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1. INTRODUCTION

Integration with respect to a measure taking values in a vector lattice has its roots
in spectral theory, in representation of linear operators by means of integration
with respect to spectral measures. Purely order based integration theory of real-
valued measurable functions with respect to countably additive vector measures
with values in a Dedekind complete vector lattice was developed by Kantorovich
[38, 39]. A decisive contribution was made by Wright |73, 74, 75|. The existing
literature is rather sparse; aspects of the theory are reflected in the book by
Kusraev |42, Ch. 6]. Some interesting application can be found in Coquand [8|,
Fuchssteiner and Wright [26], Khurana [40]|, Wright [76] (generalizations of the Riesz
representation theorem); Haydon [27] (representation of injective Banach lattices);
Takeuti [65], Kusraev and Kutateladze [43], Kusraev and Malyugin [44] (abstract
harmonic analysis); Malyugin [51] (the moment problem in vector lattices).

Bartle, Dunford and Schwartz [5| introduced the theory of integration with
respect to a o-additive vector measure defined on a o-algebra of subsets of some
set and with values in a Banach space, see |22, Ch. IV, § 19|. Later, Lewis [45] gave
an alternative duality based approach. The theory was extended to vector measures
defined on o-rings in Lewis [46] and Masani and Niemi [52, 53]. The integration
of scalar measurable functions with respect to a vector measure with values in an
F-space was developed in Rolewicz [59, § I11.6], [60], Turpin [67], [68, Chap. 7|, and
Thomas [66].

For over recent 25 years the spaces of integrable functions with respect to a
measure taking values in a Banach (quasi-Banach) lattice have been a field of
increased interest. The spaces of integrable and weakly integrable functions with
respect to a vector measure possess interesting order and metric properties and
have been studied intensively by many authors. They find applications in important
problems such as the representation of abstract quasi-Banach lattices as spaces of
integrable functions, the study of the optimal domain of linear operators, domination
and factorization of operators, spectral integration etc.

It is important to know under which condition a quasi-Banach lattice is order
isometric to some quasi-Banach function space. Different aspects of this problem
have been studied by variety of authors. Recent achievements are related with
the vector measure integration. Curbera [10, Theorem 8] proved that every order
continuous Banach lattice with a weak unit is order isometric to L!(u) for a vector
measure j defined on a o-algebra. This result was extended to quasi-Banach
lattices by Sanchez Pérez and Tradacete |62, Theorem 4.3]. Curbera and Ricker
[13, Theorem 2.5| succeeded to prove that any Banach lattice with the o-Fatou
property with a weak order unit belonging to its order o-continuous part as a lattice
of weakly integrable function L. (x). Similar results remain valid even if the Banach
space under consideration do not contains a weak order unit as it was stated in
Curbera |9, Theorema 5| and proved in Delgado and Juan [18, Theorem 10]. The
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price one pays for this is that one should extend the integration with respect to
a vector measure defined on a g-algebra to a vector measure defined on a d-ring, see
Delgado [16], Degado and Juan [18], Calabuig, Delgado, Juan, and Sénchez Pérez [6].
It should be also noted that the standard convexification—concavification machinery
(see Lindenstrauss and Tzafriri [47]) enables one to obtain similar representation
results for Banach lattices with the convexity properties using the spaces of power-
integrable functions, see Calabuig, Jaun, and Sanchez Pérez [7], Curbera and
Ricker [15]. A basic tool for the whole study is the Bartle-Dunford—Schwartz type
integration theory.

One more area of increased interest recently has been the local theory of quasi-
Banach spaces [37]. It turns out that many of the ideas and achievements of the
local theory of Banach spaces may be naturally transplanted to the environment
of quasi-Banach spaces so that convexity is not really relevant, see, for example,
Kalton [32-35].The above mentioned result by Sanchez Pérez and Tradacete |62,
Theorem 4.3| is the first attempt to extend the representation of Banach lattices
by using the spaces of integrable functions with respect to a vector measure to
quasi-Banach setting.

The aim of this work is three-fold. First, to adopt and developed in the context
of quasi-Banach spaces some ideas and technical tools coming from the theory of
Banach lattices. In Section 2 we briefly sketch the needed information concerning
quasi-Banach lattices. Next, we prove some Riesz—Fischer type completeness
theorems for quasi-normed lattices and gave a characterization of order continuous
quasi-Banach lattices. In Section 3 we examine the construction of the maximal
quasi-normed extension introduced by Abramovich [1] for Banach lattices.

Second, we introduce a purely order-based Kantorovich-Wright type integration
with respect to a vector measures defined on a é-ring with values in a Dedekind
o-complete vector lattice. This is done in Sections 4 and 6. Section 5 deals with the
smallest extension of the space of integrable function. The parallel Burtle-Dunford—
Schwartz type integration defined on a d-ring with values in a quasi-Banach lattice
is outlined in Section 8. The definitions of countable additivity and integration
are understood in the sense of order or metric convergence according to whether
the Kantorovich-Wright or Bartle-Dunford-Schwartz theory is considered. To differ
between them it is sometimes convenient to speak of an order measure (o-measure)
and the order integration (o-integration) operator I{ or a topological measure (7-
measure) and the topological integration (7-integration) operator I], respectively.

Third, the Kantorovich-Wright type integration can be used to obtain general
representation theorems for Dedekind complete vector lattices and quasi-Banach
lattices. In section 7 we demonstrate that, given an arbitrary o-Dedekind complete
vector lattice, there exists an order dense ideal which is lattice isomorphic to the
vector lattice L!(u) of equivalence classes of o-integrable functions with respect to
a vector measure p, while the whole vector lattice is lattice isomorphic to the domain
of the smallest extension f/‘j of [;;. Similar result is stated in Section 9 for Dedekind
complete quasi-Banach lattices. In Section 10 it is shown that a Dedekind complete
quasi-Banach lattice with the order dense order continuous part is representable as
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the domain L! (1) of the smallest extension f; of the 7-integration operator I.
Of course, the domain of I] is the space of 7-integrable operators L1 ().

In the context of Banach lattices a crucial role is played by the spaces L'(u)
and L. (u) of integrable and weakly integrable functions with respect to a vector
measure, see the survey paper by Curbera and Ricker [14]| and the book by Okada,
Ricker and Sénches Pérez [56]|. Dealing with the functional representation of quasi-
Banach lattices a duality based definition of L (1) no longer works but there are
four natural candidates for a space of weakly integrable function: maximal quasi-
Banach extension L! and L!_ of L!(u) and L!(u), respectively, and the domains
Ll (w) and LL (u) of smallest extensions fﬁ and f; of the integration operators I
and I7, respectively. Several simple relationships between these quasi-Banach lattice
are also presented in Sections 9 and 10. Some consequences of the obtained results
for Banach lattices are discussed in Section 11.

We use the standard notation and terminology of Aliprantis and Burkinshaw [4]
and Meyer-Niberg [54] for the theory of vector and Banach lattices (see also
Abramovich and Aliprantis [3], Luxemburg and Zaanen [48|, Schwarz [63],
Vulikh [72]). Throughout the text we assume that all vector spaces are defined
over the field of reals and all vector lattices are Archimedean. We let := denote the
assignment by definition, while N and R symbolize the naturals and the reals.

2. QUASI-BANACH LATTICES

In this section, we briefly sketch the needed information concerning quasi-Banach
lattices.

DEFINITION 2.1. A quasi-normed space is a pair (X, ||-||) where X is a real vector
space and || - || is a quasi-norm, a function from X to R such that the following
conditions hold:

(1) |||l = 0 for all € X and ||z|| = 0 if and only if z = 0.

(2) [|Az|| = |A|||z]| for all z € X and X € R.

(3) There exists a constant C' > 1 with ||z + y|| < C(||z|| + ||y||) for all z,y € X.

If, in addition, for some 0 < p < 1 the inequality

(4) ||z + y||P < ||z||” + ||y]|” holds for all z,y € X,

then || - || is called a p-norm and (X, || - ||) is called a p-normed space.

The best constant C'in 2.1 (3) is called the quasi-triangle constant, or quasi-norm
multiplier, or modulus of concavity of the quasi norm.

Two quasi-norms || - || and || - ||" are equivalent if there is a constant A > 1 such
that A~ |z| < ||z||" < Al|z|| for all x € X. By the Aoki-Rolewicz theorem (see [34]),
each quasi-norm is equivalent to some p-norm for some 0 < p < 1.

Theorem 2.2 (AOKI-ROLEWICZ). Let (X, || - ||) be a quasi-normed space with
the quasi-triangle constant C' > 1 and p = (1 +log, C)~'. Define || - ||, : X — R as

]l := inf{(ZkaHP) D=, neN} (z € X).
p P
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Then 0 < p <1, ||, is a p-norm, and ||z|, < ||z| < 2Y7|z||, for all z € X.
< See Maligranda [49, Theorem 1.2|, Pietsch [57, 6.2.5]. >

Thus, we may assume unless otherwise is mentioned that a quasi-Banach space
is equipped with a p-norm for some 0 < p < 1.

A topological vector space X is said to be locally bounded if it has a bounded
neighborhood of zero. A quasi-normed space is a locally bounded topological vector
space if we take the sets {x € X : ||z|| < e} (0 < e € R) for a base of neighborhoods
of zero. Moreover, this topology may be induced by metric d(z,y) := ||z — y||”
(x,y € X) where ||| is an equivalent p-norm. Conversely, Hyers [28| proved that
the topology of a locally bounded topological vector space X can be deduced from
a quasi-norm, which may be obtained as the Minkowski functional of a bounded
balanced neighborhood B of zero:

|z|:= ||z||p:=inf {0 <A €R: z€AB} (z€X).

A quasi-norm may be discontinuous in its own topology [57, 6.1.9]. However, every
quasi-norm is equivalent to a continuous one, since a p-norm is continuous.

DEFINITION 2.3. A quasi-Banach space (p-normed space) is a quasi-normed space
which is complete in its metric uniformity.

Theorem 2.4. A quasi-normed space X := (X, || - ||) with a triangle constant
C' > 1 is complete (and hence a quasi-Banach space) if and only if for every series
(z) in X such that >~ C¥|lzx|| < oo there exists > ,- 7y € X and

oo
D
k=1

< See Maligranda [49, Theorem 1.1]. >

[e.e]

<D .

k=1

The basic results of the Banach space theory such as open mapping theorem
and the closed graph theorem (for linear operators) are valid also in the context
of quasi-Banach spaces, see [37].

DEFINITION 2.5. A quasi-Banach (quasi-normed, p-Banach) space (X, | - ||) is
called a quasi-Banach lattice (respectively, quasi-normed lattice, p-Banach lattice)
if, in addition, X is a vector lattice and |z| < |y| implies ||z|| < ||y|| for all z,y € X.

Lemma 2.6. In any quasi-normed lattice X lattice operations are continuous
and the positive cone is closed. Moreover, if an increasing (decreasing) net (x4)aeca
is quasi-norm convergent to x € X, then x = sup,c, ¥o (z =infoeca z4).

<1 This can be ensured just as in the case of Banach lattice using monotonicity
of the quasi-norm and quasi-triangle inequality. >

It follows from Lemma 2.6 that the completion of a quasi-normed lattice X is
a quasi-Banach lattice including X as a vector sublattice. Along similar lines, it can
also be proved that Amemiya’s result on completeness of normed lattices is true in
the context of quasi-normed spaces: a quasi-normed lattice X is complete if and only
if every increasing Cauchy sequence in X is convergent. This fact in combination
with Theorem 2.4 leads to the following result.
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Theorem 2.7. For a quasi-normed space X := (X, || -||) with a triangle constant
C > 1 the following assertions are equivalent:

(1) X is a quasi-Banach lattice.

(2) For every series () in X such that Y ;- C*||xx|| < oo there exists x € X
with x = Y7, .

(3) For every series () in X such that Y ;- C*||xx|| < oo there exists x € X
with © = 0-Y po | Tk = SUP ey D peq Tk-

< Obviously, (1) = (2) = (3) in view of Lemma 2.6. Ensure that (3) = (1).

Assume that for a sequence (x;) in X we have > >~ C¥||lz¢| < oo. Put u,:= z;}

and v, := z,. By (3) there exists u = 0-) ;- ug, since |u,| < |z,/. Choose
a strictly increasing sequence of naturals (ny) such that an“ Cl”UlH k=3 for all
k € N and denote y;, = ;L:’“Z;H ku;. Then for the sequence (yk) we deduce
o] [oe} N1 N1 [oe} 1
k k - !
Sl <30 Y Ol <3S Otk < D<o
k=1 k=1 l=nj+1 k=1 l=nj+1 k=1

According to (3) there exists y = 0-Y ., yx and

k(u—Zul)—sup Z ku; < —Zngy
=1 meNy =k
It follows that (u — > * w) < y/k for all k € N and hence u = )%, w; in view

of monotonicity of the quasi-norm. By similar arguments there exists v = >_,°, v;.
Using Lemma 2.6 once again we see that the series Y ;- | xy converges to z:= u—uv. >

DEFINITION 2.8. A quasi-Banach lattice (X, ||-||) (as well as the quasi-norm || - ||)
is said to be order continuous, if x, | 0 implies ||x4| 4 0 for any net (z4)aea in X.
If arbitrary nets are replaced by sequences, one speak of order o-continuity.

Lemma 2.9. An order continuous quasi-Banach lattice is super Dedekind
complete and every increasing order bounded net in it is convergent.

< Take an increasing net (z,)aca in a quasi-Banach lattice X such that 0 <
To < x for some z € X,. Theset I':= {y € X : 2, < yforalla € A} is
upward directed with the ordering v; < 79 if 71 > 75 holds in X. Moreover, the
net (yYy — Za)(a,y)eaxr With y,:= 7 is decreasing and order convergent to zero, see
[4, Lemma 4.8|. By hypothesis, for an arbitrary ¢ > 0 there exist oy € A and
7o € T such that |y, — 4] < C7'e for all ¥ > o and a > «y. It follows that
25— zall < C(|xs — Yol + lyne — z5]|) < 2¢ for all B, v > «, that is, the net (z,)
is Cauchy and converges to same z € X. By Lemma 2.6 z = sup,, x, and X is order
complete.

Let a net (x4)aca be such that 0 < z, T x for some x € X,. Then z — z, | 0
and in view of order continuity of the quasi-norm we have ||z — x| | 0. Choose
increasing sequence (a,)>>; C A with ||z —z,, || < n~! for alln € N. Then, as we see,
x is a quasi-norm limit of positive increasing sequence (z,, )2, and by Lemma 2.6
& = sup,, T,, - Therefore, X is super Dedekind complete.

The second part is obvious. >
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Theorem 2.10. For a quasi-Banach lattice X the following are equivalent:
(1) X is order continuous.

(2) Every increasing order bounded sequence in X, is convergent.

(3) X is Dedekind o-complete and order o-continuous.

< (1) = (2) Follows from Lemma 2.9.

(2) = (3) Order o-completeness is immediate from Lemma 2.6. To ensure order
o-continuity, take a decreasing sequence (z,) in X order convergent to zero. Then
x1 —x, T x; and by hypothesis there exists lim, (z; —z,) = y. By Lemma 2.6 y = x;
and lim,, x,, = 0.

(3) = (1) Let (z,) be a decreasing net order converging to zero. If (z,) is not
Cauchy then there exist ¢ > 0 and an increasing sequence (a;,) such that ||z, —
Ta,., || = € for all n € N. In view of order o-completeness of X there exists =
inf z,, . By hypotheses, (z,, ) is convergent which is a contradiction. It follows that
(z4) is Cauchy and converges to some y € X. By Lemma 2.6 y = inf, z, = 0. >

DEFINITION 2.11. A quasi-Banach lattice (X, || - ||) is said to have the weak
Fatou property (respectively weak o-Fatou property) if there exists K > 0 (called
the weak Fatou constant) such that for every increasing net (z,) (respectively
sequence (z,)) with the supremum z € X we have ||z|| < K sup, ||z.| (respectively
|z|| < Ksup,, ||z,]]). If K =1 then ||z| = sup, ||z.|| and in this situation X is said
to have the Fatou property (respectively o-Fatou property).

DEFINITION 2.12. Say that a quasi-normed lattice (X, || -||) has the Levi property
(respectively o-Levi property) if sup, x, (respectively sup, x,) exists for every
increasing net (z,,) (respectively sequence (z,,)) in X provided that sup, ||z.] < oo
(respectively sup, ||z, < o0). A quasi-KB-space is an order continuous quasi-
normed lattice with the Levi property.

Proposition 2.13. Suppose that X is a quasi-normed lattice with the Levi
property. Then X is a Dedekind complete quasi-Banach lattice with the weak Fatou
property.

< The fact that a quasi-normed lattice with the Levi property has also the weak
Fatou property is the only thing that needs verification. The proof is similar to that
of Proposition 2.4.19 in Meyer-Nieberg [54].

Assume that X has the Levi property but lacks the weak Fatou property. Then
for every n € N there exists an increasing net (y,,a)aca@) in X, such that y, =
SUDPqeA (n) Yn,o €Xists and

lyall = n7, 7= C"n* supsenm) lynall (0 €N),

where C' > 1 is the triangle constant of X. Putting 4, := yn/7, Una := Yn.a/T We
arrive at the following relations:

Yn= SupaeA(n) gn,om ||gn|| 2 n, ||g7l,04|| < C_nn_2 (TL < N)

Let (x.) stands for the net of finite suprema of elements in {g, o, : n € N, a € A(n)}.
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If 20 = Unyon Voo oV gy, With oj € A(n;), then

k k 0
B B _— S 1
||:L"Y|| < ”ym,al +o +ynk70¢k|| < ZOJH?JW,%H < ZO]O njnj 2 < Z ﬁ < 0.
j=1 j=1 n=1

By hypothesis, x = sup., z, exists and satisfies z > 7, for all n € N. Consequently,
|z|| = n for all n € N, a contradiction. >

3. MAXIMAL QUASI-NORMED EXTENSION

Consider a quasi-normed lattice (X, || - |) with the quasi-triangle constant C.
Let X? stand for the Dedekind completion of X, so that X is identified with
a majorizing order dense sublattice of X, while X? itself is a Dedekind complete
vector lattice. Define a function || - || : X° — R as

|Z||s:= inf {||z]| : =€ X;, || <z} (z€XO).

Clearly, ||z]| = ||z||s for all z € X and ||Z||s < oo for each # € X?°, since X is
majorizing sublattice. Positive homogeneity and monotonicity of || - ||s are obvious.
Moreover, if |Z| < x and |g| < y for some 2,y € X and 7,y € X?°, then |2+7| < z+y
and [|Z + gl < [lz+yll < C(llz] + [lyl]) and hence ||z + glls < C([[Z[ls + [[7lls)-

It follows that (X5, | - ||s) is a quasi-normed lattice with the same quasi-triangle
constant.
Lemma 3.1. If (X, || - ||) is a quasi-Banach lattice with a triangle constant C' or

a p-Banach lattice, then so is (X°, | - ||5).

< Assume that Y2 C¥||Z,|ls < oo for a sequence (Zy) in XJ. Pick z;, € X,
such that Ty < T and ||.I‘k|| < ||ka||5 + 1/(20)k Then

n n - n 1
D CFlael <D CFllalls+ ) 5
k=1 k=1 k=1

and hence > 2 C¥||lzx|| < oo. By Theorem 2.6 = := 0-> . 7; exists in X.
Consequently, o-> "7~ | &y, exists in X?, since Yoo Ty <z forallneN. >

Assume now that (X, -||) is a Dedekind complete quasi-normed lattice with
a quasi-triangle constant C. Identify X with an order dense ideal in its universal
completion X*. Define a function || - |,. : X* — R U {+o0} by putting

|2].:=sup{z e X: 0<z< |2} (2e€X").

Observe that ||z|| = ||z, for all x € X. Denote X*:= {& € X" : ||Z|,. < oo}.
If0<u< |4y <|z|+ |9 for some Z,5 € X* and u € X, then there exist
r,y € X with 0 <2 < |2],0 <y < |9], and u = x + y. It follows that ||ul <
Cllll + llyl) < C(l2]l + 19ll.) and thus |7 + gl[.. < C([[Z]l. + [|9]l.). Similarly,
|| - ||, is a p-norm, whenever || - || is. Taking into account obvious monotonicity and
positive homogeneity of || - ||,., we see that (X*, || -||,.) is a quasi-normed lattice with
the quasi-triangle constant C' and, if || - || is a p-norm, so is || - ||..-
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DEFINITION 3.2. A maximal quasi-normed extension of a qusi-normed lattice
(X, |- 1) is the pair (X%, || - [|5,.) with X**:= (X°)” and

12|55 := sup{inf{||z]| : z € X, |Z| <z}: z€X°, 0<z<|2|} (&€ X).

Observe that if X is Dedekind complete then X = X* and || - ||5,. = || - ||..-

Lemma 3.3. If (X, ||-||x) and (Y, || - ||y) are quasi-normed lattices, Y is an order
dense ideal in X* containing X, and ||z||x = ||z||y for all z € X, then Y C X*.

< This is an immediate consequence of the definition. >

DEFINITION 3.4. A quasi-normed lattice X is called intervally complete if every
order interval of X is complete or, in other words, every order bounded Cauhcy
sequence of X is convergent to an element of X.

It can be easily seen that each intervally complete quasi-normed lattice is an order
dense ideal of its own metric completion and every order ideal of any quasi-Banach
lattice is an intervally complete quasi-normed lattice. Thus, the class of intervally
complete quasi-normed lattices coincides with the class of order dense ideals of
quasi-Banach lattices.

Lemma 3.5. Intervally complete quasi-normed lattice is uniformly complete.

< Let (z,) be a uniformly Cauchy sequence, that is, there exist e € X, and
a sequence of reals (g,,) such that lim, &, = 0 and |z, 1x — x,| < g,e for all n, k € N.
Then ||z,4x — x| < enlle|| and (x,) is Cauchy in (X, | - ||). Moreover, |zg1| <
|z1] 4+ e1€e for all k € N. By hypothesis, there exists = lim,, x,, in (X, || - ||). Passage
to the limit in |2,y — z,| < epe with £ — oo yields |z — z,| < gpe for all n € N,
whence X is uniformly complete. >

Lemma 3.6. Let X be the metric completion of an intervally complete quasi-
normed lattice X. Then X is Dedekind complete if and only if so is X.

< If X is Dedekind complete then so is X, since X is an order dense ideal
of X. Assume that a quasi-normed lattice X is intervally complete and Dedekind
complete and prove X is Dedekind complete. It was proved by Veksler [69, 70| that
an Archimedean vector lattice is Dedekind complete if and only if it is uniformly
complete and has the projection property. By Lemma 3.5 it suffices to show that X
has the projection property. Consider an element x € X and a band B in X and
pick a sequence (x,) in X converging to x. Observe, that B := BN X is a band
of X and B+ = BL N X, since X is an order dense ideal in X. If 7 stands for the
band projection in X onto B, then 7’:= Ix — 7 is the band projection onto B+. The
sequences (mx,) and (7'x,) are Cauchy, as so is (z,,), hence they converge to some
u e X and o’ € X, respectively. Clearly, u € B, v/ € B+, and z = u + u'. >

Lemma 3.7. A quasi-normed lattice X is intervally complete if and only if every
increasing order bounded Cauchy sequence in X, is quasi-norm convergent.

< The proof given in [71, Theorem 1.1] for normed lattices works in the quasi-
normed setting. >

Lemma 3.8. Let X be a universally complete vector lattice and (x,)aea an
increasing net in X ;. Then there exists a band projection m on X such that sup,, mx,,
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exists in X, while for the complementary band projection ©' := Ix — m we have
Nr'e = sup, 7' (xo A Ne) for all N € N and e € X.

<1 There is no loss of generality in assuming that X = C,(Q) with extremally
compact space . (Recall that the symbol Cy(Q) denotes the universally complete
vector lattice of all continuous functions f : Q — [—o00, 0o] for which the open set
{g€Q: —o0 < f(q) < oo} is dense in Q.) Let (x,) be an increasing net in Ci,(Q)
and define two functions z,z : @ — [0, o] by

T(q) = sup{za(q) : « € A} (¢€@Q),
R 3 = /
vlq)= inf sup (q) (¢€Q),
where .47(q) is a basis of neighborhoods of ¢q. Then z is lower semicontinuous and
x is continuous, see [72, Lemma V.1.2 and Theorem V.1.1]. Consider an open set
Qo= {q € Q : z(q) < oo} and observe that its closure Qq is clopen. Now, let 7
stands for the band projection of Cy(Q) corresponding to Qo and 7 stands for the
function coinciding with z on Qy and vanishing on Q; := Q \ Qo. Evidently, 7z €
Cx(Q) and 7z = sup,, mx,, see [72, Theorem V.2.1]. At the same time z(q) = oo for
all ¢ € Q, so that z(q) = oo for all ¢ € Q1 \ A where A is a meager subset of Q.
The latter implies that Ne(q) = sup,, zo(q) A Ne(q) for all ¢ € Q; \ A, whence the
desired equation N7'e = sup,, 7’(z, A Ne) follows. >

Lemma 3.9. Let X be a quasi-normed lattice X with the weak o-Fatou property.
If X is intervally complete and Dedekind complete, then its maximal quasi-normed
extension X* is intervally complete.

< Take an increasing order bounded Cauchy sequence (Z,) in X7. Since X~ is
Dedekind complete, there exists & = sup,, Z,,. Prove that (z,,) converges to .

We may assume without loss of generality that A:=>""" C"n||Z,11 — &y ||.. <oo.
Applying Lemma 3.8 to the increasing sequence (Z,) with 2, := >~} k(Zp41 — Ty)
yields a band projection 7 on X" such that 2 := sup, 72, exists in X* and for
n':=Ix —m we have Nn'e = sup,, 7'(2, A Ne) foral N e Nand ee X, 0 <e < 2.
Making use of the weak o-Fatou property and monotonicity of the quasi-norm we
deduce

N||7'e|| < Ksup,, ||7'(2m A Ne)|| < K sup,, |2/ < KA < oo.

It follows that 7e for all e € X with 0 < e < Z and hence 7’2 = 0. Note that
2, € 2+t for all n € N and hence 2 = sup,, 2,. To ensure that 2 € X* it suffices
to check that ||z|| < A for an arbitrary element z € X with 0 < z < Z. For any
such z put y,:= 2, A x and observe that (y,) is an increasing sequence in X, with
x = sup,, Y. Moreover, (y,) is Cauchy, since for arbitrary n,l € N we can estimate:

||yn+l - ynH = ||73n+l Nx — én A ZL'”% < ||2n+l - 271”%
n—+l 0
= > CMll#rgr — &l < D C¥kl|dnsr — &l — 0

k=n+1 k=n+1
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as n — 0o. The interval comleteness of X implies that the sequence (y,) is conver-
gent in X, so that lim, y,, = sup,, ¥y, = « by Lemma 2.6. Observe now that ||z|| < A,
since ||yn]| < |2l < A and ||z|| = lim, ||y.|| < A, whence Z € X*.

Now we are able to show that (z,) converges to z. First note that z — z,, =
0-Y re (Tg41 — &), and consequently

o
(& — &n) <0y k(B — ) < 2.
k=n

It follows that 0 < & — &, < (1/n)Z and ||Z — Z,]|.. < (1/n)||Z|l,. = 0. Appealing to
Lemma 3.7 completes the proof. >

Theorem 3.10. Let (X, || - ||x) be a Dedekind complete quasi-normed lattice
with the weak o-Fatou property. The maximal quasi-normed extension (X*, || - |..)
is a quasi-Banach lattice if and only if X is intervally complete.!

<1 The necessity is immediate from the fact that X is an order dense ideal of X*.
To prove the sufficiency observe that the metric completion (Y, || -||y) of (X*, |- |]..)
is Dedekind complete by Lemma 3.6. At the same time X* is order dense ideal
of Y, since X* is intervally complete by Lemma 3.9 and an intervally complete
quasi-normed lattice is an order dense ideal of its metric completion. Thus, X C
Y C (X7)* = X" and ||z|| = ||z||y for all z € X so that Y C X* by Lemma 3.3.
It follows that Y = X* and X* is complete. >

It is evident that if X has the Levi property then X = X* but the converse is
false, see |1, Examples 2 and 5|. The next result asserts that the maximal quasi-
normed extension with the weak Fatou property has the Levi property.

Theorem 3.11. Let X be a Dedekind complete quasi-normed lattice. Then the
maximal quasi-normed extension X* has the Levi property if and only if X has the
weak Fatou property.

< Let X be a Dedekind complete quasi-normed lattice with the weak Fatou
constant K. Take an increasing net (Z,) in X* with B := sup, ||Ta],. < oo.
By Lemma 3.8 there exists a band projection 7 on X* such that £ = sup_, 72, exists
in X% and for every N € Nand e € X, we have Nrte = sup, 7+ (2, A Ne). Making
use of the weak Fatou property we deduce N|zte| < Ksup, |7t (2, A Ne)| <
K sup, ||Za|l,» = BK and 7t = 0, since N and e are arbitrary. It follows that 7 is
the identity operator and = sup, Z,. Show that z € X*. lf re X and 0 <z < 2
then zAZ, € X and (zAZ,) is an increasing net with the supremum z. By the weak
Fatou property we have ||z|| < Ksup,, ||z A Z.|| < Ksup, ||Za]l,, = KB. It follows
that sup{||z]|: € X, 0< 2 <2} < KB and 7 € X*.

To prove the converse, it suffices to observe that if X* has the Levi property,
then X has the weak Fatou property by Proposition 2.13. >

Proposition 3.12. Let X be a Dedekind complete quasi-normed lattice. Then
the maximal quasi-normed extension X* has the Fatou property if only if X has the
Fatou property.

'In the case of normed lattices Theorem 3.10 is true without the weak o-Fatou property, see Abramovich [1]. We
do not know whether or not the assumption about the weak o-Fatou property is superfluous in Theorem 3.10.
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< The necessity is obvious. To prove the sufficiency take an increasing net (Z,)
in X7 such that £ = sup, &, for some & € X7. Pick an arbitrary x € X with
0 < x < z and note that , A x is an increasing set in X, and sup,z, A x = .
In virtue of the Fatou property we have ||z|| = sup, ||Za A z|| < sup,, ||Za||... Hence,
|lz]| < sup, ||Zall < ||2]]5 for all x € X, with 0 < x < Z. The latter implies that
|Z]].. = supg [|Zall >

Corollary 3.13. Let X be a Dedekind complete quasi-normed lattice. If X has
the Fatou property then the maximal quasi-normed extension X* has the Fatou and
the Levi property.

< The proof follows immediately from Theorem 3.11 and Proposition 3.12. >

REMARK 3.14. The maximal normed extension of a Dedekind complete normed
lattice was introduced and the Theorem 3.10 was proved in Abramovich |1, Definition
on p.8 and Theorem 3|. Lemmas 3.6 and 3.7 for normed lattices can be seen in
Veksler [70, Lemma 2| and [71, Theorem 1.1], respectively.

4. KANTOROVICH-WRIGHT INTEGRATION

In this section X is a Dedekind o-complete vector lattice and €2 is a nonempty
set. Let Z2(Q)) stands for the powerset of Q. A ring (of subsets of Q) is a subset
# C P(Q) such that A\ B € Z and AUB € #Z for all A, B € #Z. A 6-ring is a ring,
which is closed under the countable intersections. Let Z'°¢ stand for the collection
of set A C Q) such that AN B € & for all B € %; in symbols,

R ={Ae P(Q):ANBe Z forall Be Z}. (1)

If % is a d-ring then the collection %'°° is a o-algebra containing Z. Indeed given
A € ' and a sequence (A,)%, in #'°°, we have (Q\ A)N B =B\ (BNA)eZ

and (02, 4,)NB =", (A, NB) € Z for all B € %Z. Thus, 2\ A € #"° and
Moo, A, € Z'°°. Moreover Z C Z'°° trivially.

DEFINITION 4.1. A function pu : Z — X, is said to be a measure, if (@) =0
and for every sequence (A, )2 of pairwise disjoint sets A, € Z with |J)~, A, € Z
the series > > | p(A,) is order convergent to (|, Ay); in symbols,

M(DA) _ o;oozlumk)::y ( nlu(Ak))-

=1 k=

A triple (2, Z, 1) is said to be a vector measure space if € is a nonempty set, Z is
a o-ring of subsets of €2, and pu: #Z — X, is a measure.

Everywhere below A,, 1 means that A,, C A, for all n € N, while A,, 1 A means
that A, 1 and (J) | A, = A. The meanings of A, | and A, | A are similar.

Lemma 4.2. Let A, B € # and (A,,)°, be a sequence in Z%. Then for a measure
w: % — X, the following hold:

(1) If A C B then u(B\ A) = u(B) — u(A) and p(A) < u(B).
(2) If A, T A then pu(A,) T and p(A) = o-lim, u(A,,).
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(3) If A,, | @ then u(A,) | and o-lim,, u(A,) = 0.
(4) If 0-y 0, 11(Ay,) exists in X and A =J,— | A, then p(A) < 07 u(An).
<1 This can be proved by standard arguments from measure theory. >

DEFINITION 4.3. A set A € %#'°¢ is called negligible (or, more precisely, u-negli-
gible) if p(BN A) =0 for all B € #Z. Say that a property P(-) is true for almost all
w € Qor almost everywhere (p-a.e., for short) on 2 whenever {w € 2 : P(w) is false}
is p-negligible. Define a family Z* of subsets of (2 and a function p* : Z* — X, by
putting, as

X :={BUA: BeZ and A is negligible},
p(BUA):=u(B) (BeZz, AcN).

It follows from Lemma 4.2 that the collection .4 (u) of all p-negligible sets is a
o-ideal in the sense that (1) @ € A (u), (2) if A € #°°, B € A (u), and A C B,
then A € A" (u), (3) countable union of negligible sets is negligible.

Lemma 4.4. The family #* is a §-ring containing % and the function p* from %*
to X is a measure extending p from Z% to the d-ring Z*.

< Clearly, Z* is closed under finite unions and intersections. Show that Z#*
contains also differences. Assume first that B € # and A is negligible. Since BN A €
X and Z is aring, we have B\ A = B\ (BNA) € Z. Now, for BjUA;, ByUA,; € #*
with arbitrary By, By € #Z and negligible A;, A5 we deduce

(BiUA)\ (BoUAy) = (BiUA) N (B5NAS) =
(BiNBsNA)U (A NBSNAS) = ((By\ B2) \ Ay) UC,

where C' = A; N BSN A$ is negligible, since .4 (1) is an ideal of sets, while (B; \ By)\
Ay € Z by virtue of the above observation. Consequently, (B;UA;)\(B2UA,) € Z*.

It remains to ensure that the family #* is closed under countable intersections.
For a sequence (B, U A,)>, in #Z* with B, € % and negligible A, put
B:=(2,B, €% and A:= )", A,. Then B C (°°,(B, U A,) C BU A. Taking
into account the fact that .4 (u) is a o-ideal we conclude that A is negligible and
the desire relation (2, (B, U A4,) € #Z* holds. >

By virtue of Lemma 4.4 we can assume without loss of generality that the J-ring
% contains all negligible sets and u(A) = 0 for each negligible set A € Z'°°. Now
we present briefly the construction of Kantorovich-Wright integration for positive

vector measure takin values in a Dedekind o-complete vector lattice coming back to
Kantorovich [39, 38] and Wright [73, 74].

DEFINITION 4.5. A function f : @ — R is called an Z-simple if it is a finite
linear combination of characteristic functions of sets in %, that is, f admits
a representation f = Y apxa, with Ay,..., A4, € #Z and ay,...,a, € R. In
this representation neither aq,...,a, are distinct nor A,..., A, are nonempty.
(By definition y, = 0.) But A;,..., A, always may be chosen pairwise disjoint.
Denote by S(Z) the set of all #Z-simple functions. Given an Z-simple function
f =>4, arxa,, the integral [ fdu is defined by

L= [ fdui= 3 el ).



Kantorovich-Wright Integration and Representation of Quasi-Banach Lattices 15

Integral of a simple function is well-defined, i.e., if a simple function f is
representable as f = 3 ', aixa, and f = Y77 byxp;, then D77 a;u(A;) =
> i=1 bju(Bj). We omit the verification of this fact, as well as the proofs of the
following two lemmas, as routine exercises.

Lemma 4.6. The set S(#) with the pointwise operations and ordering is a vector
lattice and the mapping I, : f +— I;(f) from S(Z%) to X is a positive linear operator.

Moreover, I7(|f]) = 0 if and only if f = 0 p-a.e. for all f € S(Z).
Lemma 4.7. If 0 < g = Y. bixp, is a #-simple function and 0 < f =
Z;n:l ajxa; is a R'°°-simple function, then the function g A f is %-simple.
Lemma 4.8. Let (f,) be a monotone decreasing sequence of positive functions
in S(#) such that lim,, f,, = 0 p-almost everywhere. Then N\ _, I°(f,) = 0.

n=1"u
< The proof is similar to that of |73, Proposition 3.1|. >
DEFINITION 4.9. Say that a Z'°°-measurable real-valued function f defined on

a conegligible subset of 2 is integrable, if there exists a sequence (f,,)22 ; of Z-simple
functions such that 0 < f, 1 f p-a.e. and \/~, [ fn dp exists in X . In this occasion

we put N
)= [ fdui= vV [ o

(A subset A C Q is conegligible if Q\ A is negligible.) An arbitrary Z'°c-measurable
function f is integrable, whenever so are f* and f~. The integral of f is defined as
L(f) = I5(f7) = L(f).

The following lemma says that the integral I is well defined.

Lemma 4.10. Let f : Q — R, U {co} be an #Z'°°-measurable function and let
(fn) and (g,) be increasing sequences of positive %-simple functions. If lim,, f,, =
f =lim, g, p-almost everywhere then

Tr.= \/ IZ(fn) = \/ [z(gn) =Y,

provided that at least one of the least upper bounds exist in X.
<1 Observe that the sequence (f,, A gm)nen increases and converges p-a.e. g,, for

each fixed m € N. Moreover, (f, A gm)nen lies in S(Z) by Lemma 4.7. Applying
Lemma 4.8 yields

I5(gm) = \ 15 (fa A gm) <\ I3(fa) =
n=1 n=1

It follows that y < x and similarly = < y. >

Denote by Z°(u) :== Z°(Q, %", u) the set of all real-valued %'°°-measurable
functions defined on conegligible subsets of €. Say that two functions f,g € Z°(u)
are equivalent and write f ~ g if f(w) = g(w) for p-a.e. w € Q. Let LO(u) :=
LO(Q, %"¢, 1) stand for the set of equivalence classes in Z°(u) under ~. For f €
L), write f for its equivalence class in L°(z). The linear structure and the
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ordering of L°(u) are conventionally defined using pointwise operations and order
relation, see Fremlin [24, § 241].

Let LM p) = LHQ, %, 1) be the set of real-valued p-integrable functions
defined on conegligible subsets of Q. Thus, for f € £%u), we have f € Z}(p) if
there is a g € 2} (u) such that |f| < |g| p-a.e.; in particular, £} (u) C Z°(u). Let
Li(p):= LY, %, 1) be the set of equivalence classes of members of 2} (11). Define
an operator I7 : Lj(u) — X by writing Ig(f) = I3(f) for every f € £} (p).

Lemma 4.11. The following assertions hold:

(1) L°(u) is a Dedekind o-complete vector lattice.

(2) Ll(u) is an order dense ideal in Lo(u).

(3) LY(u) is a Dedekind complete if and only if yu is localizable.

< The proof of (1) is standard and the proof of (3) is similar to [24, Theorem
241G]. The fact that L!(x) is an order ideal in L°(u) follows from Lemma 4.7. Show
that L!(u) is order dense in L°(u).

Take 0 < f € Lo(u) and put {f > n'} = {w e Q: f(w) > n'} € Z°
with f € () and n € N.If w(BN{f >n"'})=0foral Be Z and n € N
then {f > n'} is p-negligible for all n € N. Moreover, {f > n™'} € #Z and
w({f >n"'}) = 0foralln € N by the remark after the proof of Lemma 4.4. It follows
that f = 0 p-a.e. which contradicts the choice of f > 0. Thus, u(BN{f > ng'}) >0
for some ny € N and By € #. Evidently, 0 < x¢ € Ll(x) and ny'xe < f with
C:=Bon{f=ny'} >

The variants of the convergence theorems of Lebesgue integration theory are
true for Kantorovich-Wright integral. The proofs of the following three results can
be given along the lines of [73, Propositions 3.3-3.5] and [42, Theorems 6.1.4 and
6.1.5].

Theorem 4.12 (Monotone convergence). Let (f,,) be a sequence in £} (u) such
that f, < fuy1 p-a.e. for each n € N and {I3(f,) : n € N} is order bounded in X.
Then there exists f € £} (u) such that (f,) converges to f p-a.e. and

12(f) = o-lim I2(f,).

Theorem 4.13 (Fatou’s Lemma). Let (f,)en be a sequence in £} (1) such that
0 < fu p-a.e. for each n € N and liminf, I°(f,):= /o2y Ny I2(fi) exists in X .
Then the function liminf, f, € L1(Q, %Z'°°, 1), and

IZ(limninf fn) < limninf I5(fn)-

Theorem 4.14 (Dominated convergence). Let (f,,) be a sequence of functions in
21 (1) converging to f € £°(u) p-a.e. If there exists g € £} (u) such that |f,| < g
p-a.e. for each n € N, then f is integrable, (I7(f,)) is order convergent, and

19(f) = o-lim I2(,).

Theorem 4.15. Let X be a Dedekind o-complete vector lattice and p : % — X4
a measure. Then Ll(p) is a Dedekind o-complete vector lattice and the mapping
I9: Ly(n) — X is a strictly positive order o-continuous linear operator.

<1 This is immediate from Lemmas 4.6 and 4.11 and Theorem 4.14. >
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5. THE SMALLEST EXTENSION OF THE KANTOROVICH-WRIGHT INTEGRATION

DEFINITION 5.1. Let E and F' be vector lattices with F' Dedekind complete and
let G be an order ideal of E. Consider a positive operator S : G — F and denote
by G the collection of all # € X such that the set {S(g) : g € G, 0 < g < ||} is
order bounded in F. Then G is an order ideal in F and we may define

Se:=sup{Sg: g G, 0<g<at:=sup{S(gAzx): g G} (xeE,).

The operator S G+ — F' is additive and positively homogeneous, so it can be
extended to G by differences. The resulting operator, which we denote by S again,
extends S and is less or equal to every other positive extension of S to all of G. The
operator S is naturally called the smallest extension® of S with respect to E, see |4,
Theorem 1.30] and [42, 3.1.3|.

Specify some properties of the smallest extension. Below, in Lemmas 5.2-5.5, F,
F, G, G, S, and S are the same as in Definition 5.1.

Lemma 5.2. The smallest extension S is order continuous or order o-continuous
if and only if so is S.

< See [4, Theorem 1.64]. >

Lemma 5.3. The following assertions hold:

(1) S is a lattice homomorphism if and only if so is S.

(2) If G is order dense in E then S is strictly positive if and only if so is S.

<1 In both cases the necessity is trivial.
(1) Assume that S is a lattice homomorphism and ensure that S(z;) A S(zy) =0
for all 1, x5 € G with 21 A x5 = 0. Indeed, making use of Definition 5.1 we deduce

S(w1) A S(wa) = (\/MG+ S(g /\xl)) A (\/g2€a+ S(gs sz))

\/ S(gr ANx1) NS(ga ANwg) =0
91,92€G+

which implies that S is a lattice homomorphism by [4, Theorem 2.14].
(2) Given 0 < x € G, we can pick g € G with 0 < g < z, since G is order dense
in F and hence in G. Now, if S is strictly positive then S(x) > S(g) = S(g) > 0. >

Lemma 5.4. Assume that (z,)aca IS an increasing net in G+ and there exists
T = Sup, To in E. If S is order continuous and sup,, S(xa) exists in F', then x € G
and S(z) = sup,, S(4). A similar statement holds also for an order o-continuous S
and an increasing sequence (z,) in G

<1 We restrict ourselves to an order continuous S. By Lemma 5.2 S is also order
continuous, so that it suffices to show x € G. Take an arbitrary g € Gwith0 < g <z
and note that (z,/Ag) is an increasing net in G, and g = sup,, z,/Ag. Order continuity
of S yields then 0 < S(g) = sup, S(zaAg) < sup, S(z,). It follows that S([0,2]NG)
is order bounded in F and hence z € G. >

2Evidently, $ < T for any other positive extension T : G — F of S to all of E, see [4, p. 27]. At the same time
G is the largest order ideal of E to which S extends positively, [42, 3.6.1 (4)].
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Lemma 5.5. Assume that E is universally complete, G is order dense in FE, and

~

net in G such that y := sup, S(x,) exists in . Then there exists x € G with
T = sup, T, and y = S(x).

S is strictly positive and order continuous. Assume further that (z,) is increasing

< By Lemma 3.8 there exists a band projection 7 in £ and an element x € E
such that = = sup,, 7z, while for the complementary projection 7’:= I — 7 we have
kn'e = sup, (x4 A ke) for all e € G and k € N. If #/ = 0 then 2 = sup, 7z, and
the claim follows from Lemma 5.4. Using order continuity of S yields 0 < kS‘(W’e) =
sup,, (7' (za Ake)) < sup, S(z4) = y. Since k € N is arbitrary, S(n'e) < y/k implies
S(n'e) = 0 and hence 7'e = 0 for all e € G, because S is strictly positive. It follows
that 7" = 0 and the proof is complete. >

Given a vector measure pu : #Z — X, apply Definition 5.1 to E := L°(pu),
G:= Ll(p) and S:= I}. Denote by f; the smallest extension of 19 and by L, (1)
the domain G of I7. Then Lj(u) C Ly, (1) C L°(p).

DEFINITION 5.6. The vector lattice L (1) C L°(p) is called the space of weakly
integrable function with respect to p, while a measurable function f € £°(u) is
called weakly integrable with respect to p if f € LL, (1).

In view of Lemma 5.5 it is important to know when the vector lattice LO(p) is
Dedekind complete. As in the case of scalar measures the answer is given in terms
of localizability.

DEFINITION 5.7. A measure @ % — X is called semi-finite if for every not
p-negligible set A € Z'°° there exists B € % such that B C A and pu(B) > 0.

DEFINITION 5.8. A measure i @ Z — X is said to be localizable if for every
collection o7 C %'°°, there exists B € %Z'°° such that (i) A\ B is p-negligible for all
A€ o and (ii) if C € #'°° and A\ C is p-negligible for all A € &, then B\ C is
also p-negligible.

Consider the measure space (Q, %', ) and denote by .4 (u) the ideal of u-
negligible sets in %'°°. Define an equivalence relation ~ on Z'°¢ by putting A; ~
Ay whenever AjAAy; € A (u). Let B(u) stands for the Boolean algebra quotient
Z'° ) N (1). The coset of a set A € Z'°° we will denote by A € B(y). Then B(y) is a
Dedekind o-complete Boolean algebra and the canonical map A — A from Z'¢ onto
B(y) is an order o-continuous Boolean homomorphism. Note that for A, B € B(y)
we have A < B if and only if there exist A; € A and B € B such that A, C By.

Lemma 5.9. A measure y : % — X, is localizable if and only if the Boolean
algebra B(u) is Dedekind complete.

< The proof given in |25, 322B (d, e)| for scalar measures carries over verbatim. >
Theorem 5.10. For a vector measure y : # — X, the following are equivalent:
(1) p: % — X is localizable.

(2) B(u) is complete Boolean algebra.

(3) LY(w) is universally complete vector lattice.

< The equivalence (1) <= (2) follows from Lemma 5.9. To ensure that
(2) < (3) it suffices to observe that L%(;) is a universally o-complete vector
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lattice with the constant function one on €2 taken as an order unit 1, the Boolean
algebras B(u) and %’ (1) are isomorphic, and L°(y) is Dedekind complete if and only
if so is € (1), see [72, Theorem V.4.3]. >

Corollary 5.11. If the measure i : % — X, is semi-finite and localizable then
LY(n) and L}, (1) are Dedekind complete and order dense ideals of Lo(u).

< This is immediate from Theorem 5.10, since L!(x) and L! (n) are order dense
ideals of LO(p). >

Lemma 5.12. Let X be a Dedekind complete vector lattice and p : # — X
a semi-finite localizable measure. Assume that an operator fﬁ D Ll(p) — X is
order continuous. If (fa)aea Is an increasing net in L} (u) and there exists y :=
SUDaea fz(fa) in X then there is f € L} (u) such that sup,, f, = f and fﬁ(f) =y.

< According to Corollary 5.11 and Theorem 5.10 L., (p) is an order dense ideal
of universally complete vector lattice L°(11). By Theorem 4.15 and Lemma 5.3(2) the
operator f/‘j is order continuous and strictly positive. Hence, we can apply Lemma 5.5
to I ue >

6. DIRECT SUMS OF VECTOR MEASURES

Now we introduce a basic construction of the direct sums of a family of vector
measure spaces. Everywhere in this section X is a Dedekind o-complete vector
lattice.

Consider an indexed family (Qa, Y, ua))aeA of vector measure spaces. We will
assume that (), are pairwise disjoint. (Otherwise we replace €2, by Q, x {a}.)
Moreover, for simplicity, we assume that ¥, is a o-algebra for all o € A.

DEFINITION 6.1. Say that a triple (Q, %, ) is the direct sum of the family of
measure spaces ((Qa’za’“a))aeA or ju is the direct sum of the family of vector
measures ([l )aca, Whenever it satisfies the following conditions:

(1) @ = Uaqea o

(2) the collection Z C 2 comprises the sets of the form (J, ., Aa C §, where
Ay, € X, for all @ € A and p,(A,) = 0 except for at most a finite set of a € A;

(3) u(A) = > pen HalAs) forany A = J,cp Aa € Z with A, € X, for all o € A.

REMARK 6.2. Every set A € % has a unique representation A = (J,., Aa With
A, € X, for all a € A| since (£24)aca is a family of mutually disjoint subsets of €.
In particular, the mapping p : #Z — Xy in 6.1(3) is well defined. The next lemma
asserts that the direct sum (2, %, 1) in Definition 6.1 is a vector measure space.

Lemma 6.3. The collection # is a d-ring and the mapping ;i is a measure.

<1 Consider two sets A1 = (J,cp A1 A2 = Upen A2, € Z. There exist finite
sets 01, 0 C A such that p,(A4;,) =0 for all &« € A\ 6;, i = 1, 2. Consequently,

Al V A2 - (UaeA Alﬂ) Y <Ua6A AZ&) - UaEA(Al’a Y A2’a) < %7
since {a € At po(A10UAyy) # 0} =61 Uby. At the same time
A\ Ay = UaeA(Al,a \ As0) € Z,
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since Ay \ Aoo € 3, for all a € A, {a € A pua(A1a \ A2a) # 0} C 6, and
Q,NQp = @ for all @ # 5. Moreover, A;N Ay = Ay \ (A1 \ A2) implies Ay N Ay € Z.

Assume now that for n € N a set A, € Z has the representation A, := J,cy Ana
with A, , € X, for all n € N and a € A. Then the equality

ﬂA _UﬂAme%

acA n=1

holds with the right-hand side in Z. Indeed, if z € () 2, A,, then there exists
a function v : N — A such that z € (", A, ,(n)- Since A, ) N Ay ymy = @ for all
v(n) # v(m), there is 7 € N such that « € (_, A, ). This proves the inclusion
C and the converse inclusion is trivial. It follows that & is a -ring.

It remains to prove that p : #Z — X, is a measure. First note that p(2) = 0.
Let (A,) be the above sequence of # with the additional assumptions that A,, are
disjoint sets and |J,~, A, € Z.

Then ;" An = Upea Upei Ana and, as U~ A, € Z, there exists a finite
subset  C A such that ()~ Ana) =0 for all @ € A\ 6. Consequently,

(G-l

acA n=1 (e 1<) n=1
E O'E ,ua noz _O'E E /4Loz na _O'E /4L
ach n=1 n=1 «ach n=1

Thus, p is countable additive, as claimed. >

Recall that the o-algebra %'°° comprises all sets A C 2 such that AN B € % for
all Be Z%.

Lemma 6.4. A subset A C  belongs to %'°¢ if and only if the representation
A = Uyea Aa holds with A, € ¥, for all € A. Moreover such representation is
unique.

<1 Let ¢ stand for the collection of sets representable as | J, ., Ao With A, € X,
forall o € AL If A = (J,cada € € and B = Jgep Bg € #, then ANB =
Uaea(Aa N By), since A,NBg = @ for a # 3. By 6.1 (2) the relation B € % implies
the existence of a finite set # C A such that u,(B,) = 0 for « € A\ 6. From this
we see that p,(As N B,) = 0 for all « € A\ 0, whence ANB € #Z. As B € %
is arbitrary, A € £'°° and we get the inclusion € C %£'°°. To ensure the converse
inclusion, note that A € Z'°¢ implies ANQ, € %, since Q, € %. Thus, the relation
A € ¢ follows from the representation A = AN Q = (J, ., (AN Q). Consequently,
€ = %"°. The uniqueness of the representation A = J__, A, follows from the fact
that (Q4)aca is a family of mutually disjoint sets. >

Lemma 6.5. Let the equality A = |J, ., Ao hold with A, € X, for all o € A.
Then A is pu-negligible if and only if A, is j-negligible for all o € A.

< Let u(A,) = 0 for all @« € A and ensure that then A is p-negligible. Indeed, take
an arbitrary B € # with B C A and note that, as B = |J,c, (4o N B), in view of
Remark 6.2 there exists a finite subset § C A such that u(B) = > ., u(BNA,) = 0.
By Definition 4.3 A is u-negligible.

a€A
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Conversely, if A = (J,cp Aa € Z'° is p-negligible, then taking B := A, in
Definition 4.3 yields pu(A,) =0 for all « € A. >

REMARK 6.6. For a function f € Z°(Q, %'"°°u) denote by f|, the restriction
of f to Q. Observe that if ¢ = Y7 | apxa, and Ay = U cp Aba € Z'°°, then
gla =D h1 akXa,., i-€. gla is a Xg-simple function for all o € A.

Lemma 6.7. A function f : Q — RU{%o00} belongs to £°(Q, %#'°°) if and only
if f|, belongs to £°(Qu, Xa, f1e) for all a € A.

< It is immediate from Lemma 6.4 that f € Z°%(Q,%"°u) implies f|, €
LNy X, i) for all a € A. Conversely, assuming f|, € Z°(Qu,Xa, fta) for
all @« € A, we may apply Lemma 6.4 again, taking the representation f~'(B) =
Uaea (fla)"H(B) into account, to get f € L°(Q, Z2"p). >

Lemma 6.8. For f € Z°(Q, %", u) and o € A we have fxq, € L (Q, %", u)
if and only if f|, € L) (Qa, Zas fta). Moreover, [ fxo, dp = [ fladpta.

< Tt suffices to verify the claim for positive f € Z°(Q, %Z'°°, u). Suppose that
fxa. € LHQ, %" ). Take an Z-simple function g = > | a;x 4, such that 0 <
9 < fxa, p-a.e.and Ay = (J,cn Aka € Zforallk = 1,...,n. Because {g # 0} C €,
up to a p-negligible set, u(Ax) = pia(Axq) for all k =1,...,n. It follows that

[odi=>" a4 = Y- amalidi) = [ gl de (2

Consider now a sequence of positive Z-simple functions (g, ),en converging to fxq,
p-a.e. Then the sequence (g,|,) increases and converges to f|, pa-a.e., so by (2) we
have [ fxa.dp=\Vor, [ gndp=\N,", [ gnla dpta- Therefore, f|, € L Q) Zas fa)
and ff|adﬂa = \/Zozl fgn|oc dp = ffXQa dp.

Conversely, assume that f|, € Z}(Qq, 3, ta) and pick an increasing sequence
of positive 3,-simple function (f,)>°, converging to f|, pa-a.e. Define a function
gn by writing ¢, (t) := f.(t) for t € Q, and g, (t) := 0 for t € Q\ Q,. Then (g, )nen
is an increasing sequence of positive Z-simple functions converging to fxq, p-a.e.
Moreover, g,|q, = f» for all n € N and, according to (2), the equalities [ f|, dpa =
Vol [ fadua = 5o, [ gndu hold. Consequently, fxo, € ZNQ, % u) and
[ fxe.dp= [ fladpa. >

Theorem 6.9. Let (2, %, 1) be the direct sum of the family of measure
spaces ((Qa,Za,ua))aeA. Then f € L%, %", 1) belongs to LY, %, u), if
and only if there is a function v := vy : N — A depending on f such that
1fl = Vyen IfIXay,, p-ae. and o-3 2> [|flxa,, du exists in X. In this event,
J1fldu= 03707 [ 1fxe,., du-

< Obviously, it suffices to check this statement for a positive f € £°(Q, Z"°, ).
If0 < f €L, %", i) then there exists a sequence of Z-simple functions (g,)%,
such that 0 < g, T f pra.e. and [ fdp=\._, [ g, du. Since {g, # 0} € Z up to a
p-negligible set, there exists a finite subset 6, C A such that {g, # 0} C [J,cp Qa
up to a p-negligible set for all n € N. Clearly, 6,, T and © := [~ 0, is a countable
subset of A. Pick an appropriate mapping v from N onto O (there exists an increasing
sequence of naturals (ny) with ng = 0 such that v sends {ng_1 +1,...,n%} onto 6)
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and denote f,, :==\/", fxa, ., forall m € N. Then 0 < fn, T f p-a.e., because for
each n € N there is m € N such that g, < f,, p-a.e. Taking into account the fact
that the inequality f,, < \/, oy fXo,m) are true for all m € N we get the desired
representation f = \/ .y fxa,, #-a.e. Moreover, the relations f,, = > " fxa,.,
and 0 < f,, T.n f hold p-a.e., so that making use of Theorem 4.12 we deduce

/fduz \/ /fmduz \/ Z/foy(n)dMZO-Z/foy<n> dp
meN m=1 n=1 n=1

whence [ fdp=o0-Y "1 [ fxo,mdp.
Conversely, assume that 0 < f € Z°(Q, #'°, u) admits a representation f =
Voen fxa,., wae., where v: N — Als an into mapping and o> f IXa,, dp
exists in X;. Put fn, := VI, fxoum) p-a-e. for every m € N. Then 0 < f,,, T p-ace.

and o N
f= \/ X, = \/ \/ X, = \/ fm p-a.e.,
m=1

neN m=1n=1
that is 0 < f,, T f p-a.e. Now, making use of Theorem 4.12 and the equality
fn =2, fXawn) p-a.e. we see that

/fd,u = \/ /fmd,u = \/ Z/fxﬂy(n) d” = O'Z/fXQy(n) d”
m=1 m=1 n=1 n=1
Thus, f € £} (2", 1) and [ fdu=o0-3"0" [ fxa,., du. >
REMARK 6.10. Theorem 6.9 remains valid when X, is a d-ring for all @« € A but
in this generality the result is not used in the present work.

7. REPRESENTATION OF DEDEKIND COMPLETE VECTOR LATTICES

In this section we demonstrate that, given an arbitrary Dedekind complete vector
lattice, there exists an order dense ideal in it which is lattice isomorphic to the vector
lattice of equivalence classes of integrable functions with respect to a vector measure.
Moreover, the latter admits a natural extension which is lattice isomorphic to the
whole vector lattice. We start with the following preliminary result.

Theorem 7.1. Let X be a Dedekind o-complete vector lattice with a weak order
unit e > 0 and let () be the Stone representation space of a o-algebra €(e) of
components of e. Then there exists a Baire measure j on () with values in X, such
that the integration operator I : f e [ fdu is a lattice isomorphism of L}(u)
onto X.

< Denote by Y the Baire o-algebra of () and observe that Y coincides with
the o-algebra of subsets of ) generated by the set Clop(Q) of all clopen subsets
of Q. Let A stand for the collection of all meager subsets (= sets of first category)
of @ contained in . Then by Loomis-Sikorski Theorem [42, Theorem 1.2.6(1)] there
exists a Boolean isomorphism A from the quotient algebra ¥ /A onto Clop(Q) and the
quotient mapping ¢ : ¥ — 3 /A is a Boolean o-homomorphism. Define p: ¥ — X
as pi:= 1"t o hop where ¢ : €(e) — Clop(Q) is the Stone representation. Then y is
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a Bair measure on (). It is immediate from the definition of u that A coincides with
the collection of p-negligible sets.

By Theorem 4.15 the integration operator I7 : f— [ fdu from the Dedekind
o-complete vector lattice L!(Q, Clop,(Q), 1) to X is strictly positive and order o-
continuous. Moreover, [ is injective lattice homomorphism, since p is a Boolean
homomorphism.

To complete the proof we have to show that I7 is onto. Recall that an e-
step element in X is any vector € X representable as x = > 7 | Ayex where
e1,..., e, are pairwise disjoint components of e with e =e; +---+e, and Aq,..., A\,
are arbitrary reals. Note that for every e-step element x € X there exists a
simple function f € Lj(u) such that I9(f) = z, since the restriction ji|ciop(g) is
an isomorphism of Clop(Q) onto % (e). Now, take an element z € X, and put
x, = x A (ne) for all n € N. Then the sequence (z,),en lies in the order ideal
X, generated by e. By Freudenthal’s Spectral Theorem [4, Theorem 2.8] for every
n € N there exists an e-step element w,, satisfying 0 < z,, — u,, < e¢/n. For n € N
pick a simple function g,, € L} () such that u, = I2(g,) and put fr:= g1 V---V gy,
and v, := uy V --- V u,. Clearly, (f,) and (v,) are increasing sequences connected
by the formula v, = I}(f.) (n € N). Moreover, 0 < z, — v, < @, —u, < ¢/n
and hence z = \/,_, v,. By the monotone convergence Theorem 4.12 there exists
f € £} () such that f = \/", f, p-ae. and z = I7(f). Thus I9 is onto and the
proof is complete. >

Lemma 7.2. Let X be a Dedekind o-complete vector lattice. There exists
a disjoint family of nonzero positive elements I' C X such that each element x € X |
admits a unique representation x = \/_ .z, with 0 < z, € X, := {y}** for all
vel.

< Fach disjoint collection I' of nonzero positive elements in X with X = '+ is
suitable, see Vulikh |72, Lemma IV.7.1, Theorems IV.5.2 and 1V.5.3|. >

Let X, I, and (X, ) er be as in Lemma 7.2. By Theorem 7.1 for each y € I there
exist a nonempty set €2, a o-algebra ¥, of its subsets, and a measure p, : ¥, — X,
such that the integration operator I : f — [ fdu, is a lattice isomorphism of
LY, 3, 11y) onto X, Make the direct sum (Q, %, u) of the family (2., %, ity )er,
see Definition 6.1.

DEFINITION 7.3. Define Xt as the set of elements x € X, whose representation
in Lemma 7.2 has at most countable nonzero projections; in symbols,

Xp = {x eX: Av:N=T)al =\ wy(n)m}, (3)

where 7, is a band projection in X onto the band X, := {y}++.

Clearly, the inclusion I' C X implies that Xt is an order dense ideal of X. If "
is at most countable, then Xt = X. Below, u stands for the direct sum of the family
of measures (fi,),er. Note that p: Z — Xr.

Theorem 7.4. Let X be a Dedekind o-complete vector lattice and I" be chosen as
in Lemma7.2. Then the integration operator I, : f — [ f du is a lattice isomorphism
from L1(Q, %'°°, ) onto Xr-.
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< In virtue of Theorem 4.15 the integration operator I} : LY, %", 1) — X is
strictly positive. Show that I is a lattice homomorphism. To do this, it suffices to
ensure that I°(f) A I%(g) = 0 for all f,g € Z}(Q, 2", )4 with fAg =0 p-a.e.,
see |4, Theorem 2.14|. By Theorem 6.9 there are functions v,§ : N — I" such that

=\ fxo,.., nae. /fd,u =\ /fXQU(n) dp,

neN neN
g= \/ Xy HE, / gdp = \/ / I X, di-
neN neN

Pick m,n € N and observe that if v(n) # £(m) then by Definition 6.1 and Lemma 6.8

/ X dp A / IX Qe (y A =
/ flumy dpuny A / 9lem) dbtgm) € Xum) N Xemy = {0}

If v(n) = &(m) then by Theorem 7.1 and Lemma 6.8 we have

/ X dit A / IX Q) A =

It follows that [ fxq,., d A [ 9Xae., di = 0 for all n,m € N. From this we can

deduce
/fduA/gduz (\/ /fan) du) A( \/ /gm&(m) du) =
&(m)eN

neN

\/ \/ (/fXﬂu(n) dMA/gXQE(m) du) =0,

neNmeN

whence I is a lattice homomorphism.

The fact that I is one-to-one follows by observing that if fe LY(Q, %", 1) and
[ﬁ(f) =0, then 0 = ]I/‘j(f)| = Iﬁ(|f\) and f = 0 p-a.e. or f = 0 by strictly positivity.

It remains to snow that [ﬁ is onto. For an arbitrary 0 < x € Xt there exists a
mapping v : N — I' such that = \/, .y #,), where 0 < z,,) € Xy for all n € N.
By Definition 6.1, for every n € N one can chose 0 < fy(n) € Z1(m): Zom)s o))
such that I, . (fum) = I fom) dltvmy = Tumy- Put f(t) = 0 for all t € Q, and
v € I'\ v(N). Define a function f : @ — RU{oo} by putting f(t) := f,(¢) for t € Q,
and v € I'. Then the restriction f|, of f onto €, belongs to Z°(Q,,%., u,) for
all v € T so that f € £°(Q, %", )+ by Lemma 6.7. Moreover, f =\, 4 [xa
p-a.e. and by Lemma 6.8 we have

\/ /fXQU(n) d” - \/ /f|l/(n) d,MI/(n) = \/ Tyn) = T.

neN neN neN

v(n)

By Theorem 6.9 it follows that f € L1(Q, 2"¢, i), and I°(f) = z. >
0 "
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Lemma 7.5. The direct sum of the family (£, X, fty)er (see Definition 6.1) is
a vector measure space with a semi-finite and localizable measure p: % — X .

< It follows from Lemmas 6.4 and 6.5 that p is semi-finite. By virtue of
Theorem 5.10 it suffices to ensure Dedekind completeness of B(Q) := Z'°¢/. N,
where A := {A € %" : u(A) = 0}. Denote by B(£,) the quotient algebra 3., /.47,
where .4/ is the collection of p.-negligible sets for all v € I'. Then Lemmas 6.4 and
6.5 imply that the Boolean algebra B(Q) is isomorphic to the product [[ . B(€2,)
of a family of Dedekind complete Boolean algebras (B(€2,)),ca. Therefore, B((2) is
Dedekind complete. >

Recall that the lattice isomorphism I} of L} (1) onto Xt in Theorem 7.4 has the

smallest extension [ ¢ whose domain L;,, (1) is taken as the space of weakly integrable
functions (see Definition 5.6). Say that a disjoin set I' C X, is complete if X = I't+.

Theorem 7.6. Let X be a Dedekind complete vector lattice and I' a complete
disjoint set in X,. Then there exists a vector measure space (2, %, ) with semi-
finite localizable p such that the integration operator I, is a lattice isomorphism of
L(n) onto Xt. Moreover, the minimal extension f; of I? with respect to L°(y) is a
lattice isomorphism of L} (1) onto X.

< The existence of a vector measure space (2, %, u) as well as the fact that
the integration operator I7 is a lattice isomorphism of L/} (x) onto Xp follows from
Theorem 7.4. Consequently, I? : L?(u) — X is order continuous, since Xy is order
dense ideal of X. It follows from Lemmas 4.11(2), 5.2 and 5.3 that fl‘j (Ll (p) — X
is order continuous one-to-one lattice homomorphism. Moreover, by Lemma 7.5 the
measure /4 is semi-finite and localizable.

To complete the proof we have to show that fl‘j is onto. Given arbitrary z € X,
there exists an increasing net (z,)aca in Xr order convergent to x, since Xr is an
order dense ideal of X. Put f,:= I?~"(z,) and observe that (fu)aca is an increasing
net in Lj(u) with z = sup, I7(fo). Hence, in view of Lemma 5.12 there exists

f € LL, () such that 0 < fo 1 f and I9(f) = z. >

8. BARTLE-DUNFORD-SCHWARTZ INTEGRATION

In this section, we introduce Bartle-Dunford-Schwartz integration with respect
to a measure taking values in a quasi-Banach lattice, consider some of its elementary
properties, and establish the connection with Kantorovich—Wright integration.

As in Section 4, ) is a nonempty set, Z is a d-ring of subset of ), Z'°¢ is a o-
algebra defined by (1), and X := (X, | - ||) is a quasi-Banach lattice.

DEFINITION 8.1. A mapping p : Z — X, is called a measure (or T-measure), if
it has the properties:

(1) u(®) =0.
(2) If (A,)52, is a sequence of pairwise disjoint sets in & with (J -, 4, € Z,
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then the series >~ 1u(A,) converges topologically and

f(UA) =St )
() -2

Say that a triple (2, Z, u) is a T-measure space if €) is a nonempty set, Z is a §-ring
of subsets of 2, and p : #Z — X, a 7-measure. We will drop 7 when it is clear from
the context which type of measure is meant (cf. Definition 4.1).

REMARK 8.2. Thus, if X is a Dedekind o-complete quasi-Banach lattice then the
o-additivity of an X-valued measure may be understood in two different ways: either
the series in (4) is order convergent as in Definition 4.1, or topologically convergent
as in Definition 8.1. It follows from Lemma 2.6 that topological o-additivity implies
order o-additivity. Of course, if X is order continuous then these two concepts
coincide. In this section measure is understood according to Definition 8.1.

Lemma 8.3. Let A, B € # and (A,,)°, be a sequence in Z%. Then for a measure
w: % — X, the following hold:
(1) If A C B then u(B\ A) = u(B) — u(A) and p(A) < u(B).
(2) If A, T A then pu(A,) T and p(A) = lim, p(A,).
(3) If A, | @ then p(A,) } and lim,, u(A,) = 0.
(4) If -0 1(Ay,) exists in X and A =J)~ | Ay, then p(A) <> 07 u(Ay).

<1 This can be proved by standard arguments from measure theory. >

DEFINITION 8.4. Given a measure u : % — Xy, p-negligible sets, simple
functions, the vector lattice of simple function S(Z), and the integration operator
I7: S(#) — X are defined exactly as in Definitions 4.3 and 4.5.

REMARK 8.5. In view of Remark 8.2 and Lemma 4.4 there is no loss of generality
in assuming that the d-ring % contains all p-negligible sets and the measure of a
p-negligible set equals zero. Moreover, by Lemma 4.6, I} is a positive linear operator
and I7(|f[) = 0 implies f = 0 p-a.e. for each f € S(Z%).

DEFINITION 8.6. A positive Z'°-measurable function f : @ — R, U {400} is
called integrable, if there exists a sequence (f,,)5, of Z-simple functions such that
0< fo 1 f p-a.e. and there exists lim, [ f, dp in (X, - ||). In this event we denote

= fdn =t [ fodn (5)

An arbitrary Z'°°-measurable function f : Q — RU {400} is integrable, if so are f+
and f~ and I7(f) is defined by I](f):= I7(f*) — I(f7).

REMARK 8.7. (1) If a function f is integrable in the sense of Definition 8.6
then, according to Lemma 2.6, f is integrable in the sense of Definition 4.9 as well
and I7(f) = I(f). Tt follows that I7(f) is well defined, that is, do not depend
on the choice of an increasing sequence of simple function converging f u-a.e., see
Lemma 4.10. In particular, lim, ||I(f,)|| = 0 for any sequence (f,) in S(Z) with
fnd 0 p-ace.
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(2) In the context of Definition 8.6 the set .#°(u), the equivalence relation ~,
and the vector lattice L°(u) have the same meaning as in Section 4. Let £} (u) be
the part of £} (1) consisting of topologically integrable function, while L!(u) the set
of all equivalence classes of members of £} (u). Given f € Z!(u), the equivalence
classes of f in Z!(u) and £} (u) coincide. Therefore, L!(p) is a sublattice of L} ().

(3) The integration operator I7 : f +— [ fdu acting from L!(n) to X is linear
and strictly positive. The latter means that I7 is positive and Il(\f\) = 0 implies
f =0 p-ae.

Lemma 8.8. Let (f,)5°, be a decreasing sequence of Z%-simple functions con-
verging to zero p-a.e. Then the sequence (I;( fn)) decreases and converges to zero
in (X, |- [x)-

< There is no loss of generality in assuming that f,,(¢) | 0 for all ¢ € Q. Fix an
arbitrary ¢ > 0 and put M := sup,cq, fi(t), B:= {f1 > 0}, and A,, := {f, > ¢} for
all n € N. Clearly, B € # and A, | @. By Lemma 8.3(3) there exists m € N such
that |u(A,)| < e for all n,m € N, m < n. For the same m and n we have

0 < fn < fm = meB = meAm + meB\Am < MXAm +€XB'

If C is a quasi-triangle constant of X then

(Il < CM | (A + ell(B)]]) < Ce(M + [|p(B)]])  (m < n).

Since € > 0 was arbitrary, it follows that [ ¢, du | 0. >

Lemma 8.9. If (f,,) is a decreasing sequence of £}(u) converging to zero u-a.e.,
then lim,, || [ f, dullx = 0.

< Fix an arbitrary € > 0. For every n € N pick a simple function g, such that
0 < gn < fo prace. and || [(fr—gn) dpllx < e27"C~ ™D where C is a quasi-triangle
constant. Denote h,, := /\Z:1 gi for all n € N. Then the relations 0 < h,, < f,, p-a.e.
and f, | 0 p-a.e. imply h,, | 0 p-a.e. By virtue of Lemma 8.8 there exists a natural
no such that || [ h, dul|x < C~'e for all n > ng. Observe that for each n € N

n

0< fo—hn=Ffo— /\gz—\/ gz)\Z(fi_gi>

=1 =1

holds p-a.e. Consequently, by virtue of Lemma 2.4 the following estimates fulfill

T L
(| f S +ct) =S fin-wma +es
CZCZ/ gl)du”XjLegZaQijLegZe

for all n > ng. It follows that lim, || [ f, dul|x =0, as claimed. >
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DEFINITION 8.10. The space of topologically integrable functions is the vector
lattice L!(n) endowed with the quasi-norm

= || firan] (€ 2h). (6

It follows from the linearity and strict positivity of I that || - |- is a quasi-norm
with the same triangle constant as that of X.

Theorem 8.11. The space L'(u) is an order dense ideal in L°(Q, %"°, ).
In particular, L} (1) is a Dedekind o-complete vector lattice.

< Note that Ll(u) is a vector subspace of L°(u) and, by definition, a coset
f € L(u) belongs to LL(u) if and only if | f| € LL(x). Therefore, it suffices to show
that if f,g € Z%(u), 0 < g < f p-a.e., and fe,ﬁfl( ), then g € L (u).

Observe first that all components of a coset f € L(x) belong to L(), or in other
words xaf € L1 (n) for all A € #'°°. Indeed, take an increasing sequence (fy)nen
of Z-simple function with 0 < f,, T f p-a.e. and lim,, || f — f.||- = 0. Using the easy
relation xa,X4, = Xa,n4,, We conclude that the sequence (xaf,)5°, consists of %-
simple function. Moreover, 0 < xaf, T xaf p-a.e. and employing the monotonicity
property of the quasi-norm || - || yields

Ixafn = Xafmll- = [[xa(fn = f) - < [(fa = fm)ll- =0

as n,m — oo. Consequently, xaf € £} (p) and x4 f = lim, xafn-

Since L°(u) is a Dedekind o-complete vector lattice, according to Freudenthal
Spectral Theorem [4, Theorem 2.8] there exists a sequence (§,)nen of linear
combinations of components of f such that 0 < g, 1 g p-a.e.and 0 < g — g, < =y
for all n € N. Thus, 0 < §m — gn < 2n'f for m > n and, using again the
monotonicity of | - ||, we have ||Gm — gnll- < 207 Y|f||- for all m > n. It follows that
(Gn)nen is a Cauchy sequence and so lim, g, = g and g € L (u), as claimed.

Prove now that L!(u) is order dense in L°(u). Take 0 < f € L°(;1) and note that
{f=2n'} e foralln € N. Then {f > 0} = .2, {f > n"'} and there exist
no € N and B € Z such that (BN {f > ny'}) > 0. Otherwise, {f > n~'} would
be p-negligible and so u({f > n~'}) = 0 for all n € N by Remark 8.5. Consequently,
{f > 0} would be p-negligible, which would contradict the relation f > 0.1If g is
the characteristic function of BN {f > ny'}, then 0 < § € L1(x) and ng'g < f. >

Theorem 8.12. The quasi-normed space (LL(p), ] - ||;) is an order continuous
quasi-Banach lattice.

< To ensure that L!(u) is a complete metric space, apply 2.7 (2). Take a
sequence (fy)nen in LI(p)y with Y7 C™||full- < oo. Then by Definition 8.10
we have Y 2 C"|| [ fudul|lx < oo and, since X is a quasi-Banach lattice, the

series > >° | [ f, du converges to some x € X, by Theorem 2.7 (2). Denote S, :=
S fa € L2 (p) for all m € N and note that 0 < S,, 1 p-a.e. and

x:lim/Smd,u: \/ /Smdu.
m=1
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In view of Theorem 4.12 there exists f € £°(Q, %', u) such that 0 < S,, T f p-a.e.
Consequently, f € L (u) and [ fdu = lim,, [ S, du. Thus, f = 3220 f, and L!(y)
is quasi-Banach lattice by Theorem 2.7 (2). Order continuity of L!(x) follows now
from Theorem 2.10, Lemma 8.9, and Theorem 8.11. >

Theorem 8.13. The quasi-normed space (L:(u),| - |l;) is a super Dedekind
complete order continuous quasi-Banach lattice and an order dense ideal of Ly(p).
The integration operator I}; from L. (u) to X is order continuous and strictly positive.

< The first part follows from Lemma 2.9 and Theorems 8.11 and 8.12. By
Definition 8.10 the integration operator I7 is isometric on L1(u); and hence quasi-
norm continuous as ||17(f)x < ||f||- for all f € Ll(u). Thus, the order continuity
of the quasi-norm || - ||, implies the order continuity of /] by Lemma 2.6. >

9. REPRESENTATION OF QUASI-BANACH LATTICES

It is important to know under which condition a quasi-Banach lattice is order
isometric to some quasi-Banach function space. Different aspects of this problem
has been studied by variety of authors. Recent achievements are related with the
vector measure integration. In this section we demonstrate that the order based
integration enables one to cover a series of results based on Bartle-Dunford—-Schwartz
type integration. Below, unless otherwise indicated, X := (X, | - ||x) is a Dedekind
o-complete quasi-Banach lattice and (2, Z, ) is a vector measure space with a semi-
finite measure pu: Z — X,.

DEFINITION 9.1. The space of (order) integrable functions is the vector lattice
L!(1) endowed with the quasi-norm

11 = 122000 =) [ 171

(f € Lo(w). (7)

b
It follows from the linearity and strict positivity of I} that [[f[[, is a quasi-norm
with the same triangle constant as that of X. The following result collects some
important properties of the space L(1).

Theorem 9.2. Let X be a Dedekind o-complete quasi-Banach lattice with the
quasi-triangle constant C'. Then the the following assertions hold:

(1) L(u) is an order dense ideal of L°(Q2, '°°, ).

(2) (LY(1), ]l - l|lo) is a Dedekind o-complete quasi-Banach lattice with the quasi-
triangle constant C.

(3) If X is p-normable for some 0 < p < +o0o, then so is L.(1).

(4) (LX(p), || - |I+) is a super Dedekind complete quasi-Banach sublattice and an
order dense ideal of (LL(1), - |l,)-

(5) If X is order continuous, then L(u) = L:(u).

< (1) By Lemma 4.11 L!(p) is an order dense ideal of a Dedekind o-complete
vector lattice LO(u).

(2) Tt suffices to prove the metric completeness of Ll(u). Take a sequence
(fu)nen in Ll(u); such that > 2 C™||fullo < oo. By Definition 9.1 we have
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Y ome CMIIS(fa)llx < oo and, as X is a quasi-Banach lattice, there exists 2 € X
with z = 0-) | I9(fn). Put g, == >_", fn (m € N) and observe that 0 < g,,, T and
= \r_, | gmdu. By Theorem 4.12 there exists f € L}(x) such that 0 < g, T f.
Consequently, f =o0-Y 2 f, and hence L}(x) is complete by Theorem 2.7(3).

(3) If X is p-normable, then evidently || f+gl|5 = [ 12(f) + I ()% < 15K +
125 = [IF115 + Ngll5-

(4) This follows from Remark 8.7 (1), Theorem 8.13, and Definition 9.1.

(5) Assume that X is order continuous and 0 < f € L!(u). Then there exists
a sequence of Z-simple functions (f,)neny such that 0 < f, T f p-a.e. and the
sequence (I7(f,))nen is increasing and order convergent in X. Thus, (17(f.))5Z, is
metric convergent and f € L!(u) by definition. >

Theorem 9.3. Let X be a Dedekind o-complete quasi-Banach lattice and I' C
X, a complete disjoint set. Then there exists a vector measure space (), %, 1)
with a semi-finite Xr-valued measure p such that the integration operator I is
a lattice isomorphism and linear isometry of L1(Q, %'°°, 1) onto Xr. If X is Dedekind
complete then  is localizable.

< This is immediate from Theorem 7.4, Lemma 7.5, and Definition 9.1. >

We now introduce two new quasi-normed lattices L}, (u):= L}, (Q, %', ) and
LY (p):= L, (Q, %" 1) useful for representing abstract quasi-Banach lattices.

DEFINITION 9.4. The vector lattice L! (u) of weakly integrable function was
introduced in Definition 5.6 and now we endow it by a quasi-norm

1 low = 12U DIx (f € Lo (), (8)

where fﬁ : L}, (1) — X is the smallest extension of the integration operator I,
see Definition 5.1. Denote by f; o LL (9,2, n) — X the smallest extension
of the topological integration operator I7. The quasi-normed lattice L, (u) =
LL, (9, %', 1) of weakly T-integrable function is defined as the vector lattice L1 (u)
endowed with the quasi-norm

£l = (D Ix (F € LE, (1)), 9)

Some basic properties of we L. (u) and L}, (u) are listed in the following result.

Theorem 9.5. Let X := (X, ||-||x) be a Dedekind complete quasi-Banach lattice
with the triangle constant C. Then the following assertions hold:

(1) L1 (1) and Ll (u) are order dense ideals in L°(p).
2
3
4
3
ou (11

L.(u) and L., (1) are quasi-Banach lattices with the triangle constant C.
IfX is p-normable for some 0 < p < +oo, then so are L! (u) and L} ().
L(1) is an order dense ideal of L} (u) and I; < Il‘j.

Tbe 1ntegrat1on operator 17 : L)(n) — X is order continuous if and only if

)= Lo () a0 |- low = |- -

< (1) According to Theorem 8.11 L!(p) is an order dense ideal of L°(x) and hence
so is L, (1) by Definition 5.1. Similarly, L!(x) is an order dense ideal of L°(u) by
Lemma 4.11 and hence so is L} (x) by Definition 5.1.

(2) L
(3)
(4) L
()
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(2) The proof runs along the lines of the proof of 9.2 (2). Take a sequence (f,,),
in L1, (1), such that >2°° C"||fullrw < 00. In view of the definition of the quasi-
norm || - ||, (see formula (9)) we have ) >, C"||f;(fn)||x < oo and, as X is a
quasi-Banach lattice, there exists z = )~ f;(fn) in X; by Theorem 2.7. Put
Sp =Y fn for all m € N and note that the sequence (Sp,)men in Z2, (1) is
positive and increasing p-a.e. and

xr = lim/Sm dp = \/ f;(Sm)
m=1
Define a Z'°°-measurable function f : Q — R U {+oc} by putting

f(t) :=sup S,,(t) (te€Q).

meN

If f is finite p-a.e. then it follows from Lemma 5.4 that f € L' (u) and f;(f) ==z

so that,

as m — +oo and we are done by Theorem 2.7.

Ensure that f is finite pu-a.e. Observe that for A:= {f = co} we have A € Z'°
and 0 < Sy, A kxa T kxa pae. for all k € N. Since sup,, I7(Sm A kya) < =,
again Lemma 5.4 shows that kys € Ll (u) and f;(k‘XA) < z for all k£ € N. Thus,
f;(XA) = 0 and by strict positivity of f; we conclude that x4 = 0 p-a.e. Now, if an
arbitrary B € Z is contained in A, then x5 = 0 p-a.e. It follows that u(B) = 0 and
hence p(A) =0 as p is semi-finite.

For Ll (1) the proof given above carries over verbatim replacing || || by |- || 0w,
f; by fﬁ, and metric limits by order limits.

(3) This is trivial, see 9.2 (3).

(4) Assume that 0 < f € Ll,(u), g € Li(u), and 0 < g < f. By the
assertion 9.2(4) g € Ly(u) and I7(g9) = I9(g) < fg(f) for all ¢ € Ll(u) with
0 < g < f. Tt follows from Definition 5.1 that f € L}, () and I,(f)” < fl‘j(f) Thus,
we get L, (1) C L, (1) and I7(f) < Io(f) for all f € LY, (11). Moreover, L}, (1) is
an order dense ideal of L. (u) by (1).

(5) If L%, (1) = L%, () then I] = fﬁ by Remark 8.7 (1), so that I is order
continuous according to Theorem 8.13. Conversely, suppose that the integration
operator I from Lj(u1) to X is order continuous. Take 0 < f € L1, (1) and g € L}(p)
with 0 < g < f. By the assertion 9.2 (4) there exists a net (gq)aca in L (1) such that
0 < go T g. Making use of Remark 8.7 (1) and order continuity of the integration
operator I{ we deduce I9(g) = sup, I5(ga) = sup, I (ga) < I;(f) for all g € L} (1)
with 0 < g < f. By definition of the smallest extension we have f € Ll (u) and
I5(f) < I7(f), whence Lt (n) C LL, (1) and I9(f) < I7(f) for all 0 < f € L%, (u).
The latter fact together with 9.5 (4) yields the desired result. >

Theorem 9.6. Let X be a Dedekind complete quasi-Banach lattice. Then there
exists a vector measure space (0, %, ) with an X, -valued semi-finite localizable

—0
X

TW
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measure ji such that the smallest extension f; of the integration operator I}
implements an isometric lattice isomorphism of L} (9, %", i) onto X. Moreover,
for each complete disjoint set I' C X one can choose i so that I, maps LY, %', 1)
onto Xr.

<1 This follows from Theorem 7.6 and Definition 9.4. >

Lemma 9.7. Let X := (X, || - ||x) be a Dedekind complete quasi-Banach lattice
and p : # — X, a semi-finite localizable measure. Assume that (fa)aea IS an
increasing net in L7, (i) and there exists y = sup,ea I}(fo) in Xy. Then there is

fe Ll (u) such that 0 < f, T f and f;(f) =y.

< According to Theorems 9.5.(1) and Theorem 5.10 L!, (11) is an order dense ideal
of universally complete vector lattice L°(p1). By Theorems 8.13 and Lemmas 5.2
and 5.3(2) the operator I7 is order continuous and strictly positive. In view of
Theorem 5.10 we can apply Lemma 5.5 to I;. >

10. ORDER CONTINUOUS PARTS OF QUASI-BANACH LATTICES

According to Remarks 8.2 and 8.7 (1), order and topological integration theories
with respect to a vector measure coincide whenever the measure takes values in an
order continuous quasi-Banach lattice. In this section we consider a special case of
measures with values in order continuous parts of quasi-Banach lattices.

DEFINITION 10.1. The order continuous part X,, of a quasi-Banach lattice X is
the largest order continuous ideal in X or, more explicitly, the collection of all z € X
such that, given a net (x,) in X, the relation |z| > x, | 0implies ||z, | 0. The order
o-continuous part X, of X is defined similarly as the largest order o-continuous ideal
in X, that is, using sequences instead of more nets. Clearly, X,, C X,

Lemma 10.2. If X = (E,|| - ||) is a quasi-Banach lattice then X, is a closed
sublattice of X. In particular, X is a quasi-Banach lattice.

< Take a sequence (z,,) in X, converging to x € X. We may assume without loss
of generality that x and all z,, are positive. Suppose that a sequence (y;) in X obeys
the conditions x > y, | 0. In order to ensure the closedness of X,, it suffices to
show that |lyx|| | 0. Fix an arbitrary € > 0. Observe that the sequence (z,, A y1)nen
converges to y; by Lemma 2.6 and hence there exists ng € N with ||z, Ay; — 11| <
£/(2C) where C'is a quasi-triangle constant of X. The last inequality remains valid
if we replace y; by y; for any k € N. Indeed,

0 <Yk — Tng AUk = (Uk — Tnp) VO < (Y1 — X)) VO =41 — Ty At

and the monotonicity of the quasi-norm yields ||yx — Tny A Uil < |ly1 — Tng A 11| <
£/2C. The sequence (x,, A Yi)ren is contained in X, and x,, Ay, | 0 as k — co. By
definition 10.1 ||, Ayk|| | 0 so that there exists kg € N such that ||z, Ayx|| < e/(2C)
for all k& > kq. It follows that

lysll < Cllyr = 2ng A yell + lzng Ayrll) < e

for all k > ko. Thus, ||yk|| 4 0 and we are done. >
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Corollary 10.3. If X is a Dedekind o-complete quasi-Banach lattice then

Xo=Xun.

< Indeed, X, is also Dedekind o-complete, possesses a o-continuous quasi-norm,
and is a quasi-Banach lattice by Lemma 10.2. In view of Theorem 2.10 X, is order
continuous and hence X, = X,,. >

Lemma 10.4. Let X be a Dedekind o-complete quasi-Banach lattice and
(Q, %'°°, ) a T-measure space with X ,-valued measure. Then

[Li(QV%IOC’ u)]a = [Li(QV%locnu’)](m - Li(QV%lOCnU’)'

<1 According to Theorem 9.2(2) L1(Q, %', i) is a Dedekind o-complete quasi-
Banach lattice so that [Ll(1)]. = [(L:(1))]an by Corollary 10.3. Therefore, it
suffices to ensure the equality [L!(n)], = L1(u). By virtue of Theorem 9.2(4)
Ll(p) is an order dense ideal of Ll(x) and has an order continuous norm, whence
[LL(10)]a D LL(1). To verify the converse inclusion consider 0 < f € [L1(Q, 2'¢, 1)]a
and a sequence (fy,)nen of Z-simple functions with 0 < f,, T f p-a.e. Then we have
f>=f—fal0p-ae and lim, || f — fullo = 0 because f € (L!(1))q. It follows that

lTlnr’IT} HI;(fm) - I;(.fn)HX = 1752 ||]z(fm) - ]z(fn)HX = lnlzr,lr} ||.fm - fn”o =0,

that is, the sequence ([;(fn))neN is Cauchy in X. From this we conclude that f(t):=
lim,, f,(t) holds p-a.e. and I} (f) = lim, I](f,), that is f € L}(u) by Definition 8.6. >

Lemma 10.5. Let X be an order continuous quasi-Banach lattice and T’
a complete disjoint set in X ;. Then X = X, that is, X can be decomposed into an
unconditional direct sum of the family of mutually disjoint bands X.,:= {v}**. In
particular, for every x € X there is a sequence 0 : N — I' such that x =) _ To(n)
with 2,(,) € Xo(,) for all n € N and the series converging unconditionally.

< In view of Lemma 2.9 X is super Dedekind complete. Clearly, (X,) er is
a complete family of mutually disjoint bands of X. Thus, by Lemma 7.2 each z € X,
has a unique representation of the form z = \/'yEF xz, with 0 <z, € X, forally eT.
Super Dedekind completeness yields a function o : N — I' such that z = \/, . Zo(n)-
The series x = ZneN Ts(n) converges unconditionally because x = \/nGN To(r(n)) for
any permutation of indices 7. In particular, x € Xr and X = Xr, as claimed. >

Theorem 10.6. Let X be a Dedekind complete quasi-Banach lattice whose order
continuous part X, is order dense in X. Then there exists a vector measure space
(Q, %, 1) with semi-finite localizable y : % — X, such that the integration operator
I’ is a lattice isomorphism and linear isometry of L (1) onto X,, while f; is a lattice
isomorphism and linear isometry of L' (u) onto X. Moreover, L} () = Ll(u) and
Ly, (1) = Ly, (1) as well as IT = I and f; = fﬁ

< Put Y:= X, and fix a complete disjoint set " in Y. According to Theorem 9.3
there exists a vector measure space (2, Z, ) with a semi-finite localizable Yr-valued
measure £ such that the integration operator /7 is a lattice isomorphism and linear
isometry of L!(u) onto Yr. By virtue of Lemma 10.5 Yr = Y and hence L}(u) is
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order continuous as Y is an order continuous quasi-Banach lattice by Lemma 10.2.
By virtue of Lemma 9.2 (5) we have Lj(u) = Ly(u) and If = I} and hence I} is an
isometric lattice isomorphism of L!(u) onto X,,.

Let f; : L, (1) = X stand for the smallest extension of I]. Then f; is a one-to-
one isometric lattice homomorphism by the formula (9) and Lemma 5.3. Show that
f; is onto. Given arbitrary € X, one can pick an increasing net (z,)aca in Y, such
that © = sup, xo. Put f,:= (f;)_l(:ca) and note that (f,)aea is an increasing net
in L} (p)4 with sup, I](fo) = 2. Since p is semi-finite and localizable, Lemma 9.7
guarantees the existence of f € L! (u) such that 0 < f, 1 f and IT(f) = z. Thus,
f; is a lattice isomorphism of L (1) onto X. Moreover, I; is also isometric by the
formula (9) in Definition 9.4. Finally, the above mentioned equalities L (1) = LL(p)
and I = I imply that L}, (1) = Ly, (1) and fﬁ = f; >

Let X be a quasi-Banach lattice and (Q, %', 1) a vector measure space with
a semi-finite localizable measure p : % — X, which is countable additive in the
sense of order or metric convergence depending on the context. By Theorem 5.10 and
Corollary 5.11 L°(u) is a universal completion both of quasi-Banach lattices L. (u)
and L!(p). According to Definition 3.2 we can construct maximal quasi-normed
extensions (L! _(u), || - llos) and (LL_(u),|| - ||+») of Li(n) and L1(u), respectively.
By virtue of Theorems 3.10 and 8.3 L!_(p) is a quasi-Banach lattice and an order
dense ideal in L°(y1), while L} _(p) is a quasi-normed lattice and order dense ideal in
L°(u) which is metrically complete under the additional assumption that L!(u) has
the weak o-Fatou property.> Moreover, L! (1) has the Fatou and Levi properties
by Corollary 3.13, since L! () is order continuous. The following five propositions
present some simple relations between L! (u) and L} (1), as well as L! _(u) and

Lz (1)-

Proposition 10.7. Let X := (X, || - || x) be a Dedekind complete quasi-Banach
lattice and p : # — X, a semi-finite localizable measure. Then L} (u) C L. ()
and the inequality || f|lo < ||f|low holds for all f € L! (). If, in addition, X has
the Fatou property then || fllox = || fllow for all f € L., (1).

<1 Given arbitrary 0 < f € Ll (n) and g € Ll(u) with 0 < g < f, we have
lgllo = I15(9)]lx < ||I°( )||X = ||f||0w for all g € L}(11) according to the formulas (7)
and (8). Tt follows that f € L! (1) and || fllo < ||fllow for all f € L (u) by the
definition of L} _(u).

Assume now that X has the Fatou property. Given 0 < f € L} (u), the set
{9 € L}(un) : 0 < g < f} is upward directed and so is it image {]0( ) g €
Ly(1),0 < g < f} C Xy, as I is positive. Using the Fatou property we deduce

1fllow = 175 lx = [Isup{I5(9) : g € Li(n), 0< g < fHx =
sup{[|;(9)llx = g € Lo(n), 0< g < f}= HfHW

for all f € L, (u), as claimed. >

3We do not know whether L} (u) is metrically complete (and hence a quasi-Banach lattice) without this additional
assumption coming from Theorem 3.10.
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Proposition 10.8. Let X := (X, || - ||x) be a Dedekind complete quasi-Banach
lattice with the Fatou and Levi properties and i : % — X, a semi-finite localizable
measure. Then L} (u) = L! (1) and || f|lo,c = || fllow for all f € LL, (p).

< In view of Proposition 10.7 it suffices to show the inclusion L} (u) D L} _(p).
Take an arbitrary 0 < f € L, (1) and observe that {I%(g) : g € L}(1),0 < g < f}
is an upward directed set in X ,. Thus, the relation f € L () implies

sup{[Z;(9)llx 1 g € Lo(1r),0 < g < f} < [ fllow < 00

and, by the Levi property for X, there exists x:= sup{/;(g) : g € Li(w),0<g9< f}
in X. By the definition of fﬁ we get f € Ll (u) and f/‘j(f) =z >
Proposition 10.9. If X is a Dedekind complete quasi-Banach lattice and p :

#Z — X, is a semi-finite localizable measure then L! (u) C L! _(n) and ||f]|+.. <
| fll-w (f € LY, (1)). If, in addition, X has the Fatou property then ||f|.. = || fl+w

(f € Lz, (1))-

< Take 0 < f € Lyy(p). For arbitrary g € L1 (u) with 0 < g < f we have ||g|, =
11 (Dllx < M7()llx = [Ifllzw by definition of I7. Thus, in view of Definition 3.2

fe Ly (p) and [|f]lo < | fllw for all f € L7, (n). The set {I7([0, f] N L3(u))} is
upward directed in X as [ is a positive operator. Now, assuming that X has the

Fatou property and using the definition of f; we deduce

1 fllrw = 1Z(P)llx = [[sup{I7(g) : g € LE(1),0 < g < fHIx =
=sup{|lgll- : g € LE(1),0 < g < f} = £,

as claimed. >

Proposition 10.10. If X is a Dedekind complete quasi-Banach lattice with the
Fatou and Levi properties and i : % — X, is a semi-finite localizable measure,
then L! (u) and L} () coincide as quasi-Banach lattices.

< Proposition 10.9 guarantees that L! (u) C L _(p) and || f|lr = ||f]lrw for
all f € L}, (u). Therefore, we only have to show the converse inclusion LI, (1) D
L}, (n). Take arbitrary 0 < f € LI (u). As mentioned above, the set {I7([0, f] N
LX(w))} is upward directed in X, . By Definition 3.2 we have

sup{[[17(9)llx : g € LX(n),0 < g < f}
sup{|lgll- : g € Li(1n),0 < g < [} = | f]lrs < 00.

By the Levi property = := sup{I(g) : g € L1(n),0 < g < f} exists in X, and
hence f € LL (u) and f;(f) = x by definition of f; >

Proposition 10.11. If X is a Dedekind complete quasi-Banach lattice and p :
#Z — X, is a semi-finite localizable measure, then L} (n) C L' (n) and ||f|,.. <
|| fllos for all f € L} (n). Moreover L} (u) and L! _(u) coincide as quasi-Banach
lattices if and only if L}(u) has the Fatou property.

< For arbitrary 0 < f € L,,.(u) and g € L1 (u) with 0 < g < f we have ||g||, =
llgllo < || f|lose by Theorem 9.2 (4). Tt follows that f € L!_(u) and || |-, < ||f]lox for
all f € Ly, (1)
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To prove the second part of the claim observe that, by Proposition 3.12, L} (u)
has the Fatou property if and only if so does L!(u). Now, if L! (1) and L ()
coincide as quasi-Banach lattices, then L! (u) has the Fatou properties, since so
does L! (u). Thus, L!(n) has the Fatou property. Conversely, suppose that L!(u)
has the Fatou property. Take f € L! (u) and g € L(n) with 0 < g < f. There
exists a net (f,) in L!(p) such that 0 < f, 1 f. Consequently, 0 < fo, A g T ¢ and
llgllo = sup,, || fa A gllo = sup, || fa A gll= < ||f|l-> by the Fatou property. It follows
that f € L (1) and |[fllo. < ||/l Thus, L1, () € LL,() and || s < ||f]ss for
all f € L!_(n). The latter together with the first part of the claim yields L! (u) =
L2 (1) and |l = |l for all £ € LL, (). >

Corollary 10.12. Let X be a quasi-Banach lattice with the Fatou and Levi
properties whose order continuous part X, is order dense in X. Then there exists a
vector measure space (), %, ) with a semi-finite localizable measure p with values
in X, such that the integration operator I is a lattice isomorphism and linear
isometry of L} (1) onto X,, while f; is a lattice isomorphism and linear isometry of
L%, (u) onto X. Moreover, LL(u) = Lj(p), I} = I3 and L, (1) = L}, (1) = Ly, (1) =
Lo (11).

<1 This is immediate from Theorem 10.6 and Propositions 10.8 and 10.10. >

11. BANACH LATTICE VALUED MEASURES

In this section we stress that some consequences of the above order integration
theory are new even in the case of Banach lattices. Throughout this section X is
a Banach lattice with the topological dual of X* and (£, %, u) is a vector measure
space with a semi-finite X -valued measure 1 : % — X,. Denote by B’ the positive
part of the unit ball of X.

DEFINITION 11.1. An #Z'°°-measurable function f : Q — R U {400} is called
weakly integrable with respect to p or weakly p-integrable if

1]l := sup / 1] dla*p] < +oo,
@ €B%

where |z*pu| : 2'°° — [0, 00] variation of z*u and B’ the positive part of the unit
ball in X*. A weakly integrable function f is integrable with respect to p if for each
A € Z"°° there exists a vector denoted by fA fdu € X, such that

x*(/fdu):/fdx*,ufor all z* € X*.
A A

Denote by L} (1) the space of (equivalence classes) all weakly p-integrable function
equipped with the norm ||-||,, and let L' (1) stand for the subspace of L, (1) consisting
of (equivalence classes) all p-integrable functions. Note that if ||f||, < oo then
|f| < oo p-a.e. Thus, L (1) and L'(u) can be considered as subspaces of L°(u).

Theorem 11.2. The spaces L} (u) and L'(n) are Banach lattices spaces and
order dense ideas of L°(u). Moreover L'(p) is a closed subspace of L. ().

< See [46, Theorem 3.3| and |53, Theorems 4.5, 4.7, 4.10]. >
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REMARK 11.3. Observe that the space S(Z) of Z-simple functions (see Section 4)
is dense in L'(u). Moreover, for every Z-simple function ¢ = "7 a;x4, we have
that I,(f):= [ fdu = I](f). It follows that the spaces L'(p) = (L' (), | - ||,) and
LY () = (LX(w), ]| - ||+) coincide as Banach lattices (see Section 8).

Now we present two representation results for Dedekind complete Banach lattices.

Theorem 11.4. Let X be a Dedekind complete Banach lattice. Then there exists
a measure space (0, %, 1) with a semi-finite localizable X | -valued measure j such
that the smallest extension f/‘j of the integration operator I/, implements an isometric
lattice isomorphism of L} (2, %#'°¢, 1) onto X. Moreover, for each complete disjoint
set I' C X one can choose yi so that I7 maps L}(Q, %', ju) onto Xr.

< Follows immediately from Theorem 9.6. >

Theorem 11.5. Let X be an order complete Banach lattice whose order
continuous part X, is order dense in X. Then there exists a vector measure space
(Q, %, 1v) with semi-finite localizable j1 : % — X, such that the integration operator
I is a lattice isomorphism and linear isometry of L} (u1) onto X,, while the smallest
extension f; of I is a lattice isomorphism and linear isometry of L (9,2, i)
onto X. Moreover, L'(n) = L}(n), Lt (1) = LY, (1) and I}, = 1, I7 = I?.

<1 The proof is follows immediately from Theorem 10.6. >

The space L} (n) always has the o-Fatou and o-Levi properties (see Calabuig,
Delgado, Juan, and Sdnchez Pérez [6]).? It was indicated in [6, §5] as an open
question whether the space L} (1) has the Fatou and Levi properties.

DEFINITION 11.6. A measure p : Z — X, is said to be #Z-decomposable if we
can write @ = N UJ, e Qo where N is p-null set and {Q, : a € A} is a family of
pairwise disjoint sets in & satisfying that

(1) if Ay € 2N 2% for all @ € A, then [J, o Ao € Z°,

(2) for each z* € X*if Z, € ZN2% is |2*u|-null set for all & € A, then Uasea Za
is |*p|-null set.

It was shown in |6, Theorem 5.8 that if a measure u is %Z-decomposable, then
L! (1) has the Fatou and Levi properties. We now show that L! (1) has the Fatou
and Levi properties under the weaker assumption that pu is localizable.

Lemma 11.7. Let €2 be nonempty set, 3. a o-algebra of subsets of Q) and \ : ¥ —
R, U{oc} a semi-finite measure. Assume that f € L°(\) and a net (f,)aea in Li(\)
has the properties that 0 < f, 1o f and sup, [ fodX\ < co. Then f € Li(\); and
there exists an increasing sequence of indices (o), C A such that 0 < fo, T f

and sup,, [ fa, d\= [ [ dp.

< Without loss of generality, we can assume that the set F':= {f, : a € A}
contains suprema of all its finite subsets. Choose increasing sequence ()22, C A
such, that C := sup,, [ fa, d\ = sup, [ fo d\. By monotone convergence theorem
there exists fo € Li(\) with 0 < fa, 1 fo and [ fod\ = C. If we prove that f; is

4The Fatou (o-Fatou) property in Calabuig, Delgado, Juan, and Sanchez Pérez [6] is understood as the
conjunction of the Fatou and Levi (o-Fatou and o-Levi) properties. In this work we distinguish between these
properties following Fremlin [23, Definitions 23A and 23I], see also Abramovich and Aliprantis [2, Definition 7].
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an upper bound of (f,)aca then, in view of fo = sup,, fa, < f, we get f = fo and
the proof is complete. Fix arbitrary 8 € A and note that fgV f., Tn f5 V fo. So by
dominated convergence theorem [ f3V fo, du 1, [ f5V fodp. Since fgV fo, € F, we
have [ f5V fa, dp < [ fodp for all n € N. Consequently, [ fzV fodu =sup, [ fsV
Jan dit < [ fodp. At the same time, [ fzV fodp = [ fodp. Therefore, [ fzV fodp =
f fodp and fgV fo = fo for all B € A. It follows that f; is an upper bound of the
net (fa)aEA' >

Lemma 11.8. Let X := (X, || - ||x) be a Banach lattice and (2, %, i) a vector
measure space with a semi-finite measure y : % — X,. Assume that f € L°(p)
and a net (fy)aca in L. (u) is such that 0 < f, 1o f and sup, || fall, < co. Then
f € LL(pw)+ and sup, ||fallp, = ||f|l,- Moreover, there exists increasing sequence
()52, C A such that 0 < f,, T f and sup,, || fa, |l = || fll.- In particular, L} ()
has the Fatou property.

< By virtue of Rybakov’s theorem there exists «* € B such that |x*p|-negligible
sets and p-negligible sets from Z'°¢ coincide. Consequently, L°(u) and L°(|z*pul)
coincide as vector lattices. By virtue of Lemma 11.7 f € L'(Jz*u|) and there exists
increasing sequence (,,)%%; C A with 0 < f,, 1, fin L'(|z*u|). Then 0 < fo, Tn f
in Lo(u) and sup, ||full, < oo. Since L. (u) has o-Fatou and o-Levi properties,
we have f € Ll (u) and ||f|l, = sup, ||fa, |- At the same time, sup,, ||fa. |, <
suD, || fall, and hence [| f]l,, = sup, [[falls- >

Theorem 11.9. Let X be a Banach lattice and (2, %, i) a vector measure space
with a semi-finite localizable X ,-valued measure pu. Then the Banach lattice L} (1)
has the Fatou and Levi properties.

<1 Suppose a net (fo)aca in L} (1) is such that 0 < fo T, and sup, || fall, < oo
Since p is semi-finite and localizable, L°(p) is a universally complete vector lattice.
By virtue of Lemma 3.8 there exists a band projection 7 in L%(u) such that f:=
sup,, 7 fo exists in L°(p), while the complimentary projection n’ := I1o(,) — 7 obeys
the equation N7/'(g) = sup, 7' (fa A Ng) for all ¢ € L°(u) and N € N. Clearly, if
7w’ =0 then f, 1, f and f € Lo(u) so that we are done by Lemma 11.8. Assuming
that 7’ # 0, we can choose 0 < g € L} (n) with 7/(g) > 0 as L. (u) is an order dense
ideal in L°(u). Applying again Lemma 11.8 we deduce | N7'(g)||, = sup, ||7'(fa A
Ng)||, < sup, || fallp < oo for all N € N, a contradiction. >

According to Definition 3.2 we can make the maximal quasi-normed extension
LY (w) := (L: (1), | - ||») of the Banach lattice L (u) := (L:(u), || - ||+). The quasi-
normed lattice L (u) is a Banach lattice with the Levi and Fatou properties and
an order dense ideal of Lo(u) (see the remark after Theorem 10.6). The following
result can be considered as an alternative description of L ().

Theorem 11.10. Let X := (X, ||-||x) be a Banach lattice and (2, %, 1) a vector
measure space with a semi-finite localizable measure y : # — X . Then L. (u) and
L! (n) coincide as Banach lattices.

< Let f € L (n) and take arbitrary g € L:(u) with 0 < g < f. Then ||g|, =
gl < Iflly < oo so that f € L (u) and we get L. (n) C L, (n). To ensure
the converse inclusion, observe that L!(u) is order dense in L! (i) and L,,(u) has
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the Fatou and Levi properties (see the remark after Theorem 11.9). It follows that
for f € L! (n) there exists a net (fa)aca in L.(u) such that 0 < f, T f and
supg || fall; = Ifll- < oo. By Lemma 11.8 f € L (p) and |||, = sup, [[falln =

sup,, || fallz = ||f|l-. Consequently, L1111(/‘L) = L}'%(/‘L) and || f[l, = [[f[l. for all
f e Ll (u),as claimed. >

Corollary 11.11. Let X be Banach lattice with the Fatou and Levi properties
whose order continuous part X, is order dense in X. Then there exists a vector
measure space (), %, 1) with a semi-finite localizable measure y with values in X,
such that the integration operator I is a lattice isomorphism and linear isometry
of L}(11) onto X,, while f; is a lattice isomorphism and linear isometry of L} (u)
onto X. Moreover, Ly(p) = L*(u), and Ly, (1) = Lo, (1) = Lz, (1) = Loy (1) =
L} (1) where all equalities mean the coincidence of Banach lattices.

<1 This is immediate from Corollary 10.12, Remark 11.3, and Theorem 11.10. >

The following example taken from [6, Example 4.1| shows that L(x) and Ll(p)
may differ essentially.

EXAMPLE 11.12. Let I" be an uncountable abstract set. We recall that ¢y(I")
denotes the space of all real functions f € R! for witch {t € ' : |f(¢)| > €} is finite
for all ¢ > 0, [°°(T") denotes the space of all real bounded functions f € R and 15°(T)
denotes the space of all real bounded functions f € [*°(I") with countable support.
All these spaces are Banach lattices with uniform norm || f||» := {sup |f(¢)| : t € T'}.
It is clearly that co(I") C I5°(I') C I°°(T"). Let #Z be the é-ring of finite subsets of I'
and p: Z — [°(I') the vector measure defined by p(A) = x4 far all A € Z. Then
LY (p) = Ly(n) = co(T), Lg(p) = I5°(1), Lg,, (1) = 1%°(T") = Lz, (1)

REMARK 11.13. (1) Theorems 11.4 and 11.5 have no parallel versions in terms
of Banach lattices L'(u) and L} (11).

(2) It can be easily seen that Z-decomposable measure is localizable (cf. Fremlin
[24, Theorem 211L (d)|). Thus, Theorem 11.9 is a generalization of [6, Theorem 5.8]
stating that L! (1) has the Fatou and Levi properties, whenever u is %Z-localizable.

(3) Corollary 11.11 contains the following result obtained in Delgado and
Juan [18|: Every Banach lattice having the Fatou and Levi properties and having
its order continuous part as an order dense subset, can be represented as the space
Ll (1) of weakly integrable functions with respect to some vector measure p defined
on a d-ring. Some application of this result see in Juan and Sanchez Pérez [30].
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