u��Al\[\o�e PSkdcnP

XΓ
[\e�cfN�TLRUVAo�R�VAo�NAeUo1[\VAo�cfl=Tf�

X
KbM �

Γ[\e0cnP0u�TLe�PqY�TLXANQP,c��Al\o�
LPSkAo�N
XΓ = X

Kxi o�l\T�� 

µ
e�P,cfNAVAeq��TLRIPSkAo�VA[\RUo�YZPqeUXAu(Tf��PSkAo_� cfu�[\l��

Tf�?u�o�cfeUXARUo�e
(µγ)γ∈Γ

KHC�TfPSo PSkdcnP
µ : R → XΓ

K
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X R O S s OedKO�
9[A^`d σ \ he_;b/gHo
O;Q O � Oeh;Q _;a"o�S�Q�Q�[
heOkSZ^`d Γ R O�h�l`_;Y�O�^ SZY[A^ NPO�b bfS
7.2 r � l`O�^VQ�l`OP[A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a Ioµ : f 7→

∫
f dµ

[AY S o�S�Q�Q�[
heO&[AY�_;bc_;a�gHlK[AY�b
� a�_;b L1

o(Ω,R
loc, µ)

_;^`Q _
XΓ

r
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C
MON
}W[\R�PSXAo Tf���_kAo�TLRUo�u { K J;p�PSkAo [\NQPSo��LRScnPS[\TLNvTL��o�RScnPSTLR

Ioµ : L1
o(Ω,R

loc, µ) → XΓ
[\e

e�PSRU[\YZPSl�����TLeU[ PS[ }LofK��WkAT�� PSkdcnP
Ioµ
[\e�c�lmcnPUPS[\Y�o�kATLu�TLu�TLRU�AkA[\eUu*K��7T
VAT�PSkA[\e7
b[ P�eUX���Y�o�e�PST

o�NAeUXARUo�PSkdcnP
Ioµ(f) ∧ Ioµ(g) = 0

��TLR#cfl\l
f, g ∈ L 1

o (Ω,R
loc, µ)+

��[ PSk
f ∧ g = 0 µ

gjcrK ofK�

eUo�o � { 
8�_kAo�TLRUo�u�`WK J { � KdiD�
�_kAo�TLRUo�u��rK z�PSkAo�RUo1cfRUo ��XANAYZPS[\TLNAe

ν, ξ : N → Γ
eUXAY,k*PSkdcnP

f =
∨

n∈N

fχΩν(n)
µ
gjcrK ofK

,

∫
f dµ =

∨

n∈N

∫
fχΩν(n)

dµ,

g =
∨

n∈N

gχΩξ(n)
µ
gjcrK ofK

,

∫
g dµ =

∨

n∈N

∫
fχΩξ(n)

dµ.

�5[\Y,�
m,n ∈ N

cfNAV�T��AeUo�R�}Lo PSkdcnP7[ �
ν(n) 6= ξ(m)

PSkAo�NO���1��o"6dNA[ PS[\TLN��rK J cfNAV<?=o�u�uvc��rK �
∫

fχΩν(n)
dµ ∧

∫
gχΩξ(m)

dµ =
∫

f |ν(n) dµν(n) ∧

∫
g|ξ(m) dµξ(m) ∈ Xν(n) ∩Xξ(m) = {0}.

M �
ν(n) = ξ(m)

PSkAo�N ���
�_kAo�TLRUo�u��WK J�cfNAV ?=o�u�uvc��rK ��� o�kdc�}Lo
∫

fχΩν(n)
dµ ∧

∫
gχΩξ(m)

dµ =
∫

f |ν(n) dµν(n) ∧

∫
g|ν(n) dµν(n) =

∫
f |ν(n) ∧ g|ν(n) dµν(n) = 0.

M P���TLl\l\T���e�PSkdcnP ∫
fχΩν(n)

dµ ∧
∫
gχΩξ(m)

dµ = 0
��TLR�cfl\l

n,m ∈ N
K + RUTLu�PSkA[\e#� o�Y�cfN

VAo�VAXAY�o
∫

f dµ ∧

∫
g dµ =

( ∨

n∈N

∫
fχΩν(n)

dµ
)
∧
( ∨

ξ(m)∈N

∫
gχΩξ(m)

dµ
)
=

∨

n∈N

∨

m∈N

(∫
fχΩν(n)

dµ ∧

∫
gχΩξ(m)

dµ
)
= 0,

��kAo�NAY�o
Ioµ
[\e�c�lmcnPUPS[\Y�o kATLu�TLu�TLRU�AkA[\eUu*K

�_kAo�� cfYZP PSkdcnP
Ioµ
[\e TLNAoyg PSTngOTLNAo���TLl\l\T���eD���
T��AeUo�R�}W[\NA�1PSkdcnP$[ �

f̃ ∈ L1
o(Ω,R

loc, µ)
cfNAV

Ioµ(f̃) = 0

fPSkAo�N

0 = |Ioµ(f̃)| = Ioµ(|f̃ |)
cfNAV

f = 0 µ
gjcrK ofKfTLR

f̃ = 0
����e�PSRU[\YZPSl��1��TLeU[ PS[ }W[ P@�LK

M P�RUo�uvcf[\NAe PST�eUNAT�� PSkdcnP
Ioµ
[\e TLNQPSTAK + TLR#cfN cfRN�A[ PSRScfR	�

0 6 x ∈ XΓ
PSkAo�RUo	oytr[\e�PSe�c

uvcf�A�A[\NA�
ν : N → Γ

eUXAY,k
PSkdcnP
x =

∨
n∈N xν(n)


x��kAo�RUo
0 6 xν(n) ∈ Xν(n)

��TLR0cfl\l
n ∈ N

K
iD� ��o"6dNA[ PS[\TLN��rK J�
b��TLR�oZ}Lo�R	�

n ∈ N
TLNAo1Y�cfN�Y,kATLeUo

0 6 fν(n) ∈ L1(Ων(n),Σν(n), µν(n))eUXAY,k PSkdcnP
Iµν(n)

(fν(n)) =
∫
fν(n) dµν(n) = xν(n)

K��5XrP
fγ(t) = 0

��TLR	cfl\l
t ∈ Ωγ

cfNAV

γ ∈ Γ\ν(N)
Kr��o"6dNAo c���XANAYZPS[\TLN

f : Ω → R∪{∞}
�����AXrPUPS[\NA�

f(t) := fγ(t)
��TLR

t ∈ ΩγcfNAV
γ ∈ Γ

K��_kAo�N PSkAo�RUo�e�PSRU[\YZPS[\TLN
f |γ

Tf�
f
TLNQPST

Ωγ
��o�l\TLNA�Le�PST

L 0(Ωγ ,Σγ, µγ)
��TLR

cfl\l
γ ∈ Γ

eUT
PSkdcnP
f ∈ L 0(Ω,R loc, µ)+

����?=o�u�uvcv�rK �WK"s*TLRUo�T�}Lo�R7

f =

∨
n∈N fχΩν(n)

µ
gjcrK ofKdcfNAV ��� ?=o�u�uvc	�rK ��� o�kdc�}Lo

∨

n∈N

∫
fχΩν(n)

dµ =
∨

n∈N

∫
f |ν(n) dµν(n) =

∨

n∈N

xν(n) = x.

iD�
�_kAo�TLRUo�u��rK z�[ P_��TLl\l\T���e PSkdcnP
f̃ ∈ L1

o(Ω,R
loc, µ)+

cfNAV
Ioµ(f̃) = x

K
B
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. 6=< <�� �H@���@ � l`OTd9[Aa�Oeh;QPYqW3b _ � Q�l`O � SZb [Ao�� (Ωγ ,Σγ, µγ)γ∈Γ (
Y�OeO s O�tK^K[�Q�[
_;^ 6.1)

[AY
S � Oeh;Q _;a bcO SZYqW3a�OpY�g&SXheOjik[�Q�l SjY�O�b []\�tK^K[�Q OpSZ^`dfo
_=h SZoA[�� S R o
O bcO SZYqW3a�O µ : R → X+

r
C
M P ��TLl\l\T���e���RUTLu ?=o�u�uvcfe �rK { cfNAV �rK p PSkdcnP

µ
[\e eUo�u�[hg;6dNA[ PSofK�iD� }W[\R�PSXAoFTf�

�_kAo�TLRUo�u�pWK J�� [ P
eUX���Y�o�e�PST o�NAeUXARUo ��o�VAo��x[\NAV Y�TLu��Al\oZPSo�NAo�eUe�Tf�
B(Ω) := R loc/N



��kAo�RUo

N := {A ∈ R loc : µ(A) = 0}
Kr��o�NATfPSo4���

B(Ωγ)
PSkAo wxXATfPS[\o�NQP_cfl\�Lo7�ARSc

Σγ/Nγ



��kAo�RUo
Nγ

[\e PSkAo#Y�TLl\l\o�YZPS[\TLNvTf�
µγ
gONAo��Ll\[\�L[��Al\o�eUoZPSe$��TLR_cfl\l

γ ∈ Γ
K��_kAo�N ?=o�u�uvcfe$�rK { cfNAV

�rK p�[\u��Al���PSkdcnP_PSkAo�i TWTLl\o�cfN�cfl\�Lo7�ARSc
B(Ω)

[\e_[\eUTLu�TLRU�AkA[\Y�PST�PSkAo��ARUTWVAXAYZP ∏
γ∈Γ B(Ωγ)Tf�Ic1� cfu�[\l���Tf�?��o�VAo��x[\NAV*Y�TLu��Al\oZPSo#i TWTLl\o�cfN�cfl\�Lo7�ARScfe

(B(Ωγ))γ∈∆
K8�_kAo�RUoZ��TLRUo�


B(Ω)
[\e

��o�VAo��x[\NAV�Y�TLu��Al\oZPSofK
B

��o�Y�cfl\l�PSkdcnP_PSkAo�lmcnPUPS[\Y�o [\eUTLu�TLRU�AkA[\eUu
Ioµ
Tf�

L1
o(µ)

TLNQPST
XΓ

[\N �_kAo�TLRUo�u��WK { kdcfe_PSkAo
eUuvcfl\l\o�e�P7oytWPSo�NAeU[\TLN

Îoµ
��kATLeUo VATLuvcf[\N

L1
ow(µ)

[\e P,cf�fo�N�cfe PSkAo eU�dcfY�o Tf�A� o�cf�xl���[\NQPSo��LRSc��Al\o
��XANAYZPS[\TLNAe ,�eUo�o���o"6dNA[ PS[\TLNvpWK ��-yKQ�rc1��PSkdcnP0c#VA[\e 2UTL[\N�eUoZP

Γ ⊂ X+
[\e :��"( 1�67%'35%�[ �

X = Γ⊥⊥ K
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X R OjS s OedKO�
9[A^`d he_;b/gHo
O;Q O � Oeh;Q _;aTo�S�Q�Q�[
heOmSZ^`d
Γ
Sche_;b/gHo
O;Q O

d9[AY�
e_;[A^`Q�Y�O;Q0[A^
X+

r � l`O�^CQ�l`O�a�O O���[AYqQ�Y S � Oeh;Q _;a/bcO SZYqW3a�OjY�g&SXheO
(Ω,R, µ)

ik[�Q�l Y�O�b []\
tK^K[�Q O0o
_=h SZoA[�� S R o
O µ YqW9h�l Q�l�S�Q Q�l`Op[A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a

Ioµ
[AY Sjo�S�Q�Q�[
heO [AY�_;bc_;a�gHlK[AY�b _ �

L1
o(µ)

_;^`Q _
XΓ

r " _;a�Oe_$� O�a%�PQ�l`O b [A^K[AbfSZoHO���Q O�^KY�[
_;^
Îoµ

_ � Ioµ ik[�Q�lca�O�Y�g"Oeh;Q�Q _
L0(µ)

[AY S
o�S�Q�Q�[
heO [AY�_;bc_;a�gHlK[AY�b _ � L1

ow(µ)
_;^`Q _

X r
C
�_kAo oytr[\e�PSo�NAY�o Tf��c }Lo�YZPSTLR�u�o�cfeUXARUo�eU�dcfY�o

(Ω,R, µ)
cfe�� o�l\l�cfe�PSkAo�� cfYZPvPSkdcnP

PSkAo�[\NQPSo��LRScnPS[\TLN*TL��o�RScnPSTLR
Ioµ
[\e�cvlmcnPUPS[\Y�o�[\eUTLu�TLRU�AkA[\eUu Tf�

L1
o(µ)

TLNQPST
XΓ

��TLl\l\T���e���RUTLu
�_kAo�TLRUo�u �WK { K�& TLNAeUo�wxXAo�NQPSl���


Ioµ : Lo
µ(µ) → X

[\e�TLRUVAo�R�Y�TLNQPS[\NxXATLXAe7
�eU[\NAY�o
XΓ

[\e�TLRUVAo�R
VAo�NAeUo [\VAo�cfl�Tf�

X
KxM P ��TLl\l\T���e5��RUTLu ?=o�u�uvcfe { K JLJ%, `�-/
rpWK `�cfNAV�pWK ^�PSkdcnP

Îoµ : L1
ow(µ) → X[\e TLRUVAo�R$Y�TLNQPS[\NxXATLXAe$TLNAoyg PSTngOTLNAo�lmcnPUPS[\Y�o�kATLu�TLu�TLRU�AkA[\eUu*KWs*TLRUo�T�}Lo�R7
8���
?=o�u�uvc��WK p�PSkAo

u�o�cfeUXARUo
µ
[\e_eUo�u�[hg;6dNA[ PSo#cfNAV*l\TWY�cfl\[\��c��Al\ofK

�7T	Y�TLu��Al\oZPSo�PSkAo��ARUTWTf� � o�kdc�}Lo#PST	eUkAT�� PSkdcnP
Îoµ
[\e_TLNQPSTAK �#[ }Lo�N�cfRN�A[ PSRScfR	�

x ∈ X+



PSkAo�RUo�oytr[\e�PSe#cfN [\NAY�RUo�cfeU[\NA�
NAoZP
(xα)α∈A

[\N
XΓ

TLRUVAo�R Y�TLNQ}Lo�RU�Lo�NQP�PST
x

�eU[\NAY�o

XΓ
[\e#cfN

TLRUVAo�R0VAo�NAeUo�[\VAo�cfldTf�
X
K%�5XrP

fα := Io−1
µ (xα)

cfNAV�T��AeUo�R�}Lo�PSkdcnP
(fα)α∈A

[\e0cfNv[\NAY�RUo�cfeU[\NA�
NAoZP�[\N

L1
o(µ)

��[ PSk
x = supα I

o
µ(fα)

K'0�o�NAY�o�
�[\N }W[\oZ� Tf�<?=o�u�uvc pWK J;`�PSkAo�RUo oytr[\e�PSe
f ∈ L1

ow(µ)
eUXAY,k*PSkdcnP

0 6 fα ↑ f
cfNAV

Îoµ(f) = x
K
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MON PSkA[\e eUo�YZPS[\TLN�
�� o�[\NQPSRUTWVAXAY�o�i$cfR�PSl\o,~r��XANr��TLRUVx~A�WY,kQ�$cfR�PS��[\NQPSo��LRScnPS[\TLN���[ PSk RUo�eU��o�YZP
PST�c u�o�cfeUXARUo P,cf�x[\NA��}fcfl\XAo�eI[\N�c�wxXdcfeU[hgji$cfNdcfY,k�lmcnPUPS[\Y�o�
nY�TLNAeU[\VAo�RIeUTLu�o$Tf�b[ PSeIo�l\o�u�o�NQP,cfR	�
�ARUTL��o�R�PS[\o�e7
bcfNAV�o�e�P,c��Al\[\eUk�PSkAo�Y�TLNANAo�YZPS[\TLN���[ PSk*|�cfNQPSTLRUT�}W[\Y,kx~x��RU[\�LkQP�[\NQPSo��LRScnPS[\TLN"K
��e#[\N �Wo�YZPS[\TLN { 


Ω
[\e#c
NATLNAo�u��rP@��eUoZP1


R
[\e c

δ
gORU[\NA�
Tf�0eUX8�AeUoZP�Tf�

Ω


R loc [\e#c σ

g
cfl\�Lo7�ARSc�VAo"6dNAo�V ���F,jJ�-/
bcfNAV

X := (X, ‖ · ‖)
[\e�c	wxXdcfeU[hgji$cfNdcfY,k�lmcnPUPS[\Y�ofK

) >�*8� C�� ��� HIC 	�3 � 3 � uvcf�A�A[\NA�
µ : R → X+

[\e�Y�cfl\l\o�V*c (*%,+.-'/0!,% ,�TLR
τ
gOu�o�cfeUXARUo -/
b[ �

[ P�kdcfe_PSkAo��ARUTL��o�R�PS[\o�ee�
,jJ�-

µ(∅) = 0
K

, `�-�M �
(An)

∞
n=1

[\e�c�eUo�wxXAo�NAY�o�Tf���dcf[\R���[\eUovVA[\e 2UTL[\NQP1eUoZPSe�[\N
R
��[ PSk ⋃∞

n=1 An ∈ R
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PSkAo�N�PSkAo�eUo�RU[\o�e ∑∞
n=1 µ(An)

Y�TLNQ}Lo�RU�Lo�e�PSTL��TLl\TL�L[\Y�cfl\l���cfNAV

µ

( ∞⋃

n=1

An

)
=

∞∑

n=1

µ(An).
, { -

�rc1�	PSkdcnP c�PSRU[\�Al\o
(Ω,R, µ)

[\e c
τ
g�(*%,+.-'/0!,% -51 +&:�%�[ �

Ω
[\e0c�NATLNAo�u��rP@�	eUoZP1


R
[\e c

δ
gORU[\NA�

Tf�7eUX8�AeUoZPSe�Tf�
Ω

dcfNAV

µ : R → X+
c
τ
gOu�o�cfeUXARUofKr��o ��[\l\l�VARUTL�

τ
��kAo�N�[ P_[\e$Y�l\o�cfR ��RUTLu

PSkAo�Y�TLNQPSoytWP���kA[\Y,k�P@�W��o�Tf�?u�o�cfeUXARUo#[\e�u�o�cfNQPO,�YZ�jKd��o"6dNA[ PS[\TLN { K J�-yK
G�> � <?:7D 	�3  3 �_kxXAe7
Q[ �

X
[\e5c���o�VAo��x[\NAV

σ
gOY�TLu��Al\oZPSo wxXdcfeU[hgji$cfNdcfY,k	lmcnPUPS[\Y�o0PSkAo�N�PSkAo

σ
gjcfVAVA[ PS[ }W[ P@�#Tf�bcfN

X
g }fcfl\XAo�V1u�o�cfeUXARUo uvc1� ��o XANAVAo�RUe�PSTWTWV�[\N�PO� T VA[�K�o�RUo�NQP?�$c1�Wee�Lo�[ PSkAo�R

PSkAo#eUo�RU[\o�e_[\NS, { -0[\e$TLRUVAo�R$Y�TLNQ}Lo�RU�Lo�NQP�cfe_[\N���o"6dNA[ PS[\TLN { K J�
rTLR PSTL��TLl\TL�L[\Y�cfl\l���Y�TLNQ}Lo�RU�Lo�NQP
cfe [\N
��o"6dNA[ PS[\TLN
�rK JLKWM P0��TLl\l\T���eq��RUTLu ?=o�u�uvc�`WK ��PSkdcnP0PSTL��TLl\TL�L[\Y�cfl

σ
gjcfVAVA[ PS[ }W[ P@��[\u��Al\[\o�e

TLRUVAo�R
σ
gjcfVAVA[ PS[ }W[ P@�LK�����Y�TLXARUeUo�
�[ �

X
[\e�TLRUVAo�R*Y�TLNQPS[\NxXATLXAe*PSkAo�N PSkAo�eUo�PO� T Y�TLNAY�o��rPSe

Y�TL[\NAY�[\VAofKAMON�PSkA[\e_eUo�YZPS[\TLN*u�o�cfeUXARUo�[\e_XANAVAo�RUe�PSTWTWV�cfY�Y�TLRUVA[\NA��PST���o"6dNA[ PS[\TLN*�rK JLK
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A,B ∈ R
SZ^`d

(An)
∞
n=1 R O�S Y�OeUKW9O�^`heO�[A^ R r � l`O�^ � _;a S bcO SZYqW3a�O

µ : R → X+
Q�l`O � _;oAo
_3ik[A^�n l`_;o
d��,jJ�- � � A ⊂ B

Q�l`O�^
µ(B \ A) = µ(B)− µ(A)

SZ^`d
µ(A) 6 µ(B) r

, `�- � � An ↑ A
Q�l`O�^

µ(An) ↑
SZ^`d

µ(A) = limn µ(An)
r

, ^�- � � An ↓ ∅
Q�l`O�^

µ(An) ↓
SZ^`d

limn µ(An) = 0 r
, { - � � ∑∞

n=1 µ(An)
O���[AYqQ�Y [A^

X
SZ^`d

A =
⋃∞

n=1 An
�PQ�l`O�^

µ(A) 6
∑∞

n=1 µ(An)
r
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µ
gONAo��Ll\[\�L[��Al\o eUoZPSe7
�eU[\u��Al\o

��XANAYZPS[\TLNAe7
�PSkAo1}Lo�YZPSTLR#lmcnPUPS[\Y�o�Tf�qeU[\u��Al\o���XANAYZPS[\TLN
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Ioµ : S(R) → X
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[\N cfeUeUXAu�[\NA��PSkdcnP�PSkAo
δ
gORU[\NA�

R
Y�TLNQP,cf[\NAe1cfl\l

µ
gONAo��Ll\[\�L[��Al\o�eUoZPSe�cfNAV PSkAovu�o�cfeUXARUo�Tf��c

µ
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����A?=o�u�uvc { K ��


Ioµ
[\e5c ��TLeU[ PS[ }Lo$l\[\NAo�cfR7TL��o�RScnPSTLR

cfNAV
Ioµ(|f |) = 0

[\u��Al\[\o�e
f = 0 µ

gjcrK ofKr��TLR_o�cfY,k
f ∈ S(R)
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d[ �7PSkAo�RUo1oytr[\e�PSe�c	eUo�wxXAo�NAY�o
(fn)

∞
n=1

Tf�
R
gOeU[\u��Al\o���XANAYZPS[\TLNAe�eUXAY,k�PSkdcnP

0 6 fn ↑ f µ
gjcrK ofKdcfNAV�PSkAo�RUo�oytr[\e�PSe

limn

∫
fn dµ

[\N
(X, ‖ · ‖)

KAMON�PSkA[\e_oZ}Lo�NQP�� o�VAo�NATfPSo

Iτµ(f) := τ
g∫

f dµ := lim
n

∫
fn dµ.

, p�-

��N�cfRN�A[ PSRScfR	�
R loc gOu�o�cfeUXARSc��Al\o_��XANAYZPS[\TLN f : Ω → R∪{±∞}

[\e 9�>235%�84!$+ �
67%"
Q[ �"eUT�cfRUo
f+

cfNAV
f− cfNAV Iτµ(f)

[\e_VAo"6dNAo�V ���
Iτµ(f) := Iτµ(f

+)− Iτµ(f
−)
K
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f
[\e�[\NQPSo��LRSc��Al\o�[\N�PSkAo1eUo�NAeUo�Tf�5��o"6dNA[ PS[\TLN { K zvcfe�� o�l\l

cfNAV
Iτµ(f) = Ioµ(f)

KqM Pv��TLl\l\T���e�PSkdcnP
Iτµ(f)
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0PSkdcnP
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TLN PSkAo�Y,kATL[\Y�o�Tf� cfN [\NAY�RUo�cfeU[\NA�
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f µ
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?=o�u�uvc { K J��rK=MON��dcfR�PS[\Y�XAlmcfR7

limn ‖I

o
µ(fn)‖ = 0

��TLR�cfN�� eUo�wxXAo�NAY�o
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S(R)
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fn ↓ 0 µ
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o�wxXA[ }fcfl\o�NAY�ovRUo�lmcnPS[\TLN
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cfNAV�PSkAo�}Lo�YZPSTLR�lmcnPUPS[\Y�o
L0(µ)
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1
τ (µ)
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PSkAo_�dcfR�P5Tf�

L 1
o (µ)

Y�TLNAeU[\e�PS[\NA� Tf�bPSTL��TLl\TL�L[\Y�cfl\l�� [\NQPSo��LRSc��Al\o0��XANAYZPS[\TLN�
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L1
τ (µ)

PSkAo_eUoZP
Tf� cfl\l o�wxXA[ }fcfl\o�NAY�o�Y�lmcfeUeUo�e Tf�0u�o�u<��o�RUe�Tf�

L 1
τ (µ)

K �#[ }Lo�N
f ∈ L 1

τ (µ)

bPSkAo�o�wxXA[ }fcfl\o�NAY�o

Y�lmcfeUeUo�e Tf�
f
[\N

L 1
τ (µ)

cfNAV
L 1

o (µ)
Y�TL[\NAY�[\VAofK%�_kAo�RUoZ��TLRUo�


L1
τ (µ)

[\e c�eUX8�AlmcnPUPS[\Y�o�Tf�
L1
o(µ)

K
, ^�-4�_kAo�[\NQPSo��LRScnPS[\TLN TL��o�RScnPSTLR

Iτµ : f̃ 7→
∫
f dµ

cfYZPS[\NA����RUTLu
L1
τ (µ)

PST
X
[\e�l\[\NAo�cfR

cfNAV�e�PSRU[\YZPSl�� ��TLeU[ PS[ }LofK��_kAovlmcnPUPSo�R#u�o�cfNAe#PSkdcnP
Iτµ
[\e#��TLeU[ PS[ }Lo�cfNAV

Iτµ(|f̃ |) = 0
[\u��Al\[\o�e

f = 0 µ
gjcrK ofK
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(fn)

∞
n=1 R O S dKOeh�a�O SZY�[A^�n Y�OeUKW9O�^`heOc_ � R

\�Y�[Ab/gHo
O � W3^`h;Q�[
_;^KY he_;^ \� O�a�nX[A^�n Q _ �;O�a�_
µ
\�S r O r � l`O�^ Q�l`O Y�OeUKW9O�^`heO (

Iτµ(fn)
) dKOeh�a�O SZY�O�YjSZ^`d he_;^#� O�a�n�O�YVQ _ �;O�a�_

[A^
(X, ‖ · ‖X)

r
C
�_kAo�RUo�[\e�NAT
l\TLeUe�Tf�q�Lo�NAo�RScfl\[ P@��[\N cfeUeUXAu�[\NA��PSkdcnP

fn(t) ↓ 0
��TLR cfl\l

t ∈ Ω
K + [ht cfN

cfRN�A[ PSRScfR	�
ε > 0

cfNAV �AXrP
M := supt∈Ω f1(t)



B := {f1 > 0}


�cfNAV
An := {fn > ε}

��TLR
cfl\l

n ∈ N
K�& l\o�cfRUl���


B ∈ R
cfNAV

An ↓ ∅
K�iD� ?=o�u�uvc��rK ^9, ^�-_PSkAo�RUo1oytr[\e�PSe

m ∈ N
eUXAY,k

PSkdcnP
‖µ(An)‖ 6 ε

��TLR�cfl\l
n,m ∈ N



m 6 n

K + TLR$PSkAo�eScfu�o
m
cfNAV

n
� o�kdc�}Lo

0 6 fn 6 fm = fmχB = fmχAm + fmχB\Am 6 MχAm + εχB.

M �
C
[\e�c	wxXdcfeU[hg PSRU[mcfNA�Ll\o�Y�TLNAe�P,cfNQP�Tf�

X
PSkAo�N

‖Iτµ(fn)‖ 6 C(M‖µ(Am)‖+ ε‖µ(B)‖) 6 Cε(M + ‖µ(B)‖) (m 6 n).

�W[\NAY�o
ε > 0

�$cfe�cfRN�A[ PSRScfR	��
r[ P_��TLl\l\T���e PSkdcnP ∫
φn dµ ↓ 0

K
B

. 6=< <�� 	�@���@ � � (fn) [AY SjdKOeh�a�O SZY�[A^�n Y�OeUKW9O�^`heOT_ � L
1
τ (µ)

he_;^#� O�a�nX[A^�n Q _ �;O�a�_
µ
\�S r O r �Q�l`O�^

limn ‖
∫
fn dµ‖X = 0 r

C
+ [ht cfN cfRN�A[ PSRScfR	�

ε > 0
K + TLR oZ}Lo�R	�

n ∈ N
�A[\Y,� c�eU[\u��Al\o���XANAYZPS[\TLN

gn
eUXAY,k PSkdcnP

0 6 gn 6 fn µ
gjcrK ofKLcfNAV

‖
∫
(fn−gn) dµ‖X 6 ε2−nC−(n+1) 
n��kAo�RUo C [\e5c wxXdcfeU[hg PSRU[mcfNA�Ll\o

Y�TLNAe�P,cfNQP�KA��o�NATfPSo
hn :=

∧n
k=1 gk

��TLR cfl\l
n ∈ N

K��_kAo�N
PSkAo RUo�lmcnPS[\TLNAe
0 6 hn 6 fn µ

gjcrK ofK
cfNAV

fn ↓ 0 µ
gjcrK ofKd[\u��Al��

hn ↓ 0 µ
gjcrK ofKbiD�
}W[\R�PSXAo�Tf� ?=o�u�uvc	�rK ��PSkAo�RUo�oytr[\e�PSe�c	NdcnPSXARScfl

n0
eUXAY,k*PSkdcnP

‖
∫
hn dµ‖X 6 C−1ε

��TLR�cfl\l
n > n0

K��4�AeUo�R�}Lo�PSkdcnP_��TLR_o�cfY,k
n ∈ N

0 6 fn − hn = fn −

n∧

i=1

gi =

n∨

i=1

(fn − gi) 6

n∑

i=1

(fi − gi)

kATLl\VAe
µ
gjcrK ofKH& TLNAeUo�wxXAo�NQPSl���
H����}W[\R�PSXAo#Tf� ?=o�u�uvc	`WK { PSkAo#��TLl\l\T���[\NA��o�e�PS[\uvcnPSo�e$��XAl�6dl\l

∥∥∥∥
∫

fn dµ

∥∥∥∥
X

6 C

(∥∥∥∥
∫

(fn − hn) dµ

∥∥∥∥
X

+

∥∥∥∥
∫

hn dµ

∥∥∥∥
X

)
6

C

(∥∥∥∥
∫ n∑

i=1

(fi − gi) dµ

∥∥∥∥
X

+ C−1ε

)
= C

∥∥∥∥
n∑

i=1

∫
(fi − gi) dµ

∥∥∥∥
X

+ ε 6

C
n∑

i=1

Ci

∥∥∥∥
∫

(fi − gi) dµ

∥∥∥∥
X

+ ε 6
n∑

i=1

ε2−i + ε 6 2ε

��TLR�cfl\l
n > n0

KAM P���TLl\l\T���e PSkdcnP
limn ‖

∫
fn dµ‖X = 0
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��XANAYZPS[\TLNAe�[\e1PSkAo�}Lo�YZPSTLR
lmcnPUPS[\Y�o

L1
τ (µ)

o�NAVAT�� o�V*��[ PSk�PSkAo�wxXdcfeU[hgONATLRUu

‖f‖τ :=
∥∥∥
∫

|f | dµ
∥∥∥
X

(
f ∈ L1

τ (µ)
)
.
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M P1��TLl\l\T���e#��RUTLu PSkAovl\[\NAo�cfRU[ P@� cfNAV e�PSRU[\YZP1��TLeU[ PS[ }W[ P@� Tf�
Iτµ
PSkdcnP

‖ · ‖τ
[\e1c*wxXdcfeU[hgONATLRUu

��[ PSk�PSkAo�eScfu�o#PSRU[mcfNA�Ll\o�Y�TLNAe�P,cfNQP cfe_PSkdcnP�Tf�
X
K

�/57698�:;6=< 	�@���� @ � l`O Y�g&SXheO
L1
τ (µ)

[AY SZ^ _;a�dKO�a dKO�^KY�O [
dKO SZo [A^
L0(Ω,R loc, µ) r� ^Vg&SZaqQ�[
h;W3o�SZa%�

L1
τ (µ)

[AY0S s OedKO�
9[A^`d σ
\ he_;b/gHo
O;Q O � Oeh;Q _;a0o�S�Q�Q�[
heO r

C
C�TfPSo PSkdcnP

L1
τ (µ)

[\e*c }Lo�YZPSTLR*eUX8�AeU�dcfY�o�Tf�
L0(µ)

cfNAV�
R��� VAo"6dNA[ PS[\TLN�
_c Y�TLeUoZP
f̃ ∈ L0(µ)

��o�l\TLNA�Le$PST
L1
τ (µ)

[ �?cfNAV*TLNAl��v[ � ˜|f | ∈ L1
τ (µ)

K8�_kAo�RUoZ��TLRUo�
d[ P_eUX���Y�o�e�PST	eUkAT��
PSkdcnP�[ �

f, g ∈ L 0(µ)


0 6 g 6 f µ

gjcrK ofK�
dcfNAV
f ∈ L 1

τ (µ)

rPSkAo�N

g ∈ L 1
τ (µ)

K
�4�AeUo�R�}LoD6dRUe�P?PSkdcnP?cfl\lQY�TLu���TLNAo�NQPSe7Tf�dc�Y�TLeUoZP

f̃ ∈ L1
τ (µ)

��o�l\TLNA��PST
L1
τ (µ)


�TLR7[\N�TfPSkAo�R
� TLRUVAe

χAf ∈ L 1
τ (µ)

��TLR#cfl\l
A ∈ R loc K�MONAVAo�o�V�
"P,cf�fo�cfN [\NAY�RUo�cfeU[\NA��eUo�wxXAo�NAY�o (fn)n∈NTf�

R
gOeU[\u��Al\o���XANAYZPS[\TLN
��[ PSk

0 6 fn ↑ f µ
gjcrK ofKAcfNAV

limn ‖f − fn‖τ = 0
K � eU[\NA��PSkAo#o�cfe	�

RUo�lmcnPS[\TLN
χA1χA2 = χA1∩A2


d� o1Y�TLNAY�l\XAVAo�PSkdcnP�PSkAo1eUo�wxXAo�NAY�o
(χAfn)

∞
n=1

Y�TLNAeU[\e�PSe�Tf�
R
g

eU[\u��Al\o ��XANAYZPS[\TLN"K�s*TLRUo�T�}Lo�R7

0 6 χAfn ↑ χAf µ

gjcrK ofKbcfNAV�o�u��Al\T �W[\NA��PSkAo�u�TLNATfPSTLNA[\Y�[ P@�
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[\NQPSRUTWVAXAY�o�V*[\N*��o"6dNA[ PS[\TLN�pWK �	cfNAV�NAT�� � o�o�NAVAT�� [ PR���*c�wxXdcfeU[hgONATLRUu

‖f‖ow := ‖Îoµ(|f |)‖X (f ∈ L1
ow(µ)),

, ��-

��kAo�RUo
Îoµ : L1

ow(µ) → X
[\e1PSkAo�eUuvcfl\l\o�e�P�oytWPSo�NAeU[\TLN Tf��PSkAo�[\NQPSo��LRScnPS[\TLN TL��o�RScnPSTLR

Ioµ



eUo�o ��o"6dNA[ PS[\TLN pWK JLK���o�NATfPSoF���
Îτµ : L1

τw(Ω,R
loc, µ) → X

PSkAo eUuvcfl\l\o�e�P*oytWPSo�NAeU[\TLN
Tf��PSkAo PSTL��TLl\TL�L[\Y�cfl�[\NQPSo��LRScnPS[\TLN TL��o�RScnPSTLR

Iτµ
K �_kAo wxXdcfeU[hgONATLRUu�o�V lmcnPUPS[\Y�o

L1
τw(µ) :=

L1
τw(Ω,R

loc, µ)
Tf� ��%,+	�"6 4

τ
-59�>235%�84!$+ �
67%_��XANAYZPS[\TLN�[\eIVAo"6dNAo�VvcfeIPSkAo$}Lo�YZPSTLR5lmcnPUPS[\Y�o

L1
τw(µ)o�NAVAT�� o�V���[ PSk�PSkAo�wxXdcfeU[hgONATLRUu

‖f‖τw := ‖Îτµ(|f |)‖X (f ∈ L1
τw(µ)).

, z�-
�WTLu�oJ�dcfeU[\Y �ARUTL��o�R�PS[\o�e Tf�=� o

L1
τw(µ)

cfNAV
L1
ow(µ)

cfRUo l\[\e�PSo�V
[\NvPSkAo���TLl\l\T���[\NA��RUo�eUXAl P�K
�/57698�:;6=< ��@���@KNPO;Q

X := (X, ‖·‖X) R O S s OedKO�
9[A^`d he_;b/gHo
O;Q O�UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heOik[�Q�l Q�l`OjQ�a�[�SZ^�nXo
O he_;^KYqQ�SZ^`Q
C r � l`O�^ Q�l`O � _;oAo
_3ik[A^�n SZY�Y�O�aqQ�[
_;^KY l`_;o
d��,jJ�-

L1
τw(µ)

SZ^`d
L1
ow(µ)

SZa�OT_;a�dKO�a dKO�^KY�O [
dKO SZoAY [A^
L0(µ) r

, `�-
L1
τw(µ)

SZ^`d
L1
ow(µ)

SZa�OTUKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO�Y ik[�Q�l Q�l`O/Q�a�[�SZ^�nXo
O he_;^KYqQ�SZ^`Q
C r

, ^�- � � X [AY
p
\�^`_;a�bfS R o
O � _;a�Y�_;bcO 0 < p < +∞

� Q�l`O�^ Y�_ SZa�O
L1

τw(µ)
SZ^`d

L1
ow(µ)

r
, { -

L1
ow(µ)

[AY0SZ^ _;a�dKO�apdKO�^KY�O [
dKO SZo _ � L1
τw(µ)

SZ^`d
Îτµ 6 Îoµ

r
, p�- � l`Oj[A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a

Ioµ : L1
o(µ) → X

[AYj_;a�dKO�ajhe_;^`Q�[A^`W9_=W3Ym[ � SZ^`d _;^Ko�� [ �
L1
ow(µ) = L1

τw(µ)
SZ^`d

‖ · ‖ow = ‖ · ‖τw
r

C
,jJ�- �_Y�Y�TLRUVA[\NA��PSTJ�_kAo�TLRUo�u �rK JLJ

L1
τ (µ)

[\e?cfN�TLRUVAo�R7VAo�NAeUo$[\VAo�cflxTf�
L0(µ)

cfNAV1kAo�NAY�o
eUT�[\e

L1
τw(µ)

��� ��o"6dNA[ PS[\TLN pWK JLK"�W[\u�[\lmcfRUl���

L1
o(µ)

[\e cfN TLRUVAo�R�VAo�NAeUo�[\VAo�cfl7Tf�
L0(µ)

���
?=o�u�uvc { K JLJ�cfNAV*kAo�NAY�o�eUT�[\e

L1
ow(µ)

������o"6dNA[ PS[\TLN�pWK JLK
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, `�- �_kAo��ARUTWTf�"RUXANAe cfl\TLNA�#PSkAo�l\[\NAo�eqTf��PSkAo��ARUTWTf��Tf�=zrK `R, `�-yK%�?cf�fo�c�eUo�wxXAo�NAY�o
(f̃n)

∞
n=1[\N

L1
τw(µ)+

eUXAY,k PSkdcnP ∑∞
n=1 C

n‖f̃n‖τw < ∞
K�MON }W[\oZ� Tf�5PSkAo�VAo"6dNA[ PS[\TLN Tf�qPSkAo�wxXdcfeU[hg

NATLRUu
‖ · ‖τw

,�eUo�o*��TLRUu�XAlmcI, z�-N-�� o�kdc�}Lo ∑∞
n=1 C

n‖Îτµ(f̃n)‖X < ∞
cfNAV�
0cfe

X
[\e�c

wxXdcfeU[hgji$cfNdcfY,k lmcnPUPS[\Y�o�
IPSkAo�RUo*oytr[\e�PSe
x :=

∑∞
n=1 Î

τ
µ(f̃n)

[\N
X+

�����_kAo�TLRUo�u `WK �WK��5XrP
Sm :=

∑m
n=1 fn

��TLR�cfl\l
m ∈ N

cfNAV NATfPSovPSkdcnP�PSkAo�eUo�wxXAo�NAY�o
(Sm)m∈N

[\N
L 1

τw(µ)
[\e

��TLeU[ PS[ }Lo�cfNAV*[\NAY�RUo�cfeU[\NA�
µ
gjcrK ofKdcfNAV

x = lim
m

∫
Sm dµ =

∞∨

m=1

Îτµ(Sm).

��o"6dNAo1c
R loc gOu�o�cfeUXARSc��Al\o���XANAYZPS[\TLN f : Ω → R ∪ {+∞}

�����AXrPUPS[\NA�

f(t) := sup
m∈N

Sm(t) (t ∈ Ω).

M �
f
[\eR6dNA[ PSo

µ
gjcrK ofKdPSkAo�N [ P���TLl\l\T���e_��RUTLu ?=o�u�uvcvpWK { PSkdcnP

f̃ ∈ L1
τw(µ)

cfNAV
Îτµ(f̃) = xeUT	PSkdcnP1


∥∥∥∥f −
m∑

n=1

f̃n

∥∥∥∥
τw

=

∥∥∥∥x−
m∑

n=1

Îτµ(f̃n)

∥∥∥∥
X

→ 0

cfe
m → +∞

cfNAV�� o1cfRUo#VATLNAo ��� �_kAo�TLRUo�u�`WK �WK
�5NAeUXARUo1PSkdcnP

f
[\e'6dNA[ PSo

µ
gjcrK ofK��4�AeUo�R�}Lo�PSkdcnP���TLR

A := {f = ∞}
� o�kdc�}Lo

A ∈ R loc

cfNAV
0 6 Sm ∧ kχA ↑m kχA µ

gjcrK ofKI��TLR	cfl\l
k ∈ N

K0�W[\NAY�o
supm Îτµ(Sm ∧ kχA) 6 x



cf�Qcf[\N�?=o�u�uvc�pWK { eUkAT���e PSkdcnP

kχA ∈ L1
τw(µ)

cfNAV
Îτµ(kχA) 6 x

��TLR cfl\l
k ∈ N

K>�_kxXAe7


Îτµ(χA) = 0
cfNAV ����e�PSRU[\YZP���TLeU[ PS[ }W[ P@�vTf�

Îτµ
� o�Y�TLNAY�l\XAVAo#PSkdcnP

χA = 0 µ
gjcrK ofK8C�T�� 
d[ �?cfN

cfRN�A[ PSRScfR	�
B ∈ R

[\e Y�TLNQP,cf[\NAo�V
[\N
A

xPSkAo�N

χB = 0 µ
gjcrK ofKWM P ��TLl\l\T���eqPSkdcnP

µ(B) = 0
cfNAV

kAo�NAY�o
µ(A) = 0

cfe
µ
[\e_eUo�u�[hg;6dNA[ PSofK

+ TLR
L1
ow(µ)

PSkAo��ARUTWTf���L[ }Lo�N�c���T�}Lo�Y�cfRURU[\o�e5T�}Lo�Rq}Lo�RN�dcnPS[\u RUo��AlmcfY�[\NA�
‖·‖τw

���
‖·‖ow



Îτµ
���

Îoµ

bcfNAV�u�oZPSRU[\Y#l\[\u�[ PSeD����TLRUVAo�R�l\[\u�[ PSe�K

, ^�-5�_kA[\e�[\e$PSRU[ }W[mcfl*
WeUo�o�zrK `R, ^�-yK
, { -���eUeUXAu�o PSkdcnP

0 6 f ∈ L1
ow(µ)



g ∈ L1

τ (µ)

�cfNAV

0 6 g 6 f
K�iD� PSkAo

cfeUeUo�R�PS[\TLN zrK `R, { -
g ∈ L1

o(µ)
cfNAV

Iτµ(g) = Ioµ(g) 6 Îoµ(f)
��TLR�cfl\l

g ∈ L1
τ (µ)

��[ PSk

0 6 g 6 f
KQM Pq��TLl\l\T���eI��RUTLu(��o"6dNA[ PS[\TLN
pWK J�PSkdcnP

f ∈ L1
τw(µ)

cfNAV
Îµ(f)

τ 6 Îoµ(f)
K��_kxXAe7


� o1�LoZP
L1
ow(µ) ⊂ L1

τw(µ)
cfNAV

Îτµ(f) 6 Îoµ(f)
��TLR�cfl\l

f ∈ L1
ow(µ)

K�s*TLRUo�T�}Lo�R7

L1
ow(µ)

[\e
cfN*TLRUVAo�R_VAo�NAeUo�[\VAo�cfl"Tf�

L1
τw(µ)

��� ,jJ�-yK
, p�-	M �

L1
ow(µ) = L1

τw(µ)
PSkAo�N

Îτµ = Îoµ
���B��o�uvcfRU� �rK �R,jJ�-/
0eUT�PSkdcnP

Îoµ
[\evTLRUVAo�R

Y�TLNQPS[\NxXATLXAe*cfY�Y�TLRUVA[\NA� PSTI�_kAo�TLRUo�u �rK J�^rK'& TLNQ}Lo�RUeUo�l���
�eUXA�A��TLeUo PSkdcnP�PSkAo [\NQPSo��LRScnPS[\TLN
TL��o�RScnPSTLR

Ioµ
��RUTLu

L1
o(µ)

PST
X
[\e TLRUVAo�R Y�TLNQPS[\NxXATLXAe�K��?cf�fo

0 6 f ∈ L1
τw(µ)

cfNAV
g ∈ L1

o(µ)��[ PSk
0 6 g 6 f

KfiD��PSkAo_cfeUeUo�R�PS[\TLN	zrK `R, { -=PSkAo�RUo$oytr[\e�PSe5c�NAoZP
(gα)α∈A

[\N
L1
τ (µ)

eUXAY,k�PSkdcnP

0 6 gα ↑ g
K7s�cf�x[\NA�*XAeUovTf�_��o�uvcfRU� �rK �R,jJ�-#cfNAV TLRUVAo�R�Y�TLNQPS[\NxXA[ P@� Tf� PSkAo�[\NQPSo��LRScnPS[\TLN

TL��o�RScnPSTLR
Ioµ
� o1VAo�VAXAY�o

Ioµ(g) = supα I
o
µ(gα) = supα I

τ
µ(gα) 6 Iτµ(f)

��TLR�cfl\l
g ∈ L1

o(µ)��[ PSk
0 6 g 6 f

K7iD� VAo"6dNA[ PS[\TLN Tf�$PSkAo�eUuvcfl\l\o�e�P�oytWPSo�NAeU[\TLN � ovkdc�}Lo
f ∈ L1

ow(µ)
cfNAV

Îoµ(f) 6 Îτµ(f)

A��kAo�NAY�o

L1
τw(µ) ⊂ L1

ow(µ)
cfNAV

Îoµ(f) 6 Îτµ(f)
��TLR�cfl\l

0 6 f ∈ L1
τw(µ)

K
�_kAo�lmcnPUPSo�R � cfYZP�PSTL�LoZPSkAo�R$��[ PSk*zrK pR, { -D�W[\o�l\VAe_PSkAo�VAo�eU[\RUo�V*RUo�eUXAl P�K
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X R O S s OedKO�
9[A^`d he_;b/gHo
O;Q OpUKWXSZY�[]\	��SZ^�SXh�lco�S�Q�Q�[
heO r � l`O�^ Q�l`O�a�O
O���[AYqQ�YVS � Oeh;Q _;a bcO SZYqW3a�O Y�g&SXheO

(Ω,R, µ)
ik[�Q�l SZ^

X+
\�� SZo�W9Oed Y�O�b []\�tK^K[�Q O o
_=h SZoA[�� S R o
O
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bcO SZYqW3a�O
µ
YqW9h�l Q�l�S�Q Q�l`O.Y�bfSZoAo
O�YqQ O���Q O�^KY�[
_;^

Îoµ
_ � Q�l`O.[A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a

Ioµ[Ab/gHo
O�bcO�^`Q�YTSZ^ [AY�_;bcO;Q�a�[
hTo�S�Q�Q�[
heOT[AY�_;bc_;a�gHlK[AY�b _ � L1
ow(Ω,R

loc, µ)
_;^`Q _

X r " _;a�Oe_$� O�a%�
� _;aPO SXh�ljhe_;b/gHo
O;Q O"d9[AY�
e_;[A^`Q�Y�O;Q Γ ⊂ X+

_;^`Okh SZ^jh�l`_=_;Y�O
µ
Y�_ Q�l�S�Q

Ioµ
bfSegHY

L1
o(Ω,R

loc, µ)_;^`Q _
XΓ

r
C
�_kA[\e_��TLl\l\T���e ��RUTLuG�_kAo�TLRUo�u��WK �	cfNAV���o"6dNA[ PS[\TLN�zrK { K

B
. 6=< <�� ��@��H@�NPO;Q

X := (X, ‖ · ‖X) R O S s OedKO�
9[A^`d he_;b/gHo
O;Q O UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heOSZ^`d
µ : R → X+

S Y�O�b []\�tK^K[�Q Ofo
_=h SZoA[�� S R o
OVbcO SZYqW3a�O r 
pY�YqW3bcO Q�l�S�Q
(fα)α∈A

[AY SZ^
[A^`h�a�O SZY�[A^�n ^`O;Q [A^

L1
τw(µ)

SZ^`d Q�l`O�a�O O���[AYqQ�Y
y = supα∈A Îτµ(fα)

[A^
X+

r � l`O�^CQ�l`O�a�Oj[AY
f ∈ L1

τw(µ)
YqW9h�l Q�l�S�Q

0 6 fα ↑ f
SZ^`d

Îτµ(f) = y r
C
�_Y�Y�TLRUVA[\NA��PST �_kAo�TLRUo�u�e?zrK pWK ,jJ�-"cfNAV �_kAo�TLRUo�u pWK J��

L1
τw(µ)

[\e7cfN�TLRUVAo�R VAo�NAeUo [\VAo�cfl
Tf�#XANA[ }Lo�RUeScfl\l�� Y�TLu��Al\oZPSo�}Lo�YZPSTLR
lmcnPUPS[\Y�o

L0(µ)
K0iD���_kAo�TLRUo�u�e
�rK J�^ cfNAVT?=o�u�uvcfevpWK `

cfNAV pWK ^9, `�-vPSkAo TL��o�RScnPSTLR
Îτµ
[\e�TLRUVAo�R�Y�TLNQPS[\NxXATLXAe�cfNAV e�PSRU[\YZPSl��F��TLeU[ PS[ }LofK_MON }W[\oZ� Tf�

�_kAo�TLRUo�u�pWK J���� o�Y�cfN*cf�A�Al�� ?=o�u�uvc	pWK p1PST
Îτµ
K
B
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�_Y�Y�TLRUVA[\NA��PST���o�uvcfRU�xe��rK `�cfNAV*�rK �R,jJ�-/
ATLRUVAo�R�cfNAV�PSTL��TLl\TL�L[\Y�cflb[\NQPSo��LRScnPS[\TLN
PSkAo�TLRU[\o�e

��[ PSk*RUo�eU��o�YZP�PSTvc�}Lo�YZPSTLR�u�o�cfeUXARUo�Y�TL[\NAY�[\VAo ��kAo�NAoZ}Lo�R�PSkAo�u�o�cfeUXARUo�P,cf�fo�e�}fcfl\XAo�e�[\N�cfN
TLRUVAo�R Y�TLNQPS[\NxXATLXAe�wxXdcfeU[hgji$cfNdcfY,k lmcnPUPS[\Y�ofKbMON�PSkA[\e�eUo�YZPS[\TLN�� o�Y�TLNAeU[\VAo�R cveU��o�Y�[mcfl7Y�cfeUo�Tf�
u�o�cfeUXARUo�e���[ PSk�}fcfl\XAo�e_[\N�TLRUVAo�R�Y�TLNQPS[\NxXATLXAe��dcfR�PSe�Tf�?wxXdcfeU[hgji$cfNdcfY,k�lmcnPUPS[\Y�o�e�K
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Xan

Tf�7c�wxXdcfeU[hgji$cfNdcfY,k
lmcnPUPS[\Y�o
X
[\e

PSkAo$lmcfRU�Lo�e�PITLRUVAo�RIY�TLNQPS[\NxXATLXAe5[\VAo�cflW[\N
X
TLR7
nu�TLRUo oytr�Al\[\Y�[ PSl���
�PSkAo$Y�TLl\l\o�YZPS[\TLN1Tf��cfl\l

x ∈ XeUXAY,k1PSkdcnP1
;�L[ }Lo�N1c�NAoZP
(xα)

[\N
X

�PSkAo0RUo�lmcnPS[\TLN

|x| > xα ↓ 0
[\u��Al\[\o�e

‖xα‖ ↓ 0
K��_kAo �"!$#&%'!

σ
-$:��">23�9�>2/2�"/ -�1 +4! 3

Xa
Tf�

X
[\e7VAo"6dNAo�V�eU[\u�[\lmcfRUl���cfe7PSkAo0lmcfRU�Lo�e�P?TLRUVAo�R

σ
gOY�TLNQPS[\NxXATLXAe7[\VAo�cfl

[\N
X

APSkdcnP�[\e7
AXAeU[\NA�	eUo�wxXAo�NAY�o�e [\NAe�PSo�cfV�Tf�?u�TLRUo#NAoZPSe�K>& l\o�cfRUl���


Xan ⊂ Xa. 6=< <�� ���&@A>�@�� � X = (E, ‖ · ‖)
[AY S UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heOcQ�l`O�^

Xa
[AY S h�o
_;Y�Oed

YqW R o�S�Q�Q�[
heOT_ � X r � ^Vg&SZaqQ�[
h;W3o�SZa%� X [AY0S UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO r
C
�?cf�fo c�eUo�wxXAo�NAY�o

(xn)
[\N

Xa
Y�TLNQ}Lo�RU�L[\NA��PST

x ∈ X
KQ��o�uvc1��cfeUeUXAu�o���[ PSkATLXrP0l\TLeUe

Tf���Lo�NAo�RScfl\[ P@�1PSkdcnP
x
cfNAV�cfl\l

xn
cfRUo_��TLeU[ PS[ }LofKx�WXA�A��TLeUo�PSkdcnP0c�eUo�wxXAo�NAY�o

(yk)
[\N

X
T���o"�We

PSkAo�Y�TLNAVA[ PS[\TLNAe
x > yk ↓ 0

K?MON TLRUVAo�R1PST o�NAeUXARUo�PSkAo�Y�l\TLeUo�VANAo�eUe	Tf�
Xa

I[ P�eUX���Y�o�e	PST

eUkAT�� PSkdcnP
‖yk‖ ↓ 0

K + [ht�cfN*cfRN�A[ PSRScfR	�
ε > 0

Kb�4�AeUo�R�}Lo�PSkdcnP_PSkAo�eUo�wxXAo�NAY�o
(xn ∧ y1)n∈NY�TLNQ}Lo�RU�Lo�e_PST

y1
���.?=o�u�uvc�`WK ��cfNAV�kAo�NAY�o�PSkAo�RUo oytr[\e�PSe

n0 ∈ N
��[ PSk

‖xn0 ∧ y1 − y1‖ <

ε/(2C)
��kAo�RUo

C
[\e$c�wxXdcfeU[hg PSRU[mcfNA�Ll\o�Y�TLNAe�P,cfNQP_Tf�

X
K��_kAo#lmcfe�P$[\NAo�wxXdcfl\[ P@��RUo�uvcf[\NAeq}fcfl\[\V

[ �7� o�RUo��AlmcfY�o
y1
���

yk
��TLR�cfN��

k ∈ N
KAMONAVAo�o�V�


0 6 yk − xn0 ∧ yk = (yk − xn0) ∨ 0 6 (y1 − xn0) ∨ 0 = y1 − xn0 ∧ y1
cfNAV�PSkAo�u�TLNATfPSTLNA[\Y�[ P@�vTf�?PSkAo�wxXdcfeU[hgONATLRUu �W[\o�l\VAe

‖yk − xn0 ∧ yk‖ 6 ‖y1 − xn0 ∧ y1‖ 6

ε/2C
K%�_kAo eUo�wxXAo�NAY�o

(xn0 ∧ yk)k∈N
[\e Y�TLNQP,cf[\NAo�Vv[\N

Xa
cfNAV

xn0 ∧ yk ↓ 0
cfe

k → ∞
KWiD�

VAo"6dNA[ PS[\TLN	J��rK J
‖xn0∧yk‖ ↓ 0

eUT�PSkdcnP=PSkAo�RUoqoytr[\e�PSe
k0 ∈ N

eUXAY,k�PSkdcnP
‖xn0∧yk‖ 6 ε/(2C)��TLR�cfl\l

k > k0
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Xa = Xan.
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σ
gOY�TLu��Al\oZPSo�
Q��TLeUeUo�eUeUo�e�c

σ
gOY�TLNQPS[\NxXATLXAe wxXdcfeU[hgONATLRUu 


cfNAV�[\e�c	wxXdcfeU[hgji$cfNdcfY,k*lmcnPUPS[\Y�o ��� ?=o�u�uvc
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Xa = Xan
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O;Q O UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO SZ^`d
(Ω,R loc, µ)
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τ
\�bcO SZYqW3a�OpY�g&SXheO/ik[�Q�l
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\�� SZo�W9OedVbcO SZYqW3a�O r � l`O�^
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loc, µ)]a = [L1
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loc, µ)]an = L1
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f > f − fn ↓ 0 µ
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µ
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Iτµ(f) = limn I
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µ(fn)
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heOCSZ^`d
ΓS he_;b/gHo
O;Q O0d9[AY�
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h;W3o�SZa%� � _;a O�� O�a�� x ∈ X
Q�l`O�a�O0[AY�S/Y�OeUKW9O�^`heO

σ : N → Γ
YqW9h�l Q�l�S�Q
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n∈N xσ(n)ik[�Q�l
xσ(n) ∈ Xσ(n) � _;a0SZoAo n ∈ N
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X
K��_kxXAe7
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x ∈ X+kdcfe0c#XANA[\wxXAo�RUo��ARUo�eUo�NQP,cnPS[\TLN�Tf�bPSkAo_��TLRUu
x =

∨
γ∈Γ xγ
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0 6 xγ ∈ Xγ

��TLRqcfl\l
γ ∈ Γ
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σ : N → Γ
eUXAY,k�PSkdcnP

x =
∨

n∈N xσ(n)
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x =

∑
n∈N xσ(n)

Y�TLNQ}Lo�RU�Lo�e�XANAY�TLNAVA[ PS[\TLNdcfl\l��.��o�Y�cfXAeUo
x =

∨
n∈N xσ(π(n))
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π
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X = XΓ
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(Ω,R, µ)
ik[�Q�l Y�O�b []\�tK^K[�Q O o
_=h SZoA[�� S R o
O µ : R → Xa

YqW9h�l Q�l�S�Q Q�l`O [A^`Q O	nXa�S�Q�[
_;^V_ g"O�a�S�Q _;a
Iτµ

[AY S0o�S�Q�Q�[
heOk[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZaP[AY�_;bcO;Q�a�� _ � L1
τ (µ)

_;^`Q _
Xa

� iklK[Ao
O
Îτµ

[AYkSpo�S�Q�Q�[
heO
[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZa0[AY�_;bcO;Q�a�� _ � L1

τw(µ)
_;^`Q _

X r " _;a�Oe_$� O�a%�
L1
τ (µ) = L1

o(µ)
SZ^`d

L1
τw(µ) = L1

ow(µ)
SZYmikO�oAo SZY

Iτµ = Ioµ
SZ^`d

Îτµ = Îoµ
r
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Y := Xa
cfNAVA6rt�c#Y�TLu��Al\oZPSo_VA[\e 2UTL[\NQP5eUoZP

Γ
[\N

Y+
K��_Y�Y�TLRUVA[\NA�#PST �_kAo�TLRUo�u�zrK ^

PSkAo�RUo�oytr[\e�PSeqc�}Lo�YZPSTLRqu�o�cfeUXARUo_eU�dcfY�o
(Ω,R, µ)
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YΓ
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u�o�cfeUXARUo
µ
eUXAY,k�PSkdcnP_PSkAo#[\NQPSo��LRScnPS[\TLNvTL��o�RScnPSTLR

Ioµ
[\e_c�lmcnPUPS[\Y�o�[\eUTLu�TLRU�AkA[\eUu cfNAV�l\[\NAo�cfR

[\eUTLu�oZPSR	� Tf�
L1
o(µ)

TLNQPST
YΓ
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cfNAV kAo�NAY�o
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[\e�cfN�TLRUVAo�R�Y�TLNQPS[\NxXATLXAe�wxXdcfeU[hgji$cfNdcfY,k�lmcnPUPS[\Y�o ��� ?=o�u�uvc�J��rK `WK

iD��}W[\R�PSXAo�Tf� ?=o�u�uvc�zrK `R, p�- � o�kdc�}Lo
L1
o(µ) = L1

τ (µ)
cfNAV

Ioµ = Iτµ
cfNAV*kAo�NAY�o

Iτµ
[\e�cfN

[\eUTLu�oZPSRU[\Y lmcnPUPS[\Y�o [\eUTLu�TLRU�AkA[\eUu Tf�
L1
τ (µ)

TLNQPST
Xa
K

?=oZP
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e�P,cfNAV���TLR0PSkAo#eUuvcfl\l\o�e�P$oytWPSo�NAeU[\TLN�Tf�

Iτµ
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Îτµ
[\e_c�TLNAoyg PSTng

TLNAo#[\eUTLu�oZPSRU[\Y�lmcnPUPS[\Y�o�kATLu�TLu�TLRU�AkA[\eUu ���vPSkAo ��TLRUu�XAlmc., z�- cfNAV ?=o�u�uvc�pWK ^rKd�WkAT�� PSkdcnP
Îτµ
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x ∈ X
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(xα)α∈A
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eUXAY,k

PSkdcnP
x = supα xα

K��5XrP
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−1(xα)
cfNAV NATfPSo1PSkdcnP

(fα)α∈A
[\e#cfN [\NAY�RUo�cfeU[\NA�
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L1
τ (µ)+
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supα I

τ
µ(fα) = x

K �W[\NAY�o
µ
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cfNAV

Îτµ(f) = x
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L1
o(µ) = L1

τ (µ)cfNAV
Ioµ = Iτµ

[\u��Al���PSkdcnP
L1
ow(µ) = L1

τw(µ)
cfNAV

Îoµ = Îτµ
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cfNAV

(Ω,R loc, µ)
c�}Lo�YZPSTLR	u�o�cfeUXARUo
eU�dcfY�o���[ PSk

c eUo�u�[hg;6dNA[ PSo�l\TWY�cfl\[\��c��Al\o�u�o�cfeUXARUo
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oκ(µ), ‖ · ‖oκ)

cfNAV
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cfNAV
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X+
K8�_kxXAe7
dPSkAo�RUo�lmcnPS[\TLN

f ∈ L1
oκ(µ)

[\u��Al\[\o�e

sup{‖Ioµ(g)‖X : g ∈ L1
o(µ), 0 6 g 6 f} 6 ‖f‖oκ < ∞

cfNAV�
����	PSkAo4?=oZ}W[��ARUTL��o�R�P@�	��TLR
X

QPSkAo�RUo�oytr[\e�PSe

x := sup{Ioµ(g) : g ∈ L1
o(µ), 0 6 g 6 f}[\N

X
KbiD�
PSkAo�VAo"6dNA[ PS[\TLN�Tf�

Îoµ
� o��LoZP

f ∈ L1
ow(µ)

cfNAV
Îoµ(f) = x

K
B

� :;8��k8������	�
8�� ���&@���@ � � X [AY S s OedKO�
9[A^`d he_;b/gHo
O;Q OVUKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO SZ^`d
µ :

R → X+
[AY/ScY�O�b []\�tK^K[�Q O o
_=h SZoA[�� S R o
OTbcO SZYqW3a�OfQ�l`O�^ L1

τw(µ) ⊂ L1
τκ(µ)

SZ^`d
‖f‖τκ 6

‖f‖τw (f ∈ L1
τw(µ))

r � � �`[A^ SXdKd9[�Q�[
_;^#� X l�SZY Q�l`O �`S�Q _=WmgHa�_ g"O�aqQ�� Q�l`O�^
‖f‖τκ = ‖f‖τw

(f ∈ L1
τw(µ))

r
C
�?cf�fo

0 6 f ∈ Lτw(µ)
K + TLR cfRN�A[ PSRScfR	�

g ∈ L1
τ (µ)

��[ PSk
0 6 g 6 f

� o kdc�}Lo
‖g‖τ =

‖Iτµ(g)‖X 6 ‖Îτµ(f)‖X = ‖f‖τw
��� VAo"6dNA[ PS[\TLN Tf�

Îτµ
K��_kxXAe7
 [\N }W[\oZ� Tf�$��o"6dNA[ PS[\TLN ^rK `

f ∈ L1
τκ(µ)

cfNAV
‖f‖τκ 6 ‖f‖τw

��TLR#cfl\l
f ∈ L1

τw(µ)
K>�_kAo	eUoZP

{Iτµ([0, f ] ∩ L1
τ (µ))}

[\e
XA�Q�$cfRUV VA[\RUo�YZPSo�V�[\N

X+
cfe

Iτµ
[\e�c	��TLeU[ PS[ }Lo�TL��o�RScnPSTLR�KHC�T�� 
�cfeUeUXAu�[\NA�	PSkdcnP

X
kdcfe�PSkAo

+ cnPSTLX��ARUTL��o�R�P@��cfNAV*XAeU[\NA��PSkAo�VAo"6dNA[ PS[\TLN�Tf�
Îτµ
� o�VAo�VAXAY�o

‖f‖τw = ‖Îτµ(f)‖X = ‖ sup{Iτµ(g) : g ∈ L1
τ (µ), 0 6 g 6 f}‖X =

= sup{‖g‖τ : g ∈ L1
τ (µ), 0 6 g 6 f} = ‖f‖τκ,

cfe�Y�lmcf[\u�o�V"K
B

� :;8��k8������	�
8������&@����&@ � � X [AY S s OedKO�
9[A^`d he_;b/gHo
O;Q O UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heOmik[�Q�l Q�l`O
�`S�Q _=W SZ^`d NPO�� [kgHa�_ g"O�aqQ�[
O�Y SZ^`d

µ : R → X+
[AY S Y�O�b []\�tK^K[�Q O o
_=h SZoA[�� S R o
O/bcO SZYqW3a�O �Q�l`O�^

L1
τw(µ)

SZ^`d
L1
τκ(µ)

he_;[A^`h�[
dKO SZYpUKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO�Y r
C
�5RUTL��TLeU[ PS[\TLN J��rK z �LXdcfRScfNQPSo�o�e	PSkdcnP

L1
τw(µ) ⊂ L1

τκ(µ)
cfNAV

‖f‖τκ = ‖f‖τw
��TLR

cfl\l
f ∈ L1

τw(µ)
K �_kAo�RUoZ��TLRUo�
 � o�TLNAl�� kdc�}Lo�PST*eUkAT��(PSkAo	Y�TLNQ}Lo�RUeUo
[\NAY�l\XAeU[\TLN

L1
τw(µ) ⊃

L1
τκ(µ)

K��?cf�fo
cfRN�A[ PSRScfR	�
0 6 f ∈ L1

τκ(µ)
K���e�u�o�NQPS[\TLNAo�V c���T�}Lo�
7PSkAo�eUoZP

{Iτµ([0, f ] ∩

L1
τ (µ))}

[\e_XA�Q�$cfRUV�VA[\RUo�YZPSo�V�[\N
X+

KbiD����o"6dNA[ PS[\TLN*^rK `1� o�kdc�}Lo

sup{‖Iτµ(g)‖X : g ∈ L1
τ (µ), 0 6 g 6 f}

= sup{‖g‖τ : g ∈ L1
τ (µ), 0 6 g 6 f} = ‖f‖τκ < ∞.

iD��PSkAo ?=oZ}W[$�ARUTL��o�R�P@�
x := sup{Iτµ(g) : g ∈ L1

τ (µ), 0 6 g 6 f}
oytr[\e�PSe�[\N

X+
cfNAV

kAo�NAY�o
f ∈ L1

τw(µ)
cfNAV

Îτµ(f) = x
����VAo"6dNA[ PS[\TLN�Tf�

Îτµ
K
B
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8�� ���&@���� @�� � X [AYTS s OedKO�
9[A^`d he_;b/gHo
O;Q O/UKWXSZY�[]\	��SZ^�SXh�l o�S�Q�Q�[
heO SZ^`d
µ :

R → X+
[AY SfY�O�b []\�tK^K[�Q Omo
_=h SZoA[�� S R o
O bcO SZYqW3a�O ��Q�l`O�^ L1

oκ(µ) ⊂ L1
τκ(µ)

SZ^`d
‖f‖τκ 6

‖f‖oκ � _;aVSZoAo f ∈ L1
oκ(µ)

r�" _;a�Oe_$� O�a
L1
oκ(µ)

SZ^`d
L1
τκ(µ)

he_;[A^`h�[
dKOfSZYfUKWXSZY�[]\	��SZ^�SXh�l
o�S�Q�Q�[
heO�Y�[ � SZ^`d _;^Ko�� [ � L1

o(µ)
l�SZY Q�l`O �`S�Q _=WmgHa�_ g"O�aqQ�� r

C
+ TLR�cfRN�A[ PSRScfR	�

0 6 f ∈ Loκ(µ)
cfNAV

g ∈ L1
τ (µ)

��[ PSk
0 6 g 6 f

� o�kdc�}Lo
‖g‖τ =

‖g‖o 6 ‖f‖oκ
���P�_kAo�TLRUo�u zrK `R, { -yKxM P ��TLl\l\T���e5PSkdcnP

f ∈ L1
τκ(µ)

cfNAV
‖f‖τκ 6 ‖f‖oκ

��TLR
cfl\l

f ∈ L1
τw(µ)

K
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�7Tv�ARUT�}Lo�PSkAo�eUo�Y�TLNAV �dcfR�P�Tf�?PSkAo�Y�lmcf[\u T��AeUo�R�}Lo1PSkdcnP1
9��� �5RUTL��TLeU[ PS[\TLN�^rK J;`�

L1
oκ(µ)kdcfe	PSkAo + cnPSTLX �ARUTL��o�R�P@� [ �#cfNAV TLNAl�� [ � eUT�VATWo�e

L1
o(µ)

KDC�T�� 
q[ �
L1
oκ(µ)

cfNAV
L1
τκ(µ)Y�TL[\NAY�[\VAo*cfe	wxXdcfeU[hgji$cfNdcfY,k lmcnPUPS[\Y�o�e7
7PSkAo�N

L1
oκ(µ)

kdcfe�PSkAo + cnPSTLX �ARUTL��o�R�PS[\o�e7
5eU[\NAY�o�eUT
VATWo�e

L1
τκ(µ)

K��_kxXAe7

L1
o(µ)

kdcfe#PSkAo + cnPSTLX �ARUTL��o�R�P@�LKM& TLNQ}Lo�RUeUo�l���
7eUXA�A��TLeUo	PSkdcnP
L1
o(µ)kdcfe1PSkAo + cnPSTLX��ARUTL��o�R�P@�LKM�?cf�fo

f ∈ L1
τκ(µ)

cfNAV
g ∈ L1

o(µ)
��[ PSk

0 6 g 6 f
K��_kAo�RUo

oytr[\e�PSe�c
NAoZP
(fα)

[\N
L1
τ (µ)

eUXAY,k PSkdcnP
0 6 fα ↑ f

K�& TLNAeUo�wxXAo�NQPSl���

0 6 fα ∧ g ↑ g

cfNAV

‖g‖o = supα ‖fα ∧ g‖o = supα ‖fα ∧ g‖τ 6 ‖f‖τκ
����PSkAo + cnPSTLX �ARUTL��o�R�P@�LK"M P ��TLl\l\T���e

PSkdcnP
f ∈ L1

oκ(µ)
cfNAV

‖f‖oκ 6 ‖f‖τκ
K��_kxXAe7


L1
τκ(µ) ⊂ L1

oκ(µ)
cfNAV

‖f‖oκ 6 ‖f‖τκ
��TLR

cfl\l
f ∈ L1

τκ(µ)
K9�_kAo1lmcnPUPSo�R$PSTL�LoZPSkAo�R���[ PSk�PSkAo 6dRUe�P��dcfR�P�Tf�?PSkAo1Y�lmcf[\u �W[\o�l\VAe

L1
oκ(µ) =

L1
τκ(µ)

cfNAV
‖f‖τκ = ‖f‖oκ

��TLR�cfl\l
f ∈ L1

oκ(µ)
K
B
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X R O S UKWXSZY�[]\	��SZ^�SXh�l(o�S�Q�Q�[
heO ik[�Q�l Q�l`O �`S�Q _=W SZ^`d.NPO�� [

gHa�_ g"O�aqQ�[
O�YTikl`_;Y�OT_;a�dKO�aphe_;^`Q�[A^`W9_=W3Y g&SZaqQ
Xa

[AY0_;a�dKO�apdKO�^KY�Op[A^
X r � l`O�^ Q�l`O�a�OTO���[AYqQ�Y0S

� Oeh;Q _;a bcO SZYqW3a�OpY�g&SXheO
(Ω,R, µ)

ik[�Q�l S/Y�O�b []\�tK^K[�Q O o
_=h SZoA[�� S R o
O�bcO SZYqW3a�O µ ik[�Q�l � SZo�W9O�Y
[A^

Xa
YqW9h�l Q�l�S�QfQ�l`O [A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a

Iτµ
[AY S o�S�Q�Q�[
heOc[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZa

[AY�_;bcO;Q�a�� _ � L1
τ (µ)

_;^`Q _
Xa

�&iklK[Ao
O
Îτµ

[AY Sjo�S�Q�Q�[
heO�[AY�_;bc_;a�gHlK[AY�b SZ^`dVoA[A^`O SZa�[AY�_;bcO;Q�a�� _ �
L1
τw(µ)

_;^`Q _
X r " _;a�Oe_$� O�a%�

L1
τ (µ) = L1

o(µ)
�
Iτµ = Ioµ

SZ^`d
L1
τκ(µ) = L1

oκ(µ) = L1
τw(µ) =

L1
ow(µ)

r
C
�_kA[\e�[\e_[\u�u�o�VA[mcnPSo���RUTLu �_kAo�TLRUo�u J��rK �	cfNAV �5RUTL��TLeU[ PS[\TLNAe J��rK �	cfNAV J��rK J��rK

B

��� 3?E�<?C < �&%('I<8� ��� �=>�� <PIW87>bD � >d<?9;87: >b9

MON PSkA[\e#eUo�YZPS[\TLN � o	e�PSRUo�eUe#PSkdcnP�eUTLu�o�Y�TLNAeUo�wxXAo�NAY�o�e1Tf�qPSkAo�c���T�}Lo�TLRUVAo�R#[\NQPSo��LRScnPS[\TLN
PSkAo�TLR	��cfRUovNAoZ��oZ}Lo�N [\N PSkAovY�cfeUovTf��i$cfNdcfY,k lmcnPUPS[\Y�o�e�K��_kARUTLXA�LkATLXrP�PSkA[\e�eUo�YZPS[\TLN

X
[\e

cvi$cfNdcfY,k�lmcnPUPS[\Y�o ��[ PSk*PSkAo�PSTL��TLl\TL�L[\Y�cfl�VAXdcfl Tf�
X∗ cfNAV (Ω,R, µ)

[\e�c	}Lo�YZPSTLR�u�o�cfeUXARUo
eU�dcfY�o_��[ PSk�c eUo�u�[hg;6dNA[ PSo

X+
g }fcfl\XAo�V�u�o�cfeUXARUo

µ : R → X+
KL��o�NATfPSoR���

B∗
+

PSkAo$��TLeU[ PS[ }Lo
�dcfR�P�Tf�7PSkAo�XANA[ P'�dcfl\l�Tf�

X
K

) >�*8� C�� ��� HIC ��� 3 � 3 ��N
R loc gOu�o�cfeUXARSc��Al\o���XANAYZPS[\TLN f : Ω → R ∪ {±∞}

[\e�Y�cfl\l\o�V
��%,+	�"6 4 9�>235%�84!$+ �
67% � 9�3 
 !,%�-512%�:'3�35�

µ
TLR ��%,+	�"6 4

µ
-59�>235%�84!$+ �
67%�[ �

‖f‖µ := sup
x∗∈B∗

+

∫
|f | d|x∗µ| < +∞,

��kAo�RUo
|x∗µ| : R loc → [0,∞]

}fcfRU[mcnPS[\TLN Tf�
x∗µ

cfNAV
B∗

+

PSkAo	��TLeU[ PS[ }Lo��dcfR�P�Tf�0PSkAo	XANA[ P
�dcfl\l"[\N

X∗ K9� � o�cf�xl���[\NQPSo��LRSc��Al\o���XANAYZPS[\TLN f
[\e 9�>235%�84!$+ �
67% � 9�3 
 !,%�-512%�:'3�35�

µ
[ �7��TLR_o�cfY,k

A ∈ R loc PSkAo�RUo�oytr[\e�PSe�c�}Lo�YZPSTLR�VAo�NATfPSo�V ��� ∫
A
f dµ ∈ X


deUXAY,k*PSkdcnP

x∗
(∫

A

f dµ
)
=

∫

A

f dx∗µ
��TLR�cfl\l

x∗ ∈ X∗.

��o�NATfPSo ���
L1
w(µ)

PSkAo#eU�dcfY�o�Tf��,�o�wxXA[ }fcfl\o�NAY�o#Y�lmcfeUeUo�e3-_cfl\l�� o�cf�xl��
µ
gO[\NQPSo��LRSc��Al\o���XANAYZPS[\TLN

o�wxXA[\�A��o�V���[ PSk�PSkAo5NATLRUu
‖·‖µ

cfNAV�l\oZP
L1(µ)

e�P,cfNAV���TLR"PSkAoqeUX8�AeU�dcfY�o0Tf�
L1
w(µ)

Y�TLNAeU[\e�PS[\NA�
Tf� ,�o�wxXA[ }fcfl\o�NAY�o Y�lmcfeUeUo�e3-*cfl\l

µ
gO[\NQPSo��LRSc��Al\o���XANAYZPS[\TLNAe�K'C�TfPSo PSkdcnP*[ �

‖f‖µ < ∞
PSkAo�N

|f | < ∞ µ
gjcrK ofK8�_kxXAe7


L1
w(µ)

cfNAV
L1(µ)

Y�cfN ��o�Y�TLNAeU[\VAo�RUo�V�cfe�eUX8�AeU�dcfY�o�e�Tf�
L0(µ)

K
�/57698�:;6=< ��� @A>�@ � l`OcY�g&SXheO�Y

L1
w(µ)

SZ^`d
L1(µ)

SZa�O���SZ^�SXh�l o�S�Q�Q�[
heO�Y Y�g&SXheO�Y SZ^`d
_;a�dKO�a dKO�^KY�O [
dKO SZYp_ � L0(µ) r " _;a�Oe_$� O�a

L1(µ)
[AY0SVh�o
_;Y�OedVYqW R Y�g&SXheO/_ � L1

w(µ)
r

C
�Wo�o � { ��
8�_kAo�TLRUo�u�^rK ^�� cfNAV � pf^�
8�_kAo�TLRUo�u�e { K p�
 { K ��
 { K J���� K

B



��
���� ��� � ��� �����	� �
� ������
7��� ������
��
� �$� 
���� �����'� ��	�������
��
� �$������� ��
�	�� �7� 
���
������4
����
� ����	 ï�	

G�> � <?:7D ��� 3���3 �4�AeUo�R�}LoqPSkdcnP=PSkAo5eU�dcfY�o
S(R)

Tf�
R
gOeU[\u��Al\o7��XANAYZPS[\TLNAeD,�eUo�o �Wo�YZPS[\TLN { -

[\e#VAo�NAeUo�[\N
L1(µ)

K s*TLRUo�T�}Lo�R7
=��TLR oZ}Lo�R	�
R
gOeU[\u��Al\o���XANAYZPS[\TLN

ϕ =
∑n

i=1 aiχAi

� o	kdc�}Lo
PSkdcnP

Iµ(f) :=
∫
f dµ = Iτµ(f)

KbM P���TLl\l\T���e_PSkdcnP�PSkAo1eU�dcfY�o�e
L1(µ) = (L1(µ), ‖ · ‖µ)

cfNAV

L1
τ (µ) = (L1

τ (µ), ‖ · ‖τ )
Y�TL[\NAY�[\VAo#cfe�i$cfNdcfY,k*lmcnPUPS[\Y�o�e ,�eUo�o1�Wo�YZPS[\TLN���-yK

C�T�� � o0�ARUo�eUo�NQP?PO� T�RUo��ARUo�eUo�NQP,cnPS[\TLN1RUo�eUXAl PSe ��TLR7��o�VAo��x[\NAV1Y�TLu��Al\oZPSo0i$cfNdcfY,k1lmcnPUPS[\Y�o�e�K
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X R O�S s OedKO�
9[A^`d he_;b/gHo
O;Q O ��SZ^�SXh�l o�S�Q�Q�[
heO r � l`O�^ Q�l`O�a�O O���[AYqQ�YS bcO SZYqW3a�OTY�g&SXheO
(Ω,R, µ)

ik[�Q�l S Y�O�b []\�tK^K[�Q O0o
_=h SZoA[�� S R o
O X+
\�� SZo�W9OedcbcO SZYqW3a�O

µ
YqW9h�l

Q�l�S�QPQ�l`OkY�bfSZoAo
O�YqQHO���Q O�^KY�[
_;^
Îoµ
_ � Q�l`Ok[A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a Ioµ [Ab/gHo
O�bcO�^`Q�Y"SZ^/[AY�_;bcO;Q�a�[
ho�S�Q�Q�[
heO [AY�_;bc_;a�gHlK[AY�b _ � L1

ow(Ω,R
loc, µ)

_;^`Q _
X r'" _;a�Oe_$� O�a%� � _;a O SXh�l he_;b/gHo
O;Q Opd9[AY�
e_;[A^`QY�O;Q

Γ ⊂ X+
_;^`Omh SZ^ h�l`_=_;Y�O

µ
Y�_cQ�l�S�Q

Ioµ
bfSegHY

L1
o(Ω,R

loc, µ)
_;^`Q _

XΓ
r

C
+ TLl\l\T���e$[\u�u�o�VA[mcnPSo�l�����RUTLuG�_kAo�TLRUo�u�zrK �rK
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X R O SZ^ _;a�dKO�aChe_;b/gHo
O;Q O ��SZ^�SXh�l o�S�Q�Q�[
heO ikl`_;Y�O _;a�dKO�a

he_;^`Q�[A^`W9_=W3Y g&SZaqQ
Xa

[AY _;a�dKO�a/dKO�^KY�O [A^
X r � l`O�^ Q�l`O�a�O O���[AYqQ�Y S � Oeh;Q _;aTbcO SZYqW3a�O Y�g&SXheO

(Ω,R, µ)
ik[�Q�l Y�O�b []\�tK^K[�Q O o
_=h SZoA[�� S R o
O µ : R → Xa

YqW9h�l Q�l�S�Q Q�l`O [A^`Q O	nXa�S�Q�[
_;^V_ g"O�a�S�Q _;a
Iτµ

[AY Smo�S�Q�Q�[
heO�[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZa [AY�_;bcO;Q�a��c_ � L1
τ (µ)

_;^`Q _
Xa

��iklK[Ao
O Q�l`O�Y�bfSZoAo
O�YqQ
O���Q O�^KY�[
_;^

Îτµ
_ � Iτµ [AYjS o�S�Q�Q�[
heOj[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZa [AY�_;bcO;Q�a�� _ � L1

τw(Ω,R
loc, µ)_;^`Q _

X r " _;a�Oe_$� O�a%�
L1
τ (µ) = L1

o(µ)
�
L1
τw(µ) = L1

ow(µ)
SZ^`d

Iτµ = Iµ
�
Îτµ = Îoµ

r
C
�_kAo��ARUTWTf�?[\e$��TLl\l\T���e$[\u�u�o�VA[mcnPSo�l��	��RUTLuG�_kAo�TLRUo�u J��rK �rK

B
�_kAo
eU�dcfY�o

L1
w(µ)

cfl �$c1�We�kdcfe1PSkAo
σ
g + cnPSTLX cfNAV

σ
g ?=oZ}W[0�ARUTL��o�R�PS[\o�e ,�eUo�o &$cflmc��AXA[\�8


��o�l\�QcfVAT8
 UfXdcfN�
�cfNAV �RQcfNAY,kAo�� �AQo�RUo�� � ��� -yK 	 M P��$cfe�[\NAVA[\Y�cnPSo�V [\N � ��
4=�p���cfe*cfN TL��o�N
wxXAo�e�PS[\TLN���kAoZPSkAo�R�PSkAo�eU�dcfY�o

L1
w(µ)

kdcfe_PSkAo + cnPSTLX�cfNAV ?=oZ}W[=�ARUTL��o�R�PS[\o�e�K
) >�*8� C�� ��� HIC ��� 3���3 ��u�o�cfeUXARUo

µ : R → X+
[\e#eScf[\V PST ��o

R
-�#&%�:��"( 12��-�+ �
67%�[ �0� o

Y�cfN*��RU[ PSo
Ω = N ∪

⋃
α∈∆ Ωα

��kAo�RUo
N
[\e
µ
gONxXAl\l"eUoZP�cfNAV

{Ωα : α ∈ ∆}
[\e�c�� cfu�[\l���Tf�

�dcf[\R���[\eUo#VA[\e 2UTL[\NQP_eUoZPSe�[\N
R
eScnPS[\e�� �W[\NA��PSkdcnP

,jJ�- [ �
Aα ∈ R ∩ 2Ωα

��TLR�cfl\l
α ∈ ∆


APSkAo�N ⋃
α∈∆ Aα ∈ R loc 


, `�-7��TLRqo�cfY,k
x∗ ∈ X∗ [ � Zα ∈ R∩2Ωα

[\e
|x∗µ|

gONxXAl\lreUoZPq��TLR0cfl\l
α ∈ ∆


LPSkAo�N ⋃
α∈∆ Zα[\e

|x∗µ|
gONxXAl\l�eUoZP�K

M P��$cfe�eUkAT���N�[\N � ��
 �_kAo�TLRUo�u�pWK ���IPSkdcnP�[ � c�u�o�cfeUXARUo
µ
[\e

R
gOVAo�Y�TLu���TLeSc��Al\o�
�PSkAo�N

L1
w(µ)

kdcfe�PSkAo + cnPSTLX cfNAVS?=oZ}W[?�ARUTL��o�R�PS[\o�e�Kb��o�NAT�� eUkAT�� PSkdcnP
L1
w(µ)

kdcfe�PSkAo + cnPSTLX
cfNAV ?=oZ}W[=�ARUTL��o�R�PS[\o�e�XANAVAo�R_PSkAo#� o�cf�fo�R�cfeUeUXAu��rPS[\TLN�PSkdcnP

µ
[\e_l\TWY�cfl\[\��c��Al\ofK
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Ω R O ^`_;^`O�b/g"Q�� Y�O;Q�� Σ S

σ
\�SZo$n�O R a�ST_ � YqW R Y�O;Q�Y _ � Ω SZ^`d

λ : Σ →

R+∪{∞}
SmY�O�b []\�tK^K[�Q O bcO SZYqW3a�O r 
pY�YqW3bcOmQ�l�S�Q f ∈ L0(λ)

SZ^`d ST^`O;Q
(fα)α∈A

[A^
L1(λ)l�SZY Q�l`OpgHa�_ g"O�aqQ�[
O�Y Q�l�S�Q

0 6 fα ↑α f
SZ^`d

supα

∫
fα dλ < ∞ r � l`O�^ f ∈ L1(λ)+

SZ^`d
Q�l`O�a�O O���[AYqQ�Y SZ^ [A^`h�a�O SZY�[A^�n Y�OeUKW9O�^`heO _ � [A^`d9[
heO�Y (αn)

∞
n=1 ⊂ A

YqW9h�l.Q�l�S�Q
0 6 fαn ↑n fSZ^`d

supn

∫
fαn dλ =

∫
f dµ r

C
� [ PSkATLXrP�l\TLeUe�Tf���Lo�NAo�RScfl\[ P@��
7� o�Y�cfN cfeUeUXAu�o
PSkdcnP�PSkAo�eUoZP

F := {fα : α ∈ A}Y�TLNQP,cf[\NAe eUXA�ARUo�uvc
Tf� cfl\l7[ PSe 6dNA[ PSo�eUX8�AeUoZPSe�K�& kATWTLeUo�[\NAY�RUo�cfeU[\NA�
eUo�wxXAo�NAY�o
(αn)

∞
n=1 ⊂ AeUXAY,k�
?PSkdcnP

C := supn

∫
fαn dλ = supα

∫
fα dλ

K?iD� u�TLNATfPSTLNAo�Y�TLNQ}Lo�RU�Lo�NAY�o�PSkAo�TLRUo�u
PSkAo�RUo�oytr[\e�PSe

f0 ∈ L1(λ)
��[ PSk

0 6 fαn ↑n f0
cfNAV ∫

f0 dλ = C
K�M �q� o��ARUT�}Lo�PSkdcnP

f0
[\e
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cfN XA�A��o�R4��TLXANAV Tf�
(fα)α∈A

PSkAo�N�
�[\N�}W[\oZ� Tf�
f0 = supn fαn 6 f


b� o��LoZP
f = f0

cfNAV
PSkAo��ARUTWTf�?[\e_Y�TLu��Al\oZPSofK + [ht�cfRN�A[ PSRScfR	�

β ∈ A
cfNAV�NATfPSo#PSkdcnP

fβ ∨ fαn ↑n fβ ∨ f0
Kb�WT ���

VATLu�[\NdcnPSo�V�Y�TLNQ}Lo�RU�Lo�NAY�o_PSkAo�TLRUo�u ∫
fβ∨fαn dµ ↑n

∫
fβ∨f0 dµ

KL�W[\NAY�o
fβ ∨ fαn ∈ F


n� o
kdc�}Lo ∫

fβ ∨ fαn dµ 6
∫
f0 dµ

��TLR$cfl\l
n ∈ N

K9& TLNAeUo�wxXAo�NQPSl���
 ∫
fβ ∨ f0 dµ = supn

∫
fβ ∨

fαn dµ 6
∫
f0 dµ

K��$PqPSkAo_eScfu�o$PS[\u�o�
 ∫
fβ∨f0 dµ >

∫
f0 dµ

K��_kAo�RUoZ��TLRUo�
 ∫
fβ∨f0 dµ =∫

f0 dµ
cfNAV

fβ ∨ f0 = f0
��TLR cfl\l

β ∈ A
K�M P���TLl\l\T���e�PSkdcnP

f0
[\e cfN XA�A��o�R4��TLXANAV Tf�5PSkAo

NAoZP
(fα)α∈A

K
B

. 6=< <�� ��� @�	�@PNPO;Q
X := (X, ‖ · ‖X) R O/S ��SZ^�SXh�l o�S�Q�Q�[
heOmSZ^`d

(Ω,R, µ)
S � Oeh;Q _;a

bcO SZYqW3a�O Y�g&SXheO ik[�Q�l.S Y�O�b []\�tK^K[�Q O bcO SZYqW3a�O
µ : R → X+

r 
pY�YqW3bcO Q�l�S�Q f ∈ L0(µ)SZ^`d Sc^`O;Q
(fα)α∈A

[A^
L1
w(µ)

[AYmYqW9h�lCQ�l�S�Q
0 6 fα ↑α f

SZ^`d
supα ‖fα‖µ < ∞ r � l`O�^

f ∈ L1
w(µ)+

SZ^`d
supα ‖fα‖µ = ‖f‖µ

r�" _;a�Oe_$� O�a%� Q�l`O�a�O O���[AYqQ�Yf[A^`h�a�O SZY�[A^�n Y�OeUKW9O�^`heO
(αn)

∞
n=1 ⊂ A

YqW9h�l Q�l�S�Q
0 6 fαn ↑n f

SZ^`d
supn ‖fαn‖µ = ‖f‖µ

r � ^cg&SZaqQ�[
h;W3o�SZa%� L1
w(µ)l�SZY Q�l`O �`S�Q _=WmgHa�_ g"O�aqQ�� r

C
iD�1}W[\R�PSXAo_Tf���R���dcf�fT�}#& eqPSkAo�TLRUo�u PSkAo�RUo�oytr[\e�PSe

x∗ ∈ B∗
+

eUXAY,k	PSkdcnP
|x∗µ|

gONAo��Ll\[\�L[��Al\o
eUoZPSe�cfNAV

µ
gONAo��Ll\[\�L[��Al\o
eUoZPSe
��RUTLu

R loc Y�TL[\NAY�[\VAofK�& TLNAeUo�wxXAo�NQPSl���
 L0(µ)
cfNAV

L0(|x∗µ|)Y�TL[\NAY�[\VAo�cfe_}Lo�YZPSTLR�lmcnPUPS[\Y�o�e�KdiD��}W[\R�PSXAo�Tf� ?=o�u�uvc�JLJLK �
f ∈ L1(|x∗µ|)

cfNAV*PSkAo�RUo�oytr[\e�PSe
[\NAY�RUo�cfeU[\NA��eUo�wxXAo�NAY�o

(αn)
∞
n=1 ⊂ A

��[ PSk
0 6 fαn ↑n f

[\N
L1(|x∗µ|)

K��_kAo�N
0 6 fαn ↑n f[\N

L0(µ)
cfNAV

supn ‖fn‖µ < ∞
K_�W[\NAY�o

L1
w(µ)

kdcfe
σ
g + cnPSTLXFcfNAV

σ
g ?=oZ}W[ �ARUTL��o�R�PS[\o�e7


� o kdc�}Lo
f ∈ L1

w(µ)
cfNAV

‖f‖µ = supn ‖fαn‖µ
KD�$P
PSkAo�eScfu�o*PS[\u�o�


supn ‖fαn‖µ 6

supα ‖fα‖µ
cfNAV�kAo�NAY�o

‖f‖µ = supα ‖fα‖µ
K
B
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X R O�S ��SZ^�SXh�l o�S�Q�Q�[
heO�SZ^`d

(Ω,R, µ)
S � Oeh;Q _;a bcO SZYqW3a�O Y�g&SXheO

ik[�Q�l S/Y�O�b []\�tK^K[�Q O�o
_=h SZoA[�� S R o
O X+
\�� SZo�W9Oed bcO SZYqW3a�O

µ r � l`O�^ Q�l`O ��SZ^�SXh�l o�S�Q�Q�[
heO
L1
w(µ)l�SZY Q�l`O �`S�Q _=W SZ^`dcNPO�� [�gHa�_ g"O�aqQ�[
O�Y r

C
�WXA�A��TLeUo�cvNAoZP

(fα)α∈A
[\N

L1
w(µ)

[\e�eUXAY,k PSkdcnP
0 6 fα ↑α

cfNAV
supα ‖fα‖µ < ∞

K
�W[\NAY�o

µ
[\e$eUo�u�[hg;6dNA[ PSo#cfNAV�l\TWY�cfl\[\��c��Al\o�


L0(µ)
[\e�c�XANA[ }Lo�RUeScfl\l��vY�TLu��Al\oZPSo }Lo�YZPSTLR�lmcnPUPS[\Y�ofK

iD� }W[\R�PSXAo�Tf�R?=o�u�uvc�^rK ��PSkAo�RUo�oytr[\e�PSe�c �dcfNAV��ARUT�2Uo�YZPS[\TLN
π
[\N

L0(µ)
eUXAY,k�PSkdcnP

f :=

supα πfα
oytr[\e�PSe_[\N

L0(µ)

W��kA[\l\o�PSkAo#Y�TLu��Al\[\u�o�NQP,cfR	�	�ARUT�2Uo�YZPS[\TLN

π′ := IL0(µ) − π
T���o"�We

PSkAo�o�wxXdcnPS[\TLN
Nπ′(g) = supα π

′(fα ∧ Ng)
��TLR�cfl\l

g ∈ L0(µ)
cfNAV

N ∈ N
K�& l\o�cfRUl���
=[ �

π′ = 0
PSkAo�N

fα ↑α f
cfNAV

f ∈ L0(µ)
eUTvPSkdcnP�� o�cfRUo�VATLNAoO��� ?=o�u�uvc�JLJLK �rK9��eUeUXAu�[\NA�

PSkdcnP
π′ 6= 0


Q� o Y�cfN
Y,kATWTLeUo
0 6 g ∈ L1

w(µ)
��[ PSk

π′(g) > 0
cfe

L1
w(µ)

[\e cfN
TLRUVAo�R0VAo�NAeUo
[\VAo�cfl?[\N

L0(µ)
K>���A�Al��W[\NA��cf�Qcf[\N�?=o�u�uvc�JLJLK ��� o	VAo�VAXAY�o

‖Nπ′(g)‖µ = supα ‖π
′(fα ∧

Ng)‖µ 6 supα ‖fα‖µ < ∞
��TLR�cfl\l

N ∈ N

bc�Y�TLNQPSRScfVA[\YZPS[\TLN"K

B
�_Y�Y�TLRUVA[\NA� PST ��o"6dNA[ PS[\TLN ^rK `�� o�Y�cfN uvcf�fovPSkAo
uvc;tr[\uvcfl5wxXdcfeU[hgONATLRUu�o�V oytWPSo�NAeU[\TLN

L1
τκ(µ) := (L1

τκ(µ), ‖ · ‖τκ)
Tf�=PSkAo#i$cfNdcfY,k�lmcnPUPS[\Y�o

L1
τ (µ) := (L1

τ (µ), ‖ · ‖τ )
K��_kAo wxXdcfeU[hg

NATLRUu�o�V lmcnPUPS[\Y�o
L1
τκ(µ)

[\e#c�i$cfNdcfY,k lmcnPUPS[\Y�o1��[ PSk PSkAo�?=oZ}W[qcfNAV + cnPSTLX �ARUTL��o�R�PS[\o�e�cfNAV
cfN�TLRUVAo�R�VAo�NAeUov[\VAo�cfl5Tf�

L0(µ)
,�eUo�o	PSkAovRUo�uvcfRU� cn� PSo�R �_kAo�TLRUo�u J��rK ��-yK �_kAo	��TLl\l\T���[\NA�

RUo�eUXAl P�Y�cfN ��o#Y�TLNAeU[\VAo�RUo�V cfe�cfN�cfl PSo�RUNdcnPS[ }Lo#VAo�eUY�RU[\�rPS[\TLN�Tf�
L1
w(µ)

K
�/57698�:;6=< ��� @����&@ NPO;Q

X := (X, ‖ ·‖X) R O S ��SZ^�SXh�l o�S�Q�Q�[
heO�SZ^`d (Ω,R, µ)
S � Oeh;Q _;a

bcO SZYqW3a�O0Y�g&SXheO ik[�Q�l S/Y�O�b []\�tK^K[�Q O�o
_=h SZoA[�� S R o
O bcO SZYqW3a�O µ : R → X+
r � l`O�^ L1

w(µ)
SZ^`d

L1
τκ(µ)

he_;[A^`h�[
dKO SZY ��SZ^�SXh�l o�S�Q�Q�[
heO�Y r
C
?=oZP

f ∈ L1
w(µ)

cfNAV P,cf�fovcfRN�A[ PSRScfR	�
g ∈ L1

τ (µ)
��[ PSk

0 6 g 6 f
K �_kAo�N

‖g‖τ =

‖g‖µ 6 ‖f‖µ < ∞
eUT�PSkdcnP

f ∈ L1
τκ(µ)

cfNAV � o��LoZP
L1
w(µ) ⊂ L1

τκ(µ)
K �7T�o�NAeUXARUo

PSkAo�Y�TLNQ}Lo�RUeUo1[\NAY�l\XAeU[\TLN�
AT��AeUo�R�}Lo�PSkdcnP
L1
τ (µ)

[\e�TLRUVAo�R�VAo�NAeUo�[\N
L1
τκ(µ)

cfNAV
Lτκ(µ)

kdcfe
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PSkAo + cnPSTLX�cfNAV ?=oZ}W[7�ARUTL��o�R�PS[\o�e<,�eUo�o�PSkAo1RUo�uvcfRU��cn� PSo�R �_kAo�TLRUo�u�JLJLK z�-yKdM P���TLl\l\T���e_PSkdcnP
��TLR

f ∈ L1
τκ(µ)

PSkAo�RUo oytr[\e�PSe�c NAoZP
(fα)α∈A

[\N
Lτ (µ)

eUXAY,k PSkdcnP
0 6 fα ↑ f

cfNAV

supα ‖fα‖τ = ‖f‖τκ < ∞
K?iD�F?=o�u�uvc JLJLK �

f ∈ L1
w(µ)

cfNAV
‖f‖µ = supα ‖fα‖µ =

supα ‖fα‖τκ = ‖f‖τκ
KR& TLNAeUo�wxXAo�NQPSl���


L1
w(µ) = L1

τκ(µ)
cfNAV

‖f‖µ = ‖f‖τκ
��TLR
cfl\l

f ∈ L1
τκ(µ)


dcfe�Y�lmcf[\u�o�V"K
B
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X R O ��SZ^�SXh�l o�S�Q�Q�[
heO/ik[�Q�l Q�l`O �`S�Q _=WfSZ^`d NPO�� [�gHa�_ g"O�aqQ�[
O�Y

ikl`_;Y�O _;a�dKO�afhe_;^`Q�[A^`W9_=W3Y/g&SZaqQ
Xa

[AYf_;a�dKO�afdKO�^KY�Oc[A^
X r � l`O�^ Q�l`O�a�O O���[AYqQ�YcS)� Oeh;Q _;a

bcO SZYqW3a�OTY�g&SXheO
(Ω,R, µ)

ik[�Q�l S Y�O�b []\�tK^K[�Q Opo
_=h SZoA[�� S R o
O�bcO SZYqW3a�O µ ik[�Q�l � SZo�W9O�Y0[A^
XaYqW9h�l(Q�l�S�QTQ�l`O [A^`Q O	nXa�S�Q�[
_;^ _ g"O�a�S�Q _;a

Iτµ
[AY Sfo�S�Q�Q�[
heOT[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZap[AY�_;bcO;Q�a��

_ � L1
τ (µ)

_;^`Q _
Xa

� iklK[Ao
O
Îτµ

[AY Sfo�S�Q�Q�[
heOT[AY�_;bc_;a�gHlK[AY�b SZ^`d oA[A^`O SZa [AY�_;bcO;Q�a�� _ � L1
τκ(µ)_;^`Q _

X r " _;a�Oe_$� O�a%�
L1
τ (µ) = L1(µ)

��SZ^`d
L1
τκ(µ) = L1

oκ(µ) = L1
τw(µ) = L1

ow(µ) =

L1
w(µ)

ikl`O�a�OmSZoAo OeUKWXSZoA[�Q�[
O�Y bcO SZ^ Q�l`Omhe_;[A^`h�[
dKO�^`heOm_ � ��SZ^�SXh�l o�S�Q�Q�[
heO�Y r
C
�_kA[\e�[\e_[\u�u�o�VA[mcnPSo���RUTLu & TLRUTLl\lmcfR	�*J��rK J;`�
d��o�uvcfRU��JLJLK ^�
dcfNAV �_kAo�TLRUo�u JLJLK J��rK

B
�_kAo���TLl\l\T���[\NA��oytAcfu��Al\o#P,cf�fo�N*��RUTLu � ��
 �?tAcfu��Al\o { K J7� eUkAT���e�PSkdcnP

L1
τ (µ)

cfNAV
L1
o(µ)uvc1��VA[�K�o�R_o�eUeUo�NQPS[mcfl\l��LK

�
�?<�����IW> ��� 3 �  3 ?=oZP
Γ
��o cfN XANAY�TLXANQP,c��Al\o�c��Ae�PSRScfYZP
eUoZP�K5��o�RUo�Y�cfl\l_PSkdcnP

c0(Γ)VAo�NATfPSo�e�PSkAo�eU�dcfY�o�Tf�Icfl\l"RUo�cfl"��XANAYZPS[\TLNAe
f ∈ R

Γ ��TLR_��[ PSY,k {t ∈ Γ : |f(t)| > ε}
[\eR6dNA[ PSo

��TLRIcfl\l
ε > 0



l∞(Γ)

VAo�NATfPSo�e?PSkAo$eU�dcfY�o$Tf��cfl\lxRUo�cfl���TLXANAVAo�V���XANAYZPS[\TLNAe
f ∈ R

Γ cfNAV l∞0 (Γ)VAo�NATfPSo�e�PSkAo�eU�dcfY�o1Tf�0cfl\l=RUo�cfl���TLXANAVAo�V ��XANAYZPS[\TLNAe
f ∈ l∞(Γ)

��[ PSk�Y�TLXANQP,c��Al\o1eUXA�A��TLR�P�K
��l\lxPSkAo�eUo_eU�dcfY�o�eqcfRUo_i$cfNdcfY,k�lmcnPUPS[\Y�o�e7��[ PSk�XANA[ ��TLRUu NATLRUu

‖f‖∞ := {sup |f(t)| : t ∈ Γ}
K

M P [\e�Y�l\o�cfRUl��
PSkdcnP
c0(Γ) ⊂ l∞0 (Γ) ⊂ l∞(Γ)

KE?=oZP
R
��o�PSkAo

δ
gORU[\NA��Tf� 6dNA[ PSo�eUX8�AeUoZPSe#Tf�

ΓcfNAV
µ : R → l∞0 (Γ)

PSkAo�}Lo�YZPSTLR u�o�cfeUXARUo�VAo"6dNAo�V ���
µ(A) = χA

� cfR�cfl\l
A ∈ R

KE�_kAo�N
L1(µ) = L1

τ (µ) = c0(Γ)


L1
o(µ) = l∞0 (Γ)



L1
ow(µ) = l∞(Γ) = L1

τw(µ)
K

G�> � <?:7D ��� 3 � ��3 ,jJ�-'�_kAo�TLRUo�u�e�JLJLK { cfNAV JLJLK p�kdc�}Lo	NAT��dcfRScfl\l\o�l=}Lo�RUeU[\TLNAe#[\N PSo�RUu�e
Tf�Ii$cfNdcfY,k�lmcnPUPS[\Y�o�e

L1(µ)
cfNAV

L1
w(µ)

K
, `�-5M P Y�cfNP��o�o�cfeU[\l���eUo�o�NvPSkdcnP

R
gOVAo�Y�TLu���TLeSc��Al\o�u�o�cfeUXARUo�[\eql\TWY�cfl\[\��c��Al\o ,�YZ�jK + RUo�u�l\[\N

� ` { 
��_kAo�TLRUo�u `WJLJ ?P,�VH-@� -yK%�_kxXAe7
��_kAo�TLRUo�u�JLJLK z�[\e c��Lo�NAo�RScfl\[\��cnPS[\TLN	Tf� � ��
��_kAo�TLRUo�u pWK ���
e�P,cnPS[\NA��PSkdcnP

L1
w(µ)

kdcfe$PSkAo + cnPSTLX�cfNAV ?=oZ}W[=�ARUTL��o�R�PS[\o�e7
r��kAo�NAoZ}Lo�R
µ
[\e

R
gOl\TWY�cfl\[\��c��Al\ofK

, ^�-#& TLRUTLl\lmcfR	��JLJLK JLJ Y�TLNQP,cf[\NAeBPSkAo ��TLl\l\T���[\NA� RUo�eUXAl P T��rP,cf[\NAo�V [\N���o�l\�QcfVAT cfNAV
UfXdcfN � J���� � � � O�a��)��SZ^�SXh�l o�S�Q�Q�[
heO l�S � [A^�n Q�l`O �`S�Q _=W SZ^`d NPO�� [ gHa�_ g"O�aqQ�[
O�Y/SZ^`d l�S � [A^�n
[�Q�Y _;a�dKO�a he_;^`Q�[A^`W9_=W3Y g&SZaqQ SZYpSZ^ _;a�dKO�a dKO�^KY�OTYqW R Y�O;Q��7h SZ^ R O a�O�gHa�O�Y�O�^`Q Oed SZY Q�l`O Y�g&SXheO
L1
w(µ)

_ � ikO S 
9o��f[A^`Q O	nXa�S R o
O � W3^`h;Q�[
_;^KY0ik[�Q�lVa�O�Y�g"Oeh;Q Q _ Y�_;bcO � Oeh;Q _;a�bcO SZYqW3a�O
µ
dKO�tK^`Oed

_;^ S
δ
\�a�[A^�n r �WTLu�o�cf�A�Al\[\Y�cnPS[\TLN
Tf�7PSkA[\e_RUo�eUXAl P�eUo�o�[\N UfXdcfN�cfNAV �RQcfNAY,kAo��O�AQo�RUo�� � ^L��� K



^�# �������
���
	���
�����
���������������
�	������

G�>�*A>b: >bC��=>b9
� ��� � �������'��
�� � ��� ������	 �
� 
�� � � 
�
,�
����� �5�=����� ���
	�� �$� ����
�	����k� � �����'�;� �5���
����� �5��	���
�����	���������������������� �"!#��$�%�&'�
(") ��$�*+�-, )�. � �0/21 �4365�768 � 5 � ��5 �

9 ��� � �������'��
�� � ��� ����
����
:���; � ��
 � �'��
����
� 	���<��$	�� �
� �,� �����;��
�� ��� 	��+= ) &0*6%�>4>�?@>�A . ��$�B�$�>�CD$ .FE �
>�AHG ) & ) !#�
I�J ) !#$#���
K 1ML0�'	���� �����ON$���
�
	��$� 
����PN'� �Z� ���'���
	]����
��
	�	 8 ��LH
 	������ �;�@Q���� ���e��������R�� ����� 	]� �;���

�� 
 � �'�-1 9�7�7���8 �0S6T � ��9�9 �

U ��� � �������'��
�� � ��� ��� 
����V:���; � ��
 � �'��
����
� 	��XWX&V��&��4Y .Z)�. YM>�& . >V["J�$ E�)�. > E]\ ��$�> E ��� �_^`Q ����
$�'��
�� �2Q�� ���.�=� �
^ 
��
�"� �0a�b��0< � � ��� �'���e�����e���]
��-1 9�7�769�8 �

c �d:���; � ��
 � �'��
����
� 	�
����e	�� � �'��f�� �
	���
�g@�'hi>���Y . Yj��$k["J�$ E�)�. > E ���"� �5
$�.��< � ��	�	`
7�e�$� �q�"�$���'�$��� �
�$�-1 �43 S6T 8 �
T���������� � 
 ����
 ���Ol���;=�
� � �����'�

����eN'�#Q����+g2
 ����m�� �)�5
�f �����k��
�� � �
��	�	 
������,��� � ����� �5
�	��'� ��	��Vn ) & ) *+�poq��, )�. ��� �
r 1 �43 T�T 8 � 9 S 3 � U�7 T��

s �@N'�#^ ��: 
�
 
��
�e� �q��	���;=��
 �,
$�'�q��^ � ����N$��
���� 
����tL2������Qiu
��e���
��mv<wu�;� ��m��H	 �p�
�
� � 
���
����x
 
����
� ����	]��� �e� � �'� � ���
L1

w

���&
 �,��� � ����� �5
�	��'� �=�$� 

δ
� �
� �e�q�Hn�>�yjy $�! . �-, )�. ��� �0zOa21 9�7�� c 8 � s65 �{S6T��

5 �@N'�#^ ��: 
�
 
��
�e� �q�H^ � ����N$��
����4
����|L2������Qiu
��e���
��mk<wu�;� ��m��"Q���
�����	����
p
�$� ��� ������
���
 � � �
�e� �
� �$�
	_g�� �
� � ��	������ �&� �


 �,��� � ���X� �5
�	��'� ���'��}��
�5� �$� 

δ
� �
� �e�q��["J�$ E ��, )�.FE YM!#$#���'z21 9�7���9�8 � 9 c � � 9�s69 �

S ��� �#: ��~���
����'��l ��� � �$�P� �5
�	��'� ��	�g�� �
���$
�
 �
��	 � � 
P��
 ���
� 
�
 
 �������'�;� �5���,��� � ��� 	���
������'hi>���Y . Yj�4Y . ���0��1 c 8 1 9�7�7 c 8 �
U�3 T � c 7�7 �

3 ������<��#: �'�����;��
��q��yO$#�MJ ) !�YM>w*+$�A#��&0!�YM>�&'$#��Yj& . $M� E�) %�y $#� E $#�MJ�$�! . >�*+$i��& ) CD$�*�YM* ) ��$�! . > E Y ) y �+<9�"� ; �$�K�
��	�� 	��6� �e� ���
����Q ����� 
 
 
e1 �43�369�8 �

�47 ������<��#: �'�����;��
��O	H���;��
�� ��� 	K� ��� �
L1
����
��,��� � ���i� �5
�	��'� � 
���� 
��e��
 � �5
��
� �$�
	K� � � 
���
����v
 
����
� ����	��0, )�. ���'WX&�&'� �

�O� /21 �43�369�8 � U���5 � U�U�7 �
��� ������<��#: �'�����;��
��"��<H
 �5
�	����0�
� �
��g � ��� ������
�
 	�� �P;=���,��
 ����� ����� 
���� 
��e��
 � �5
��
� �$�
	 ���H� ��� ������
��
� �$��g�� �
� � ��	������ �� � 
 �,��� � ���X� �5
�	��'� ��� \����%�Yj&��+$ E G�$ E YM!#� . $_��� E�� ��&q? . YM>�& ) y ) & ) y ����Yj��� � 1 �43�3�3 � 9�7�7�768 � ����5 � ��9 c �
��9 ������<��#: �'�����;��
��v	H� �
� � 
�
��'��� 
�� �
	T� ��� �����;��
�� ��� 	��PG ) & ) !#� ) &0* � ��&0! . YM>�&�I�J ) !#$#������1ML0�'	��v^ ����
�� �q��&�#^ 
�
 � ����
����

��.� �#Q ��m���f�� 8 ��� ��f,����
�� 

<&����
 � 	��
�;� 	���� ��f,����
�� 
D1 9�7�� c 8 � 9�3 � c S �
�4U ������<��#: �'�����;��
�
����P� ��N'���`� �#f,�;�4�,� 
���
����k
 
����
� ����	�g�� �
�"�
�
�X��
�� �$�k�'� �����;���{� 
���� ��� �
� � 
�

�'��� 
�� �
	0���'f,�;� �
��

�����;��
�� ��� 	�����&0* ) �+��, )�. ���-1Fl��#Q�� 8 � K r 1 9�7�7�s68 � � S 5 � 9�7 c �

� c ������<��#: �'�����;��
 
���� � ��N'���`� �#f,�;�4�0R0��� � ����� �5
�	��'� ��	�� � ��� ������
��
� �$���"
��e��
 � �5
��
� �$�
	��phi>���Y . Yj�4Y . �P1 \�E $#&0*��@, )�. ��� 8 �
��� ��f��-�
��
	��;�4��� 
�	���
 1 9�7�765�8 � ��9�5 � �4s�7 �

� T�������<��#: �'�����;��
�
����"� ��N'���`� �#f,�;�4� �K�
�_��
�� �$� �'� �����;���{�k� �
p
�$���$� �,��� � 
���
����v
 
����
� ����	���oq�0, )�. ���0WX& ) y �0W J6J0y � �

/ � �21 9�7�765�8 � 9 S 5 � 9�3 c �
�4s �
	���;=��
 �,
$�'�q�

L1
� 	���
�����	���� �,��� � ���X� �5
�	��'� ��	��'��}��
�5���$�

δ
� �
� �e�$	��'W E !#���-, )�. ��� �0�q�x1 9�7�7 T 8 � c U69 � c�c U �

��5 �
	���;=��
 �,
$�'�q��	H� �
� � 
�
2����� ���
	�� �$�
	P� ��� ���$	�� �
� �,� �����'�;�k���$���
� � �
�$�
	 �����;��
�� ��� 	 �$� � 
���
����m� �
�e� �
� �$� 	���
�����	��
Biy ) ���6>���, )�. ���poq� �OaOz21 9�7�� c 8 � c S � ��T 7�� �

� S �
	���;=��
 �,
$�'��
����k^ � ����N$��
����	�����'� ��	�������
��
� �$� ���"� 
���
����k
 
����
� ����	 
�	
L1

w

	���
�����	0���"
=�,��� � ����� �5
�	��'� � �'��}��
�5�
�$� 


δ
� �
� �e�q�0Gi�qyjy �'G�$�y �+�-, )�. ���-I0>4!�� � Kq� 1 9�8 1 9�7���9�8 � 9�U�3 � 9 T s �

�43 �
	���;=��
 �,
$�'�<
�����L2� ���#Qiu
��e���
��m�<wu�;� ��m��d	H� �
� � 
�
 �'��� 
�� � ���
q
�$���$�e�5
5�,� �����;��
�� ��� 	)
����*�,��� � ���|� �5
�	��'� �

� ���'� ��	�������
��
� �$� ���
q
�$���$�e�5
5�,��� 
���
����e
 
����
� ����	���
 ���H� �0� � T ��� � 769�U�U65 � �v� � 
��
�"� � �X� 5 l � � 9�7�� T��

9�7 �
	���;=��
 �,
$�'�)
�����L2� ���#Qiu
��e���
��me<wu�;� ��m��iQ���� �$�e� ����� ���
	�� �$�
	"� ���
q
� 	����k�k� �e� �����;��
�� ��� 	�
�� �
� �e� � �

p
�$���$� �,���

� 
���
������ �
�e� �
� �$� 	���
�����	 � ���
1 6 p 6 q

�'hi>���Y . Yj�4Y . ��� � b21 9�7��4s68 � 3�3�3 � �47�� c �
9+� �
	���;=��
 �,
$�'��
����`L2������Qiu
��e���
��m
<wu�;� ��m��-	H� �
� � 
�
"����� ���
	�� �$�
	`� ����� �
�����4g �;�H� 
�� � ����
���
 � �����;��
�� ��� 	��",2$�*�Y . $ E��

E�) &'$ ) &2oq�p>�A�, )�. ��� � K /21 9�7��4s68 � c 9 S � � c U�7�U �
9�9 �@l���;=�
� � �����)
����tN'��� ��Q����+g2
 ����m��H�pYj&'$ )�E ["J�$ E�)�. > E ���D��>�y �

1
�_B�$#&'$ E�) y \ ��$�> E ����N$���
� � � 
 ���x��Q �$�
	��X
7�e�$� �

l ��g � ����f`1 �43 S�S 8 �
9�U �@; ��¡����'� ���k
 � ��� \ >#Jq>�y >���YM! ) y_¢iYZ$#���xI�J ) !#$#� ) &0*�,2$ ) ��� E $ \ ��$�> E ���d: 
��w�'�
� � �$�t� �e� ����< � ��	�	��d: 
��w�'�
� � �$�

1 �4365 c 8 �
9 c �@; ��¡����'� ���k
 � ���0,2$ ) ��� E $ \ ��$�> E �+�@��>�y �

2
�-G E > ) * � >���&0* )�. YM>�&���: 
��w�'�
� � �$�_� �e� ����< � ��	�	
1 9�7�7���8 �

9 T��@; ��¡����'� ���k
 � ���0,2$ ) ��� E $ \ ��$�> E �+�@��>�y �
3
�-,2$ ) ��� E $@W�y �+$�% E�) ���': 
��w�'�
� � �$�@� �e� ����< � ��	�	d1 9�7�769�8 �

9�s �������
�e���
	�	]� ��� �
�;�=
����eN'��; �#^ ��� �
� �����4�e�����'� ��	������
� �e�"� 	���� �$�
�������;��
�� ��� 	 �$� ���$�
��	���£�� )�E#. �Hoq�-, )�. ����[�¤�A�> E *
� ��1 9�8 1 �4365�5�8 � � T�T � �4s69 �

9�5 �&����¡=
��
�'�$����
7��¥���� �
� �,��� 
���
����e
 
����
� ����	���, )�. ��� ( � � K aOz21 �4365 c 8 � �43 � c 5 �
9 S �@; ��¡���¡����;� 	���� �
��� ���$�P
 � �
�5
 �`� ������
 ����� �5
�
�	���
�����	���Gi�qyjy �'WXCD$ E ��, )�. ���"I0>4!�� ���O�x1 �43�U S 8 � 5�s �{S 7 �
9�3 �����#^ ��N$��
������O$�! . > E CD$ ) ��� E $#�d>�&

δ
�ME Yj&���� ) &0* E $ZJ E $#��$#& .Z)�. YM>�& . ��$�> E $#Cw�
>�A�G ) & ) !#�ey )�.F. YM!#$#���0<9�"��; �q;�� 	�	��;�����
��
� �$����R 
�
 ���e��� 
P1 9�7�����8 �

U�7 �����#^ ��N$��
�� 
����¦L2������Qiu
��e���
��m���<wu�;� ��m��D^ 
��'� ���������$	������
��
�
 �'���k� ��
��
� �$� � ��� 
��
	]����
�� � � 
���
����§
 
����
� ����	��
oq����&'$�¨�� ) &0*�W J6J0y � � � b K /@1 9+�4U68 1 9�7��4U68 � � � ��9 �

U�� �@l���N'����
�
 � �$��� � 
�	�� ��	��4~��
���e����	7� �
F
� 	���
�����	 
����0�
�
��� � 
��e��
 � �5
��
� �$�
	�� h E >4!����i*�Yj&0%�� E ���2, )�. ����I0>4!�� � Kq� 1 9�8

1 �4365 c+© 5 T 8 � � T � � �4s65 �
U69 �@l���N'����
�
 � �$�����K�
�&�
�'� ����	���
����7�'� ����
 ��� � ����
 ���5
�
 
 �`���$�
���'�5�

F
� 	���
�����	�� n�>�C�Jq>���Y . YM>�, )�. ��� �'/ r 1 U68 1 �4365 S 8 �

9 c U � 9�5�s �
U�U �@l���N'����
�
 � �$���0: �$� �,��� � �{�+���{� ����
���� �
�
�H�
�'� ����	���
����&�'� ����
 ���e�Hn�>�C�Jq>���Y . YM>�, )�. ��� �0/ r 1 U68 1 �4365 S 8 � 9 c U � 9�5�s �
U c �@l���N'����
�
 � �$����: �$� �,��� � �{�����$��� � �
� �$�
	3� �����
�$� �Z
 ���5
�
 
 �7���$� �,���_
 
����
� ����	��'Biy ) ���6>��|, )�. ���qoq� � � aD1 �43 S c 8 � � c � � � c 9 �



��
���� ��� � ��� �����	� �
� ������
7��� ������
��
� �$� 
���� �����'� ��	�������
��
� �$������� ��
�	�� �7� 
���
������4
����
� ����	 ^��

U T��@l���N'����
�
 � �$���O<H
 �'�
� 	����e��
 ��� �$�e� ��� �
�e� �
� �$�
	 �$�e~���
�	�� �7� 
���
���� �e� ������	��-I . ��*+�-, )�. ��� �0�q�x1 �43 S s68 � 9�365 � U69 c �
U�s �@l���N'����
�
 � �$� 
����kQ���N'�#^��$���
�$��� �;������Q��k� �
����Q � ���F� �
�e� �
� �$�
	0
����7� 
�� � ���
� m5
��
� �$���OW E !#���O, )�. ��� �+z K 1 �43�3�U68 � � S U �

9�7�7 �
U65 �@l���N'����
�
 � �$���;� ��
�	�� �7� 
���
����|Q���
�����	���= ) &0*6%�>4>�?v>�A . ��$DB�$�>�CD$ .FE �e>�A_G ) & ) !#�eI�J ) !#$#�D1ML0�'	��e� � ����N$���
�
	��$�

����PN'���Z� ���'���
	]����
��
	�	 8 �OLH
 	������ �;�4����� 	]� �;���

�� 
 � �'� � � 1 9�7�7�U68 � ����� S�� ���4U�7 �

U S �7�&��R�����
���� ��� � ��� �����e�Z� �
�5
 �������;��
��
� �$�
	`� � 	����k� �����'�;� �5��	���
�����	���, )�. �-I0%�> E &�Y ?�� r 1 c 368 1 �43 c 768 � 9�7�3 � 9 S c �
U�3 �7�&��R�����
���� ��� � ��� ����� ��������R0��
 � f���� 
���� ��������<9� �
	�f,�;�4� � ��&0! . YM>�& ) yVWX& ) y ����Yj� Yj& I'$#CwYM> E *+$ E $�* I�J ) !#$#���
� �$	]� ��f��e� m5�

��4�0^��$	����4g 
������"���e� �e����
$�21 �43 T 768_� � � ���
	�	�� 
��q� �

c 7 �
Q��#Q����&� �'��
���
��q�4
����
� ��� � �$
�
 �
�5��� ��� ��
-� �5
�	��'� ��	��'¢i>4!#?���,|>���& .Z) Yj&|oq�p>�A_, )�. ��� ��z�1 9�8 1 �4365�s68 � U65�5 � U S 9 �
c � �&
����@
 �
�$
��
��f�
���� �������
�4gX
 ��	����O$�! . > E ,2$ ) ��� E $#� ) &0*kn�>�& .FE >�yqI���� . $#Cw���6l �����
� �Z¡ ��
 
 
����'����� 	]� �;���

��¦1 �4365�s68 �
c 9 �������������
	���
����0���d>�CwYj& )�. $�*`["J�$ E�)�. > E �����@
 �+g �;�4��;=����� � �������d1 9�7�7�768 �
c U �������������
	���
���� 
����VQ���Q������ ��
�� ��
 
$�qm�����Q ��� � 
�	������ � 	 ����� ����
 �5
�� R 
�
 �
�5� ����
�
 �'	�� 	�� 
 ���H� �0� � T 769 � 7 c 3��47 � �

� � 
��
�"� � �X� � T��
��� 9�7�� T��
c�c �������������
	���
�����
����PQ�� ���#^ 
�
 �'�e��� ���O�
�$�'�
� �;� ����
��
	]� ����� ���&�'���k� ��
�� �5�D� 
��e�e� �e�$	��0I�YM%�Y E ��?6��, )�. � ( ��� �'/Oa�1 s68

1 �43�3 c 8 � ��9 S 5 � �4U�7 c �
c T��@; �������"��g�� 	��q
7��� ������
��
� �$�Pg�� �
��� ��	������ ��� � �,��� � ���X� �5
�	��'� ��	��'h ) !�Y � !
oq��, )�. ��� �0/O/21 �4365�768 � � T 5 � �4s T��
c s �@; �������"��g�� 	��'	 ��� ��� ������
��
� �$� 
�����	����k� 
��e� 
 � �{� � ���,��� � ����	���
�����	����#yjy Yj&0>�Yj��oq��, )�. ��� � K z21 �4365�9�8 � 9�3 c � U�765 �
c 5 �dN'�
�Z� ���'���
	]����
��
	�	�
����/�&� �-m5
�� �
� �
�F�wnHy ) ����YM! ) y�G ) & ) !#��I�J ) !#$#���P��>�y �

2
� � ��&0! . YM>�& I�J ) !#$#���XQ��'�
� �e�$�;���ZR0�;��
 
��q�

� �;��
 � � � �
�$�-1 �4365�368 �
c S ��� � ����N'�
�"�q�'���w�
�'�
��
���� ���#:����.
$
��
�����p¢iYZ$#���DI�J ) !#$#������>�y �

1
�-l �����
� �Z¡ ��
 
 
����'�4��� 	]� �;���

�� 
����p�"�$���'�$�

1 �4365+��8 �
c 3 �7�&�#^ 
�
 � ����
����

��,�H� ����� �����{� ��� 
����7���$� �,��� � �{���'� �����;���
� ��	����O~���
�	�� �7� 
���
�����	���
�����	��+h E >4!��O>�A . ��$���& . $ E & )�. YM>�& ) y

I���C�Jq>���Yj��C >�&eG ) & ) !#� ) &0* � ��&0! . YM>�& I�J ) !#$#���@Y .Z) ?��������+���'N,
���
��t1 9�7�7�U68 �0S U � ��9�7 �
T 7 �
Q�� ����^ 
�
 �'�e��� ���;� ��
�	�� �$� 
$�'�$�P� �5
�	��'� ��	���I�YM%�Y E ��?6��, )�. � ( ��� �O/ � 1ZT 8 1 �43�3���8 � �47�� � ����� �
T � �
Q�� ����^ 
�
 �'�e��� �����K�
�&�'� ����
 ��� ���p� ��� ����� 	K� �

Kσ

� 	���
�������I�YM%�Y E ��?6��, )�. � ( ��� �0/q�"1 9�8 1 �43�3�U68 � ���47 � ��9�7 �
T 9 �d<�������^ 
�	 
��e�&
����e¡���lH� ���k�F���K�
� � ��� ������
��
� �$���
�
������� ���0� 
���
���� 	���
������$
�
 �
�5�P� �5
�	��'� ��	 
������
�
���4�$�
��
 
 � �

�
���e� �e� �
�
����� ��� 	�� 
��0Q��5
�
 
 ��� �$
�
 �
�5�v� �5
�	��'� ��	 �$�
δ
� �
� �e�$	��'WX*�����, )�. ��� � r /21 �43 S 368 � 9�7 c � 9 c � �

T U �d<�������^ 
�	 
��e�&
����e¡���lH� ���k�F���K�
� � ��� ������
��
� �$���
�
������� ���0� 
���
���� 	���
������$
�
 �
�5�P� �5
�	��'� ��	 
������
�
���4�$�
��
 
 � �
�
���e� �e� �
�
����� ��� 	�� 
�
��O<�� ���
� 	�� ��� ������
��
� �$����WX*�����, )�. ��� � r a21 �43 S 368 � ��9+� � �4s65 �

T c �d<��#^������;���ZlH� �����;�
�q�'G ) & ) !#�D� )�.F. YM!#$#����Q��'�
� �e�$�;�4��� �;��
 � � � �
�$�-1 �43�3���8 �
T�T��
Q��#	�f$
$�

 
������ ��N'�
�`� �#f,�;�4�'�'��u�����
� ��� 	���
���� � �$
�
 �
�5�`� �5
�	��'� ��	�
������
�
�

AL
�$�'� �����;���{�+�-¢X$#���p¢@�pWX! ) *+��npYZ$#&'�

I'$ E YZ$_Wd��, )�. � � � r 1 9�8 1 9�7�7�U68 � U�7 T � U�� c �
T s �
Q��#	�f$
$�

�� � ��N'�
�`� �#f,�;�4�4
����|L2�����#Qiu
��e���
��m���<wu�;� ��m���["J . YjC ) y�*6>�C ) Yj& ) &0*eYj& . $M� E�) y�$�¤ . $#&���YM>�&V>�Ak>#J�$ E�)�. > E �

) ! . Yj&��kYj&
A#��&0! . YM>�& �MJ ) !#$#�d1�["J�$ E � \ ��$�> E ��WX*����-W J6J0y � 8 � K ��b������ ��f��-�
��
	��;�4��� 
�	���
 1 9�7�7 S 8 �
T 5 ������<9� � � 	������0["J�$ E�)�. > E ��*+$ ) y ����;=��� � 	����"�4R0�;��
 
���� � 	�	�� �$� �;��
 � �P1 �4365 S 8�� l �����
���+¡ ��
 
 
����'����� 	]� �;���

��P���"�$���'�$���

l ��g � ����f	� �4��f+���v1 �43 S 768 �
T�S �_� ��� 
��'��
����'��
���� <�� �"���

���� � ���7
7��� �;�
����
 
��
� �$� ��� � 
���
����¦
 
����
� ����	 
����f� 
�� � ���
� m5
��
� �$� ���

p
�$���$� �,��� 
����

q
�$���$�e�5
5�,�=�����;��
�� ��� 	�����& . $M� E�) y��i¨�� )�. � ) &0*`["J�$ E � \ ��$�> E ����zOz�1 ��8 1 9�7��4768 � 5�3 � ����9 �

T 3 �
Q�������
 ��g�� ��m��H,2$ .FE YM!w�pYj&'$ )�E I�J ) !#$#���H^��$�
������
�}��v^ 
�� ��� 
��{� ��m��
���-aOz'�-<X� l`�{<���
 � 	��xQ���� �����
� }q�k<&����
 � 	��
�;� 	��� 
 � 	 
�g 1 �4365�9�8 �
s�7 �
Q�������
 ��g�� ��m���,2$ .FE YM!_�pYj&'$ )�E I�J ) !#$#��� 9 ���5�.� �O<X� l`�{<���
 � 	�� Q���� �����
� }q�d<&����
 � 	��
�;� 	�� � 
 � 	 
�g¦1 �43 S c 8 �
s�� �dL2� ���#Qiu
��e���
��m�<wu�;� ��m��6: ���k��
�� � �
��	�	 
 �
�$��� �����3� ���&	���
�����	 ���

p
�$� ��� ������
���
 �=� �
�e� �
� �$�
	-g�� �
��� ��	������ � � � 
��,��� � ���

� �5
�	��'� ��
����P� 
�� � ���
� m5
��
� �$�����"�����;��
�� ��� 	��
�'� �$�e���k�"������	��$�
��� � �����
�
�;�2	���
�����	����#yjy Yj&0>�Yj�ioq�O, )�. ��� �+�'ae1 9�7�7���8 �
3�765 � 369�U �

s69 �dL2� ���#Q'
��e���
��m_<��;� ��m=
����v<�� �"��
$�

���� � ���
� 
 ����
 ���+;=�
� � �������qQ����+g2
 ����m�� ��� ������
��
� �$� � �������$	�� �
� �,�=�,��� � ���i� �5
�	�� �
� ��	�
���� � ���'� ��	�������
��
� �$� ����~���
�	�� �7� 
���
����e
 
����
� ����	��"oq�
	@>�&Oy Yj&'� ) &0*`n�>�&����-WX& ) y � � K r 1 9�8 1 9�7��4s68 � U S 5 � c 769 �

s�U �@¡�� �Z����Q����+g2
 ��m��'G ) & ) !#�D� )�.F. YM!#$#� ) &0*`["J�$ E�)�. > E ���;�"��� ��m�� �q���4�����
�
�;�d1 �43 S c 8 �
s c ������� �#Q�� � � 
��
	�	��$���

L1

���&
 �,��� � ����� �5
�	��'� ���O�"$_, )�. $#C )�. YM!#��$#�O�'�21 �43�3�U68 � 9+�43 � 9�U c �
s T������ ��
�f,��� �
�F��� ����
��
	]� �;�H�'�
� �e��� ��
 ��� � ��
 ��� �$�e� ��
���
�
 �'	�� 	��"oq�-I���Ck%�>�y YM!_�->���YM!����O�"1 U68 1 �4365�368 � c ��5 � c�c 7 �
s�s �dL2�����#� � �K�
��� 
�	���R0��� � ����
7��� ������
��
� �$����£�� ) � . �-, )�. ��� �0/Oa21 9�7���9�8 � U�3�� � c �4s �
s65 �d<9�"� �4�'�
�e� ��� 
7����u������
��
� �$� ��
 � ��
��e���������
 �
�
�d� ��	��'� �
�
 �$
�
 ���'� 	=�

��
	 �
� ��	���
���� �,��� � ���
� ��
 � ������
 ����� ~��
� �
�$�
	��e�e���$	qu�w
 ���5
�
 ��� �����7���$� �,���'���-��& .��$�� E�)�. YM>�&���$�! . > E YZ$�yjy $D$ . Cw�qy . Yj��>4¨��O$�1�n�>�yjy >4¨�� �w��&�Yj����n ) $#&��_n ) $#&��

1975
8 �

Lp� �"�ql �'�OS���; u���"�0^ 
��
�"� ������L2�����#Q���� � ��� �e� ���O: 
������': 
������-1 �4365 T 8 �
s S �d<9�"� �4�'�
�e� ���Hn�>�&���$�¤�Y .��$#�
* ) &��dy $#��� �MJ ) !#$#� �O$�! . > E YZ$�y � \ >#Jq>�y >���YM¨��O$#��B �$#& �$ E�) �6¤��0;�� 	�	��'^ 
��
�"� � K / K 1 �4365�s68 �
s�3 ������
���R0��f 	�
 �;�4�0	 ��� �5
�
 � m5
��
� �$� ���0� �
���e� � �5�'�5
��

K
�Z
 � �
�5
�
 	��-I�YM%#$ E Y ) &`, )�. ���poq� �0/�1 ��8 1 �43�s69�8 � 5 � �4s �

5�7 ������
���R0��f 	�
 �;�4�.�K�
�P���$�e����� �=��� 
k
 � �
�5
 �@
 
����
� ���
g��e� ��� � 	=�
����� 
�
 � � � � 	���
 �{�4
��������;����
�� � 
��e��
 � �5
��
� �$�
	����=�
�e� 	���$�e����� � � �P�
�
���
�
�����������p
 � �
�5
 �=
����v
 � �
�5
 ���
����� �5�v
 
����
� ����	��������������6�4>����-, )�. ��� ���x1 �43�s�s68 � �4U � 9�9 �
5+� ������
���R0��f 	�
 �;�4��
7��� �;� �$
�
H�����k��
 � � ���
��	�	 
���� � ��� �;� �$
�
 
 � �����k��
 � � � �
����� 
��e� 
 � �{� ���

KN
�Z
 � �
�5
�
 	��@�������`���6�4>����

, )�. ��� ���x1 �4365�768 � U�s � c s �
5�9 ��������R0��
 � f����X��& .FE >4*���! . YM>�& . > . ��$ \ ��$�> E ��>�Aeh )�E#. Y ) yjy � [ E *+$ E $�*�I�J ) !#$#����� � m�� 
��
��� m���^��$	����4g 1 �43�s���8`� � ����
	�	�� 
��q� �



^�( �������
���
	���
�����
���������������
�	������

5�U �dN'��; �#^ ��� �
� �����4�0Q�� �$�
� �7
�
 �$���'��
�� �$
�
 �
�5�v� �5
�	��'� ��	�
������ ��� ������
�
 	���h E >4!��-�->�&0*6>�&`, )�. ���"I0>4!�� � Kq� 1 U68 1 �43�s�368 �
�4765 � ��9�9 �

5 c �dN'��; �#^ ��� �
� �����4�.�c� 
$�'�$���+lH� f,� ��u�q� �
�
����� ��� � ���
Q�� �$�
� 
�
 �$���'��
��$
�
 �
�5�`� �5
�	��'� ��	�� \�E�) &����pWXCD$ E �H, )�. ���
I0>4!�� � K / � 1 �43�s�368 � 5 T � 3 c �

5 T��dN'��; �#^ ��� �
� �����4�
�K�
�@� �5
�	��'� �=����� ���
	�� �$� �'� ����
 ��� � �����,��� � ����
 
����
� ����	���WX&�&'����&�� . � � >�� E YZ$ E 1�B E $#&0>6%�y $ 8 � �'K
1 �4365+��8 � s T � s S �

5�s �dN'��; �#^ ��� �
� �����4�p^��5
�	��'� ��	dg�� �
� �$
�
 �
��	7� � 
 ��
 ���
� 
�
 
 �)�����'�;� �5� �,��� � ����	���
������ h E >4!����->�&0*6>�&x, )�. ����I0>4!�� �
� a�1 U68 1 �4365�9�8 � s65 T � s S�S �

5�5 �dN'�#Q�m���
 �,
��
(p, r)

�$���$� �,���k� �
�e� �
� �$�
	2�$���,��� � ����
 
����
� ����	��'h E >4!��-�i*�Yj&0%�� E ��, )�. ���-I0>4!�� �0/ r 1 9�8 1 �43�3 c 8 � 9�765 � 9�9�s �
5 S �����#:����.
$
��
�����'¢iYZ$#���dI�J ) !#$#�_�����ql �����
� �Z¡ ��
 
 
����'����� 	]� �;���

�� 1 �43 S U68 �

���������
	���
������
�����
���
Æ�� » «¬®����¬ª0Ç;©
«¬®����v©
«¬�­��©�Ài³´ª�·Ï«¬� « » «¬�
¿jÀ­©���� Á
©%��Á
©�ÂIÆ���� ��ª�����È\��ª�«¬���x��¹¾«¬®��,��ÉyÆ
(�(�Ç;©��¬Á » ·x·Ï«¬�¬����«$]�¿jÀ­©���� Á
©%��Á
©�Â�]�ï�*�(�#�(�	�]�� » ·¬·¸�­©
¨M�¬½Å�¬¨H®���«¯©�² » �¬�
�M�����¸«¬®��y·¬·¸��«¬�­©�ª)Æ�«¯©
«¬�,ñ�ª�� �����¯·¸� «ÏÔ
^�^�Vu^�*,¿Å©
« » «¬� ª;Æ�«¬�¬����«$]�¿jÀ­©���� Á
©%��Á
©�Â�]�ï�*�(�#�(���]�� » ·¬·¸�­©
î�Vu�v©�� ÀÍt�� ��!#"%$�&('%)%!�*�$(+ ,.-/" �
0 �������
1�2 0 ��34���5�
���
Æ�� » «¬®����¬ª0Ç;©
«¬®����v©
«¬�­��©�Ài³´ª�·Ï«¬� « » «¬�
¿jÀ­©���� Á
©%��Á
©�ÂIÆ���� ��ª�����È\��ª�«¬���x��¹¾«¬®��,��ÉyÆ
(�(�Ç;©��¬Á » ·x·Ï«¬�¬����«$]�¿jÀ­©���� Á
©%��Á
©�Â�]�ï�*�(�#�(�	�]�� » ·¬·¸�­©
î�Vu�v©�� ÀÍt�+%$%!(6�&(' 78$(+�"%$ 9�:�)(;%$#<%9�&>=?-@" �



8��54���C������9<S6�C�3��	�56�7
�=�9.0/21�354�6�7
D�4���354���
;D�C���4�1�C�7
�=�9@B4�1�C26�7

������������������� ���"!��#!�$%��&��(')��� *��+�,�
-����/.102�+� $#�3�������4��$2��56��72� ����8"!�$%9:8;����<=�>�"!��

? ��J���������J�������XxP�U$��J�Xx������T
�H �&� �U���J���[y�¬[y�

@BADCFE�GFHJILKFA/MNEFOQP�ISRUT 9�3 � ��� � 9�7��4s �
V/AUW�XYISR

60 × 84 1/8

��Z HQ[ � E � [ � c � S�S �]\ GFWFIS^ 5 T+_D`�a$�


