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� PRUVSba	� UV� O �V`l^Z_VSV[Nj MJUZjl`VOTk�uJMJOT`cPR] ^J�WueacSV]JMedxOTSV]�
5�luJ] ]JSba ^�PR]JMedxOWuJMJ]J`�fVOWu
^Z`bacMJSVOTSVUlf��
��acMJ�JO�� t)uJ]J� ��a�� H�� I���OT� ]cuJ]J`V[\O�� ]TPRO�dxU �V`l^Z_VSV[Nj MJUZjl`VOTk�
�a ueac�ly#O
]J�TSV]JMJ]J_V]edRa	��acgih�UVO	_V`VOQPR�WueacMedxOTSVUlf1U�SbacUVwJ]edxOTO���Sba��VU�� [\O�� ]JSV]��T`ba	��UVU�_V`VOQPR�WueacM��
dxOTSV[ M�`bacwJ]cuJO�� Y�� I tN]JMJ`VO�� OTSVSV[\O�_V`VOQPR�WueacMedxOTSVUlf(]���Ul��UV�VOT�T�VUZj5_V`V]JvVOT�T��arj5MJ]c��SVUV���
SV]JMJOTSVUlf��V`l^Z_VSV[Nj�MJUZjl`VOTk�
Vueac�VUZj��Zac��uJ]J`VSba�PR]�
b_V`VOQPR�WueacMedxOTSV[*M�� ]JSV]��T`ba	��UVU�� X�� I
� ��Sbac� ]�� dxOTSVUVO���_V`VOQPR�WueacMedxOTSVUlf�� U2] ��Ul��UV� O��V`l^Z_VSV[Nj1MJUZjl`VOTk1]J�WueacMedbfVOWu��l^ZM��

�WuJMJ] SVOW^�PR]JMedxOWuJMJ]J`VOTSVSV]J�WuJU I
��acUVwJ]edxOTO1uc^��LacSVSV[!� �Zaey#OWuJ� f MJ]J_V`V]J�2] _V`VUV�VUVSbarj
MJ]c��SVUV�VSV]JMJOTSVUlf�U$^J��dx]JMJUlfZj��W^ h�OT�WuJMJ]JM�acSVUlf�ueac�VUZj�fVMedxOTSVUVk�M&aeu�� ]J����OT`VOcI
" aeuJO��LaeuJUV�VOT�T�VUVO�� ]TPRO�dxU�
Z_V`VOQPRSbae��Sba��VOTSVSV[\OiPbdbf(_V`V]JMJOQPROTSVUlf(MJ[\�VUV��dxUluJO�dx�JSV[Nj

# � �T_VOT`VU�� OTSluJ]JM�U�]J_VUV�T[\M�acgih�UVO)`VOW�T^�dx��ueaeuJ[ `bac�T�VOWuJ]JMq�V`l^Z_VSV[\O)uJ]J`VSba�PR]�� _V]TPR]JwJSV[\O
MJUZjl`VU�
�_V`VOQPR�WueacMedxOTSV[ M$� X�� I � a��bac�Wuc^Zg # uJ](MJ[\�VUV��dxOTSVSV[\O%� ]TPRO�dxU�
�M&� ]cuJ]J`V[Nj�Ul�T^&�
�bacOWuJ� f �W^ h�OT�WuJMJ]JM�acSVUVO(U # MJ]edxgqvVUlf;MJ`baeh#acgih�OTkV� f��Lac�T�T[�y(U PR� ]J�WuJU�
n��a�P�acSVSV]Jk�M
�Za��VOT�WuJMJO5Sba��bardx�JSV]��T](^J��dx]JMJUlf I�KN[\_V]edxSVOTSVSV[\O#`bac�T�VOWuJ[ SVO�]cuJMJOT�bacgiu$Sba(SbacUVwJ]edxOTO
UVSluJOT`VOT�TSV[\O5MJ]J_V`V]J�T[�]Jw&^J��dx]JMJUlfZj�
 _V`VUVMJ]TPxflh�UZj���MJ]c��SVUV�VSV]JMJOTSVUVg!�V`l^Z_VSV[Nj1MJUZj'�
`VOTk�
 ]�_V`VUV�VUVSbarj�
 _V]TPVPROT`�y(UVM�acgih�UZj&UZj5�W^ h�OT�WuJMJ]JM�acSVUVOiU&_V`VUVMJ]TPxflh�UZj5�5`bae��`l^ o�O��
SVUVg	I � wc��]J`5UV�T_V]edx�c�T^JO�� [Nj(�LaeuJO��LaeuJUV�VOT�T�VUZj(� ]TPRO�dxOTk�Pbdbf&UV�T��dxOQPR]JM�acSVUlf&�V`l^Z_VSV[Nj
MJUZjl`VOTk�
 a$ueac�ly#O5U�� OTgih�UZj�� f2P�acSVSV[Nj�Sbacwedxg)PROTSVUVk # uJUZj2fVMedxOTSVUVk�M�aeu�� ]J����OT`VO5U
dRacwJ]J`baeuJ]J`VSV[Nj�^J��dx]JMJUlfZj�_V`VOQPR�WueacMedxOTS�M)� Y�
xX�� I
* ardxOTO$M1`bacwJ]cuJO$�V`l^Z_VSV[\O�MJUZjl`VU wc^�Px^ u�Ul�T^Z�baeuJ�J� f uJOT]J`VOWuJUV�VOT�T�VU _V`VU _V]�� ]ch�U

`bac�T��� ]cuJ`VOTSVUlf SVO�dxUVSVOTkVSV[Nj ^Z`bacMJSVOTSVUVk�
L]J_VUV�T[\M�acgih�UZj�PRUVSba	� UV�l^;MJUZjl`VOTk M�� y(U��
�LacO�� ]Jk��WuJ`baeuJU���UVvVUV`V]JM�acSVSV]Jk�y(U PR� ]J�WuJU I,+�`VOQPR_V`VUVSlfluea&_V]J_V[/uJ�Za5^Z�VOWuea&SVO�dxUVSVOTk��
SV[Nj ��dRa	��acO�� [Nj�
L�luJ]�_V]c��MJ]edbfVOWu1`bac�T��� ]cuJ`VOWuJ�2_V`V]JvVOT�T�T[ _V`VUVMJ]TPxflh�UVO8� Sbacwedxg)PRO��
SVUVg.MJUZjl`VOTMJ[Nj uJOT�VOTSVUVk�
qSbacwedxg)P�acgih�UZj�� f M aeu�� ]J����OT`VO	
�SVO�MJ]J�T_V`V]JUl��MJ]TPxflh�UVOT� f
_V`VU�UV�T_V]edx�c��]JM�acSVUVU$Pbdbf�UZj�]J_VUV��acSVUlf$dxUVSVOTkVSV]Jk�uJOT]J`VUVU I
KNSba��bardxO MJ[\MJOQPROTSba �TUV�WuJO��La!SVO�dxUVSVOTkVSV[Nj PRU��-��OT`VOTSVvVUbardx�JSV[Nj ^Z`bacMJSVOTSVUVk M

�bac�WuJSV[Nj�_V`V]JUl��MJ]TPRSV[Nj�
>� ]cuJ]J`V[!� _V]TPR�VUVSlfVgiuJ� f�]J�TOT�TU��.� OWuJ`VUV�VSV[\O(MJUZjl`VOTMJ[\O5MJ]c�/�
�@^ h�OTSVUlf	w�ac`V]J�ZdxUVSVSV]Jk�� y(U��LacO�� ]Jk�y(U PR� ]J�WuJU�
cSbae��[\M�acO�� [\OLM0� Y1��� ]edx]JSVSV]J]JwJ`bae��SV[,�
� U�
l_V]J��dxOq�VO��T]#`bac�T��� ]cuJ`VOTSV[ `bae�WdxUV�VSV[\O�^Z_V`V]ch#acgih�UVOiPR]J_l^ h�OTSVUlf�
V_V]c��MJ]edbfVgih�UVO
M �bac�WuJSV[Nj ��db^Z�baefZj�_V]edb^Z�VUluJ� acSbardxUluJUV�VOT�T�VUVO;`VOWo�OTSVUlf I32�aey#PR]JO1Ul��_V`VUVSVU��La��
O�� [Nj ^Z_V`V]ch�OTSVUVk �W^ y5acOWu ]JwedRac�WuJ�4��Ul��UV�VOT�T�VUZj _V`V]JvVOT�T�T]JM�
\� ]cuJ]J`V[\O�]J_VUV�T[\M�acgiu
`bac�T���LaeuJ`VUVM�acO�� [\O�^Z`bacMJSVOTSVUlf�
)�luJ]�wc^�PROWu;]JwJ�W^ y#P�aeuJ�J� f _V`VU UV�T_V]edx�c��]JM�acSVUVU # uJUZj
^Z_V`V]ch�OTSVUVk I
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m ac�T��� ]cuJ`VU�� MJ]c�F�@^ h�OTSVUlf1_Zdx]cuJSV]J�WuJU�
C�TMcfl��acSVSV[\O���MJUZjl`VOTMJ[!� PRMJUly#OTSVUVO�� U PRO��
ardx�JSV]Jk � y(U��LacO�� ]Jk w�ac`V]J�ZdxUVSVSV]Jk!y(U PR� ]J�WuJU I * dbf!_V`VU�� OT`ba*_V`VOQPR�WueacMJU�� �TOTwJO
MJUZjl`V��M�wJOW��Mcfl��� ]Jk5aeu�� ]J����OT`VO)PR]J�WueaeuJ]J�VSV]�^�P�ardxOTSVSV[\k5]cu�uJMJOT`cPR[Nj��T`bacSVUVv I@KN]c�F�@^&�
h�OTSVUVO�_Zdx]cuJSV]J�WuJUHG UZdxU(P�acMedxOTSVUlf=I�
ZPRMJUly&^ h�OTOT� f)� OT�WuJO���MJUZjl`VO�� ��O��T]5�T� ]J`V]J�WuJ�Jg�

� ]�y#OWu�]J�Zae��aeuJ�J� f&]cuJ`VUVvbaeuJO�dx�JSV[!� UZdxU5_V]edx]�y(UluJO�dx�JSV[!�!
ePR`l^��TU�� U&��dx]JM�a	� U5vVUV�Zdx]��
SVUV�VOT�T�VU���UZdxU acSluJUVvVUV�Zdx]JSVUV�VOT�T�VU��!
 MJ`baeh�OTSVUVO(y(U PR� ]J�WuJU2Pbdbf # uJUZj MJ]c�F�@^ h�OTSVUVk
ueac�ly#O�� ]�y#OWu(U�� OWuJ�8`bae�WdxUV�VSV]JO�Sbac_V`bacMedxOTSVUVOcI�KNUZjl`VOTMJ]JO	MJ]c�F�@^ h�OTSVUVO	�W^ h�OT�WuJMc^JOWu
Sba���]JSVONSVOT� ]cuJ]J`V]��T]�]J�TSV]JMJSV]��T]�G UZdxU%��]JSV]JMJ]��T]'I>�T]J�WuJ]�fVSVUlf�y(U PR� ]J�WuJU5SVO/�TMcfl��acSVSV]��
�T]&��MJUZjl`VOTMJ[!� PRMJUly#OTSVUVO�� U�Sbarj�]TPxflh�O�� � f�M5SVOT� ]cuJ]J`V]�� `bacMJSV]JMJOT�TSV]�� �T]J�WuJ]�fVSVUVU I
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* dbf�^�PR]JwJ�WuJM�a5]J_VUV��acSVUlf�MJ[)PRO�dxU�� MJUZjl`VOTMJ]JO�MJ]c�F�@^ h�OTSVUVO	_V]edRa	��aef�
x�luJ]5^Z`bacMJSVO��
SVUlf$��acMJ�JO�� t)uJ]J� ��a5]J_VUV�T[\M�acgiu&�Zac�)��]JSV]JMJ]JO��T]J�WuJ]�fVSVUVO	
bueac��U ��]JSV]JMJ]JO��T]J�WuJ]�fVSVUVO
M1�W^��.� O$�$MJUZjl`VOTMJ[!� MJ]c�F�@^ h�OTSVUVO��\I * dbf _V]edb^Z�VOTSVUlf ^Z`bacMJSVOTSVUVk�
)]J_VUV�T[\M�acgih�UZj
uJ]edx�J� ]5MJUZjl`VOTMJ]JO�MJ]c�F�@^ h�OTSVUVO	
b��dxOQPx^JOWu(MJ[\�VOT�WuJ�5Ul��^Z`bacMJSVOTSVUVk(Pbdbf$MJ]c�F�@^ h�OTSVSV]��T]
uJOT�VOTSVUlf�y(U PR� ]J�WuJU�^Z`bacMJSVOTSVUlf�
V]J_VUV�T[\M�acgih�UVO�SVOTMJ]c�F�@^ h�OTSVSV]JO��T]J�WuJ]�fVSVUVOcI��qSbardx]��
�TUV�VSV[\k�_V]TPbj�]TP&UV�T_V]edx�c�T^JOWuJ� f#_V`VU	_V]edb^Z�VOTSVUlf	^Z`bacMJSVOTSVUVk�
c]J_VUV�T[\M�acgih�UZj	MJ]edxSV]JMJ[\O
MJ]c�F�@^ h�OTSVUlf�M(aeu�� ]J����OT`VO � � � I
KNMJOQPRO���SVOT_V]TPRMJUly(Sl^Zg vVUZdxUVS PR`VUV�VOT�T�l^Zg.�TUV�WuJO��@^ � ]J]J`cPRUVSbaeu

(r, φ, z)

)�TMcfl��acS��

Sl^Zg �)]J�T�Jg MJ`baeh�OTSVUlf�MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf I KNO�dxUV�VUVSV[�
ej ac`bac�luJOT`VUl�T^Zgih�UVO�MJ]c�/�
�@^ h�OTSVSV]JOiuJOT�VOTSVUVO	
Vwc^�PRO�� ]JwJ]c��Sba��baeuJ�0�Lardx[!� U(wc^Z�VM�a	� U�
Za�j ac`bac�luJOT`VUl�T^Zgih�UVO-��]��
SV]JMJ]JO uJOT�VOTSVUVO�� �Lardx[!� U	wc^Z�VM�a	� U��LUVS PROT� �T]����lI KN`VO��@f	]JwJ]c��Sba��VU��

t
I@KNMJOQPRO�����dxO��

Px^Zgih�UVO#]JwJ]c��Sba��VOTSVUlf��iSVUly(SVU�� U�UVS PROT� ��a	� U
r


φ


z


t
wc^�PRO�� ]JwJ]c��Sba��baeuJ�8�bac�WuJSV]JO

PRU��-��OT`VOTSVvVUV`V]JM�acSVUVO�_V]��T]J]cuJMJOWuJ�WuJMc^Zgih�OTk�� ]J]J`cPRUVSbaeuJO�U(MJ`VO�� OTSVU�

~v = (u, v, w)

�
� ]�� _V]JSVOTSluJ[*MJOT�luJ]J`ba5�T� ]J`V]J�WuJU�MJ]c�F�@^ h�OTSVUlf�


~v0 = (u0, v0, w0)
� � ]�� _V]JSVOTSluJ[*MJOT���

uJ]J`ba5�T� ]J`V]J�WuJU ��]JSV]JMJ]��T]#uJOT�VOTSVUlf�

p


ρ


T
� P�acMedxOTSVUVO	
x_Zdx]cuJSV]J�WuJ�(U�uJO�� _VOT`baeuc^Z`ba

MJ]c�F�@^ h�OTSVUlf�

p0


ρ0


T0
��P�acMedxOTSVUVO	
 _Zdx]cuJSV]J�WuJ��U#uJO�� _VOT`baeuc^Z`ba ��]JSV]JMJ]��T]�uJOT�VOTSVUlf�


PRUVMJOT`��TOTSVvVUVg*�T� ]J`V]J�WuJU$MJ]c�F�@^ h�OTSVUlf8]JwJ]c��Sba��VU��
d(r, φ, z, t) = ~∇·~v 
 MJOT`luJUV�Zardx�JSl^Zg� ]�� _V]JSVOTSluc^5��acMJUZjl`VOTSVSV]J�WuJU(MJ]c�F�@^ h�OTSVUlf&]JwJ]c��Sba��VU��

ξ = r−1(rv)r−r−1uφ


�_V`VU�� O��
f = 2ΩE sin(Φ)



f2 = 2ΩE cos(Φ)

� _bac`ba	� OWuJ`V[
2�]J`VUV]edxUV��a 
 � PRO
ΩE

��^�� dx]JM�aef
�T� ]J`V]J�WuJ� MJ`baeh�OTSVUlf � O�� dxU�


Φ
� �TOT]��T`ba	��UV�VOT�T�Zaef o�UV`V]cuea4� OT�Wuea;`bac�T_V]edx]�y#OTSVUlf

�TUV�WuJO�� [*� ]J]J`cPRUVSbaeurI
" ardx]J�WuJU�j ac`bac�luJOT`VUV�WuJUV�&MJ]c�F�@^ h�OTSVSV]��T]�uJOT�VOTSVUlf#SVON_V`VOQPR_V]edRa	��acO��\I.2�`V]�� OLuJ]��T]

wc^�PRO���`bac�T���LaeuJ`VUVM�aeuJ��U PRO�ardx�JSl^Zg!y(U PR� ]J�WuJ��
 urI	OcI�SVO#wc^�PRO�� MJ[\_VUV�T[\M�aeuJ��Mcfl���VUVO
��dRa	��acO�� [\O	
VU�� OTgih�UVOT� f$M�^Z`bacMJSVOTSVUlfZj ��acMJ�JO�� t)uJ]J� ��alI��)uJ]	ueac�ly#Oq]c��Sba��bacOWu#_V`VOTSVO��
wJ`VOWy#OTSVUVO�_V`V]JvVOT�T��a	� U$uc^Z`Vwc^�dxOTSluJSV]��T](_VOT`VO�� OWo�UVM�acSVUlf�SbacUVwJ]edxOTO�UVSluJOTSV�TUVMJSV]&_V`V]��
uJOT�Zacgih�U�� U�M&_V`VUl��O�� SV]�� ��dx]JO�aeu�� ]J����OT`V[�I
KN]c�F�@^ h�OTSVSV[\O�^Z`bacMJSVOTSVUlf5Pbdbf(MJOT�luJ]J`ba	�T� ]J`V]J�WuJU(y(U PR� ]J�WuJU�
�Pbdbf8�V`baeuJ� ]J�WuJU8��a��

_VUV��acSVSV[\O�M&MJOT�luJ]J`VSV]�� MJU PRO	
bOT�WuJ���

(~v0 + ~v)t + (~v0 + ~v) ·
(

~∇ · (~v0 + ~v)
)

= − 1

(ρ0 + ρ)
~∇(p0 + p)− ~f × (~v0 + ~v) + ~g.

G H�I

� PROT�T�(U$P�ardxOTO�_V`VOTSVOTwJ`VO���acO�� ��dRa	��acO�� [!� U�
�MJ]c��SVUV�Zacgih�U�� U�MJ��dxOQPR�WuJMJUVO�MJ]c��PROTk��
�WuJMJUlf �TUZdx[ 2�]J`VUV]edxUV��a�Sba�MJOT`luJUV�Zardx�JSV[\O�_V]cuJ]J�VU y(U PR� ]J�WuJU�
/urI OcI _V`VUVSVU��LacO��
f2 = 0

I
� ^�PRO�� �T�VUlueaeuJ��
V�luJ]�Pbdbf(��]JSV]JMJ]��T]�uJOT�VOTSVUlf�
 Pbdbf(MJO�dxUV�VUVS$�iUVS PROT� �T]�����MJ[\_V]ed��

SlfVgiuJ� f�acSbardx]��TUV�VSV[\O�^Z`bacMJSVOTSVUlf8PRMJUly#OTSVUlf�M5MJOT�luJ]J`VSV]�� MJU PRO��

~v0t + ~v0 ·
(

~∇ · ~v0
)

= − 1

ρ0
~∇p0 − ~f × ~v0 + ~g.

G Y�I

� ]JSV]JMJ]JO$uJOT�VOTSVUVO�MJ[)PRO�dbfVO��!_V]2uJ]Jk _V`VUV�VUVSVO	
/�luJ];]�SVO�� � [�� ]�y#O����WuJ`V]JUluJ�
]J_V`VOQPRO�dxOTSVSV[\O�_V`VOQPR_V]edx]�y#OTSVUlf INt PRO�dRacO�� ��dxOQPx^Zgih�OTO�_V`VOQPR_V]edx]�y#OTSVUVO��LMJ�TOij ac`bac���
uJOT`VUV�WuJUV�VU)��]JSV]JMJ]��T]�uJOT�VOTSVUlf8��acMJUV� flu�uJ]edx�J� ]�]cu�MJOT`luJUV�Zardx�JSV]Jk$� ]J]J`cPRUVSbaeuJ[�I��)uJ]
]c��Sba��bacOWu ueac�ly#O	
i�luJ] `bac�T���LaeuJ`VUVM�acgiuJ� f�MJUZjl`VOTMJ[\O1MJ]c�F�@^ h�OTSVUlf���MJOT`luJUV�Zardx�JSV]Jk
]J�T�Jg MJ`baeh�OTSVUlf I * dbf ��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf5M�_V`VOQPRO�dRarj�uJ`V]J_V]J����OT`V[ Sba7�Lac�Wo	ueacw�arj
_V]J`�f PR�Za�Y��l�q�VUZdx]�� OWuJ`V]JM�
 MJ]c�F� ]�y(SV[ UVSVMJOT`V�TUV]JSVSV[\O\^J��dx]JMJUlf#^J�WuJ]JkV�VUVMJ[\O	
�dxUVwJ]�SVO
^J�WuJ]JkV�VUVMJ[\OcI ���F� OTSVOTSVUVO$�WuJ`baeuJU���UV�ZacvVUVU SVO8_V`VUVMJ]TPRUlu2� _V]�fVMedxOTSVUVg ��Sba��VUluJO�dx���
SV[Nj�MJOT`luJUV�Zardx�JSV[Nj�_V]cuJ]J� ]JM ��]JSV]JMJ]��T]\�T]J�WuJ]�fVSVUlf�U�MedxUlfVOWuiuJ]edx�J� ]�Sba/fVMedxOTSVUlf�uc^Z`��
wc^�dxOTSluJSV]��T] _VOT`VO�� OWo�UVM�acSVUlf ��PROT�T� SVO�^Z�VUluJ[\M�acO�� [Nj�I��Z]J`VUl��]JSlueardx�JSV[!� U � ]�� _V]��
SVOTSluea	� U2�T� ]J`V]J�WuJU ��]JSV]JMJ]��T]8�T]J�WuJ]�fVSVUlf1Sba(`bac�T���LaeuJ`VUVM�acO�� [Nj2_V`V]J�WuJ`bacSV�WuJMJOTSVSV[Nj
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U MJ`VO�� OTSVSV[NjD�Lac�Wo	ueacw�arj ueac�ly#O�_V`VOTSVOTwJ`VOWy#O��\I ��� OTOWu2��Sba��VOTSVUVO�ueac�ly#O$MJ`VO�� OTS��
SV]Jk2UVSluJOT`VM�ard M$_V`VOQPRO�dRarj2� ]cuJ]J`V]��T]��W^ h�OT�WuJMc^JOWu # uJ]���a	� ]JO%��]JSV]JMJ]JO��T]J�WuJ]�fVSVUVO �
]JSV]�PR]edby(SV]�wJ[/uJ����Sba��VUluJO�dx�JSV]�wJ]edx�co�O8MJ`VO�� OTSVU�
LM�uJOT�VOTSVUVU � ]cuJ]J`V]��T] � [ UVSluJO��
`VOT�W^JO�� � f1MJ]c�F�@^ h�OTSVUlf�� U�
RU�� OTSVSV] # uJ]&_V]c��MJ]edbfVOWu(UV�T_V]edx�c��]JM�aeuJ�(_V`VOQPR�WueacMedxOTSVUVO�]Jw
a�PRUbacw�aeuJUV�VSV]J�WuJU�_V`V]JvVOT�T�T]JM&_V`V]cuJOT�Zacgih�UZj�M ��]JSV]JMJ]�� �T]J�WuJ]�fVSVUVU I
+�]edb^Z�VU��;^Z`bacMJSVOTSVUVO	
l� ]cuJ]J`V]��@^&_V]TPR�VUVSlfVOWuJ� f5PRUVMJOT`��TOTSVvVUlf$�T� ]J`V]J�WuJU8MJUZjl`VOTMJ]��T]

MJ]c�F�@^ h�OTSVUlf�M&vVUZdxUVS PR`VUV�VOT�T�VUZj�� ]J]J`cPRUVSbaeuearj�
RMJ[\`baey#OTSVUVOqPbdbf�� ]cuJ]J`V]Jk��

d = ~∇ · ~v = ur +
1

r
vφ + wz +

u

r
.

G X&I
* dbf # uJ]��T] MJ[\�VUV��dbfVO�� PRUVMJOT`��TOTSVvVUVg `bae��SV]J�WuJU�^Z`bacMJSVOTSVUVk�MJ]c�F�@^ h�OTSVSV]��T] �T]��

�WuJ]�fVSVUlf G H�I U#^Z`bacMJSVOTSVUlf&SVOTMJ]c�F�@^ h�OTSVSV]��T]��T]J�WuJ]�fVSVUlf G Y�I�
�M�`VOW�T^�dx��ueaeuJOq_V]edb^Z�VUluJ� f
UV�T� ]�� ]JO�MJ[\`baey#OTSVUVOcI � _l^J�T�Zaef$�T`V]�� ]c��PR�VUVO�MJ[\�ZdRa�PR�VU���ac_VUlo�O�� `VOW�T^�dx��ueaeu��

dt + udr +
v

r
dφ + wdz + d2 − 2

∂(u, v)

∂(r, φ)

−2
∂(u, w)

∂(r, z)
− 2

∂(v, w)

∂(φ, z)
− 2

ud

r
+ 2

u2

r2
− 2

uφv

r2
− 2

vvr

r

=
1

ρ0(ρ0 + ρ)

[

−ρ0

(

prr +
pφφ

r2
+ pzz +

pr

r

)

− ρ0zpz + ρzp0z + ρp0zz +
ρp0r
r

]

+
1

ρ0(ρ0 + ρ)2

(

+ρ0pzρz + ρ0prρr +
ρ0pφρφ

r2
− ρp0zρz

)

+ fξ.

G � I

� PROT�T�5fV� ]JwJUbacSV[ MJOT�luJ]J`VSV]Jk�SVO�dxUVSVOTkVSV]J�WuJU1_V`VOQPR�WueacMedxOTSV[*MJ[\`baey#OTSVUlf�� U

∂(u, v)

∂(r, φ)
=

urvφ

r
− vruφ

r
,

∂(v, w)

∂(φ, z)
=

wzvφ

r
− vzwφ

r
,

∂(u, w)

∂(r, z)
= wzur − wruz,

�T�ZardbfV`VSbaef�SVO�dxUVSVOTkVSV]J�WuJ�8_V`VOQPR�WueacMedxOTSba(�VM�a�PR`baeuJ]�� PRUVMJOT`��TOTSVvVUVU I
! `bacMJSVOTSVUVOqPbdbf�`ba�PRUbardx�JSV]Jk�� ]�� _V]JSVOTSluJ[ �T� ]J`V]J�WuJU�MJ]c�F�@^ h�OTSVUlf��

ut + uur +
v

r
uφ + wuz −

v2

r
= − 1

ρ0 + ρ
pr + fv.

G ��I

! `bacMJSVOTSVUVOqPbdbf�ueacS��TOTSVvVUbardx�JSV]Jk��T]J�WueacMedbfVgih�OTk��T� ]J`V]J�WuJU�MJ]c�F�@^ h�OTSVUlf��

vt + uvr +
v

r
vφ + wvz +

uv

r
= − 1

r(ρ0 + ρ)
pφ − fu.

G �&I

! `bacMJSVOTSVUVOqPbdbf�MJOT`luJUV�Zardx�JSV]Jk�� ]�� _V]JSVOTSluJ[*�T� ]J`V]J�WuJU�MJ]c�F�@^ h�OTSVUlf��

wt + uwr +
v

r
wφ + wwz = +

ρ

ρ0(ρ0 + ρ)
p0z −

1

ρ0 + ρ
pz.

G�"�I

! `bacMJSVOTSVUVO�SVOT`bae��`V[\MJSV]J�WuJU��

ρt + (ρ0 + ρ)d+ u(ρ0 + ρ)r +
v

r
(ρ0 + ρ)φ + w(ρ0 + ρ)z = 0.

G �&I

tNUV�WuJO��La$SVO�dxUVSVOTkVSV[Nj1^Z`bacMJSVOTSVUVkDG � I ��G �&I\fVMedbfVOWuJ� f1��dxUlo�� ]�����dx]�y(SV]Jk�Pbdbf�_V]��
db^Z�VOTSVUlf$acSbardxUluJUV�VOT�T� ]��T]�`VOWo�OTSVUlf(U(Sl^ y#P�acOWuJ� f(M�^Z_V`V]ch�OTSVUVU I * dbf # uJ]��T]	SVOT]Jw�j�]��
PRU�� ]	UV�T_V]edx�c��]JM�aeuJ�	�TU��.� OWuJ`VUVg MJ]c�F�@^ h�OTSVUlf I�+�]edx]�y(U��!
��luJ]	MJ�TO\j ac`bac�luJOT`VUV�WuJUV�VU
`bac�T���LaeuJ`VUVM�acO�� ]��T]&MJUZjl`VOTMJ]��T]5MJ]c�F�@^ h�OTSVUlf��Zac��U ��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf�SVOq��acMJUV� flu
]cu5^�� dx]JMJ]Jk�� ]J]J`cPRUVSbaeuJ[�I
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�

2�`V]�� O # uJ]��T]&_V`VU�� O��!
V�luJ]&MJOT`luJUV�Zardx�JSbaef��T� ]J`V]J�WuJ�&MJ]c�F�@^ h�OTSVUlf��Zac��U$MJ�TO�_V`V]��
�VUVOqj ac`bac�luJOT`VUl�T^Zgih�UVO�MJ]c�F�@^ h�OTSVUVO�MJO�dxUV�VUVSV[ SVO���acMJUV� flu5]cu5MJOT`luJUV�Zardx�JSV]Jk�� ]J]J`��
PRUVSbaeuJ[�
x�luJ]5_V]c��MJ]edbfVOWu5_V`VUVSlfluJ�

pz = 0


wz = 0

I��)uJ]5]c��Sba��bacOWu�
b�luJ]5`bac�T���LaeuJ`VUVM�a��
O�� ]JO�MJUZjl`VOTMJ]JO�MJ]c�F�@^ h�OTSVUVOqSVO � OTSlfVOWuJ� f(MrPR]edx��]J�TU&MJ`baeh�OTSVUlf�
 �luJ]�MJ]c�F� ]�y(SV]�OT��dxU
`bac�T���LaeuJ`VUVM�aeuJ� # uJ]�MJ]c�F�@^ h�OTSVUVO�MrP�ardxU ]cu2uJMJOT`cPR[Nj �T`bacSVUVv I m acSVOTO�_V`VOQPR_V]edRa	��a��
dx]J�T�$ueac�ly#O	
n�luJ] ��]JSV]JMJ]JO#�T]J�WuJ]�fVSVUVO&Sbac_V`V]cuJUVM$��acMJUV�TUlu�uJ]edx�J� ]�]cu�MJOT`luJUV�Zardx�JSV]Jk
� ]J]J`cPRUVSbaeuJ[ U SVO���acMJUV�TUlu ]cu;`ba�PRUbardx�JSV]Jk � ]J]J`cPRUVSbaeuJ[�
��luJ]2Pbdbf SVOT_V]TPRMJUly(SV]��T]
��]JSV]JMJ]��T]8�T]J�WuJ]�fVSVUlf2MJ_V]edxSVO	OT�WuJOT�WuJMJOTSVSV]VI * dbf ��]JSV]JMJ]��T](�T]J�WuJ]�fVSVUlf2Sba(`bac�T���Laeu��
`VUVM�acO�� [Nj5MJ[\�T]cuearj%� ]�y(SV]�_V`VUVSlfluJ��MJ[\_V]edxSVOTSVUVO �TU PR`V]J�WueaeuJUV�VOT�T� ]��T]��T]J]cuJSV]co�OTSVUlf
p0z = −ρ0g

I
K*`VOW�T^�dx��ueaeuJO # uJUZj2_V`VOQPR_V]edx]�y#OTSVUVk�fV� ]JwJUbacSV[ MAG � I�uJ]�y#PROT�WuJMJOTSVSV]�`bacMJSlfVgiuJ� f

Sl^�dxg�U�M#^Z`bacMJSVOTSVUlfZj4G X&I ��G �&INUV�T�VOW��acOWu(��acMJUV�TU�� ]J�WuJ�&]cu5^�� dx]JMJ]Jk�� ]J]J`cPRUVSbaeuJ[�I
+�`VU(`bac�T��� ]cuJ`VOTSVUVU��V`l^Z_VSV[Nj8MJUZjl`VOTk8Sba�SVOT� ]cuJ]J`V]�� Sba��bardx�JSV]�� # ueac_VO�UZj(`bae��MJU��

uJUlf;MJ_V]edxSVO�PR]J_l^J�WuJU�� ]�_V`VOTSVOTwJ`VOT�V��`ba�PRUbardx�JSV]Jk2�T� ]J`V]J�WuJ�Jg MJUZjl`�f � Y�� 
CurI5OcI5_V`VU��
SlfluJ�

u = 0
IiKNO�dxUV�VUVSV]Jk

ur

SVO�dx�c�Tf�_V`VOTSVOTwJ`VO���aeuJ��
C_V]J�T� ]edx�J�l^�U�� OTSVSV]8]JSba&]J_V`VOQPRO��
dbfVOWu�_V]JMJOQPROTSVUVO/PRUVMJOT`��TOTSVvVUVU(U5�T]J]cuJMJOWuJ�WuJMJOTSVSV]�_Zdx]cuJSV]J�WuJU(MJ]c�F�@^ h�OTSVUlf�
 M�� PRO�dRacS��
SV[Nj�_V`VOQPR_V]edx]�y#OTSVUlfZj�PRUVMJOT`��TOTSVvVUlf��T� ]J`V]J�WuJU MJ]c�F�@^ h�OTSVUlf�]J_V`VOQPRO�dbfVOWuJ� f U�� OTSVSV]
# uJ]Jk MJO�dxUV�VUVSV]Jk�� d = ur

I � u�� OWuJU��!
@�luJ]�`ba�PRUbardx�JSl^Zg _V`V]JUl��MJ]TPRSl^Zg `ba�PRUbardx�JSV]Jk
�T� ]J`V]J�WuJU#SVOT]Jw�j�]TPRU�� ]q^Z�VUluJ[\M�aeuJ��
 aiMJ]cuq��a	�@^�MJO�dxUV�VUVSl^	`ba�PRUbardx�JSV]Jk	�T� ]J`V]J�WuJU	^Z�VU��
uJ[\M�aeuJ�$SVO�]Jw�fl��aeuJO�dx�JSV]�
�_V]J�T� ]edx�J�l^�]JSba(�LardRa&U�SVO	]J_V`VOQPRO�dbfVOWu�`bac�T���LaeuJ`VUVM�acO�� [\O
fVMedxOTSVUlf I��@acS��TOTSVvVUbardx�JSbaef�� ]�� _V]JSVOTSluea �T� ]J`V]J�WuJU MJ]c�F�@^ h�OTSVUlf ]J�WueacOWuJ� f ��Sbac�VU��
uJO�dx�JSV]Jk I
+�`VU�� OTSlflf�� PRO�dRacSVSV[\O�PR]J_l^ h�OTSVUlf��$^Z`bacMJSVOTSVUVg SVOT`bae��`V[\MJSV]J�WuJU G �&INU�� OTO�� �

ρt + (ρ0 + ρ)d+ wρ0z = 0.
G ~&I

! `bacMJSVOTSVUVONPbdbf#ueacS��TOTSVvVUbardx�JSV]Jk(�T]J�WueacMedbfVgih�OTk(�T� ]J`V]J�WuJU(MJ]c�F�@^ h�OTSVUlf G �&I _V`VU��
SVU��LacOWu(MJU P �

vt = 0,
G H �&I

]cuJ�l^�P�a � ]�y(SV]�� PRO�dRaeuJ�5MJ[\MJ]TPC
Z�luJ]	ueacS��TOTSVvVUbardx�JSbaef��T]J�WueacMedbfVgih#aef8�T� ]J`V]J�WuJU�MJUZj'�
`�f�fVMJSV]5]cu&MJ`VO�� OTSVU�SVO���acMJUV�TUlurI
+�`VUVSVU��Laef�� PRO�dRacSVSV[\O(_V`VOQPR_V]edx]�y#OTSVUlf;� G�"�Iq_V]edb^Z�VU�� _V`V]J�WuJ]JO&`bacMJOTSV�WuJMJ]8Pbdbf

��acMJUV�TU�� ]J�WuJU�]J�TOTMJ]Jk�� ]�� _V]JSVOTSluJ[*�T� ]J`V]J�WuJU�MJUZjl`�f�MrP�ardxU�]cu5uJMJOT`cPR[Nj$�T`bacSVUVv

wt = − ρ

ρ0 + ρ
g.

G HJH�I

� �VOTMJU PRSV[!� ��dxOQPR�WuJMJUVO�� MJ[\`baey#OTSVUlf G HJH�I(fVMedbfVOWuJ� f _V`�f��Laef _V`V]J_V]J`VvVUV]JSbardx���
SV]J�WuJ�i�T� ]J`V]J�WuJU	Ul�F� OTSVOTSVUlf	MJOT`luJUV�Zardx�JSV]Jk��T� ]J`V]J�WuJU	MJ]c�F�@^ h�OTSVUlf	O��T]�_Zdx]cuJSV]J�WuJU�
J_V]
�V`backVSVOTk � OT`VO�Sba8SVOT� ]cuJ]J`V]���Sba��bardx�JSV]�� # ueac_VO#`bae��MJUluJUlf2MJUZjl`VOTMJ]��T]$MJ]c�F�@^ h�OTSVUlf I
K ��db^Z�bacO	
/OT��dxU PRUVSba	� UV�Za�_V`V]JvVOT�T��a�ueac� ]JM�a 
/�luJ];_Zdx]cuJSV]J�WuJ� `bac�WuJOWu MJ]�MJ`VO�� OTSVU�

�T�Zaey#O�� # � �T_V]JSVOTSVvVUbardx�JSV]�
LuJ]1]J�TOTM�aef � ]�� _V]JSVOTSluea1�T� ]J`V]J�WuJU MJUZjl`VOTMJ]��T]1MJ]c�F�@^ h�O��
SVUlf `bac�WuJOWu _V`V]J_V]J`VvVUV]JSbardx�JSV] _Zdx]cuJSV]J�WuJU MJ]c�F�@^ h�OTSVUlf

wt ∼ −ρg
I ��a;_V]c��PRSVO��

# ueac_VO�ueac� ]Jk PRUVSba	� UV�VU�
�� ]�� P�a _Zdx]cuJSV]J�WuJ�Jg ��]JSV]JMJ]��T] �T]J�WuJ]�fVSVUlf � ]�y(SV] _V`VOTSVO��
wJ`VOT�V�(_V]5�T`bacMJSVOTSVUVg ��_Zdx]cuJSV]J�WuJ�Jg MJ]c�F�@^ h�OTSVUlf�
R]J�TOTM�aef��T� ]J`V]J�WuJ�(MJUZjl`�f�^ uJ`baeuJUlu
��acMJUV�TU�� ]J�WuJ�(]cu&_Zdx]cuJSV]J�WuJU�MJ]c�F�@^ h�OTSVUlf

wt ∼ −g
I

� wJ]c��Sba��VU��
Ω = vr−1 ^�� dx]JMc^Zg �T� ]J`V]J�WuJ�2MJUZjl`VOTMJ]��T]1MJ]c�F�@^ h�OTSVUlf I ! `bacMJSVOTSVUVO

Pbdbf2`ba�PRUbardx�JSV]Jk2� ]�� _V]JSVOTSluJ[!�T� ]J`V]J�WuJU;MJ]c�F�@^ h�OTSVUlf G ��Ii��^Z�VOWuJ]�� _V`VUVSVU��LacO�� [Nj
^Z_V`V]ch�OTSVUVk�_V`VUVSVU��LacOWu(MJU P �

Ω2 + fΩ =
1

ρ0 + ρ

c20
r
ρr.

G HrY�I
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! `bacMJSVOTSVUVO G HrY�I/_V]J�Zae��[\M�acOWu�
R�luJ]&��acMJUV�TU�� ]J�WuJ�(]cu(MJ`VO�� OTSVU$Pbdbf�^�� dx]JMJ]Jk��T� ]J`V]��
�WuJU5MJ]c�F�@^ h�OTSVUlf G UZdxU�y#O)ueacS��TOTSVvVUbardx�JSV]Jk&�T� ]J`V]J�WuJU=I@]J_V]J�T`VOQPR]JM�acSbai��acMJUV�TU�� ]J�WuJ�Jg
_Zdx]cuJSV]J�WuJU�]cu&MJ`VO�� OTSVU I
� ac_VUlo�O���^Z`bacMJSVOTSVUVO��T]J�WuJ]�fVSVUlf;Pbdbf MJUZjl`VOTMJ[Nj MJ]c�F�@^ h�OTSVUVk # MJ]edxgqvVUV]JSVUV`l^Zg �

h�UZj a�PRUbacw�aeuJUV�VOT�T�VU I�� �WuJ� MJ�TO�]J�TSV]JM�acSVUlf �T�VUlueaeuJ� ueac� ]JMJ[!� U MJUZjl`VOTMJ[\O1�WuJ`l^Z���
uc^Z`V[ M�U PRO�ardx�JSV]Jk2y(U PR� ]J�WuJU�
n_V]J�T� ]edx�J�l^1MJ`VO��@f2y(Ul��SVU�MJUZjl`�f�]cuJSV]J�TUluJO�dx�JSV]$�La��
dx]VI * dbf�MJ]c�F�@^ h�OTSVSV]��T] �T]J�WuJ]�fVSVUlf�� ]�y(SV] ��ac_VUV��aeuJ�

p0 + p = A(ρ0 + ρ)γ

quJ]��

� P�a
p = A(ρ0 + ρ)γ − A(ρ0)

γ 
��T�VUlueaef �luJ] a�PRUbacw�aeuJUV�VOT�T�VU�� U fVMedbfVOWuJ� f �Zac� ��]��SV]JMJ]JO;�T]J�WuJ]�fVSVUVO ��a	� ]�
�ueac�*U M �W^��.� O �;MJ]c�F�@^ h�OTSVUVO��\I.m ae�WdRa	��aef*M `�f P � OTk��
dx]J`ba _VOT`VMJ]JO ��dRa	��acO�� ]JO MJwedxUl��U

ρ = 0
Pbdbf!P�acMedxOTSVUlf MJ]c�F�@^ h�OTSVUlf _V]edb^Z�VU�� �

p = A(ρ0)
γ−1γρ + 2−1A(ρ0)

γ−2γ(γ − 1)ρ2 + . . .

�]JwJ]c��Sba��VU�� �T� ]J`V]J�WuJ� ��Mc^Z�ZaH��]��

SV]JMJ]��T]8uJOT�VOTSVUlf
c20 = Aγ(ρ0)

γ−1 = γRT0
U1]��T`bacSVUV�VU�� � f�dxUVSVOTkVSV[!���ZdxOTSV]�� # uJ]��T]

`bae�Wdx]�y#OTSVUlf��

p = c20ρ.
G H�X&I

! _V`V]J�WuJU�� ^Z`bacMJSVOTSVUVO G � IN�T]�� dRac�TSV]&� PRO�dRacSVSV[!� _V`VOQPR_V]edx]�y#OTSVUlf�� �

dt + d2 − 2vvr
r

= − 1

(ρ0 + ρ)

(

prr +
pr

r

)

+
ρp0zz

ρ0(ρ0 + ρ)
+

prρr

(ρ0 + ρ)2
+ fξ.

G H � I

2�]JSVOT�VSV] _V]edb^Z�VOTSVSbaef �TUV�WuJO��La ^Z`bacMJSVOTSVUVk G ~&I ��G H � I5fVMedbfVOWuJ� f _V`VUVwedxUly#OTSVUVO��\I
K�`VO�ardx�JSV]J�WuJU U `ba�PRUbardx�JSbaef �T� ]J`V]J�WuJ�2]cu�dxUV�VSba�]cu1Sl^�dbf U U�� OTOWuJ� f ��acMJUV�TU�� ]J�WuJ�
MJ]c�F�@^ h�OTSVUlf ]cu�MJOT`luJUV�Zardx�JSV]Jk � ]J]J`cPRUVSbaeuJ[ j�]cu�f wJ[ M��TUZdb^4�T`bacSVUV�VSV[Nj;^J��dx]JMJUVk
Sba$_V]JMJOT`JjlSV]J�WuJU���O�� dxU I5KNOT`V]�fluJSV]�ueac�ly#O5U2Mcfl��� ]J�WuJ��U��T`bacOWu���a	� OWuJSl^Zg `V]edx��_V`VU
��Sba��VUluJO�dx�JSV[Nj �T� ]J`V]J�Wu�fZj PRMJUly#OTSVUlf I;m ac�T��� ]cuJ`VOTSVUVO�_V`V]J�WuJOTklo�OTk � ]TPRO�dxU MJUZjl`VO��
MJ]��T]8PRMJUly#OTSVUlf�M�U PRO�ardx�JSV]Jk2y(U PR� ]J�WuJU1PR]edby(SV]�_V]J�Zae��aeuJ��]J�TSV]JMJSV[\O ��Ul��UV�VOT�T�VUVO
_V`V]JvVOT�T�T[ fVMedbfVgih�UVOT� f�_V`VUV�VUVSba	� U�MJ]c��SVUV�VSV]JMJOTSVUlf��V`l^Z_VSV[Nj�MJUZjl`VOTk I
� u�� OWuJU��!
��luJ] `bacSVOTO2SVU�� PRO2SVO1_V`VOQPR_V]edRa	��ardx]J�T�D�Lardx]J�WuJU�MJO�dxUV�VUVSV[ MJUZjl`VOTMJ]��

�T] MJ]c�F�@^ h�OTSVUlf�
q��a UV�T�Zdxgq�VOTSVUVO�� ^Z`bacMJSVOTSVUlf �T]J�WuJ]�fVSVUlf G H�X&I�
i� ]cuJ]J`V]��@^ _V]TPR�VU��
SlfVOWuJ� f dxUlo��H�Lardx]JO�MJ]c�F�@^ h�OTSVUVOcI K # uJ]�� ^Z`bacMJSVOTSVUVU �T]J�WuJ]�fVSVUlf wJ[Nd��T]�jl`bacSVOTS
OQPRUVSV�WuJMJOTSVSV[\k �ZdxOTS `bae�Wdx]�y#OTSVUlf MJ]c�F�@^ h�OTSVSV]Jk _Zdx]cuJSV]J�WuJU MJwedxUl��U;]J�TSV]JMJSV]��T]��T]��
�WuJ]�fVSVUlf I +�`VU _Zdx]cuJSV]J�WuJU�MJ]c�F�@^ h�OTSVUlf ��Sba��VUluJO�dx�JSV] _V`VOTMJ]J� j�]TPxflh�UZj _Zdx]cuJSV]J�WuJ�
]J�TSV]JMJSV]��T]8�T]J�WuJ]�fVSVUlf1� ]JSVOT�VSV]$SVOT]Jw�j�]TPRU�� ]$_V`VUVMedxOT�ZaeuJ�$�Wueac`lo�UVO5�ZdxOTSV[�`bae�Wdx]�y#O��
SVUlfAG H�X&IQILK # uJ]�� UV�T��dxOQPR]JM�acSVUVU�]��T`bacSVUV�VU�� � f�]TPRSVU�� �ZdxOTSV]�� `bae�Wdx]�y#OTSVUlf�
V_ZdRacSVU��
`l^cf�M	P�ardx�JSVOTklo�UZj�UV�T��dxOQPR]JM�acSVUlfZj�UV�T_V`bacMJUluJ� # uJ]cu(SVOQPR]J�WueaeuJ]J� I
* ardxOTO�wJOW��]��T`bacSVUV�VOTSVUVk2]Jwch�SV]J�WuJU � ]�y#O�� _V]edx]�y(UluJ�8_Zdx]cuJSV]J�WuJ��]J�TSV]JMJSV]��T]8�T]��

�WuJ]�fVSVUlf `bacMJSV]Jk OQPRUVSVUVvVOcI * dbf aeu�� ]J����OT`VSV]��T] MJ]c��Px^�j a�_V`VUVSlfluJUVO
ρ0 = 1

fVMedbf��
OWuJ� f�j�]J`V]co�U�� _V`VUVwedxUly#OTSVUVO��!
 M8��db^Z�bacO�PR`l^��TUZj�y(U PR� ]J�WuJOTk1M8_V]edb^Z�bacO�� [Nj�^Z`bacM��
SVOTSVUlfZj1��dxOQPx^JOWu�^ uJ]J�VSVUluJ��]J_V`VOQPRO�dxOTSVUVO#�T� ]J`V]J�WuJU1��Mc^Z�Za ��]JSV]JMJ]��T](�T]J�WuJ]�fVSVUlf I���O
� OTSlflf M$P�ardx�JSVOTklo�O���Ul�Wdx]�y#OTSVUVU ]JwJ]c��Sba��VOTSVUVk�
@_VOT`VOTk PRO����;wJOW��`bae�F� OT`VSV]Jk _Zdx]cu��
SV]J�WuJU�
>SV]J`�� UV`V]JM�acSVSV]Jk1Sba8_Zdx]cuJSV]J�WuJ��]J�TSV]JMJSV]��T]$�T]J�WuJ]�fVSVUlf I ! `bacMJSVOTSVUVO)G H � INPbdbf
P�ardx�JSVOTklo�UZj MJ[\�ZdRa�PR]J�;��ac_VUlo�O���Pbdbf�ueac� ]��T]1MJOT`luJUV�Zardx�JSV]��T]���dx]�f aeu�� ]J����OT`V[�
@M
� ]cuJ]J`V]�� MJO�dxUV�VUVSba

p0zz
� ]�y#OWu8wJ[/uJ�$_V`VUVSlfluea8_V]J�WuJ]�fVSVSV]Jk�
RdxUVwJ]8_bac`ba	� OWuJ`VUV�VOT�T�VU

��acMJUV� flh�OTk;]cu�MJOT`luJUV�Zardx�JSV]Jk;� ]J]J`cPRUVSbaeuJ[�I � wJ]c��Sba��VU��
β = ρ0z



α = p0zzρ

−1
0


>_VO��
`VOT_VUlo�O�� G H � I�
VUV�T_V]edx�c�T^cf�^Z`bacMJSVOTSVUVO��T]J�WuJ]�fVSVUlf4G H�X&INU$^Z`bacMJSVOTSVUVO�SVOT`bae��`V[\MJSV]J�WuJU
G ~&I�
�M�MJU PRO/SVO�dxUVSVOTkVSV]��T]�^Z`bacMJSVOTSVUlf5McuJ]J`V]��T]�_V]J`�f PR�Za�M��bac�WuJSV[Nj5_V`V]JUl��MJ]TPRSV[Nj	Pbdbf
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_Zdx]cuJSV]J�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf��

−ρtt + 2
ρ2t

1 + ρ
+

3wβρt
1 + ρ

+
gβρ

1 + ρ
+

w2β2

1 + ρ
− (1 + ρ)

2vvr
r

= −c20ρrr − c20
ρr

r
+ c20

ρ2r
1 + ρ

+ αρ+ fξ(1 + ρ).

G Hr��I

tLdRa	��acO�� ]JO
r−1vvr

^Z`bacMJSVOTSVUlf�G Hr��INSVOT]Jw�j�]TPRU�� ]&MJ[\`bae��UluJ�&_V]J�T`VOQPR�WuJMJ]�� _Zdx]cuJSV]��
�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I
� PRSV]Jk Ul��MJ]c�F� ]�y(SV]J�WuJOTk Pbdbf # uJ]��T];fVMedbfVOWuJ� f UV�T_V]edx�c��]JM�acSVUVO�^Z`bacMJSVOTSVUlf Pbdbf

MJOT`luJUV�Zardx�JSV]Jk � ]�� _V]JSVOTSluJ[ ��acMJUZjl`VOTSVSV]J�WuJU�
L_V]J�T� ]edx�J�l^;M�OTO8]J_V`VOQPRO�dxOTSVUVO$Mej�]TPRUlu
MJO�dxUV�VUVSba

vr
I ! `bacMJSVOTSVUVO/Pbdbf5MJOT`luJUV�Zardx�JSV]Jk(� ]�� _V]JSVOTSluJ[ ��acMJUZjl`VOTSVSV]J�WuJU(�\^Z�VOWuJ]��

_V`VUVSVU��LacO�� [Nj$PR]J_l^ h�OTSVUVk�fVMedbfVOWuJ� f�SVOT�WueacvVUV]JSbac`VSV[!� U�U�� OTOWu(MJU P

(1 + ρ)ξt − ρt(ξ + f − 2Ω) = 0.
G H��&I

t�^Z�VOWuJ]��2MJ[\`baey#OTSVUlf G H �&I �WueacSV]JMJUluJ� f5_V]JSlfluJSV]�
J�luJ]�Mq_V`V]JvVOT�T�TO\`bae��MJUluJUlf��V`l^Z_��
SV]��T]2MJUZjl`�f fVMJSV]1]cu�MJ`VO�� OTSVU � ]�y#OWu2��acMJUV�TOWuJ�2uJ]edx�J� ]�O��T]2MJOT`luJUV�Zardx�JSbaef � ]�� _V]��
SVOTSluea���acMJUZjl`VOTSVSV]J�WuJU I ! � dx]JM�aef y#O(�T� ]J`V]J�WuJ� � ]�y#OWu���acMJUV�TOWuJ�2]cu1MJ`VO�� OTSVU;dxUlo��
_V]J�T`VOQPR�WuJMJ]�� ��acMJUV�TU�� ]J�WuJU�]cu&MJ`VO�� OTSVU�_Zdx]cuJSV]J�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I
K)uJ]J`V]Jk MJ]c�F� ]�y(SV]J�WuJ�Jg�fVMedbfVOWuJ� f UV�T_V]edx�c��]JM�acSVUVO ^Z`bacMJSVOTSVUlf�
�_V`VUVMJOQPROTSVSV]��T]

MA� Y�� 
C�5UV�T_V]edx�c��]JM�acSVUVO���_V`VUVSVU��LacO�� [Nj2^Z_V`V]ch#acgih�UZj�_V`VOQPR_V]edx]�y#OTSVUVk;U�� OTgih�O��T]
MJU P

vvr = −Ω2r − wwr.
G H "�I

�)uJ]	^Z`bacMJSVOTSVUVOq�TMcfl��[\M�acOWu���dRa	��acO�� ]JO
r−1vvr

^Z`bacMJSVOTSVUlf G Hr��I@�i�VM�a�PR`baeuJ]��;^�� dx]��
MJ]Jk��T� ]J`V]J�WuJU�U�]J�TOTMJ]Jk�� ]�� _V]JSVOTSluJ]Jk��T� ]J`V]J�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I
� �TOTMc^Zg � ]�� _V]JSVOTSluc^ �T� ]J`V]J�WuJU MJUZjl`VOTMJ]��T]2MJ]c�F�@^ h�OTSVUlfD� ]�y(SV]�_V]edb^Z�VUluJ��_V`V]��

UVSluJO��T`VUV`V]JM�acM(_V]&MJ`VO�� OTSVU�MJ[\`baey#OTSVUVO G HJH�I �

w(r, t) = −g

∫

ρ

1 + ρ
dt+ ŵ(r),

G H��&I

� PRO
ŵ(r)

� _V`V]JUl��MJ]edx�JSbaef9��^ZSV�VvVUlf `bac�T�WuJ]�fVSVUlf ]cu ]J�TU�MJ`baeh�OTSVUlf I K ��db^Z�bacO	

OT��dxU _Zdx]cuJSV]J�WuJ� MJUZjl`VOTMJ]��T];MJ]c�F�@^ h�OTSVUlf fVMJSV]�SVO���acMJUV�TUlu ]cu;MJ`VO�� OTSVU�
NdxUVwJ] # uea
��acMJUV�TU�� ]J�WuJ�&fVMedbfVOWuJ� f�_V`VOTSVOTwJ`VOWy(U�� ] �Lardx]Jk�
b_V]edb^Z�VUluJ� f��

w(r, t) = − ρ

1 + ρ
gt+ ŵ(r).

G H�~&I

K uJ]�� ��db^Z�bacO	
�� ]�� P�a(_Zdx]cuJSV]J�WuJ�$MJUZjl`VOTMJ]��T](MJ]c�F�@^ h�OTSVUlf1SVO��W^ h�OT�WuJMJOTSVSV]$��acMJU��
�TUlu;]cu;MJ`VO�� OTSVU�
N]J�TOTM�aef �T� ]J`V]J�WuJ� # uJ]��T];MJ]c�F�@^ h�OTSVUlf ��acMJUV�TUlu;]cu�MJ`VO�� OTSVU fVMJSV]VI
! �VOWu Mcfl��� ]J�WuJU�Ul�F� OTSVUlu MJU P # uJ]��T] `VOWo�OTSVUlf�
�SV] O��T] `V]J�Wu MJ] MJ`VO�� OTSVU ]J�WueacSVOWu��
� f �WuJ]edx��y#O8�W^ h�OT�WuJMJOTSVSV[!�\I +�`VUVSVU��Laef _V`V]JUl��MJ]edx�JSl^Zg
��^ZSV�VvVUVg `ba�PRUl^J��a

ŵ(r)`bacMJSV]Jk�Sl^�dxg�
b�Zac���bac�WuJSV[\k���db^Z�back�
x_V]edb^Z�VU�� �

wwr = (gt)2
ρρr

(1 + ρ)3
.

G Y��&I

! `bacMJSVOTSVUVOAG Hr��I�_V]J�Zae��[\M�acOWu�
)�luJ]2U�� OTOWuJ� f dxUlo���PRM�a ��Ul��UV�VOT�T�VUZj � O�j acSVUl�F�La 

�T_V]J�T]JwJSV[Nj MedxUlfluJ��Sba�MJUZjl`VOTMJ]JO�� ]edx]JSVSV]J]JwJ`bae��SV]JO�MJ]c�F�@^ h�OTSVUVO�M2y(U PR� ]J�WuJU�
/Sba��
_V`VU�� OT` M aeu�� ]J����OT`VO	
��2]J�TOTMJ]Jk�� ]�� _V]JSVOTSluJ]Jk �T� ]J`V]J�WuJU _V]TPR�VUVSlfVgih�OTkV� f G H�~&I(U
MJOT`luJUV�Zardx�JSV]Jk�]J�T�Jg%MJ`baeh�OTSVUlf�
\Pbdbf � ]cuJ]J`V]��T] MJ[\_V]edxSlfVgiuJ� f�MJ�TO1_V`VUVSlfluJ[\O2_V`VU
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MJ[\MJ]TPRO&�TUV�WuJO�� [!^Z`bacMJSVOTSVUVk G HrY�I�
�G Hr��I�
�G H��&I�
C^Z_V`V]ch#acgih�UVO(_V`VOQPR_V]edx]�y#OTSVUlf I �)uJ]
�TUZdRa 2�]J`VUV]edxUV��a8U1�TUZdRa 
C]J_VUV�T[\M�acgih#aef1Mc��acU�� ]TPROTkV�WuJMJUVO&MJUZjl`�f1�%��]JSV]JMJ[!� uJOT�VO��
SVUVO��!
Vj ac`bac�luJOT`VUl�T^JO��Laef�MJO�dxUV�VUVSV]Jk

α
I

! `bacMJSVOTSVUlf G HrY�I U G Hr��I _V]J�Zae��[\M�acgiu�Sbac�T� ]edx�J� ]q��dx]�y(SV]qMedxUlfVSVUVO)�TUZdx[ 2�]J`VUV]edxU��
��a5Sba#`bae��MJUluJUVO�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I)K ^Z`bacMJSVOTSVUVOqPbdbf�_Zdx]cuJSV]J�WuJU G Hr��I)Mej�]TPRUlu
_bac`ba	� OWuJ` 2�]J`VUV]edxUV��a 
L^�� SV]�y#OTSVSV[\k Sba2MJOT`luJUV�Zardx�JSl^Zg � ]�� _V]JSVOTSluc^ ��acMJUZjl`VOTSVSV]��
�WuJU I ��acwedxg)PROTSVUlf M _V`VUV`V]TPRO�U M�dRacwJ]J`baeuJ]J`VSV[Nj # � �T_VOT`VU�� OTSluearj � X��q�TMJU PROWuJO�dx���
�WuJMc^Zgiu�]���a	� OWuJSV]���MedxUlfVSVUVU��TUZdx[H2�]J`VUV]edxUV��a�Sba�`bae��MJUluJUVO)�V`l^Z_VSV[Nj	MJUZjl`VOTk I ! �VOWu
�TUZdx[ 2�]J`VUV]edxUV��a5_V`VOQPR�WueacMedbfVOWu8�T]JwJ]Jk���a	� ]J�WuJ]�fluJO�dx�JSl^Zg���a�P�a��l^JI
* ardxOTO#M�`bacwJ]cuJO#_V`VOTSVOTwJ`VO���acOWuJ� f �TUZdx]Jk�2�]J`VUV]edxUV��alI#t ��Ul��UV�VOT�T� ]Jk2uJ]J�V�VU2��`VO��

SVUlf�_V`VOTSVOTwJ`VOWy#OTSVUVO\�TUZdx]Jk%2�]J`VUV]edxUV��aq]��T`bacSVUV�VUVM�acOWu�Sbac�N`bac�T��� ]cuJ`VOTSVUVO����V`l^Z_VSV[Nj
MJUZjl`VOTk�
 MJ]c��SVUV�Zacgih�UZj MJwedxUl��U # �VM�aeuJ]J`ba�_ZdRacSVOWuJ[�I � uJ�W^ uJ�WuJMJUVO$�TUZdx[ 2�]J`VUV]edxUV��a
_V]c��MJ]edbfVOWu�MJ[/fVMJUluJ��MedxUlfVSVUVO#Mc��acU�� ]TPROTkV�WuJMJUlf�MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf��T]��WuJ`baeuJU��
��UVvVUV`V]JM�acSVSV[!�3��]JSV]JMJ[!� uJOT�VOTSVUVO��\I �)uJ] Mc��acU�� ]TPROTkV�WuJMJUVO�fVMedbfVOWuJ� f�]J�TSV]JMJSV[!�
� O�j acSVUl�F� ]��!
x� ]cuJ]J`V[\k$� ]�y#OWu(_V`VUVMJ]TPRUluJ�&��^J�TUZdxOTSVUVg�MJUZjl`VOTMJ]��T]5uJOT�VOTSVUlf I
+�]edx�c�T^cfV�T� G HrY�I 
CG H "�I 
CG Y��&INU�_V`VOTSVOTwJ`VO���aef��TUZdx]Jk$2�]J`VUV]edxUV��a#��ac_VUlo�O�� �
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1 + ρ
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1 + ρ

= −c20ρrr + c20
ρ2r

1 + ρ
− 3

c20
r
ρr −

gβρ

1 + ρ
+ αρ.

G YZH�I

+�]edb^Z�VOTSV] SVO�dxUVSVOTkVSV]JO2^Z`bacMJSVOTSVUVO2McuJ]J`V]��T] _V]J`�f PR�Za M �bac�WuJSV[Nj�_V`V]JUl��MJ]TPRSV[Nj
Pbdbf&_Zdx]cuJSV]J�WuJU8MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf ILmnOWo�UluJ� # uJ]�^Z`bacMJSVOTSVUVOiSVO\^�P�acOWuJ� f I���OT� ]��
uJ]J`V[\O acSbardxUluJUV�VOT�T�VUVO `VOWo�OTSVUlf � ]�y(SV] _V]edb^Z�VUluJ� OT��dxU*UV�T_V]edx�c��]JM�aeuJ� PR]J_V]edxSVU��
uJO�dx�JSV[\O�^Z_V`V]ch#acgih�UVO�_V`VOQPR_V]edx]�y#OTSVUlf I;K!uJ]Jk ��Ul��UV�VOT�T� ]Jk �TUluc^�acvVUVU � ]�� P�a���a��
MJUV�TU�� ]J�WuJ�;_Zdx]cuJSV]J�WuJU MJUZjl`VOTMJ]��T];MJ]c�F�@^ h�OTSVUlf ]cu;MJ`VO�� OTSVU fVMedbfVOWuJ� f PR]J�WueaeuJ]J�VSV]
� OQPbdxOTSVSV]Jk�Sbac�WuJ]edx�J� ]�
b�luJ]%� ]�y(SV]�_V`VOTSVOTwJ`VOT�V�5�T� ]J`V]J�Wu�f�� U�Ul�F� OTSVOTSVUlf # uJ]Jk�_Zdx]cu��
SV]J�WuJU U McuJ]J`V[!� U _V`V]JUl��MJ]TPRSV[!� U _V]1MJ`VO�� OTSVU ]cu2SVOTO	
 � ]�y(SV]1_VOT`VOT_VUV��aeuJ���8^Z�VO��
uJ]�� G Y��&I �

2

r
(gt)2

ρρr

(1 + ρ)2
+ β2(gt)2

ρ2

(1 + ρ)3
= −c20ρrr + c20

ρ2r
1 + ρ

− 3
c20
r
ρr −

gβρ

1 + ρ
+ αρ.

G YJY�I

+�`VOWy#PRO&�VO�� ��acSlfluJ�J� f `VOWo�OTSVUVO��*^Z`bacMJSVOTSVUVk G YZH�I�
,G YJY�I�]JwJ�W^�PRU�� ��Sba��VOTSVUlf MJ]��
o�OQPxo�UZj M1SVUZj _bac`ba	� OWuJ`V]JM2U U�� OTgih�UVOT� f MJ]c�F� ]�y(SV]J�WuJU _V]J�WueacSV]JMJ�VUD�T`bacSVUV�VSV[Nj
^J��dx]JMJUVk I
K;_V]edb^Z�VOTSVSV]JO/^Z`bacMJSVOTSVUVO\MJ]co�dRa��T� ]J`V]J�WuJ����Mc^Z�Za

c0

J_V]J�WuJ`V]JOTSVSbaef5Sba�j ac`bac�luJOT`VU��

�WuJUV�Zarj ��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf�
V� ]cuJ]J`l^Zg � ]�y(SV]�_V`VUVSlfluJ�5_V]J�WuJ]�fVSVSV]Jk(Pbdbf$aeu�� ]J����O��
`V[ M�_V`VOQPRO�dRarj(uJ`V]J_V]J����OT`V[�
Va�ueac�ly#OqMJO�dxUV�VUVSba

p0zzρ
−1
0


Z� ]cuJ]J`baef(]J_VUV�T[\M�acOWu��WuJ`ba��
uJU���UV�ZacvVUVg ]J�TSV]JMJSV]��T]��T]J�WuJ]�fVSVUlf I ��ack PRO��;�TMcfl���-� OWy#Px^�P�acMedxOTSVUVO�� U#uJO�� _VOT`baeuc^&�
`V]Jk4��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf I +�]edRa	��aef;_Zdx]cuJSV]J�WuJ� ��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf SVOTUl�F� OTSVSV]Jk
Ul�(^Z`bacMJSVOTSVUlf;�T]J�WuJ]�fVSVUlf U PRO�ardx�JSV]��T]$��ae��a�Sbarj�]TPRU��*`bacMJOTSV�WuJMJ]

p0zzρ
−1
0 ≈ RaT0zz
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Ra = RM−1
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R
� ^ZSVUVMJOT`V��ardx�JSbaef ��ae��]JM�aef�_V]J�WuJ]�fVSVSbaef�


Ma ≈ 29 · 10−3 �
� ]��dbfV`VSV[\k5MJOT�/MJ]c��Px^�j alI � a	� OWuJU��!
��luJ]�_V`VU���Sba��VUluJO�dx�JSV[Nj5MJOT`luJUV�Zardx�JSV[Nj��T`ba�PRUVOTSluearj
uJO�� _VOT`baeuc^Z`V[�
�Sbacwedxg)P�acO�� [Nj�M�^J�WuJ]JkV�VUVMJ](�WuJ`baeuJU���UVvVUV`V]JM�acSVSV]Jk�
VdxUVwJ]#M5SVOW^J�WuJ]Jk��
�VUVMJ]��WuJ`baeuJU���UVvVUV`V]JM�acSVSV]Jk aeu�� ]J����OT`VO	
�� ]��W^ u1]J�Zae��aeuJ�J� f;��Sba��VUluJO�dx�JSV[!� U ��Sba��VO��
SVUlf�McuJ]J`V]Jk�_V`V]JUl��MJ]TPRSV]Jk�uJO�� _VOT`baeuc^Z`V[ ��]JSV]JMJ]��T]5�T]J�WuJ]�fVSVUlf�_V]5MJ[\�T]cuJOcI
KN[\`baey#OTSVUVO

RaT0zz

U�� OTOWu ��acMJUV�TU�� ]J�WuJ� ]cu;MJOT`luJUV�Zardx�JSV]Jk � ]J]J`cPRUVSbaeuJ[�I � vVO��
SVU���O��T]2��Sba��VOTSVUVO�M2�WuJ`baeuJU���UVvVUV`V]JM�acSVSV[Nj ��dx]�fZj `VO�ardxUl�T^Zgih�UZj�� f M2_V`VUV`V]TPRSV[Nj
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^J��dx]JMJUlfZj�INK)uJ]J`baef�_V`V]JUl��MJ]TPRSbaef�_V]5MJ[\�T]cuJO	acwJ�T]edxgiuJSV]Jk�uJO�� _VOT`baeuc^Z`V[ �Lardx]5]cu�dxU��
�bacOWuJ� f#]cu�McuJ]J`V]Jk	_V`V]JUl��MJ]TPRSV]Jk�_V]qMJ[\�T]cuJON_V]cuJOTSVvVUbardx�JSV]Jk�uJO�� _VOT`baeuc^Z`V[ Pbdbf ��]JSV]��
MJ]��T]��T]J�WuJ]�fVSVUlf�
V_V] # uJ]��@^(]cu�dxUV�baeuJ�	PR`l^���]cu�PR`l^���a # uJU$MJO�dxUV�VUVSV[�SVOWu#SVOT]Jw�j�]TPRU�� ]��
�WuJU I +�`VU�� O��2��acMJUV�TU�� ]J�WuJ��uJO�� _VOT`baeuc^Z`V[ ]cu�MJ[\�T]cuJ[ j ac`bac�luJOT`VSl^Zg Pbdbf#SVOT� ]cuJ]J`V]��T]
UVSVMJOT`V�TUV]JSVSV]��T]���dx]�f�
C� ]cuJ]J`baef � ]�y#OWu�wJ[/uJ��ac_V_V`V]J� �TU�� UV`V]JM�acSba �TUV_VOT`VwJ]edxUV�VOT�T�VU��
ueacS��TOTSV�T]��!
�Ul��]JwJ`baey#OTSVSV[!� Sba `VUV�cI�HJIsHJI m ac�T_V`VOQPRO�dxOTSVUVO�uJO�� _VOT`baeuc^Z`V[��T]J]cuJMJOWu��
�WuJMc^JOWu;`V]J�Wuc^ uJO�� _VOT`baeuc^Z`V[ MJSl^ uJ`VU SVOT� ]cuJ]J`V]��T]2UVSluJOT`VM�ardRa2MJ[\�T]cu2Sba�]J_V`VOQPRO�dxOTS��
Sl^Zg MJO�dxUV�VUVSl^JI � a�P�a�PRU�� � f(��Sba��VOTSVUVO�� ^Z�Zae��acSVSV]��T]5UVSluJOT`VM�ardRa�M5����� U$MJO�dxUV�VUVSV]Jk
Ul�F� OTSVOTSVUlf uJO�� _VOT`baeuc^Z`V[ M

10◦
I +�^J�WuJ� # uJ]�Ul�F� OTSVOTSVUVO(uJO�� _VOT`baeuc^Z`V[ _V`V]JUV� j�]TPRUlu

Sba�SVOT� ]cuJ]J`V]Jk8MJ[\�T]cuJOqM�X � � ���\I.��a�`VUV�cIxHJI{Y�Ul��]JwJ`bae��U�� McuJ]J`l^Zg�_V`V]JUl��MJ]TPRSl^Zg # uJ]Jk
y#O���acMJUV�TU�� ]J�WuJU I�+�`VUVSlfluJ[\Oq��Sba��VOTSVUlf$�T]J]cuJMJOWuJ�WuJMc^Zgiu&SVO�uJ]edx�J� ]�]JwedRa��VSV]Jk(UVSVMJOT`��
�TUVU�
iueac� ]Jk _VOT`VOT_ba�P uJO�� _VOT`baeuc^Z`V[ � ]�y#OWu j ac`bac�luJOT`VUl��]JM�aeuJ� _V`VUl��O�� Sl^Zg SV]J�VSl^Zg
UVSVMJOT`V�TUVg�
RM �T`V]c��]JMJ[Nj�]JwedRac�Zarj�U�_VOT`VOT_ba�P1uJO�� _VOT`baeuc^Z`V[ MJ[/o�O�U�UVSluJOT`VM�ard2MJ[\�T]cu
Ul�F� OTSVOTSVUlf uJO�� _VOT`baeuc^Z`V[ MJOT`V]�fluJSV]$� OTSV�co�OcI * dbf;MJO�dxUV�VUVSV[

RaT0zz

� ]�y#OWu�wJ[/uJ�
_V`VUVSlfluea&]JvVOTSV�Za5_V]J`�f PR�Za ∼ ±10

I
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T0(z) � � α(z) = RaT0zz

���
β = ρ0z���
	 �����
������������������������������ ���!��"�����$#���%�����%�!&��#'�&()��������#�*+��,

T0

�.-��/���� ���%
α = RaT0zz

�
β = ρ0z 01 ����%+2�#������������435����#'��%�6����4��7�%���85#'�&()��������#�*+��,9-$:&;<�����43�*'!���-=%���>�;�()��#'����-�-�,?!���#',

�����$@�%��& ���%����5#'�&()��������#�*+��,9��!�%���-�%������A!���!�#'�&2�%��+2�-
280◦ 0

��a�`VUV�cI/HJI X�Ul��]JwJ`bae��U���MJO�dxUV�VUVSl^
β = ρ0z ≈ −θ0

−1θ0z + gc−2
0

Pbdbf _V`VUVSVU��LacO��
� ]��T]$`bac�T_V`VOQPRO�dxOTSVUlf2uJO�� _VOT`baeuc^Z`V[�I * dbf

β
� ]�y#OWu�wJ[/uJ�$_V`VUVSlfluea$]JvVOTSV�Za ±0.003



� ]cuJ]J`baef Sba�_V]J`�f PR�VU�� OTSV�co�O(]JvVOTSV�VU2Pbdbf;MJO�dxUV�VUVSV[

α
I �@ac�ly#O5MJO�dxUV�VUVSba

gβ
wJ]��

dxOTO��VO�� Sba#_V]J`�f PR]J�)� OTSV�co�O�MJO�dxUV�VUVSV[
α
I�2�]JSVOT�VSV]5MJ]c�F� ]�y(SV]�
V�luJ]&_V`VUVSVU��LacO�� ]JO

`bac�T_V`VOQPRO�dxOTSVUVO�uJO�� _VOT`baeuc^Z`V[���]JSV]JMJ]��T]	�T]J�WuJ]�fVSVUlf$U�� OTOWu5��dxUlo�� ]�� ��Sba��VUluJO�dx�JSV[\k
_VOT`VOT_ba�P2uJO�� _VOT`baeuc^Z`V[ Sba5�V`VOW��MJ[\�backVSV] �Lardx]�� UVSluJOT`VM�ardxO	MJ[\�T]cu�
R�luJ](U�_V`VUVMJ]TPRUlu
�1�WuJ]edx�8��Sba��VUluJO�dx�JSV[!� `bae�WdxUV�VUlf���M8_V]J`�f PR�Zarj1MJO�dxUV�VUVS

α
U
β
I � PRSbac� ]�
R^Z�Zae��acS��

SV]JO�`bae�WdxUV�VUVO��T]�jl`bacSlfVOWuJ� f�U8Pbdbf���Sba��VUluJO�dx�JSV] � OTSV�co�UZj�_VOT`VOT_ba�PR]JM5uJO�� _VOT`baeuc^Z`V[
��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf Sba �T]J`bae��PR]1wJ]edxOTO8_V`V]cu�fly#OTSVSV[Nj UVSluJOT`VM�ardRarj MJ[\�T]curI2KNO�dxU��
�VUVSba

β
�WueacSV]JMJUluJ� f$�W^ h�OT�WuJMJOTSVSV]Jk8dxUlo���Pbdbf5dxUVSVOTkVSV]��T]�_V]	MJ[\�T]cuJOq`bac�T_V`VOQPRO�dxOTSVUlf

uJO�� _VOT`baeuc^Z`V[ ��]JSV]JMJ]��T]5�T]J�WuJ]�fVSVUlf�Sba#`bac�T���LaeuJ`VUVM�acO�� ]�� UVSluJOT`VM�ardxO�MJ[\�T]curI
�qSbardx]��TUV�VSV]JO�`bac�T_V`VOQPRO�dxOTSVUVO�uJO�� _VOT`baeuc^Z`V[ � ]�y#OWu5MJ]c��SVUV�ZaeuJ�&_V`VU&PRSVOTMJSV]�� Sba��

�T`VOTMJO�`bacMJSVUVSV[�
)MJ_V`V]J�VO����Zac� U Sba�P _V]JMJOT`JjlSV]J�WuJ�Jg MJ]TPR]JO�� ]JMVI K!uJOT�VOTSVUVU �W^ uJ]J�
Sba	�T`VOTM U MJ[Nj�]edRaey(UVM�acSVUVO�`bacMJSVUVSV[ MJ_V]edxSVO�MJOT`V]�fluJSV]2PRO�dRacOWu ]cu�dxUV�VSV]Jk ]cu;Sl^�dbf
McuJ]J`l^Zg _V`V]JUl��MJ]TPRSl^Zg�uJO�� _VOT`baeuc^Z`V[�_V]5MJ[\�T]cuJO�MJwedxUl��U�UVSVMJOT`V�TUVU I
+�]TPR�VOT`V�VSVO��!
C�luJ]$��Sba��VOTSVUVO#MJO�dxUV�VUVSV[

α = RaT0zz

M8`bac�T���LaeuJ`VUVM�acO�� ]�����db^Z�bacO
]J_VUV�T[\M�acOWu ��Ul��UV�VOT�T�VUVk _V`V]JvVOT�T�8U Sba�`bae��SV[Nj MJ[\�T]cuearj SVOT_V`VO�� OTSVSV]2wc^�PROWu1U�� OWuJ�
�Zac��]cuJ`VUVvbaeuJO�dx�JSV[\O���Sba��VOTSVUlf�
Vueac��U�_V]edx]�y(UluJO�dx�JSV[\O���Sba��VOTSVUlf I���OTMJ]c�F� ]�y(SV]5]cu��
�Zae��aeuJ�J� f�]cu(]TPRSV]��T](Ul����Sbac� ]JM�
x_V]edx]�y(UluJO�dx�JSV]��T](UZdxU�]cuJ`VUVvbaeuJO�dx�JSV]��T]�
 # uJ]Jk�MJO�dxU��
�VUVSV[ � ]cuJUVMJUV`l^cf uJO��!
 �luJ]1]TPRUVS Ul�8��Sbac� ]JM�_V`VUVMJ]TPRUlu2� SVO���Ul��UV�VSV]��@^ `VOWo�OTSVUVg	I
��ai`bae��SV[Nj	MJ[\�T]cuearj	]Jw�a���Sbac�Za # uJ]Jk�MJO�dxUV�VUVSV[ `VO�ardxUl�T^ZgiuJ� f5U	]J_V`VOQPRO�dbfVgiu���Ul��UV�l^
fVMedxOTSVUlf I

B uJ]JwJ[ ]J_V`VOQPRO�dxUluJ�J� f �2Sba��bardx�JSV[!� U U9�T`bacSVUV�VSV[!� U ^J��dx]JMJUlf�� U�_V]J_V[/ueacO�� � f
_V`VOQPR�WueacMJUluJ�(�TOTwJO�Sba��bardx�JSl^Zg*�Wuea�PRUVg*_V`VOQPR_V]edRa	��acO�� ]��T]	PRUVSba	� UV�VOT�T� ]��T]5_V`V]JvVOT�T��alI
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K `bac�T���LaeuJ`VUVM�acO�� [\k(�WuJ`baeuJU���UVvVUV`V]JM�acSVSV[\k8��dx]Jk5_V]J_ba�P�acOWu�SVOT� ]JO�MJUZjl`VOTMJ]JO�MJ]c�F�@^&�
h�OTSVUVOcI �@h�O5�#wJ]edx�co�OTk2MJOT`V]�fluJSV]J�WuJ�Jg MJUZjl`VOTMJ]JO#MJ]c�F�@^ h�OTSVUVO&MJ]c��SVUV�ZacOWu�M$ueac� ]��
��dx]JO�MJ��dxOQPR�WuJMJUVO(PROTkV�WuJMJUlf `bae��SV]J]JwJ`bae��SVOTklo�UZj � O�j acSVUl�F� ]JM�UZj uc^Z`Vwc^�dxOTSluJSV]Jk �TO��
SVOT`bacvVUVU IqK wJ]edx�co�]�� � ]edxUV�VOT�WuJMJO#MJUZjl`VOTMJ[Nj�MJ]c�F�@^ h�OTSVUVk1Sback Px^ uJ� f1MJUZjl`VU1��a	� [Nj
`bae�WdxUV�VSV[Nj2`bae�F� OT`V]JM$U ��]J`��\I�KN�TO # uJU2MJUZjl`VU�
 _V]J_ba�P�acgih�UVO�M$`bac�T���LaeuJ`VUVM�acO�� [\k
��dx]Jk UZdxU MJ]c��SVUV�Zacgih�UVO1M SVO��!
i]��T`bacSVUV�VOTSV[ SVOT� ]cuJ]J`V[!�3�Lac� �TU��Lardx�JSV[!� `ba�PRUl^&�
�T]��\I�����MJ�TO��T] # uJ]��T](� SV]�y#OT�WuJM�a�� [�
x�T]�� dRac�TSV](� PRO�dRacSVSV[!� _V`VOQPR_V]edx]�y#OTSVUlf��!
R`bac���
���LaeuJ`VUVM�acO���uJ]edx�J� ]�MJUZjl`VOTMJ[\O�MJ]c�F�@^ h�OTSVUlf&�\MJOT`luJUV�Zardx�JSV]�]J`VUVOTSluJUV`V]JM�acSVSV]Jk&]J�T�Jg
MJ`baeh�OTSVUlf I
K ^Z`bacMJSVOTSVUlfZj G HrY�I�
.G H "�I

Ω = Ω(r)
� ]�y#OWu�wJ[/uJ��_V`VUVSlfluea��Zac�1��a�P�acSVSbaef ��^ZSV���

vVUlf�
nUl��MJOT�WuJSbaef Sbac_V`VU�� OT`;Ul� # � �T_VOT`VU�� OTSlueardx�JSV[Nj;P�acSVSV[Nj�I ��OT� ]cuJ]J`V[\O # � �T_VOT`VU��
� OTSlueardx�JSV[\O�P�acSVSV[\O�_V`VOQPR�WueacMedxOTSV[.M4� ]JSV]��T`ba	��UVU � Y1� I � ��dxU ��dxOQPR]JM�aeuJ� U��!
\uJ]
M �WuJ`l^Z�luc^Z`VO # � �T_VOT`VU�� OTSlueardx�JSV] Sbacwedxg)P�acO�� [Nj��V`l^Z_VSV[Nj MJUZjl`VOTk `bac�T_V`VOQPRO�dxOTSVUVO
^�� dx]JMJ]Jk �T� ]J`V]J�WuJU _V]2`ba�PRUl^J�W^�PR]JMJ]edx�JSV]���dx]�y(SV]JOcI;K!vVOTSluJ`VO�Sbacwedxg)P�acOWuJ� f f PR`V]
MJUZjl`�f�
�M � ]cuJ]J`V]�� ��ac� ]JSV]�� OT`VSV]J�WuJU MJ`baeh�OTSVUlf�wedxUl���VU � ��ac� ]JSV]�� OT`VSV]J�Wu�f�� MJ`ba��
h#acgih�O��T]J� f uJMJOT`cPR]��T]1uJO�dRalI +�`VU `ba�PRUl^J��arj wJ]edx�co�UZj SVOT� ]cuJ]J`V]Jk uJ]J�V�VU _VOT`VO��TUVw�a
G M `ba�PRUbardx�JSV]Jk ��acMJUV�TU�� ]J�WuJU ueacS��TOTSVvVUbardx�JSV]Jk � ]�� _V]JSVOTSluJ[ �T� ]J`V]J�WuJU MJ`baeh�OTSVUlf=I
MJ[)PRO�dbfVOWuJ� f MJSVOWo�Slflf �bac�WuJ�1MJUZjl`�f�
 M1� ]cuJ]J`V]Jk ueacS��TOTSVvVUbardx�JSbaef �T� ]J`V]J�WuJ�2_ba�P�acOWu
��^ZMJO�dxUV�VOTSVUVO�� `ba�PRUl^J��a 
R]JwJ`baeuJSV](_V`V]J_V]J`VvVUV]JSbardx�JSV](�VM�a�PR`baeuc^�`bac�T�WuJ]�fVSVUlf�]cu(]J�TU
MJ`baeh�OTSVUlf I
+�]qP�acSVSV[!�2dRacwJ]J`baeuJ]J`VSV[Nj # � �T_VOT`VU�� OTSluJ]JM�
VM�� ]cuJ]J`V[Nj&UV�T�l^J�T�WuJMJOTSVSV] ��]J`�� UV`l^&�

OWuJ� f8MJUZjl`VOTMJ]JO�uJOT�VOTSVUVO	
�P�acMedxOTSVUVOqM�vVOTSluJ`VO�_V`VU PR]JSVSV]Jk(]JwedRac�WuJU&� ]edx]JSVSV]J]JwJ`bae��SV]��T]
MJUZjl`�f�U�� OTOWu	PR]JMJ]edx�JSV]�]J�WuJ`V[\k � UVSVU��@^�� G �Lac� �TU��@^��La#M # � �T_VOT`VU�� OTSlueardx�JSV[Nj$P�acS��
SV[Nj;SVO5U�� OTOWuJ� f=I�
@_V]J��dxO&MJ[\�VUlueacSVUlf4��]JSV]JMJ]��T](P�acMedxOTSVUlf # uJ]�]c��Sba��bacOWu��luJ]�]cuJ`VU��
vbaeuJO�dx�JSV]JO�MJ]c�F�@^ h�OTSVUVO�P�acMedxOTSVUlf�_V`bac�luJUV�VOT�T�VU�dx]J�ZardxUl��]JM�acSV]5M#f PR`VO�MJUZjl`�f I
� PRSVU��2Ul�/MJ]c�F� ]�y(SV[Nj�_l^ uJOTk5`VOWo�OTSVUlf#^Z`bacMJSVOTSVUlf)G Hr��ICfVMedbfVOWuJ� f#UV�T_V]edx�c��]JM�acSVUVO

# � �T_VOT`VU�� OTSlueardx�JSV]�]J_V`VOQPRO�dxOTSVSV[Nj ��acMJUV�TU�� ]J�WuJOTk�Pbdbf MJO�dxUV�VUVSV[ r−1vvr

 � ]cuJ]J`l^Zg

� ]�y(SV]$MJ[\`bae��UluJ���VOT`VOW�5^�� dx]JMc^Zg U2]J�TOTMc^Zg �T� ]J`V]J�WuJU I%2�]JSVOT�VSV] # uea�MJ]c�F� ]�y(SV]J�WuJ�
]J�WueacMedbfVOWu$� OT�WuJ]8Pbdbf2�T]�� SVOTSVUVk�
n_V]J�T� ]edx�J�l^ # � �T_VOT`VU�� OTSlueardx�JSV[!� U�P�acSVSV[!� U�]J_VU��
�T[\M�acOWuJ� f _V]edxSV]J�WuJ�Jg `bae��MJUluJ]JO�uJOT�VOTSVUVO�Mcfl��� ]Jk SV�JgiuJ]JSV]JMJ�T� ]Jk y(U PR� ]J�WuJU�
\_V]�� O��
h�OTSVSV]Jk M$dRacwJ]J`baeuJ]J`VUVU M��T_VOTvVUbardx�JSV[\O&^J��dx]JMJUlf I�mnOW�T^�dx��ueaeu�
 _V]edb^Z�VOTSVSV[\k uJOT]J`VO��
uJUV�VOT�T�VU�Pbdbf�U PRO�ardx�JSV]Jk�y(U PR� ]J�WuJU�
RSbacUVwJ]edxOTO	� ]J`V`VOT�luJSV]8�T`bacMJSVUluJ�8� # � �T_VOT`VU�� OTS��
uJ]��!
V_V`V]JMJOQPROTSVSV[!� M#U PRO�ardx�JSV]Jk8y(U PR� ]J�WuJU�
ZdxUVwJ]�M�y(U PR� ]J�WuJU�
VM�� ]cuJ]J`V]Jk�MedxUlfVSVUVO
Mcfl��� ]J�WuJU�SVO��W^ h�OT�WuJMJOTSVSV]VI
* `l^��T]Jk%MJ]c�F� ]�y(SV]J�WuJ�Jg}fVMedbfVOWuJ� f�acSbardxUluJUV�VOT�T� ]JO `VOWo�OTSVUVO ^Z`bacMJSVOTSVUlf G YZH�I

UZdxU�G YJY�I�Pbdbf _Zdx]cuJSV]J�WuJU MJUZjl`VOTMJ]��T]2MJ]c�F�@^ h�OTSVUlf U MJ[\�VUV��dxOTSVUlf Ul��_V]edb^Z�VOTSVSV]��T]
MJ[\`baey#OTSVUlf1MJ�TO�j�j ac`bac�luJOT`VUV�WuJUV�;MJUZjl`�f�
Rj ac`bac�luJOT`VSV[Nj�Pbdbf1U PRO�ardx�JSV]Jk�y(U PR� ]J�WuJU I
* ardxOTO�`bae��MJUVM�acOWuJ� f�U�� OTSVSV]5ueac� ]Jk�_V]TPbj�]TPnI
K �Za��VOT�WuJMJO�_VOT`VMJ]��T]#Sba��bardx�JSV]��T]�^J��dx]JMJUlf � ]�y#OWu5wJ[/uJ�5_V`VUVSlfluJ]5Sba��bardx�JSV]JO�`bac���

_V`VOQPRO�dxOTSVUVO(_Zdx]cuJSV]J�WuJU;MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf
ρn = ρn(r)


 � ]cuJ]J`V]JO&OT�WuJ��SVOT� ]cuJ]��
`baef ��^ZSV�VvVUlf�
b�TMcfl��acSVSbaef$��`ba�PRUbardx�JSV[!� `bac�T_V`VOQPRO�dxOTSVUVO�� ^�� dx]JMJ]Jk��T� ]J`V]J�WuJU

Ω(r)
I

KNSV]JMJ�i]JwJ`baeh#aefV�T�i� # � �T_VOT`VU�� OTSlueardx�JSV[!��P�acSVSV[!�4� Y�� MJ[/fV�TSlfVO��!
c�luJ]qU�� OTOWuJ� f��TMcfl���
� OWy#Px^ �Lac� �TU��Lardx�JSV[!� ��Sba��VOTSVUVO�� MJ]c�F�@^ h�OTSVUlf�_Zdx]cuJSV]J�WuJU�M5MJUZjl`VO�U)�Lac� �TU��Lardx���
SV[!� ��Sba��VOTSVUVO���O��T]8^�� dx]JMJ]Jk1�T� ]J`V]J�WuJU I�K � Y�� ^Z�Zae��[\M�acOWuJ� f2��dxOQPx^Zgih�OTO # � _VUV`VUV�VO��
�T� ]JO��T]J]cuJSV]co�OTSVUVO

vm =
√

∆pnρ
−1
0


L� ]cuJ]J`V]JO��TMcfl��[\M�acOWuA�Lac� �TU��Lardx�JSV]JO$��Sba��VOTSVUVO
_VOT`VOT_ba�P�a�P�acMedxOTSVUlf M�MJUZjl`VO�� �Lac� �TU��@^�� ]��!O��T]2ueacS��TOTSVvVUbardx�JSV]Jk �T� ]J`V]J�WuJU I tN]��
� dRac�TSV] G H�X&I,� ]�y(SV]#_VOT`VOT_VUV��aeuJ�5Pbdbf�_Zdx]cuJSV]J�WuJU�MJ]c�F�@^ h�OTSVUlf

vm =
√

c20ρnρ
−1
0

I
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K)uJ]J`V[!�*Sba��bardx�JSV[!� ^J��dx]JMJUVO�� � ]�y(SV]�_V`VUVSlfluJ��`bacMJOTSV�WuJMJ]�Sl^�dxg _V`V]JUl��MJ]TPRSV]Jk
_V]	MJ`VO�� OTSVU8]cu�_Zdx]cuJSV]J�WuJU$MJ]c�F�@^ h�OTSVUlf

(ρn)t = 0
I B uJ]�_V`VOQPR_V]edRa	��acOWu#M	Sba��bardx�JSV[\k

� ]�� OTSlu�MJUZjl`VOTMJ]JO)MJ]c�F�@^ h�OTSVUVO/SVO)^ZMJO�dxUV�VUVM�acOWuJ� f#U�SVOL^�� OTSV�co#acOWuJ� f5_V]TP�PROTkV�WuJMJUVO��
Sbac_V`VU�� OT`�Mcfl���VUZj���dRa	��acO�� [Nj�SVO�^Z�luJOTSVSV[Nj�_V`VU�MJ[\MJ]TPRO�^Z`bacMJSVOTSVUVkHG YZH�I 
CG YJY�IQI
KN]c�F� ]�y(SV[!�4�T`bacSVUV�VSV[!� ^J��dx]JMJUVO��;Pbdbf(MJ]c�F�@^ h�OTSVUlf8_Zdx]cuJSV]J�WuJU$M	MJUZjl`VO7� ]�y#OWu

fVMedbfluJ�J� f1`bacMJOTSV�WuJMJ]
ρ(r = 0, t = 0) = ρn0

� SVOT� ]cuJ]J`V]JO�MJ]c�F�@^ h�OTSVUVO5_Zdx]cuJSV]J�WuJU2M
Sba��bardx�JSV[\k%� ]�� OTSlu�MJ`VO�� OTSVU I K)uJ]J`V[!� �T`bacSVUV�VSV[!�1^J��dx]JMJUVO��A� ]�y#OWu�wJ[/uJ��_V`VUVSlfluJ]
^J��dx]JMJUVO5Sba$wJOT�T� ]JSVOT�VSV]J�WuJU

ρn(r → ∞) = 0
I 2�]JSVOT�VSV]�_V`VOWy#PRO#�VO�� wc^�PROWu8PR]J�WuJU����

Sl^ uea2wJOT�T� ]JSVOT�VSV]J�WuJ�2SbacMJOT`VSlfV�Za1MJ�WuJ`VOWuJUluJ� f PR`l^��T]Jk MJUZjl`V��
 SV]�MJ�TO8y#O&��PROT�T�2`bac���
���LaeuJ`VUVM�acgiuJ� f � ]TPRO�dx�JSV[\O8_V`VOQPR�WueacMedxOTSVUlf ]�MJUZjl`VOcI � ]edxOTO(� ]J`V`VOT�luJSV]2`bacMJOTSV�WuJMJ]
Sl^�dxg MJUZjl`VOTMJ]��T]	MJ]c�F�@^ h�OTSVUlf$_Zdx]cuJSV]J�WuJU � ]�y(SV]�uJ`VOTwJ]JM�aeuJ��Sba�SVOT� ]cuJ]J`V]�� `ba�PRUl^J�TO
rm

lSV]5��_V]J��dxOQPRSVU�� uJ`l^�PRSV]5]J_V`VOQPRO�dxUluJ�J� f I * `l^��T]Jk�MJ]c�F� ]�y(SV]J�WuJ�Jg Pbdbf$_V`VUVSlfluJUlf

McuJ]J`V]��T] �T`bacSVUV�VSV]��T]�^J��dx]JMJUlf2fVMedbfVOWuJ� f2��a�P�acSVSV[\k �T`ba�PRUVOTSlu�_Zdx]cuJSV]J�WuJU;MJ]c�F�@^ h�O��
SVUlf

ρr(r = 0, t = 0) = ρnr
Sba�]J�TU�MJ`baeh�OTSVUlf�
 # uJ]#^J��dx]JMJUVO-� ]�y#OWu�j ac`bac�luJOT`VUl��]JM�aeuJ�

UVSluJOTSV�TUVMJSV]J�WuJ�$MJUZjl`�f I

� =�?!�����xF@D >

+�]edb^Z�VOTSVSV]JO�SVO�dxUVSVOTkVSV]JO�PRU��-��OT`VOTSVvVUbardx�JSV]JO�^Z`bacMJSVOTSVUVO G YZH�I/UZdxU4G YJY�I)fVMedbfVOWu��
� f���dxUlo�� ]�� ��dx]�y(SV[!� Pbdbf$SVOT_V]J�T`VOQPR�WuJMJOTSVSV]��T]8`VOWo�OTSVUlf�
x_V] # uJ]��@^&Pbdbf$_V]edb^Z�VOTSVUlf
acSbardxUluJUV�VOT�T�VUZj5`VOWo�OTSVUVk5_V`VU�� O���PR]J_V]edxSVUluJO�dx�JSV[\O\^Z_V`V]ch#acgih�UVO\_V`VOQPR_V]edx]�y#OTSVUlf I
* ardxOTO$UV�T_V]edx�c�T^ZgiuJ� f PRM�a�`bae�WdxUV�VSV[Nj ^Z_V`V]ch#acgih�UZj _V`VOQPR_V]edx]�y#OTSVUlf�
N_V`VU � ]��

uJ]J`V[Nj ^�P�acOWuJ� f _V]edb^Z�VUluJ� acSbardxUluJUV�VOT�T�VUVO2MJ[\`baey#OTSVUlf�
iM uJ]Jk UZdxU UVSV]Jk �WuJOT_VOTSVU
_V`VUVwedxUly#OTSVSV]�]J_VUV�T[\M�acgih�UVO5_V]JMJOQPROTSVUVO5UV�T� ]�� ]��T]�`VOWo�OTSVUlf I%+�OT`VMJ[!� U�_V]J�Zae��acSV[
`VOWo�OTSVUlf2^Z`bacMJSVOTSVUlfDG YJY�I 
 _V]edb^Z�VOTSVSV[\O5��_V]�� ]ch��Jg!_V`VOQPR_V]edx]�y#OTSVUlf1]$�WueacvVUV]JSbac`��
SV]J�WuJU�MJUZjl`VOTMJ]��T]5MJ]c�F�@^ h�OTSVUlf�
V�q^Z�VOWuJ]�� U$wJOW��^Z�VOWuea#]J�TOTMJ]Jk$�T� ]J`V]J�WuJU I * ardxOTO���dxO��
Px^Zgiu�`VOWo�OTSVUlf5SVOT�WueacvVUV]JSbac`VSV]��T]�^Z`bacMJSVOTSVUlf$G YZH�I 
�_V]edb^Z�VOTSVSV[\O�M�_V`VOQPR_V]edx]�y#OTSVUVU&]
�Lardx]J�WuJU�_Zdx]cuJSV]J�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf���_V]�� ]ch��Jg dxUVSVO�ac`VUl��acvVUVU�UV� j�]TPRSV]��T]
^Z`bacMJSVOTSVUlfHG YZH�I�I,��ack PROTSV[*SVOT� ]cuJ]J`V[\O	� j�]TPRSV[\O��VOT`luJ[*M&_V]edb^Z�bacO�� [Nj�`VOWo�OTSVUlfZj�U
]cu�� OT�VOTSV[*UZj�SVOQPR]J�WueaeuJ�VU I

� = � =����RA��@D@E@F A ;xF@E��A:�;xD
	�<LD�� �xF@D��

m ac�T��� ]cuJ`VU��;�WueacvVUV]JSbac`VSV]JOi`VOWo�OTSVUVO\^Z`bacMJSVOTSVUlf G YJY�I 
�� ]cuJ]J`V]JO�_V]edb^Z�bacOWuJ� f�
ZOT��dxU
_V`VUVSlfluJ�qSbacUVwJ]edxOTOL_V`V]J�WuJ]JOLMJ[\`baey#OTSVUVO@Pbdbf�]J�TOTMJ]Jk��T� ]J`V]J�WuJU	M�MJU PRO

w(r, t) = 0

r�luJ]

MJ]c�F� ]�y(SV]�_V`VU5`bacMJOTSV�WuJMJO�Sl^�dxg _V`V]JUl��MJ]edx�JSV]Jk%��^ZSV�VvVUVU
ŵ(r)


 aqueac�ly#O)Pbdbf5��db^Z�baef
MJUZjl`VOTMJ[Nj8MJ]c�F�@^ h�OTSVUVk�� �T]J`VUl��]JSlueardx�JSV]#`bac�T_V]edx]�y#OTSVSV]Jk8]J�T�Jg�MJ`baeh�OTSVUlf�
�Pbdbf8� ]��
uJ]J`V[Nj

g = 0
G M # uJ]�����db^Z�bacON�TUZdRa\u�fly#OT�WuJU�PR]edby(Sba/^Z�VUluJ[\M�aeuJ�J� f#M\^Z`bacMJSVOTSVUlfZj�Pbdbf

`ba�PRUbardx�JSV]Jk2U�ueacS��TOTSVvVUbardx�JSV]Jk�� ]�� _V]JSVOTSlu��T� ]J`V]J�WuJU2MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf�
 � PRO
OTON��Sba��VOTSVUVO\SVO/�W^ h�OT�WuJMJOTSVSV]'I�I �@ac�ly#O)Mq^Z`bacMJSVOTSVUVU$G YJY�I>]J_l^J�WuJU�����dRa	��acO�� ]JO/]J_VUV�T[,�
M�acgih�OTO�Mc��acU�� ]TPROTkV�WuJMJUVO��q�WuJ`baeuJU���UV�ZacvVUVOTk)��]JSV]JMJ]��T]�uJOT�VOTSVUlf��

α = 0


β = 0


Z�luJ]
MJ]c�F� ]�y(SV]5_V`VU�]TPRSV]J`V]TPRSV]�� `bac�T_V`VOQPRO�dxOTSVUVU�uJO�� _VOT`baeuc^Z`V[ ��]JSV]JMJ]��T]5�T]J�WuJ]�fVSVUlf I
+�`VU # uJUZj�_V`VOQPR_V]edx]�y#OTSVUlfZj�^Z`bacMJSVOTSVUVO G YJY�IN_V`VUVSVU��LacOWu(MJU P �

ρrr +
3

r
ρr +

ρ2r
1 + ρ

= 0.
G YcX&I
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mnOWo�OTSVUVO�_V]edb^Z�bacO�� ]JO/M # uJ]��2_V`VUVwedxUly#OTSVUVU�j�]J`V]co�]�Ul��MJOT�WuJSV]�U�Sbae��[\M�acOWuJ� f5�TMJ]��
wJ]TPRSV[!� UZdxU�_V]cuJOTSVvVUbardx�JSV[!� MJUZjl`VO�� � Y��>U���ac_VUV�T[\M�acOWuJ� f�M&MJU PRO

ρ(r) = −1 + C2 exp

(

− C1

2r2

)

.
G Y � I

� wJO(_V]J�WuJ]�fVSVSV[\O8UVSluJO��T`VUV`V]JM�acSVUlf
C1
U
C2
SVO(]J_V`VOQPRO�dbfVgiu2a	� _ZdxUluc^�Px^ MJ]c�F�@^&�

h�OTSVUlf _Zdx]cuJSV]J�WuJU I +�`VU
C1 > 0

U
C2 > 0

MJ[\`baey#OTSVUVO G Y � I�]J_VUV�T[\M�acOWu2MJUZjl`VOTMJ]JO
MJ]c�F�@^ h�OTSVUVOi_Zdx]cuJSV]J�WuJU&� � UVSVU��@^�� ]���_Zdx]cuJSV]J�WuJU(Sba�]J�TU#MJ`baeh�OTSVUlf�
'� PRO\_Zdx]cuJSV]J�WuJ�
PR]J�WuJU���acOWu4� UVSVU��Lardx�JSV]��T]2��Sba��VOTSVUlf

ρ(r → 0) → −1

)_Zdx]cuJSV]J�WuJ�;MJUZjl`VOTMJ]��T]2MJ]c�/�

�@^ h�OTSVUlf ]J�WueacOWuJ� f ]��T`bacSVUV�VOTSVSV]Jk Sba2MJ�TO�j `bac�T�WuJ]�fVSVUlfZj PR];]J�TU MJ`baeh�OTSVUlf I +�`VU
C1 < 0

U
C2 > 0

MJ[\`baey#OTSVUVO$G Y � Iq]J_VUV�T[\M�acOWu�_V]edx]�y(UluJO�dx�JSV]JO5MJ]c�F�@^ h�OTSVUVO&_Zdx]cu��
SV]J�WuJU�
�U�� OTgih�OTO�wJOT�T� ]JSVOT�VSV]JO2��Sba��VOTSVUVO;Sba ]J�TU�MJ`baeh�OTSVUlf I � Sba��VOTSVUVO2� ]JSV�WueacSlu
C1 > 0



C2 < 0

SVO�_V`VUVO�� dxO�� ]�
N_V]J�T� ]edx�J�l^ _V`VUVMJ]TPRUlu � `bac�T_V`VOQPRO�dxOTSVUVg
ρ(r)

SVO
�WuJ`VO��@flh�O��@^J� f��8Sl^�dxg �q^ZMJO�dxUV�VOTSVUVO�� `bac�T�WuJ]�fVSVUlf$]cu�]J�TU$MJ`baeh�OTSVUlf IL�C`ba	��UV�8MJ[,�
`baey#OTSVUlf G Y � I#_V`VUVMJOQPROTS Sba�`VUV�cI/Y1�T]���Sba��VOTSVUlf�� U _V]J�WuJ]�fVSVSV[Nj UVSluJO��T`VUV`V]JM�acSVUlf
C1 = 1

U
C2 = 1

I
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	 � � ���)��!������/3��/����%����<�+����#'%���!�#'����-�,? ���!/����%�%���� �������	��
�����$@�%��& ���%��+2
������!�#'�&2�%�%�,��$��%�#'������������-'��%��+2
C1 = 1

�
C2 = 1 02�M�a�PR`baeu2^�� dx]JMJ]Jk �T� ]J`V]J�WuJU�
\MJ[\�VUV��dxOTSVSV[\k _V] G HrY�I 
7G Y � I 
 Pbdbf # uJ]��T];`VOWo�OTSVUlf

^ZwJ[\M�acOWu�]JwJ`baeuJSV]�_V`V]J_V]J`VvVUV]JSbardx�JSV]��VOWuJMJOT`luJ]Jk(�WuJOT_VOTSVU(`bac�T�WuJ]�fVSVUlf�PR]�]J�TU5MJ`baeh�O��
SVUlf�
cPR]J_l^J�T�ZacOWu#MJ`baeh�OTSVUVOi�Zac�&_V]��bac�T]JMJ]Jk5�WuJ`VO�dx� O	
lueac�&U&_V`V]cuJUVM	�bac�T]JMJ]Jk5�WuJ`VO�dx�VU
]cuJSV]J�TUluJO�dx�JSV]8]J�TU�MJ`baeh�OTSVUlf�U�U�� OTOWu(MJU P �

Ω2(r) =
c20C1

r4
.

G YJ��I
� �TOTM�aef&�T� ]J`V]J�WuJ��
lMJ[\�VUV��dxOTSVSbaef(�T]�� dRac�TSV] G Y � I 
�G H�~&ICPR]J�WuJU���acOWu#wJOT�T� ]JSVOT�VSV[Nj8_V]��

dx]�y(UluJO�dx�JSV[Nj8��Sba��VOTSVUVk�Sba�]J�TU8MJ`baeh�OTSVUlf I�+�] # uJ]Jk�_V`VUV�VUVSVO�`VOWo�OTSVUVO G Y � I 
 G YJ��I �
��Ul��UV�VOT�T� ]Jk�uJ]J�V�VU1��`VOTSVUlf�SVO#_V`VUVO�� dxO�� ](Pbdbf2U PRO�ardx�JSV]Jk1y(U PR� ]J�WuJU�
>]TPRSbac� ]&Pbdbf
Mcfl��� ]Jk�y(U PR� ]J�WuJU # uJ]5^ uJMJOT`�y#PROTSVUVO�� ]�y#OWu&Ul�F� OTSVUluJ�J� f I
��OW^�PR]JMedxOWuJMJ]J`VUluJO�dx�JSV]J�WuJ��`VOWo�OTSVUlf G Y � I 
�G YJ��I�]c��Sba��bacOWu�
c�luJ]q_V`VOTSVOTwJ`VOWy#OTSVUVON]J�TO��

MJ]Jk��T� ]J`V]J�WuJ�Jg MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf�fVMedbfVOWuJ� f���dxUlo�� ]�� �T`l^ZwJ[!� �-��Ul��UV�VOT�T� ]Jk
uJ]J�V�VU(��`VOTSVUlf8M	�WueacvVUV]JSbac`VSV]�� M�ac`VUbacSluJOi^Z`bacMJSVOTSVUlf G YJY�I�I.��OT]Jw�j�]TPRU�� ]	^Z�VUluJ[\M�aeuJ�
]J�TOTMc^Zg � ]�� _V]JSVOTSluc^��T� ]J`V]J�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I
+�`VOQPR_V]edRa	��aef8_Zdx]cuJSV]J�WuJ�#MJUZjl`VOTMJ]��T]#MJ]c�F�@^ h�OTSVUlf&PR]J�WueaeuJ]J�VSV]%� OQPbdxOTSVSV]���acMJUV� f��

h�OTk2]cu8MJ`VO�� OTSVU�ueac��
 �luJ] � ]�y(SV]8_V`VOTSVOTwJ`VOT�V�$_V`V]JUl��MJ]TPRSV[!� U2_V]8MJ`VO�� OTSVU1M(^Z`bacM��
SVOTSVUVU G YZH�I�U _V`VU ]cuJ�W^ uJ�WuJMc^Zgih�OTk �WuJ`baeuJU���UV�ZacvVUVU

α = 0


β = 0

G �luJ]2]c��Sba��bacOWu
]TPRSV]J`V]TPRSV]JO	`bac�T_V`VOQPRO�dxOTSVUVO#_V]&MJ[\�T]cuJO	uJO�� _VOT`baeuc^Z`V[�y(U PR� ]J�WuJU ��]JSV]JMJ]��T]&�T]J�WuJ]�f��
SVUlf=I�
lPbdbf�MJOT`luJUV�Zardx�JSV]8]J`VUVOTSluJUV`V]JM�acSVSV]Jk�]J�TU�MJ`baeh�OTSVUlf�MJUZjl`�f�_VOT`VOT_VUlo�O�� ^Z`bacM��
SVOTSVUVO G YJY�INM5MJU PRO

1

r

[

3 + 2
(gt)2

c20

ρ

(1 + ρ)2

]

ρr = −ρrr +
ρ2r

1 + ρ
.

G Yc�&I



)"� �����������	��
��
���
�

�)uJ]&^Z`bacMJSVOTSVUVO	�T]J]cuJMJOWuJ�WuJMc^JOWu�_V]edxSV]J�WuJ�Jg�`bae��MJUluJ]Jk�]J�TOTMJ]Jk�� ]�� _V]JSVOTSluJO��T� ]J`V]��
�WuJU�M�MJUZjl`VOTMJ]���MJ]c�F�@^ h�OTSVUVU�
>M$uJ]������ [\��dxO	
>�luJ]�MJOT`luJUV�Zardx�JSV]�]J`VUVOTSluJUV`V]JM�acSVSbaef
]J�TOTM�aef1�T� ]J`V]J�WuJ��_V`VU�^J��dx]JMJUVU

ŵ(r) = 0
^�PR]JMedxOWuJMJ]J`�fVOWu�MJ[\`baey#OTSVUVg G H�~&IQI-+�`VOTSVO��

wJ`VOWy#OTSVUVO�MJO�dxUV�VUVSV]Jk
ŵ(r)

� ]�y#OWu&]c��Sba��baeuJ��
b�luJ]5^Z`bacMJSVOTSVUVO(G Yc�&IN]J_VUV�T[\M�acOWu(_V]c��P �
SVUVO��Wuea�PRUVU�`bae��MJUluJUlf�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I

! `bacMJSVOTSVUVO-G Yc�&I>OT�WuJ��SVO�dxUVSVOTkVSV]JO�]JwJ[\�VSV]JMJOTSVSV]JO PRU��-��OT`VOTSVvVUbardx�JSV]JO/^Z`bacMJSVOTSVUVO
McuJ]J`V]��T];_V]J`�f PR�Za 
/acSbardxUluJUV�VOT�T� ]JO�`VOWo�OTSVUVO�� ]cuJ]J`V]��T];SbackluJU SVO$^�P�acOWuJ� f M2fVMJSV]��
MJU PROcI)mnOWo�OTSVUVO�^Z`bacMJSVOTSVUlfHG Yc�&I,� ]�y(SV]���ac_VUV��aeuJ�(SVOWfVMJSV]&M5MJU PRO��VM�a�PR`baeuc^Z`V[ � ��� �

ln(r)− C2 +

ρ(r)
∫

c20(1 + x) dx

(2 ln(1 + x)− C1)c20(x+ 1)2 − (gt)2(2x+ 1)
= 0.

G Y "�I

KN[\`baey#OTSVUVO)G Y "�IiM$Sba��bardx�JSV[\kA� ]�� OTSlu�MJ`VO�� OTSVU G _V`VU
gt = 0

Ii_VOT`VO�j�]TPRUlu�M�`VO��
o�OTSVUVO G Y � I�I +�]edb^Z�VUluJ�1MJ[\`baey#OTSVUVO#Pbdbf;_Zdx]cuJSV]J�WuJU ]cuJ�Tg)P�a�SVO&^�P�acOWuJ� f�
@MJ_V`V]J�VO��
�Zac��U�MJ[\�VUV��dxUluJ�&��Sba��VOTSVUVO	�VM�a�PR`baeuc^Z`V[�I
t)uJ`V]��TUVO �LaeuJO��LaeuJUV�VOT�T�VUVO�MJ[\MJ]TPR[ M��WueacvVUV]JSbac`VSV]�� _V`VUVwedxUly#OTSVUVU ��ac�ZacSV�VUVM�a��

giuJ� f;_V]edb^Z�VOTSVUVO�� MJ[\`baey#OTSVUlf G Y "�I�I * ardxOTO#UV�T_V]edx�c�T^JO�� PRM�a$`bae�WdxUV�VSV[Nj2_V]TPbj�]TP�a 

_V]c��MJ]edbfVgih�UZj&_V`VUVwedxUly#OTSVSV]�_V]JSlfluJ��_V]JMJOQPROTSVUVO�MJ]c�F�@^ h�OTSVUlf(_Zdx]cuJSV]J�WuJU G Y "�I�
cj�]cu�f
wJ[ M5_V`VOQPRO�dx�JSV[Nj���db^Z�baefZj�
lP�aey#O�M5^ h�OT`Vw �LaeuJO��LaeuJUV�VOT�T� ]Jk1�WuJ`V]��T]J�WuJU I
KN]�� _VOT`VMJ[Nj�
n��a	� OWuJU��!
@�luJ]�MJO�dxUV�VUVSba

(gt)2
fVMedbfVOWuJ� f wJ]edx�co�]Jk;MJO�dxUV�VUVSV]Jk�
 ]J�T]��

wJOTSVSV]�Sba�_V]c��PRSVUZj&�Wuea�PRUlfZj&`bae��MJUluJUlf I +�] # uJ]Jk(_V`VUV�VUVSVO\��Sba��VOTSVUVOqMJ[\`baey#OTSVUlf$G Y "�I
]J_V`VOQPRO�dbfVOWuJ� f M�]J�TSV]JMJSV]�����dRa	��acO�� [!� M$��Sba	� OTSbaeuJO�dxO(��� SV]�y(UluJO�dxO��

(gt)2
I5K��T]��

]cuJMJOWuJ�WuJMJUVU � # uJU��!��a	� OT�bacSVUVO��!_V]edx]�y(U��!
N�luJ] M2��Sba	� OTSbaeuJO�dxO��VM�a�PR`baeuc^Z`V[ G Y "�I
� ]�y(SV]�_V`VOTSVOTwJ`VOT�V�1��dRa	��acO�� [!�*SVO(�T]TPROT`�y5aeh�U�� � SV]�y(UluJO�dbf

(gt)2
I�K�`VOW�T^�dx��ueaeuJO

_V]edb^Z�VUluJ� f��

ln(r)− c20
(gt)2

ρ(r)
∫

(1 + x) dx

(2x+ 1)
− C2 = 0.

� a	� OWuJU��!
Z�luJ]�_V`V]TPRO�dRacSVSbaef8]J_VOT`bacvVUlf5dxUlo#acOWu#MJ[\`baey#OTSVUVO%G Y "�I ��acMJUV�TU�� ]J�WuJU$]cu
]TPRSV]Jk2Ul�#_V]J�WuJ]�fVSVSV[Nj2UVSluJO��T`VUV`V]JM�acSVUlf

C1
I0+�]edb^Z�VOTSVSV]JO#MJ[\`baey#OTSVUVO%� ]�y(SV]8_V`V]��

UVSluJO��T`VUV`V]JM�aeuJ��U	MJ[\`bae��UluJ�q_Zdx]cuJSV]J�WuJ��MJUZjl`VOTMJ]��T]qMJ]c�F�@^ h�OTSVUlf�MiMJU PROL��acMJUV�TU�� ]J�WuJU
]cu&`bac�T�WuJ]�fVSVUlf$PR]&]J�TU�MJ`baeh�OTSVUlf��

ρ(r) = −1

2
+

1

2
exp

(

−D(r) + 4 ln(r)
(gt)2

c20
+ 1− 4C2

(gt)2

c20

)

,
G Yc�&I

� PRO)Pbdbf��V`baeuJ� ]J�WuJU&]JwJ]c��Sba��VOTSV]
D(r) = W

(

exp
(

4 ln(r)(gt)2c−2
0 + 1− 4C2(gt)

2c−2
0

))

U MJMJOQPROTSV]�]JwJ]c��Sba��VOTSVUVO � ���@Pbdbf4��^ZSV�VvVUVU |	a	� wJOT`luea 
@]J_V`VOQPRO�dxOTSVSV]Jk �Zac� `VOWo�OTSVUVO
^Z`bacMJSVOTSVUlf

W (x) exp(W (x)) = x
I

��a `VUV�cI#X Sbac`VUV�W^JO�� �T`ba	��UV� MJ[\`baey#OTSVUlf G Yc�&I�_V`VU ��Sba��VOTSVUlfZj _V]J�WuJ]�fVSVSV[Nj
C2 = 1

U
gt = 103

I���a#]J�TU�MJ`baeh�OTSVUlf�U�MJ_Zdx]cuJ��PR]&SVOT� ]cuJ]J`V]��T](`bac�T�WuJ]�fVSVUlf
r ≈ r1



��acMJUV� flh�O��T]5]cu	��Sba��VOTSVUVk�MJO�dxUV�VUVS

C2
U
gt

 ��Sba��VOTSVUVO�MJ[\`baey#OTSVUlf G Yc�&I SVO�� OTSlfVOWuJ� f

U�`bacMJSlfVOWuJ� f
ρ(r < r1) = −0.5

I ��ai`bac�T�WuJ]�fVSVUlfZj�]cuq]J�TU�MJ`baeh�OTSVUlf
r > r1

_Zdx]cuJSV]J�WuJ�
MJ]c��`bac�WueacOWu�
xSba#wJ]edx�co�UZj$`bac�T�WuJ]�fVSVUlfZj�]cu5]J�TU�MJ`baeh�OTSVUlf�`V]J�Wu5��a	� OQPbdbfVOWuJ� f�U��WuJ`VO��
� UluJ� f �;SVOT� ]cuJ]J`V]Jk _V]J�WuJ]�fVSVSV]Jk MJO�dxUV�VUVSVOcI ���(_V`VUVMJOQPROTSVSV]��T]1Sba�`VUV�cI X)�T`ba	��UV� O
MJU PRSV]�
x�luJ]8_Zdx]cuJSV]J�WuJ�8MJUZjl`VOTMJ]��T](MJ]c�F�@^ h�OTSVUlf�`bac�WuJOWu&PR]&��Sba��VUluJO�dx�JSV[Nj1MJO�dxUV�VUVS�

SV](`V]J�Wu8SVO�_V`VOTMJ[/o#acOWu8��Sba��VOTSVUlf

ρ(r → ∞) <= ρmax ≈ 200
Sba ��Ul��UV�VOT�T�VU�`bae�T^�� �

SV[Nj1wJ]edx�co�UZj1`bac�T�WuJ]�fVSVUlfZj�I ��] # uea$MJO�dxUV�VUVSba$�V`backVSVO#MJO�dxUV�Za8U1ueac� ]JO#`VOWo�OTSVUVO5�
��Ul��UV�VOT�T� ]Jk�uJ]J�V�VU���`VOTSVUlf��T]�� SVUluJO�dx�JSV]VI\t uJOT�VOTSVUVO�� MJ`VO�� OTSVU�
x��`V]J�WuJ]�� MJO�dxUV�VU��
SV[

gt

 �Lac� �TU��Lardx�JSV[\O���Sba��VOTSVUlf�_Zdx]cuJSV]J�WuJU

ρmax
OWh�O�wJ]edxOTO�MJ]c��`bac�WueacgiurI
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�����$@�%��& ���%��+2
������!�#'�&2�%�%�,��

C2 = 1
�
gt = 103 0

� �TOTM�aef��T� ]J`V]J�WuJ��
nMJ[\�VUV��dxOTSVSbaef;Ul� G H�~&I 
�G Yc�&Iq_V]edx]�y(UluJO�dx�JSba�_V`VU
r < r1

U�]cu��
`VUVvbaeuJO�dx�JSba�_V`VU

r > r1

CSVO#�WuJ`VO�� UluJ� f;�2Sl^�dxg Sba(��Sba��VUluJO�dx�JSV[Nj;`bac�T�WuJ]�fVSVUlfZj2]cu

]J�TU2MJ`baeh�OTSVUlf2U1��Sba��VUluJO�dx�JSV]�MJ]c��`bac�WueacOWu���uJOT�VOTSVUVO�� MJ`VO�� OTSVU I �@ac� ]JO�_V]JMJOQPROTSVUVO
`VOWo�OTSVUlf;SVO#_V]c��MJ]edbfVOWu)�T]JMJ]J`VUluJ��]$_V`VUVO�� dxO�� ]J�WuJU _V]edb^Z�VOTSVSV[Nj�`ba�PRUbardx�JSV[Nj2`bac���
_V`VOQPRO�dxOTSVUVk2PbdbfA��Ul��UV�VOT�T�VUZj;_V`VUZdx]�y#OTSVUVk�
nSV]�MJ�TO#y#O#]JSVU�]cuJ`baey5acgiu�SVOT� ]cuJ]J`V[\O
�TMJ]JkV�WuJM�a#UV�T� ]�� [Nj�`VOWo�OTSVUVk�
b�luJ]5MJU PRSV]5Ul��acSbardxUl��a�_V]JMJOQPROTSVUlf�^�� dx]JMJ]Jk��T� ]J`V]J�WuJU I
KN[\`baey#OTSVUVOqPbdbf��VM�a�PR`baeuea#^�� dx]JMJ]Jk��T� ]J`V]J�WuJU�MJ[\�VUV��dxOTSVSV]Jk�Ul� G HrY�I�
 G Yc�&INOT�WuJ���

Ω2(r) =
4(gt)2 exp

(

−D + 4 ln(r)(gt)2c−2
0 + 1− 4C2(gt)

2c−2
0

)

r2
(

1 + exp
(

−D + 4 ln(r)(gt)2c−2
0 + 1− 4C2(gt)2c

−2
0

))

(1 +D)
.

G Yc~&I

�C`ba	��UV�	MJ[\`baey#OTSVUlf G Yc~&I _V`VOQPR�WueacMedxOTS5Sbai`VUV�cI � Pbdbf�PRMc^�j	`bae�WdxUV�VSV[Nj � ]�� OTSluJ]JM
MJ`VO�� OTSVU I
t�uJOT�VOTSVUVO���MJ`VO�� OTSVU�
)�(^ZMJO�dxUV�VOTSVUVO���MJO�dxUV�VUVSV[

gt

@^ZMJO�dxUV�VOTSVUVO$^�� dx]JMJ]Jk �T� ]��

`V]J�WuJU _V`V]JUV� j�]TPxflh�O�� Sba;`bac�T�WuJ]�fVSVUVU
r ≈ r1

�WueacSV]JMJUluJ� f MJ�TO�wJ]edxOTO�wJ[\�WuJ`V[!�!
qa
MJO�dxUV�VUVSba 
xPR]8� ]cuJ]J`V]Jk2`bac�WuJOWu$^�� dx]JM�aef1�T� ]J`V]J�WuJ� � MJ�TO�wJ]edx�co�OcI ! � OTSV�co�OTSVUVO#_V]��
�WuJ]�fVSVSV]Jk

C2
� PRMJU���acOWu	uJ]J�V�l^5Sba��bardRa�`V]J�Wuea

r1
MedxOTMJ]�
Za�^ZMJO�dxUV�VOTSVUVO ��MJ_V`bacMJ]VI�+�`VU

^�� OTSV�co�OTSVUVU
C2
ueac�ly#O(MJ]c��`bac�WueacOWu �Lac� �TU��Lardx�JSV]JO5��Sba��VOTSVUVO	
@� ]cuJ]J`V]��T]�PR]J�WuJU���acOWu

^�� dx]JM�aef �T� ]J`V]J�WuJ�VI)��a �Lardx[Nj;MJ`VO�� OTSbarj G
gt < 100

I�Sba�]J�TU;MJ`baeh�OTSVUlf MJ]c��SVUV�ZacOWu
wJOT�T� ]JSVOT�VSV]JO&_V]edx]�y(UluJO�dx�JSV]JO#��Sba��VOTSVUVO&^�� dx]JMJ]Jk��T� ]J`V]J�WuJU I +�]�j�]�y(UVO5`ba�PRUbardx�JSV[\O
`bac�T_V`VOQPRO�dxOTSVUlf `bac�T_V`VOQPRO�dxOTSVUlf MJ]c��SVUV�Zacgiu�_V`VU�McuJ]J`V]�� _V]TPbj�]TPRO&�;acSbardxUl�T^2_V]JMJO��
PROTSVUlf��VM�a�PR`baeuc^Z`V[ G Y "�IQI

���
C2 = 1

�
(gt)2 = 106 � � C2 = 1

�
(gt)2 = 108���
	 ���
��� ��-���!���()��!�#'7=*+� ����-���8�!��"������!�#'����#�����!�!�#'�&2�%��+2$3�����!��$-������ ��%��+2 ����� 


�����$@�%��& ���%��+2
������!�#'�&2�%�%�,��
C2 = 1

�
gt = 108 0

K)uJ]J`baef�MJ]c�F� ]�y(SV]J�WuJ�&^Z_V`V]ch�OTSVUlf�^Z`bacMJSVOTSVUlf G Yc�&I\�T]J�WuJ]JUlu�M(��dxOQPx^Zgih�O��\I�+�`VU
^Z_V`V]ch�OTSVUVU�^Z`bacMJSVOTSVUlf G Yc�&I/�Wueac`lo�U�� U�_V`V]JUl��MJ]TPRSV[!� U�_V`VOTSVOTwJ`VO���aeuJ��SVO�dx�c�Tf�
bueac���
y#O;SVO�dx�c�Tf*_V`VOTSVOTwJ`VO���aeuJ�9�T`ba�PRUVOTSluea	� U�UV�T� ]�� ]Jk*MJO�dxUV�VUVSV[�
 � ]�y(SV] _V`VOTSVOTwJ`VOT�V�
dxUlo���SVOT� ]cuJ]J`V[!� Ul�F� OTSVOTSVUVO�� ��a	� ]Jk�UV�T� ]�� ]Jk2MJO�dxUV�VUVSV[�I(tN]�� dRac�TSV] # uJ]��@^1��a	� O��
�bacSVUVg _V`VU�� O�� M�dxOTMJ]Jk(�bac�WuJU$M�� OT�WuJ]	��Sba��VOTSVUlf$_Zdx]cuJSV]J�WuJU$M��VM�a�PR`baeuJSV[Nj8�T� ]JwJ�Zarj
SVOT� ]cuJ]J`l^Zg ��^ZSV�VvVUVg

ρ̃(r)
U�_VOT`VOT_VUlo�O�� ^Z`bacMJSVOTSVUVO�M&MJU PRO��

−ρrr −
1

r

[

3 + 2
(gt)2

c20

ρ̃

(1 + ρ̃)2

]

ρr +
ρ2r

1 + ρ
= 0.

G X �&I

K ueac� ]�� MJU PRO # uJ]$SVO�dxUVSVOTkVSV]JO	PRU��-��OT`VOTSVvVUbardx�JSV]JO�^Z`bacMJSVOTSVUVO#��_VOT`VO�� OTSVSV[!� U
� ] # �-��UVvVUVOTSluea	� U�
/acSbardxUluJUV�VOT�T� ]JO�`VOWo�OTSVUVO�� ]cuJ]J`V]��T]�
L]JwJ]c��Sba��baef2Pbdbf �V`baeuJ� ]J�WuJU
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�

β(r) = ρ̃(1 + ρ̃)−2 
V��ac_VUV�T[\M�acOWuJ� f�M5MJU PRO��

ρ(r, t) = −1 + C2 exp

(

C1

∫

exp

(

−
∫
(

2(gt)2β(r)

rc20
+

3

r

)

dr

)

dr

)

.
G XlH�I

K `VOWo�OTSVUVO G XlH�I5^Z_V`V]ch�OTSVSV]��T] ^Z`bacMJSVOTSVUlf�MJ]co�dRaH��^ZSV�VvVUlf
β(r)


i� ]cuJ]J`baef SVO
� ]�y#OWu wJ[/uJ� _V`VUVSlfluea _V]edxSV]J�WuJ�Jg _V`V]JUl��MJ]edx�JSV]Jk�
�_V]J�T� ]edx�J�l^ ]JSba �TMcfl��acSba ��`ba��
PRUbardx�JSV[!�*`bac�T_V`VOQPRO�dxOTSVUVO���]J�TOTMJ]Jk;�T� ]J`V]J�WuJU I � Sba��VOTSVUVO

β(r)
� ]�y(SV]�]JvVOTSVUluJ��Ul�

`VOWo�OTSVUlf G XlH�I\M(Sba��bardx�JSV[\k � ]�� OTSlu$MJ`VO�� OTSVU
t = 0


RM8`VOW�T^�dx��ueaeuJO#_V]edb^Z�bacOWuJ� f2MJ[,�
`baey#OTSVUVO

β(r) =

(

exp

(

− C1

2r2

)

C2 − 1

)(

exp

(

− C1

2r2

))

−2

C−2
2 .

G X�Y�I
+�]J��dxO�_V]TPR�WueacSV]JMJ�VUHG X�Y�INM$G XlH�I)��ac_VUlo�O�� _V]edb^Z�VOTSVSV]JO�MJ[\`baey#OTSVUVO�M&MJU PRO��

ρ(r, t) = −1 + C2 exp

(

C1

∫

exp

(

− (gt)2

c20C2

Ei

(

1,− C1

2r2

)

+
(gt)2

c20C
2
2

Ei

(

1,−C1

r2

)

− 3 ln(r)

)

dr

)

.

G XJX&I

� PROT�T���T]�jl`bacSVOTSV[!]JwJ]c��Sba��VOTSVUlf�Pbdbf # � �T_V]JSVOTSVvVUbardx�JSV[Nj;UVSluJO��T`bardx]JM Ei(a, z) =
za−1Γ(1− a, z)

Ul�(� ��� I)KN[\`baey#OTSVUVO(G XJX&INU�� OTOWu8��dx]�y(SV[\k�MJU PC
xacSbardxUluJUV�VOT�T�VU���ac_VU��
��aeuJ�&UVSluJO��T`bard2M5_V`bacMJ]Jk��bac�WuJU�SVO�^�P�acOWuJ� f I
� Ul��UV�VOT�T�VUVk#��� [\��d&_V]J�WuJ]�fVSVSV[Nj�UVSluJO��T`VUV`V]JM�acSVUlf#M%G XJX&I � ]�y(SV]qMJ[/fV�TSVUluJ�idxUlo��

M	Sba��bardx�JSV[\k(� ]�� OTSlu�MJ`VO�� OTSVU�
l_V]J�WuJ]�fVSVSV[\O�UVSluJO��T`VUV`V]JM�acSVUlf8]J�Zae��[\M�acgiuJ� f$acSbardx]��
�TUV�VSV[!� U�`VOWo�OTSVUVg
G Y � I 
xa#MJ[\`baey#OTSVUVO(G XJX&IN_VOT`VO�j�]TPRUlu$M$G Y � IQI
����_V`VOQPR_V]edRa	��acO�� [Nj$�T`bacSVUV�VSV[Nj�^J��dx]JMJUVk�_V]JSlfluJSV]�
x�luJ]&_V`bacM�aef��bac�WuJ�(MJ[\`baey#O��

SVUlf)G XJX&IRPR]edby(Sbaq�WuJ`VO�� UluJ�J� f&��Sl^�dxg _V`VU#wJ]edx�co�UZj�`bac�T�WuJ]�fVSVUlfZj�PR]�]J�TU#MJ`baeh�OTSVUlf�

�luJ]H� ]�y(SV] UV�T_V]edx�c��]JM�aeuJ��Pbdbf _V]edb^Z�VOTSVUlf �TMcfl��U � OWy#Px^ _V]J�WuJ]�fVSVSV[!� U UVSluJO��T`VU��
`V]JM�acSVUlf

C1


C2
I +�]edb^Z�VOTSVSV[\O�MJ[\`baey#OTSVUlf Pbdbf _Zdx]cuJSV]J�WuJU MJUZjl`VOTMJ]��T];MJ]c�F�@^ h�O��

SVUlfAG Yc�&I)UAG XJX&IL_V]J�Zae��[\M�acgiu5OTO�`V]J�Wu5�q^ZMJO�dxUV�VOTSVUVO�� `bac�T�WuJ]�fVSVUlf8PR]#]J�TU$MJ`baeh�OTSVUlf
U �T`bacSVUV�VSV]��@^ ^J��dx]JMJUVg.Sba�wJ]edx�co�UZj `bac�T�WuJ]�fVSVUlfZj PR];]J�TU MJ`baeh�OTSVUlf SVO�^�PR]JMedxO��
uJMJ]J`�fVgiurI ��SluJO��T`bard;M$_V`bacMJ]Jk1�bac�WuJU G XJX&I��l^ZMJ�WuJMJUluJO�dxOTS;�1uJ]J�VSV]J�WuJU�MJ[\�VUV��dxOTSVUVk�

��a	� ]#y#O�MJ[\`baey#OTSVUVO G XJX&I)SVO�^�P�acOWuJ� f�Ul��]JwJ`bae��UluJ�5M#MJU PRO��T`ba	��UV�Za#_V`VU�_V`V]JUl��MJ]edx���
SV[Nj(��Sba��VOTSVUlfZj

C1


C2
Sba	MJOWh�OT�WuJMJOTSVSV]Jk�_V]edb^J]J�TU

r
I.��a	`VUV�cIV��Ul��]JwJ`baey#OTS �T`ba	��UV�

_Zdx]cuJSV]J�WuJU�
xMJ[\�VUV��dxOTSVSV[\k�_V])G XJX&I�I)t ��Ul��UV�VOT�T� ]Jk�uJ]J�V�VU$��`VOTSVUlf�`ba�PRUbardx�JSV[\O�`bac���
_V`VOQPRO�dxOTSVUlf�_V`VOQPR�WueacMedxOTSVSV[\O�Sba#`VUV�cIR��U�`VUV�cIxX#�T]�� SVUluJO�dx�JSV[�
RU��W^ h�OT�WuJMJOTSVSV]$]cu��
dxUV�bacgiuJ� f5]cu�_V`VOQPR�WueacMedxOTSVSV[Nj5Sbaq`VUV�cI�YZI@tLdxOQPR]JM�aeuJO�dx�JSV]�^Z_V`V]ch�OTSVUVO\_V`VU�� OTSlfVO�� ]JO
Pbdbf�_V]edb^Z�VOTSVUlf G X �&I/Ul� G Yc�&I 
Ra#ueac�ly#O�^Z_V`V]ch�OTSVUVO�� PRO�dRacSVSV]JO	_V`VU�_V]edb^Z�VOTSVUVU G Yc�&I�

Sl^ y#P�acgiuJ� f M1^ uJ]J�VSVOTSVUVU I � PRSbac� ]2_V]edb^Z�bacO�� [\O�Ul�4G XJX&I 
 G HrY�I�^�� dx]JMJ[\O��T� ]J`V]J�WuJU
U�� OTgiu1�TMJ]JkV�WuJM�a 
@^�PR]JMedxOWuJMJ]J`VUluJO�dx�JSV]1]J_VUV�T[\M�acgih�UVO$U�� OTgih�UVOT� f�P�acSVSV[\O8Sbacwedxg �
PROTSVUVk I

���
	 ��� ���)�43����4��7�%��425@&��-���!���()��!�#'7=-�,?����� ��%��+2 ����� 
 3���2�@�%��& ���%���8�����!�#'�&2�%�%�,��
C1 = 10, C2 = 1, gt = 1 0� ���������/3��/����%�%�,?85��%�#'�������4�5-�������-���8� ���!�#'� ����� 
 @&��()��%+2+��! 25%��<�������/3��/����%�%�,?8

!������/3��/����()����%�#'������������-'��%��+2
(0, x)

�$ ���!/����%�%��=��%�#'������������-'�4��! 2
0
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KN[\`baey#OTSVUVO\Pbdbf8�VM�a�PR`baeuea�^�� dx]JMJ]Jk8�T� ]J`V]J�WuJU�
VMJ[\�VUV��dxOTSVSV]Jk$Ul��G HrY�I�
�G XJX&I U�� OTOWu
MJU P �

Ω2(r, t) =
c20C1

r
exp

(

−(gt)2

C2c
2
0

Ei

(

1,− C1

2r2

)

− (gt)2

C2
2c

2
0

Ei

(

1,−C1

r2

)

+ 3 ln(r)

)

.
G X � I

���$G XJX&I 
 G X � I�]J_V`VOQPRO�dxUluJ����Sba��VOTSVUlf2� ]JSV�WueacSlu�SVO#_V`VOQPR�WueacMedbfVOWuJ� f MJ]c�F� ]�y(SV[!�\I
� PRSbac� ]�UZj1��Sba��VOTSVUlfA� ]�y(SV]$_V]TPR]JwJ`baeuJ�$ueac��
>�luJ]JwJ[ _V]edb^Z�VOTSVSV]JO&MJ[\`baey#OTSVUVO)G X � I
�T]J]cuJMJOWuJ�WuJMJ]JM�ardx]�_V`VOQPR_V]edRa	��acO�� ]Jk4��Ul��UV� O&fVMedxOTSVUlf I ! � dx]JM�aef��T� ]J`V]J�WuJ��fVMedbfVOWuJ� f
# � �T_VOT`VU�� OTSlueardx�JSV]5Sbacwedxg)P�acO�� ]Jk8MJO�dxUV�VUVSV]Jk�
ZU(�T`bacMJSVOTSVUVOqMJ[\`baey#OTSVUVk G Yc~&I�
 G X � I@�
# � �T_VOT`VU�� OTSlueardx�JSV[!� U�P�acSVSV[!� U�fVMedbfVOWuJ� f�OQPRUVSV�WuJMJOTSVSV[!� �V`VUluJOT`VUVO�� _V`VUVO�� dxO�� ]��
�WuJU$� ]TPRO�dxU I
KN[\�VUV��dbflfH�T`ba	��UV�VU MJ[\`baey#OTSVUlf G X � I�_V`VU `bae�WdxUV�VSV[Nj ��Sba��VOTSVUlfZj _V]J�WuJ]�fVSVSV[Nj

UVSluJO��T`VUV`V]JM�acSVUlf � ]�y(SV](^ZMJU PROWuJ��
 �luJ]
C1
U
C2
�TMcfl��acSV[ PR`l^�����PR`l^��T]�� U1MedxUlfVgiu

Sba�`ba�PRUbardx�JSV]JOi`bac�T_V`VOQPRO�dxOTSVUVO�G X � I@Ul�F� OTSlflf �Lac� �TU��Lardx�JSV]JO���Sba��VOTSVUVO\PR]J�WuJU���acO�� ]��
�T]�^�� dx]JMJ]Jk �T� ]J`V]J�WuJ�Jg U Ul�F� OTSlflf _V]edx]�y#OTSVUVO(uJ]J�V�VU

r = r1
I�K�MJ[\`baey#OTSVUVU G Yc�&I

U�� OTOWuJ� f OQPRUVSV�WuJMJOTSVSbaef;_V]J�WuJ]�fVSVSbaef
C2

>acSbardx]��TUV�VSV[!� ]JwJ`bae��]���MedxUlfVgih#aef�Sba$_V]��

db^Z�bacO�� ]JO�`bac�T_V`VOQPRO�dxOTSVUVOcI
��a\`VUV�cIr�\_V`VOQPR�WueacMedxOTSV[H�T`ba	��UV�VU�_V]edx]�y(UluJO�dx�JSV]��T]���Sba��VOTSVUlf	� ]J`VSlf�Ul�)MJ[\`baey#O��

SVUlf4G X � I/_V`VU�`bae�WdxUV�VSV[Nj���Sba��VOTSVUlfZj�_V]J�WuJ]�fVSVSV[Nj
C1


C2
U�M5`bae�WdxUV�VSV[\O�� ]�� OTSluJ[

MJ`VO�� OTSVU I0+�`VU���Sba��VOTSVUlfZj
C2 6= 1

_V]�fVMedbfVOWuJ� f2SVO�`bacMJSbaef�Sl^�dxg � SVU��Laef1�bac�WuJ��`VO��
o�OTSVUlf�
 SVO&��Sba��VUluJO�dx�JSbaef _V]�MJO�dxUV�VUVSVO	
@_V]JMcuJ]J`�fVgih#aefH�T`ba	��UV�;^�� dx]JMJ]Jk �T� ]J`V]J�WuJU
G `VUV�cIR�&I�I

���
C1 = 1

�
C2 = 1

�
gt = 1 � � C1 = 45

�
C2 = 1

�
gt = 1

���
C1 = 45

�
C2 = 100

�
gt = 1

�
�
C1 = 45

�
C2 = 1

�
gt = 100

� �
C1 = 100

�
C2 = 100

�
gt = 100 � � C1 = 45

�
C2 = 10000

�
gt = 100
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0
� ]J`��La��T`ba	��UV� ]JM(Sba&`VUV�W^ZSV�Zarj��5U � _V]J�Zae��[\M�acOWu�
R�luJ]8SVOT_V]J�T`VOQPR�WuJMJOTSVSV]$Sba5]J�TU

MJ`baeh�OTSVUlf1_V`VU
r = 0

U�MJ_Zdx]cuJ�5PR]8SVOT� ]cuJ]J`V]��T]�
���acMJUV� flh�O��T]$]cu8��Sba��VOTSVUVk1_V]J�WuJ]�fVS��
SV[Nj�UVSluJO��T`VUV`V]JM�acSVUlf�
�`bac�T�WuJ]�fVSVUlf

r ≈ r1
^�� dx]JM�aef	�T� ]J`V]J�WuJ��]J�WueacOWuJ� f5`bacMJSV]Jk	Sl^�dxg	I

�qSbardx]��TUV�VSbaef1]J�T]JwJOTSVSV]J�WuJ�$`bac�T_V`VOQPRO�dxOTSVUlf2_V]8`ba�PRUl^J�W^�Sbacwedxg)P�acOWuJ� f # � �T_VOT`VU�� OTS��
ueardx�JSV]$Pbdbf;�V`l^Z_VSV[Nj;MJUZjl`VOTk M�aeu�� ]J����OT`VO(U�Sbae��[\M�acOWuJ� f���� dRae��]�����MJUZjl`�f � X�� I8K
��db^Z�bacO5MJUZjl`VOTk�PR]J�WueaeuJ]J�VSV]$�Lardx]��T]$`bae�F� OT`ba$ueac� ]Jk�]J�T]JwJOTSVSV]J�WuJU # � �T_VOT`VU�� OTSlueardx���
SV]1SVO8Sbacwedxg)P�acOWuJ� f M�]cu�dxUV�VUVU ]cu1`VUV�cI@��U `VUV�cI � 
La�]cu�� OT�bacOWuJ� f �W^ h�OT�WuJMJ]JM�acSVUVO
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�

�rf PR`ba �(MJUZjl`�f�
RM&� ]cuJ]J`V]�� ^�� dx]JM�aef��T� ]J`V]J�WuJ�8MJ`baeh�OTSVUlf�]J�WueacOWuJ� f1_V`VUVwedxUl��UluJO�dx�JSV]
SVOTUl�F� OTSVSV]Jk&Sba�`bac�T�WuJ]�fVSVUVU&]cu�]J�TU5MJ`baeh�OTSVUlf	PR]�SVOT� ]cuJ]J`V]��T]�`bac�T�WuJ]�fVSVUlf

r ≈ r2
� Y1� I

��a#`bac�T�WuJ]�fVSVUlfZj�]cu&]J�TU�MJ`baeh�OTSVUlf
r > r1


b�T]�� dRac�TSV]&`VUV�cIx�5U�`VUV�cI � Sba��VUVSbacOWuJ� f
_V`bac�luJUV�VOT�T�VU �T�Za��V� ]J]JwJ`bae��SV[\k `V]J�Wu�MJO�dxUV�VUVSV[�^�� dx]JMJ]Jk;�T� ]J`V]J�WuJU I +�`VUA� OTSV�co�UZj
��Sba��VOTSVUlfZj1_V]J�WuJ]�fVSVSV]Jk

C1
M G X � I\^�� dx]JM�aef��T� ]J`V]J�WuJ�&PR]J�WuJU���acOWu�wJ]edx�co�UZj�MJO�dxUV�VUVS�


a�_V`VU5wJ]edx�co�UZj#��Sba��VOTSVUlfZj
C1
� � OTSV�co�UZj�I 2�M�a�PR`baeu�^�� dx]JMJ]Jk5�T� ]J`V]J�WuJU G X � I PR]J�WuJU��

��acOWu2Sba�`bac�T�WuJ]�fVSVUVU
r ≈ r2

�Lac� �TU��Lardx�JSV]��T]���Sba��VOTSVUlf U ]J�WueacOWuJ� f ]��T`bacSVUV�VOTSVSV[!�
Sba�dxgqwJ]�� `bac�T�WuJ]�fVSVUVU&PR]�]J�TU8MJ`baeh�OTSVUlf(_V`VU8_V]edx]�y(UluJO�dx�JSV[Nj&��Sba��VOTSVUlfZj8_V]J�WuJ]�fVS��
SV]Jk

C1
U
C2 > 0.0022

I)+�`VU;]cuJ`VUVvbaeuJO�dx�JSV[Nj ��Sba��VOTSVUlfZj _V]J�WuJ]�fVSVSV]Jk
C1
^�� dx]JM�aef

�T� ]J`V]J�WuJ�	SVOT]��T`bacSVUV�VOTSVSV]�^�� OTSV�co#acOWuJ� f$Sba�]J�TU&MJ`baeh�OTSVUlf�
 �luJ]�SVOi_V`VUVO�� dxO�� ]�� ��U��
��UV�VOT�T� ]Jk uJ]J�V�VU ��`VOTSVUlf U fVMedbfVOWuJ� f _V]JMJ]TPR]���]cuJ�Zae��aeuJ�J� f ]cu�]cuJ`VUVvbaeuJO�dx�JSV[Nj

C1
I

���F� OTSVOTSVUVO���Sbac�Za8_V]J�WuJ]�fVSVSV]Jk
C2
SVO	Ul�F� OTSlfVOWu�_V`VOQPR�WueacMedxOTSVSV[\O&Sba(`VUV�cI �(�T`ba	��U��

�VU I
��a `bac�T�WuJ]�fVSVUlfZj

r > r2

�� PRO

r2
� SVOT� ]cuJ]J`baef�uJ]J�V�Za _VOT`VO��TUVw�a Sba �T`ba	��UV�Zarj

`VUV�cI\� 
iMJO�dxUV�VUVSba ^�� dx]JMJ]Jk �T� ]J`V]J�WuJU9� ]JSV]cuJ]JSVSV] ^�� OTSV�co#acOWuJ� f ��`V]J�WuJ]�� `bac�T�WuJ]��
fVSVUlf I(K�Sba��bardx�JSV[\k�� ]�� OTSlu�MJ`VO�� OTSVU�
n�T]�� dRac�TSV]HG YJ��I 
>^�� dx]JM�aef��T� ]J`V]J�WuJ��]JwJ`baeuJSV]
_V`V]J_V]J`VvVUV]JSbardx�JSba��VM�a�PR`baeuc^�`bac�T�WuJ]�fVSVUlf	PR]�]J�TU#MJ`baeh�OTSVUlf I K���acMJUV�TU�� ]J�WuJU&]cu���Sba��
�VOTSVUVk _V]J�WuJ]�fVSVSV[Nj UVSluJO��T`VUV`V]JM�acSVUlf MJ[\`baey#OTSVUVO G X � I�� ]�y#OWu$PR]JMJ]edx�JSV])� OQPbdxOTSVSV]
^�� OTSV�co#aeuJ�J� f���`V]J�WuJ]�� `bac�T�WuJ]�fVSVUlf�]cu&]J�TU�MJ`baeh�OTSVUlf I

� `V]J�WuJ]��
C1
G `VUV�cIr�&I�^�� OTSV�co#acgiuJ� f �Lac� �TU��Lardx�JSV[\OL��Sba��VOTSVUlf�^�� dx]JMJ]Jk	�T� ]J`V]J�WuJU�


SV]A��]J`��La2`bac�T_V`VOQPRO�dxOTSVUlf � OTSlfVOWuJ� f SVO��W^ h�OT�WuJMJOTSVSV]VI +�`VU # uJ]���^ZMJO�dxUV�VUVM�acOWuJ� f
`bac�T�WuJ]�fVSVUVOi]cu�]J�TU5MJ`baeh�OTSVUlf&Sba�� ]cuJ]J`V]���Sba��VUVSbacOWuJ� f&��Sba��VUluJO�dx�JSV[\k8`V]J�Wu�^�� dx]JMJ]Jk
�T� ]J`V]J�WuJU�
@urI�OcI�MJO�dxUV�VUVSba

r1
^ZMJO�dxUV�VUVM�acOWuJ� f �&`V]J�WuJ]��

C1
I�KN_V`bacMJ]�� PRMJU���acOWuJ� f U

MJO�dxUV�VUVSba
r2
��`V]J�WuJ]��

C1
I

t uJOT�VOTSVUVO���MJ`VO�� OTSVU2`ba�PRUbardx�JSV]JO	`bac�T_V`VOQPRO�dxOTSVUVO$G X � I � OTSlfVOWuJ� f�
 ^�� OTSV�co#acOWuJ� f
�Lac� �TU��Lardx�JSV]JO���Sba��VOTSVUVO5U1`bac�Wo�UV`�fVOWuJ� f;_V]$`ba�PRUl^J�W^ G ^ZMJO�dxUV�VUVM�acOWuJ� f

r1
I�
 _VUV��^����

dx]JMJ]Jk��T� ]J`V]J�WuJU���� dRaey(UVM�acOWuJ� f�
 ��� dRae� �8MJUZjl`�f�^ZMJO�dxUV�VUVM�acOWuJ� f I�K # uJ]�� ]cu�dxUV�VUVO	]cu
MJ[\`baey#OTSVUlf G Yc~&I�
 � PRO���uJOT�VOTSVUVO�� MJ`VO�� OTSVU �Lac� �TU��Lardx�JSV[\O	��Sba��VOTSVUlf�^�� dx]JMJ]Jk1�T� ]��
`V]J�WuJU$`bac�Wuc^ u&wJOW��Ul�F� OTSVOTSVUlf$MJO�dxUV�VUVSV[ ��� dRae��a �#MJUZjl`�f I +�]JMJOQPROTSVUVO�G X � I MJ]	MJ`VO�� O��
SVU1��acMJUV�TUlu�]cu$��Sba��VOTSVUVk�_V]J�WuJ]�fVSVSV[Nj2UVSluJO��T`VUV`V]JM�acSVUlf�
>��`V]J�WuJ]��

C2
� OTSlfVOWuJ� f�Sba

^ZMJO�dxUV�VOTSVUVO�^�� dx]JMJ]Jk��T� ]J`V]J�WuJU�MJ]5MJ`VO�� OTSVU I
� Sba��VOTSVUlf*ueacS��TOTSVvVUbardx�JSV]Jk��T� ]J`V]J�WuJU�
5�T]J]cuJMJOWuJ�WuJMc^Zgih�UVO _V`VOQPR�WueacMedxOTSVSV[!�%Sba

`VUV�cIC�&^�� dx]JMJ[!���T� ]J`V]J�Wu�f�� _V`VU1SVOT� ]cuJ]J`V[Nj1��Sba��VOTSVUlfZj2_V]J�WuJ]�fVSVSV[Nj1UVSluJO��T`VUV`V]JM�a��
SVUlf&_V`VOTMJ]J� j�]TPxflu#�T� ]J`V]J�WuJ����Mc^Z�ZalILtNMJOT`JjZ��Mc^Z� ]JMJ[\O��T� ]J`V]J�WuJU8MJ]c��SVUV�Zacgiu	M(G X � ICPbdbf
MJUZjl`VOTMJ[Nj	MJ]c�F�@^ h�OTSVUVk�SVOLwJ]edx�co�]��T]i`bae�F� OT`ba 
c_V`VU���Sba��VOTSVUlfZj

C1 < 45

r�)`V]J�WuJ]��

C2�Lac� �TU��Lardx�JSV[\O�ueacS��TOTSVvVUbardx�JSV[\O5�T� ]J`V]J�WuJU2MJUZjl`�f�^ZMJO�dxUV�VUVM�acgiuJ� f I�KNOT`V]�fluJSV]8ueacS��
�TOTSVvVUbardx�JSbaef8�T� ]J`V]J�WuJ�	MJ`baeh�OTSVUlf8MJUZjl`VOTk�
�j ac`bac�luJOT`VUl�T^JO�� [Nj$ueac�VU�� U8`bae�F� OT`ba	� U(U
��Sba��VOTSVUlf�� U�_V]J�WuJ]�fVSVSV[Nj2UVSluJO��T`VUV`V]JM�acSVUlf�
>SVO%� ]�y#OWu$_V`VOTMJ[\�TUluJ���T� ]J`V]J�WuJ����Mc^Z�Za 

_V]J�T� ]edx�J�l^4��]J`�� UV`V]JM�acSVUVO(MJUZjl`VOTk OT�WuJ�1SVOT�VUVk _V`V]JvVOT�T�	
nPR]J�Wuc^Z_VSV[\k Sbacwedxg)PROTSVUVg
dxUlo���Sba�_V]c��PRSVO�� # ueac_VO/`bae��MJUluJUlf I ��`l^�PRSV]q_V`VOQPR�WueacMJUluJ���TOTwJO)_V`V]JvVOT�T�N_V`VUVMJ]TPxflh�UVk
��MJ]c��SVUV�VSV]JMJOTSVUVg MJUZjl`VOTk�
bMJ`baeh#acgih�UZj�� f����TMJOT`JjZ��Mc^Z� ]JMJ]Jk��T� ]J`V]J�WuJ�Jg	I
��� OTOWuJ� f�PRUbac_bae��]JS1��Sba��VOTSVUVk�_V]J�WuJ]�fVSVSV[Nj�UVSluJO��T`VUV`V]JM�acSVUlf�
>_V`VU2� ]cuJ]J`V[Nj1ueacS��

�TOTSVvVUbardx�JSV[\O��T� ]J`V]J�WuJU MJ`baeh�OTSVUlf MJUZjl`�f SVO8_V`VOTMJ[/o#acgiu��T� ]J`V]J�WuJ�1��Mc^Z�Za�U ]J�Wuea��
giuJ� f&PR]JMJ]edx�JSV]���Sba��VUluJO�dx�JSV[!� U I,+�`VU&��Sba��VOTSVUVU

C2 = 1
ueacS��TOTSVvVUbardx�JSV[\O��T� ]J`V]J�WuJU

MJ[\�VUV��dxOTSVSV[\O&_V]�G X � Ii�WueacSV]JMcfluJ� fA� OTSV�co�O5�T� ]J`V]J�WuJU���Mc^Z�Za$_V`VU1��Sba��VOTSVUlfZj2_V]J�WuJ]��
fVSVSV]Jk

C1 > 45
I �@ac�VUVO8MJUZjl`VU �WueacSV]JMcfluJ� f PR]J�WueaeuJ]J�VSV]�wJ]edx�co�U�� U U MJSl^ uJ`VOTSVSlflf

�WuJOTSV�Za(MJUZjl`�f�`bac�T_V]edRa	��acOWuJ� f�Sba#`bac�T�WuJ]�fVSVUVU�]cu&]J�TU�MJ`baeh�OTSVUlf�SVO-� OTSV�co�O5HJI �%�\I
K P�acSVSV[Nj�Sbacwedxg)PROTSVUVk���a��bac�Wuc^Zg ��U��W^Z`VUV`l^Zgiu U�� OTSVSV] ueac�VUVOA� UVSVU��Lardx�JSV[\O

`bae�F� OT`V[!MJ]c��SVUV�Zacgih�UZj2uJ]J`VSba�PR]�UZdxU���� OT`V�VOTk G MJ]TPxfVSV[Nj2UZdxU�_V[NdxOTMJ[Nj I�� X�� I%+�`VU
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^ZMJO�dxUV�VOTSVUVU ��Sba��VOTSVUlf _V]J�WuJ]�fVSVSV]Jk
C1
^ZMJO�dxUV�VUVM�acOWuJ� f `bae�F� OT` MJUZjl`�f U ^�� OTSV�co#a��

giuJ� f�ueacS��TOTSVvVUbardx�JSV[\O��T� ]J`V]J�WuJU�MJ`baeh�OTSVUlf�
ba�_V`VU$^ZMJO�dxUV�VOTSVUVU���Sba��VOTSVUlf�_V]J�WuJ]�fVS��
SV]Jk

C2
^�� OTSV�co#acOWuJ� f `bae�F� OT` MJUZjl`�f U ^ZMJO�dxUV�VUVM�acgiuJ� fD�Lac� �TU��Lardx�JSV[\O$ueacS��TOTSVvVU��

ardx�JSV[\O(�T� ]J`V]J�WuJU�
 a�ueac�ly#O(MJSl^ uJ`VOTSVSlflf �WuJOTSV�Za ��� dRae��a ��MJUZjl`�f �WueacSV]JMJUluJ� f wJ]edxOTO
MJ[\`baey#OTSVSV]Jk I-+�]TPRwJ]J`V]�� PRMc^�j���Sba��VOTSVUVk2_V]J�WuJ]�fVSVSV[Nj

C1
U
C2
MAG X � I!� ]�y(SV]8]J_VU��

��aeuJ�&`bae�WdxUV�VSV[\O	Sbacwedxg)P�acgih�UVOT� f�M&_V`VUV`V]TPRO�� ]JS���U��W^Z`bacvVUVU��V`l^Z_VSV[Nj�MJUZjl`VOTk I
���T^Z�baef �T`ba	��UV�VU8`VUV�cIV�0� ]�y(SV]���ac�Zdxgq�VUluJ��
V�luJ] � ]TPRO�dx�JSV]JOqMJ[\`baey#OTSVUVO�G X � I Sba

�Za��VOT�WuJMJOTSVSV]���^Z`V]JMJSVO(_V`VUVO�� dxO�� ]�]J_VUV�T[\M�acOWu�SVOT� ]cuJ]J`V[\O$�TMJ]JkV�WuJM�a��V`l^Z_VSV[Nj MJUZj'�
`VOTMJ[Nj&MJ]c�F�@^ h�OTSVUVk�
lSbacwedxg)P�acO�� [Nj&M	aeu�� ]J����OT`VO�� X�� I KN[\`baey#OTSVUVO G XJX&I SVO\fVMedbfVOWuJ� f
`VOWo�OTSVUVO�� ^Z`bacMJSVOTSVUlf G Yc�&I 
>_V]J�T� ]edx�J�l^2_V]edb^Z�VOTSV]�_V`VU�PR]JMJ]edx�JSV]��T_V]J`VSV]�� _V`VOQPR_V]��
dx]�y#OTSVUVU�
l]TPRSbac� ]�� ]�y#OWu�wJ[/uJ��UV�T_V]edx�c��]JM�acSV]	M	�Za��VOT�WuJMJO�� ]TPRO�dx�JSV]��T]�
Zueac�ly#Oq�Zac�(U
MJ[\`baey#OTSVUVO)G Yc�&I�I0��ack PROTSVSV]JO#MJ[\`baey#OTSVUVO)G X � IiUZdxUDG Yc~&I � ]�y(SV]8Sbae��M�aeuJ� � ]TPRO�dx�Jg
_V]edxSV]J�WuJ�Jg `bae��MJUluJ]��T] MJUZjl`�f ��MJOT`luJUV�Zardx�JSV]Jk ]J�T�Jg�MJ`baeh�OTSVUlf�
-� ]TPRO�dxUV`l^Zgih	^Zg
_V]c��PRSVgqg �Wuea�PRUVg `bae��MJUluJUlf�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I
KN[\`baey#OTSVUlf9G Yc�&I�
!G XJX&IqPRO�dRacgiu�]J�VOTMJU PRSV]Jk SVOT]Jw�j�]TPRU�� ]J�WuJ�;ac�V�l^Z`baeuJSV]��T]2^Z�VOWuea

]J�TOTMJ]Jk��T� ]J`V]J�WuJU�
 _V]c��MJ]edbfVgih�O��T]8Ul��wJOWy5aeuJ�(MJ]c��SVUV�VSV]JMJOTSVUlf�wJOT�T� ]JSVOT�VSV]J�WuJU1Sba&]J�TU
MJ`baeh�OTSVUlf I@KNOT`V]�fluJSV]qSba�Sba��bardx�JSV]Jk��Wuea�PRUVU	`bae��MJUluJUlf	MJUZjl`VOTMJ]��T]iMJ]c�F�@^ h�OTSVUlf	M�aey��
SV[!� fVMedbfVOWuJ� f�^Z�VOWu ��^ZSV�VvVUVU

ŵ(r) 6= 0

n� ]cuJ]J`baef�fVMedbfVOWuJ� f Sba��bardx�JSV[!� Mej�]TPRSV[!�

_bac`ba	� OWuJ`V]�� � ]TPRO�dxU I
KLdxUlfVSVUVO�Mcfl��� ]J�WuJU Sba2_V`V]cuJOT�Zacgih�UVO�fVMedxOTSVUlf Sl^ y#P�acOWuJ� f M�Ul�T^Z�VOTSVUVU I � PROT�T�

� ]�y(SV]�dxUlo��#�WuJ`V]JUluJ�5_V`VOQPR_V]edx]�y#OTSVUlf I)KN]c�F� ]�y(SV]�U�� OTSVSV]#Mcfl��� ]JOquJ`VOTSVUVO-� OWo#acOWu
^�� dx]JMJ]Jk8�T� ]J`V]J�WuJU5PR]J�WuJUV�V���V`backVSVOiMJ[\�T]J�VUZj&��Sba��VOTSVUVk8Sba�]J�TU(MJ`baeh�OTSVUlf ILKN]c�F� ]�y��
SV]�ueac�ly#O)Pbdbf#MJUZjl`VOTk&SVOTwJ]edx�co�]��T]�`bae�F� OT`ba ��� dRae� ��MJUZjl`�f5M�MJU PRO\Sl^�dxOTMJ[Nj#^�� dx]JMJ[Nj
�T� ]J`V]J�WuJOTk1MJ`baeh�OTSVUlf�Sbacwedxg)P�aeuJ�J� f � ]�y#OWu5dxUlo��(M(U PRO�ardx�JSV]Jk�y(U PR� ]J�WuJU�
�a&M&Mcfl�/�
� ]Jk�y(U PR� ]J�WuJU1MJOT`V]�fluJSVOTO�Sbacwedxg)PROTSVUVO �rf PR`ba �(MJUZjl`�f I * OTkV�WuJMJUluJO�dx�JSV]�
xPbdbf � OTSV���
o�UZj&MJUZjl`VOTk�PR]edby(SV[ Sbacwedxg)P�aeuJ�J� f&wJ]edx�co�UVO\��Sba��VOTSVUlf&^�� dx]JMJ]Jk&�T� ]J`V]J�WuJU(wedxUl��� ]��
]J�TU$MJ`baeh�OTSVUlf�
��T`ba�PRUVOTSluJ[ ueacS��TOTSVvVUbardx�JSV]Jk��T� ]J`V]J�WuJU�MJwedxUl��U$]J�TU$MJ`baeh�OTSVUlf�MJO�dxU��
�VU#U#Mcfl���VUVO)fVMedxOTSVUlf#_V`V]�fVMedbfVgiuJ� f5MquJ]��!
J�luJ]�`ba�PRUbardx�JSV]JO/`bac�T_V`VOQPRO�dxOTSVUVO\^�� dx]JMJ]Jk
�T� ]J`V]J�WuJU�MJ[\`bacMJSVUVM�acOWuJ� f�
bM5`VOW�T^�dx��ueaeuJO ��� dRae��a �&MJUZjl`�f�SVO�Sbacwedxg)P�acOWuJ� f�
Ra�Sbacwedxg �
P�acOWuJ� f �rf PR`V] �$MJUZjl`�f I * dbf1�V`l^Z_VSV[Nj1MJUZjl`VOTk2MedxUlfVSVUVO#Mcfl��� ]J�WuJU2MJOT`V]�fluJSV]���dRacwJOTO
U�SVO�_V`VUVMJ]TPRUlu(��_V`VOT]JwJ`bae��]JM�acSVUVg ��� dRae��a �&MJUZjl`�f�M&O��T] �rf PR`V] �rI

� = 5 =��(D@F��=E@F@E���:�;xD
	�<LD�� �xF@D��

+�`VU MJ[\MJ]TPRO4G Yc�&I 
-G XJX&I�SVOT_V]J�T`VOQPR�WuJMJOTSVSV] SVO�UV�T_V]edx�c��]JM�ardxUV�T�;��dRa	��acO�� [\O
αρ
U

gβρ(1 + ρ)−1 ^Z`bacMJSVOTSVUlf�G YJY�I 
Zj ac`bac�luJOT`VUl�T^Zgih�OTO	Mc��acU�� ]TPROTkV�WuJMJUVO�MJUZjl`�f����WuJ`baeuJU��
��UV�ZacvVUVOTkA��]JSV]JMJ]��T]8�T]J�WuJ]�fVSVUlf�
C� ]cuJ]J`V]JO�fVMedbfVOWuJ� f ��Ul��UV�VOT�T� ]Jk�_V`VUV�VUVSV]Jk1^J�TUZdxO��
SVUlf MJUZjl`VOTMJ]��T]1MJ]c�F�@^ h�OTSVUlf I 2�]JSVOT�VSV] # uJ]�PRO�dRacOWu1MJ[\`baey#OTSVUlf G Yc�&I�
 G XJX&I�MJOT�T���La
_V`VUVwedxUly#OTSVSV[!� U U;dxUlo��2�bac�WuJUV�VSV]�]J_VUV�T[\M�acgih�U�� U �WuJ`l^Z�luc^Z`l^ �V`l^Z_VSV]��T]2MJUZjl`�f
U�uJ]edx�J� ]8Sba&�Zac� ]�� � uJ](_V]c��PRSVO�� # ueac_VO�O��T](`bae��MJUluJUlf I ��a&Sba��bardx�JSV[Nj # ueac_barj�OQPRUVS��
�WuJMJOTSVSV]Jk _V`VUV�VUVSV]Jk;^ZMJO�dxUV�VOTSVUlf;^�� dx]JMJ[Nj �T� ]J`V]J�WuJOTk MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf�
@�T]��
� dRac�TSV]q^Z`bacMJSVOTSVUVg G YZH�I 
efVMedbfVOWuJ� f�Mc��acU�� ]TPROTkV�WuJMJUVO\����]JSV]JMJ[!��uJOT�VOTSVUVO��!
�Mq`VOW�T^�dx���
ueaeuJO8�V`l^Z_VSV[\O(MJUZjl`VU4� ]��W^ u��WueaeuJ��Sbacwedxg)P�acO�� [!� U M�MJU PRO5uJ]J`VSba�PR]�
 ��� OT`V�VOTk UZdxU
uJ`V]J_VUV�VOT�T�VUZj vVUV�Zdx]JSV]JMVI � OW��^Z�VOWuea���dRa	��acO�� ]��T]

αρ
^Z`bacMJSVOTSVUlf G YJY�I	SVOTMJ]c�F� ]�y(SV]

�T]JMJ]J`VUluJ� j�]cu�f�wJ[ ] �Za��VOT�WuJMJOTSVSV]�� ]J_VUV��acSVUVU Ul�T^Z�bacO�� [Nj��V`l^Z_VSV[Nj�MJUZjl`VOTk MJ]c�/�
SVUV�Zacgih�UZj2M�aeu�� ]J����OT`VOcI�K ��db^Z�bacO#_V]J�luJU2�WueacvVUV]JSbac`VSV]��T]�_V]JMJOQPROTSVUlf1Ul�T^Z�bacO�� ]��T]
MJUZjl`VOTMJ]��T]5uJOT�VOTSVUlf�
R�T]�� dRac�TSV]5^Z`bacMJSVOTSVUVg�G YJY�I 
b��dRa	��acO�� ]JO

αρ
^Z�VOT�WuJ�8SVO�^�P�acOWuJ� f I
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KN�TO(y#O&]J�VOTSV��M�aey(SV]�U�� OWuJ��j�]cu�f�� wJ[ �Za��VOT�WuJMJOTSVSV]JO�_V`VOQPR�WueacMedxOTSVUVO�]�MedxUlfVSVUVU
��dRa	��acO�� ]��T]

αρ
^Z`bacMJSVOTSVUlf G YZH�I�Sba�`VOWo�OTSVUVOcI �@ac� ]JO&_V`VOQPR�WueacMedxOTSVUVO � ]�y(SV]�_V]edb^&�

�VUluJ��
JOT��dxU#_V`VUVMedxOT�V��Pbdbf	`VOWo�OTSVUlf�^Z`bacMJSVOTSVUlf)G YZH�I�^Z_V`V]ch#acgih�OTO\_V`VOQPR_V]edx]�y#OTSVUVO/]
�Lardx]J�WuJU�_Zdx]cuJSV]J�WuJU1MJUZjl`VOTMJ]��T](MJ]c�F�@^ h�OTSVUlf I �)uJ]8_V`VOQPR_V]edx]�y#OTSVUVO	_V]TPR`bae�T^�� OTM�acOWu
`bac�T��� ]cuJ`VOTSVUVO�uJ]edx�J� ]$SbacUVwJ]edxOTO���Sba��VU�� [Nj�dxUVSVOTkVSV[Nj1��dRa	��acO�� [Nj�^Z`bacMJSVOTSVUlf G YZH�I�I
+�`VU dxUVSVO�ac`VUl��acvVUVU ^Z`bacMJSVOTSVUlf G YZH�I��VM�a�PR`baeuJ[
�T`ba�PRUVOTSluJ]JM U �T� ]J`V]J�WuJOTk Ul�F� OTSVO��
SVUlf _Zdx]cuJSV]J�WuJU PR]edby(SV[ wJ[/uJ�2_V`VUVSlfluJ[ `bacMJSV[!� U Sl^�dxg�
L�luJ]1ueac�ly#O�_V`VUVMJ]TPRUlu2�
UV�T�VOW��SV]JMJOTSVUVg.��dRa	��acO�� [Nj MJU P�a

(1 + ρ)

N�WuJ]�flh�UZj M2��Sba	� OTSbaeuJO�dxO��VM�a�PR`baeuJUV�VSV[Nj

_V]5_Zdx]cuJSV]J�WuJU���dRa	��acO�� [Nj�I � Sba	� OTSbaeuJO�dxU�MJU P�a
(1 + ρ)

M#�VM�a�PR`baeuJUV�VSV[Nj���dRa	��acO�� [Nj
^Z`bacMJSVOTSVUlf�G YZH�I-� ]��W^ u2]��T`bacSVUV�VUVM�aeuJ�1��Sba��VUluJO�dx�JSV[\k `V]J�Wu1_V] � ]TPx^�dxg _Zdx]cuJSV]J�WuJU
MJUZjl`VOTMJ]��T]iMJ]c�F�@^ h�OTSVUlf	Sba�]J�TU�MJ`baeh�OTSVUlf I@K2`VOW�T^�dx��ueaeuJOLdxUVSVO�ac`VUl��acvVUVU�^�P�acOWuJ� f	_V]��
db^Z�VUluJ�5`VOWo�OTSVUVOq^Z`bacMJSVOTSVUlfAG YZH�InPbdbf8_Zdx]cuJSV]J�WuJU�
b� ]cuJ]J`V]JOqU�� OTOWu5]J�T]JwJOTSVSV]J�WuJ��_VOT`��
MJ]��T]�`V]TP�a�Sba	]J�TU8MJ`baeh�OTSVUlf�
ba	M	SVOT� ]cuJ]J`V[Nj���db^Z�baefZj8OWh�O�U8M�]J_V`VOQPRO�dxOTSVSV]Jk$uJ]J�V� O
^�P�ardxOTSVSV]Jk5]cu�]J�TU#MJ`baeh�OTSVUlf I.+�]edb^Z�bacO�� [\O�`VOWo�OTSVUlf�dxUVSVO�ac`VUl��]JM�acSVSV[Nj#^Z`bacMJSVOTSVUVk
��acMJOQPR]�� ]$_V`V]cuJUVMJ]J`VOT�baeu�_V`VUVSVU��LacO�� ]��@^�_V`VU1UZj1MJ[\MJ]TPRO�_V`VOQPR_V]edx]�y#OTSVUVg ] �Lardx]��
�WuJU�MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf�_Zdx]cuJSV]J�WuJU I/KN�TO�y#O�wc^�PRO�� Sba�PROWfluJ�J� f�
x�luJ]&SVOT� ]cuJ]J`V[\k
Sba��bardx�JSV[\k # ueac_2`bae��MJUluJUlf1MJUZjl`VOTMJ]��T]$MJ]c�F�@^ h�OTSVUlf1ueac� ]JO�_V`VUVwedxUly#OTSVUVO#]J_VUV�T[\M�a��
OWurI�2�ac�(wJ[Ndx]�_V]J�Zae��acSV]�_V`VU8MJ[\MJ]TPROqMJ[\`baey#OTSVUVk G Y � I�
�G Yc�&I�
�G XJX&I wJOT�T� ]JSVOT�VSV]J�WuJU�Sba
]J�TU8MJ`baeh�OTSVUlf � ]��W^ u#UV�T�VOW��aeuJ�#_V`VU$ac�V�l^Z`baeuJSV]�� ^Z�VOWuJO�]J�TOTMJ]Jk8�T� ]J`V]J�WuJU$MJUZjl`VOTMJ]��T]
PRMJUly#OTSVUlf I ��SV[!� U���dx]JM�a	� U�`VOT�V�(U PROWu8]Jw5UV�T��dxOQPR]JM�acSVUVU�^J�WuJ]JkV�VUVMJ]J�WuJU2MJ]5MJ`VO�� O��
SVU I.+�]�_V`V]J�WuJ`bacSV�WuJMJOTSVSV]Jk8� ]J]J`cPRUVSbaeuJOqM�SVOT� ]cuJ]J`V]Jk&�T]JMJ]J�l^Z_VSV]J�WuJU&uJ]J�VOT�(_V`VU # uJ]��
� ]�y#OWu(Sbacwedxg)P�aeuJ�J� f�wJOT�T� ]JSVOT�VSV]J�WuJ�VI
|�UVSVO�ac`VUl�T^JO��*^Z`bacMJSVOTSVUVO G YZH�I�I � w�]J�TOTMJ]Jk;�T� ]J`V]J�WuJU wc^�PRO��*_V`VOQPR_V]edRa	��aeuJ��
 �luJ]

]JSba�^�PR]JMedxOWuJMJ]J`�fVOWu `VOWo�OTSVUVg G HrY�I#_V`VU ^J��dx]JMJUVU
ŵ(r) = 0

I�+�`VU # uJUZj ^J��dx]JMJUlfZj
]J�TOTMJ]Jk��T� ]J`V]J�WuJ�Jg � ]�y(SV]5_V`VOTSVOTwJ`VOT�V�VI)KN[\`baey#OTSVUVO(G Y��&I)fVMedbfVOWuJ� f��VM�a�PR`baeuJUV�VSV[!�
_V]�_Zdx]cuJSV]J�WuJU U2PR]edby(SV]�wJ[/uJ��_V`VUVSlfluJ]�wJOT�T� ]JSVOT�VSV] �Lardx[!�!
nueac� �luJ]�uJ`VOTwJ]JM�acSVUVO
]cuJ�W^ uJ�WuJMJUlf fVMJSV]Jk ��acMJUV�TU�� ]J�WuJU _Zdx]cuJSV]J�WuJU MJ]c�F�@^ h�OTSVUlf ]cu�MJ`VO�� OTSVU Pbdbf dxUVSVO�a��
`VUl��]JM�acSVSV]��T] ��db^Z�baef�SVO2`VO�ardxUl�T^JOWuJ� f I |�UVSVO�ac`VUl��acvVUlf�_V]c��MJ]edbfVOWu dxUlo�� ]J_VUV��aeuJ�
^J�WuJ]JkV�VUVMJ]J�WuJ�$MJUZjl`VOTMJ]��T]5uJOT�VOTSVUlf�U�Sba��bardx�JSV[\O # ueac_V[*O��T]&`bae��MJUluJUlf I,+�`VU�MJ[\MJ]TPRO
MJ[\`baey#OTSVUlf G XJX&I�_V]J�Zae��acSV]��luJ]�^Z�VOWu1]J�TOTMJ]Jk � ]�� _V]JSVOTSluJ[ �T� ]J`V]J�WuJU MJUZjl`�fH� ]�y#OWu
_V`VUVMJ]TPRUluJ� � UV�T�VOW��SV]JMJOTSVUVg ]J�T]JwJOTSVSV]J�WuJU Sba2]J�TU MJ`baeh�OTSVUlf Pbdbf _Zdx]cuJSV]J�WuJU MJUZj'�
`VOTMJ]��T]8MJ]c�F�@^ h�OTSVUlf�
�MJ]c�F� ]�y(SV]&U$Pbdbf�dxUVSVOTkVSV]��T]8��db^Z�baef�^Z`bacMJSVOTSVUlf G YZH�IN^�P�ac�WuJ� f
SbackluJU ��]J`��@^���ac_VUV�TU�]J�TOTMJ]Jk	�T� ]J`V]J�WuJU�ueac�l^Zg�
J�luJ]�wJOT�T� ]JSVOT�VSV]J�WuJ��Sbaq]J�TU	MJ`baeh�OTSVUlf
MJ]c��SVUV�ZaeuJ�(SVO�wc^�PROWurI
����^Z`bacMJSVOTSVUlf4G YZH�IN_V]edb^Z�bacO�� Pbdbf)�Lardx[Nj�MJ]c�F�@^ h�OTSVUVk�_Zdx]cuJSV]J�WuJU��

ρtt + (α− gβ) ρ = c20ρrr + 3
c20
r
ρr.

G X���I
! `bacMJSVOTSVUVO%G X���I@`VOWo#acOWuJ� f$�i_V]�� ]ch��Jg � OWuJ]TP�a	`bae��PRO�dxOTSVUlf8_VOT`VO�� OTSVSV[Nj � ��� I � u��

� OWuJU��!
C�luJ]���dRa	��acO�� ]JO
(α− gβ) ρ

��ac_VUV�T[\M�acOWuJ� f�M8uJ]Jk1�bac�WuJU1^Z`bacMJSVOTSVUlf�
C� ]cuJ]J`baef
]J_VUV�T[\M�acOWu���acMJUV�TU�� ]J�WuJ��]cu�MJ`VO�� OTSVU � ��� I * ardxOTOLPbdbf��V`baeuJ� ]J�WuJU&_V`VU�� O��

α−gβ ≈ α



_V]J�T� ]edx�J�l^
gβ
� UVSVU��@^�� Sba�PRM�a&_V]J`�f PR�Za(� OTSV�co�O	
��VO��

α

bj�]cuJ��
RMJOT`V]�fluJSV]�
�M(SVOT� ]��

uJ]J`V[Nj���dx]�fZj$�WuJ`baeuJU���UVvVUV`V]JM�acSVSV]Jk�y(U PR� ]J�WuJU # uJ]5`bae�WdxUV�VUVO�� ]�y#OWu5]J�Zae��aeuJ�J� f��W^&�
h�OT�WuJMJOTSVSV[!�\I K `VOW�T^�dx��ueaeuJO�`bae��PRO�dxOTSVUlf _VOT`VO�� OTSVSV[Nj _V`VU _V]�� ]ch�U _V]TPR�WueacSV]JMJ�VU
ρ(r, t) = F (t)G(r)

_V]edb^Z�VUluJ� f2PRM�a$^Z`bacMJSVOTSVUlf;�5]Jwch�U�� _V`V]JUl��MJ]edx�JSV[!� �VUV��dx]JMJ[!�
_bac`ba	� OWuJ`V]��

λ
�

Ftt + αF = λF,
G XJ�&I

c20Grr + 3
c20
r
Gr = λG.

G X�"�I



� ������� ��� 
��	��
�� ���
� � ��������������������� � 
������ ������� ����������� ��
� 	�)

mnOWo�OTSVUVO5^Z`bacMJSVOTSVUlf G XJ�&I 
C]J_VUV�T[\M�acgih�O��T]���acMJUV�TU�� ]J�WuJ��]cu�MJ`VO�� OTSVU�_Zdx]cuJSV]J�WuJU
MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf�
ROT�WuJ�

F (t) = C3 sin(
√

α− c20λt) + C4 cos(
√

α− c20λt),� ]cuJ]J`V]JO0� ]�y(SV]5_VOT`VOT_VUV��aeuJ�(M&MJU PRO

F (t) = C4 cos(
√

α− c20λt+ φ0),
G XJ�&I

� PRO
φ0
� SVOT� ]cuJ]J`baef�_V]J�WuJ]�fVSVSbaef�
xU�� OTgih#aef���� [\��d1Sba��bardx�JSV]Jk)��ae��[�I

� �VOTMJU PRSV]�
 �luJ]�`VOWo�OTSVUVO G XJ�&I�_V`VU ]cuJ`VUVvbaeuJO�dx�JSV[Nj ��Sba��VOTSVUlfZj
α
U1PR]J�WueaeuJ]J�VSV]

�Lardx[Nj
λ
MJO�dxUV�VUVSbarj%� ]�y#OWu�U�� OWuJ���Zac� # � �T_V]JSVOTSVvVUbardx�JSV]�`bac�Wuc^ h�OTOiMJ]�MJ`VO�� OTSVU5MJ[,�

`baey#OTSVUVO	
bueac��U # � �T_V]JSVOTSVvVUbardx�JSV]&��aeuc^�j acgih�OTO�MJ]5MJ`VO�� OTSVU I�+�`VU�_V]edx]�y(UluJO�dx�JSV[Nj
��Sba��VOTSVUlfZj

α
U8PR]J�WueaeuJ]J�VSV] �Lardx[Nj�MJO�dxUV�VUVSbarj

λ
`VOWo�OTSVUVO G XJ�&I)fVMedbfVOWuJ� f$��ac`�� ]JSVU��

�VOT�T� ]Jk$��^ZSV�VvVUVOTk I
+�]J��� ]cuJ`VU����TSba��bardRa���db^Z�back5`VOWo�OTSVUlf#^Z`bacMJSVOTSVUlf$G X�"�In_V`VU#Sl^�dxOTMJ]��1��Sba��VOTSVUVU

λ



fVMedbfVgih�UVkV� f��bac�WuJSV[!� ��db^Z�bacO��\I � S�UVSluJOT`VOT�TOTS�uJO��!
R�luJ](_V]edb^Z�bacO�� [\O�acSbardxUluJUV�VO��
�T�VUVO$`VOWo�OTSVUlf U�� OTgiu2_V`V]J�WuJ]Jk U Sba	� dbf PRSV[\k MJU PnI1mnOWo�OTSVUVO$^Z`bacMJSVOTSVUlf9G X�"�I�_V`VU
λ = 0

OT�WuJ�$� ��� �

G(r) = C1 +
C2

r2
.

* dbf�_Zdx]cuJSV]J�WuJU�
R_VOT`VOT]J_V`VOQPRO�dbflf�_V]J�WuJ]�fVSVSV[\O	UVSluJO��T`VUV`V]JM�acSVUlf�
b��ac_VUlo�O�� �

ρ(r, t) =

(

C1 +
C2

r2

)

cos(
√

α− c20λt + φ0).
G XJ~&I

�@ac� ]JM(SbacUVwJ]edxOTO	_V`V]J�WuJ]Jk�MJU P�_Zdx]cuJSV]J�WuJU2MJUZjl`VOTMJ]��T]8MJ]c�F�@^ h�OTSVUlf�
�_V`V]�acSbardxUl��U��
`l^JO���O��T]VIH+�`VU

r = 0 # uJ]2`VOWo�OTSVUVO�]JwJ`baeh#acOWuJ� f M2wJOT�T� ]JSVOT�VSV]J�WuJ��
N�luJ]1fVMedbfVOWuJ� fO��T]�SVOT�T]�� SVOTSVSV[!� SVOQPR]J�WueaeuJ� ]��!
\_V]J�T� ]edx�J�l^ _V`VOQPR_V]edx]�y#OTSVUVO�] �Lardx]J�WuJU MJUZjl`VOTMJ]��
�T]2MJ]c�F�@^ h�OTSVUlf Sbac`l^ o#acOWuJ� f MJwedxUl��U ]J�TU MJ`baeh�OTSVUlf I4+�] # uJ]Jk _V`VUV�VUVSVO�_V]JSlfluJSV]�

�luJ]&_V`VUVO�� dxO�� [Nj$�T`bacSVUV�VSV[Nj�^J��dx]JMJUVk�_V]J�WueacMJUluJ�(SVO�^�P�acOWuJ� f�
x_V] # uJ]��@^$wc^�PRO�� ]J`VU��
OTSluJUV`V]JM�aeuJ�J� f SVO�Sba1�WuJ`V]��TUVO)�T`bacSVUV�VSV[\O�^J��dx]JMJUlf�
/a1Sba1�Za��VOT�WuJMJOTSVSV]JO�_V]JMJOQPROTSVUVO
UV�T� ]�� ]��T]&`VOWo�OTSVUlf I � u�� OT�bacO��!
x�luJ]�Pbdbf$^�PR]JMedxOWuJMJ]J`VOTSVUlf�^J��dx]JMJUVk�Sba#wJOT�T� ]JSVOT�VSV]��
�WuJU�
�� PRON_Zdx]cuJSV]J�WuJ��MJ]c�F�@^ h�OTSVUlf�PR]edby(Sba��WuJ`VO�� UluJ�J� f#�	Sl^�dxg�
cSVOT]Jw�j�]TPRU�� ]�_V`VUVSlfluJ�
C1 = 0

I$KN[\`baey#OTSVUVO G XJ~&Iq^ZwJ[\M�acOWu�]JwJ`baeuJSV]�_V`V]J_V]J`VvVUV]JSbardx�JSV]��VM�a�PR`baeuc^�`bac�T�WuJ]��
fVSVUlf�PR]$]J�TU1MJ`baeh�OTSVUlf2_V`VU

C1 = 0
I�tN]�jl`bacSVU�� # uc^1_V]J�WuJ]�fVSVSl^Zg�
C� ]cuJ]J`baef � ]�y#OWu

U�� OWuJ�)�Lardx]JO	
CSV]$SVO5Sl^�dxOTMJ]JO���Sba��VOTSVUVO	
>U�� OWf2MJMJU Px^�_V`VUVwedxUly#OTSVSV]J�WuJ��`bac�T���LaeuJ`VU��
M�acO�� ]��T]&MJ[\`baey#OTSVUlf I
+�]J�WuJ]�fVSVSbaef UVSluJO��T`VUV`V]JM�acSVUlf

C2
fVMedbfVOWuJ� f _V]1��� [\��db^ a	� _ZdxUluc^�PRSV]Jk UH� ]�y#OWu

U�� OWuJ���Zac�2]cuJ`VUVvbaeuJO�dx�JSV[\O&��Sba��VOTSVUlf�
Cueac�2U2_V]edx]�y(UluJO�dx�JSV[\O	
>�luJ]�]J_VUV�T[\M�acOWu8PRM�a
`bae�WdxUV�VSV[Nj&MJU P�a��TOT]���Ul��UV�VOT�T�VUZj(MJUZjl`VOTMJ[Nj&MJ]c�F�@^ h�OTSVUVk�
�j ac`bac�luJOT`VUl�T^Zgih�UZj�� f�_V]��
dx]�y(UluJO�dx�JSV]Jk�U�]cuJ`VUVvbaeuJO�dx�JSV]Jk1acSV]��LardxUVOTk�_Zdx]cuJSV]J�WuJU I
2�M�a�PR`baeu1^�� dx]JMJ]Jk �T� ]J`V]J�WuJU�
NMJ[\�VUV��dxOTSVSV[\k �T]�� dRac�TSV] G HrY�I�U�G XJ~&I 
L_V`VU

C1 6= 0OT�WuJ�

Ω2(r) = − 2c20F (t)C2

(C1r2 + C2)F (t)r2 + r4
.

G � �&I
KN[\`baey#OTSVUVO�G � �&I�
)�Zac� U `VOWo�OTSVUVO4G YJ��I�
)]JwJ`baeuJSV]�_V`V]J_V]J`VvVUV]JSbardx�JSV]2�VOWuJMJOT`luJ]Jk

�WuJOT_VOTSVU$`bac�T�WuJ]�fVSVUlf8]cu�]J�TU(MJ`baeh�OTSVUlf�
ZSV]�SVOT�T� ]edx�J� ]���dx]�y(SVOTOiM��TMcfl��U&�iMJ]c��SVUV�VSV]��
MJOTSVUVO�� ��acMJUV�TU�� ]J�WuJU1]cu(MJ`VO�� OTSVU Ii�C`ba	��UV��`bac�T_V`VOQPRO�dxOTSVUlfDG � �&I\M&��acMJUV�TU�� ]J�WuJU�]cu
`bac�T�WuJ]�fVSVUlf�PR]�]J�TU�MJ`baeh�OTSVUlf#_V`VUVMJOQPROTS#Sbai`VUV�cI�"NPbdbf	��Sba��VOTSVUVk#� ]JSV�WueacSlu

C1 = 0.0



C2 = ±1.0


c0 = 340



F (t) = 10.0

U8Pbdbf�`bae�WdxUV�VSV[Nj���Sbac� ]JM&_V]J�WuJ]�fVSVSV]Jk
C2
I



	
	 �����������	��
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���
�

���
C1 = 0.0

�
C2 = +1.0

�
c0 = 340

�
F (t) = 10.0 � � C1 = 0.0

�
C2 = −1.0

�
c0 = 340

�
F (t) = 10.0
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3���2$������� ����#'�/��7�%�� � !/����-'� 
?�$��#'����6���#'�/��7�%���� !�������-'� 
?-���@&(
* � ��%�%�,��5-��
�+����8

0
� ��dxU�_V`VU�_V]edx]�y(UluJO�dx�JSV[Nj2��Sba��VOTSVUlfZj�_V]J�WuJ]�fVSVSV]Jk

C2
�T`ba	��UV���VM�a�PR`baeuea$^�� dx]��

MJ]Jk#�T� ]J`V]J�WuJU&U�� OTOWu�OQPRUVSV�WuJMJOTSVSl^Zg�]J�T]JwJOTSVSV]J�WuJ��_V`VU
r = 0


cuJ]�_V`VU5]cuJ`VUVvbaeuJO�dx�JSV[Nj
��Sba��VOTSVUlf _V]J�WuJ]�fVSVSV]Jk

C2
U�� OTOWuJ� f PRMJO$]J�T]JwJOTSVSV]J�WuJU��8_V`VU

r = 0
U _V`VU ��Sba��VOTSVUVU

r = r∗ = (C1F (t) + 1)−1
√

−(C1F (t) + 1)F (t)C2

x� ]cuJ]J`V]JO�_V]edx]�y(UluJO�dx�JSV[!� � ]�y#OWu

]J�Zae��aeuJ�J� f uJ]edx�J� ]2_V`VU ]cuJ`VUVvbaeuJO�dx�JSV]�� ��Sba��VOTSVUVU � ]JSV�WueacSluJ[
C2
I;K # uJ]�� ��db^Z�bacO

_V`VU
r < r∗

�VM�a�PR`baeu�^�� dx]JMJ]Jk��T� ]J`V]J�WuJU;]cuJ`VUVvbaeuJO�dxOTS�
 �luJ]�]c��Sba��bacOWu$� SVU�� ]J�WuJ����a��
� ]Jk ^�� dx]JMJ]Jk �T� ]J`V]J�WuJU�
�urINOcI ^�� dx]JM�aef �T� ]J`V]J�WuJ� fVMedbfVOWuJ� f SVO�Sbacwedxg)P�acO�� ]Jk _V`VU
# uJUZj���Sba��VOTSVUlfZj�`ba�PRUl^J��alINKNOT`V]�fluJSV]�
 # uJ]cu(SVOQPR]J�WueaeuJ]J��`VOWo�OTSVUlf��TMcfl��acS���uJO��!
x�luJ]
MqdxUVSVOTkVSV]���_V`VUVwedxUly#OTSVUVU#_V`VOTSVOTwJ`VOWy#OTSV]���dRa	��acO�� [!� U�
�� ]cuJ]J`V[\O��WueacSV]JMcfluJ� f5�W^ h�O��
�WuJMJOTSVSV[!� U�_V`VU��WuJ`VO�� dxOTSVUVU

ρ(R, t) → −1
�TMJOT`JjZ^JI

+�`VU&^ZMJO�dxUV�VOTSVUVU � ]TPx^�dbf(_V]J�WuJ]�fVSVSV]Jk
C2
uJ]J�V�Za 
lM	� ]cuJ]J`V]Jk8MJ]c��SVUV�Zacgiu#_V]edx]�y(U��

uJO�dx�JSV[\O���Sba��VOTSVUlf�^�� dx]JMJ]Jk��T� ]J`V]J�WuJU�
C��� OWh#acOWuJ� f2MJ_V`bacMJ]�
x� ]J]J`cPRUVSbaeuea 
 M8� ]cuJ]J`V]Jk
�T`ba	��UV� _VOT`VOT�TOT�ZacOWu�]J�T�2acwJ�TvVUV�T�8OT�WuJ�

r∗ =
√

−F (t)C2(C1F (t) + 1)−1
I1K���db^Z�bacO	


OT��dxU ��acMJUV�TU�� ]J�WuJ�;]cu�MJ`VO�� OTSVU fVMedbfVOWuJ� f # � �T_V]JSVOTSVvVUbardx�JSV] `bac�Wuc^ h�OTk ��^ZSV�VvVUVOTk�

uJ]J�V�Za�_VOT`VOT�TOT�VOTSVUlf �WuJ`VO�� UluJ� f �

r∗ →
√

−C2C
−1
1


n�luJ]�]c��Sba��bacOWu��WueacvVUV]JSbac`VSV]J�WuJ�
# uJ]Jk�uJ]J�V�VU�M&_V`V]JvVOT�T�TO	`V]J�Wuea&_Zdx]cuJSV]J�WuJU1MJ]c�F�@^ h�OTSVUlf��T]&MJ`VO�� OTSVO��\I!+�`VU�^J��dx]JMJUVU
C1 = 0

_V]edx]�y#OTSVUVOiuJ]J�V�VU
r∗
wc^�PROWu	��acMJUV�TOWuJ�#]cu	MJ`VO�� OTSVU I � Sba��VOTSVUVOq_V]J�WuJ]�fVSVSV]Jk

C1MedxUlfVOWu(Sba#_V]edx]�y#OTSVUVO�uJ]J�V�VU
r∗
U�OTO�Ul�F� OTSVOTSVUVO	MJ]5MJ`VO�� OTSVU I

KN]c��SVUV�VSV]JMJOTSVUVO�_V]edx]�y(UluJO�dx�JSV[Nj ��Sba��VOTSVUVk �VM�a�PR`baeuea�^�� dx]JMJ]Jk �T� ]J`V]J�WuJU M `VO��
o�OTSVUVU G � �&I/_V`bacMJOTO�uJ]J�V�VU

r∗
� ]�y(SV]5UVSluJOT`V_V`VOWuJUV`V]JM�aeuJ���Zac��_V]�fVMedxOTSVUVO�MJUZjl`VOTMJ]��T]

MJ`baeh#aeuJO�dx�JSV]��T]#PRMJUly#OTSVUlf�_V`VU
r > r∗

IL|�OTMJOTO�uJ]J�V�VU
r∗
MJ`baeh#aeuJO�dx�JSV]��T]#PRMJUly#OTSVUlf

y(U PR� ]J�WuJU�SVO�Sbacwedxg)P�acOWuJ� f�U$]JwedRac�WuJ�
0 < r < r∗

� ]�y(SV]�Sbae��M�aeuJ� ��� dRae��]����5MJUZjl`�f I
�)uJU(MJ[\MJ]TPR[ �Za��VOT�WuJMJOTSVSV]	�T]J]cuJSV]J� fluJ� f8�\MJ[\MJ]TP�a	� U5_V`VOQPR�WueacMedbfVO�� [!� U(� ]TPRO�dx�JSV[!�
MJ[\`baey#OTSVUVO�� G Yc~&I�
�G X � IQI�2 �T]�y5ardxOTSVUVg!MJ[\`baey#OTSVUVO G � �&I\_V]J�Zae��[\M�acOWu�]J�T]JwJOTSVSV]J�WuJU
_VOT`VMJ]��T]8`V]TP�a 
R�luJ]8�0��Ul��UV�VOT�T� ]Jk�uJ]J�V�VU���`VOTSVUlf1SVO�_V`VUVO�� dxO�� ]&Pbdbf$�Lardx[Nj�MJUZjl`VO��
MJ[Nj#MJ]c�F�@^ h�OTSVUVk�
 MquJ]�MJ`VO��@f#�Zac�#MJ[\`baey#OTSVUlf)G Yc~&I�
 G X � I>]J�WueacgiuJ� f&]��T`bacSVUV�VOTSVSV[!� U
��`V]J�WuJ]�� `bac�T�WuJ]�fVSVUlf�]cu&]J�TU�MJ`baeh�OTSVUlf I
+�`VU(_V]edx]�y(UluJO�dx�JSV[Nj&��Sba��VOTSVUlfZj8_V]J�WuJ]�fVSVSV]Jk

C2
�VM�a�PR`baeu	^�� dx]JMJ]Jk(�T� ]J`V]J�WuJU$]cu��

`VUVvbaeuJO�dxOTS I �)uJ]�]c��Sba��bacOWu�
 �luJ]�_V]edx]�y(UluJO�dx�JSV[\O\MJ]c�F�@^ h�OTSVUlf5_Zdx]cuJSV]J�WuJU&MJUZjl`VOTMJ]��T]
MJ]c�F�@^ h�OTSVUlf2U�� OTgiu$uJ]edx�J� ] � SVU��@^Zg�^�� dx]JMc^Zg �T� ]J`V]J�WuJ��MJ`baeh�OTSVUlf�
bPR`l^��TU�� U2��dx]��
M�a	� U1M&dxUVSVOTkVSV]�� _V`VUVwedxUly#OTSVUVU1ueac�VUVO#MJUZjl`VOTMJ[\O#MJ]c�F�@^ h�OTSVUlf2SVO�_V`V]�fVMedbfVgiuJ� f2M
MJU PRO�MJ`baeh#acgih�OTkV� f5y(U PR� ]J�WuJU�
JdxUVwJ] # uJ]�]c��Sba��bacOWu�SVOT_V`VUVO�� dxO�� ]J�WuJ��_V`VUVSVU��LacO�� [Nj
^Z_V`V]ch#acgih�UZj _V`VOQPR_V]edx]�y#OTSVUVk G Sbac_V`VU�� OT`�
N_V`VOTSVOTwJ`VOWy#OTSVUVO�]J�TOTMJ]Jk �T� ]J`V]J�WuJ�Jg�I#M
# uJ]�� ��db^Z�bacOcI
+�OT`VOT�VUV��dxOTSVSV[\O�SVOQPR]J�WueaeuJ�VU&]Jwc^J��dx]JMedxOTSV[D�T`l^ZwJ]J�WuJ�Jg dxUVSVOTkVSV]��T]�_V`VUVwedxUly#OTSVUlf�


MJ]c�F� ]�y(SV]&^Z�VOWu�]J�TOTMJ]Jk��T� ]J`V]J�WuJU2U�Mcfl���VUZj�fVMedxOTSVUVk � ]�y#OWu$Ul�F� OTSVUluJ� # uJU1]J�T]JwJOTS��
SV]J�WuJU I
+�`VU

λ 6= 0
]Jwch�U�� `VOWo�OTSVUVO�� ^Z`bacMJSVOTSVUlfHG X�"�I)fVMedbfVOWuJ� f�MJ[\`baey#OTSVUVO

G(r) =
C1

r
J
(

1,
√
−λR

)

+
C2

r
Y
(

1,
√
−λR

)

,
G � H�I

� PRO
J (1, x)



Y (1, x)

����^ZSV�VvVUVU � OT�T�TO�dbf�_VOT`VMJ]��T](U�McuJ]J`V]��T]&`V]TP�a$� ��� 
bMJ[\`baey#OTSVUVO
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Pbdbf�_Zdx]cuJSV]J�WuJU�M # uJ]�� ��db^Z�bacO�OT�WuJ�

ρ(r, t) =

[

C1

r
J
(

1,
√
−λR

)

+
C2

r
Y
(

1,
√
−λR

)

]

cos(
√

α− c20λt + φ0).
G � Y�I

+�`VU
C2 6= 0

`VOWo�OTSVUVO G � H�I	PR]J�WuJU���acOWu wJOT�T� ]JSVOT�VSV]J�WuJU Sba;]J�TU MJ`baeh�OTSVUlf�
i_V`VU
C2 = 0

wJOT�T� ]JSVOT�VSV]J�WuJU SVO�Sbacwedxg)P�acOWuJ� f�
iSV] `VOWo�OTSVUVO1]J�WueacOWuJ� f�_V`VUVwedxUl��UluJO�dx�JSV]
_V]J�WuJ]�fVSVSV[!� �	`V]J�WuJ]�� `bac�T�WuJ]�fVSVUlf�]cu8]J�TU�MJ`baeh�OTSVUlf I ��OT�WueacvVUV]JSbac`VSV]JO�_V]JMJOQPROTSVUVO
`VOWo�OTSVUlf G � H�I@MJ]c�F� ]�y(SV]�_V`VU

λ 6= 0

cP�aey#O�M�]cuJ�W^ uJ�WuJMJUVU$�WuJ`baeuJU���UV�ZacvVUVU ��]JSV]JMJ]��T]

�T]J�WuJ]�fVSVUlf _V`VU
α = 0

I 2�`V]�� O�uJ]��T]�
�]J�VOTMJU PRSV]�
q�luJ] _V]edx]�y(UluJO�dx�JSV[\O1��Sba��VOTSVUlf
_bac`ba	� OWuJ`ba

λ
SVO�_V`VUVO�� dxO�� [�I

�N� �T_V]JSVOTSVvVUbardx�JSV[\k `V]J�Wu;`VOWo�OTSVUlf MJ]2MJ`VO�� OTSVU Sba��VUVSbacOWuJ� f _V`VU ^J��dx]JMJUVU
α −

c20λ < 0

CUVSba��VO �T]JMJ]J`�f2_V`VU�SVOT� ]cuJ]J`V]�����Sba��VOTSVUVU

α0
U2]cuJ`VUVvbaeuJO�dx�JSV]��

λ
U�� OTOWuJ� f

_V]J`V]��T]JMJ]JO)��Sba��VOTSVUVO\�WuJ`baeuJU���UV�ZacvVUVU ��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf
α0 < |c20λ|


c_V`VU#� ]cuJ]J`V]��
� ]��W^ u8MJ]c��SVUV�VSl^ uJ�&^J��dx]JMJUlf$Pbdbf # � �T_V]JSVOTSVvVUbardx�JSV]��T](`V]J�Wuea&MJ]&MJ`VO�� OTSVU�_Zdx]cuJSV]J�WuJU
MJUZjl`VOTMJ]��T]2MJ]c�F�@^ h�OTSVUlf I * OTkV�WuJMJUluJO�dx�JSV]�
N_V`VU SVO8�W^ h�OT�WuJMJOTSVSV]Jk �WuJ`baeuJU���UV�ZacvVUVU
��]JSV]JMJ]��T]&uJOT�VOTSVUlf���Sba��VUluJO�dx�JSV]��T]�`V]J�Wuea(MJUZjl`VOTMJ[Nj�MJ]c�F�@^ h�OTSVUVk1SVO	Sbacwedxg)P�acOWuJ� f�

��dxOQPR]JM�aeuJO�dx�JSV]�
Z`VO�ardxUl�T^ZgiuJ� f$M�aeu�� ]J����OT`VOq]cuJ`VUVvbaeuJO�dx�JSV[\Oi��Sba��VOTSVUlf(_bac`ba	� OWuJ`ba

λMJOT`V]�fluJSV] �Lardx[\Oq_V]�� ]TPx^�dxg U(]cu�dxUV�VSV[\O�]cu	Sl^�dbf ILKN]c�F� ]�y(SV]�Pbdbf8�Zaey#PR]��T]�MJUZjl`VO��
MJ]��T]�MJ]c�F�@^ h�OTSVUlf&MJO�dxUV�VUVSba

λ
]Jwc^J��dx]JMedxUVM�acOWuJ� f�� O�j acSVUl�F� ]��;MJ]c��SVUV�VSV]JMJOTSVUlf # uJ]��T]

MJ]c�F�@^ h�OTSVUlf�U)� ]�y#OWu&M�ac`V�JUV`V]JM�aeuJ�J� f�M5�Zac�VUZj'� uJ](_V`VOQPRO�dRarj�I
2�M�a�PR`baeu8^�� dx]JMJ]Jk2�T� ]J`V]J�WuJU�
>MJ[\�VUV��dxOTSVSV[\k�Ul�$G HrY�IiUDG � Y�I 
CU�� OTOWu�SVO#��dx]�y(SV[\k�


SV]��T`V]�� ]c��PR�VUVk8MJU PC
ZU&��PROT�T��SVOq_V`VUVMJ]TPRUluJ� f I)KNU P�`ba�PRUbardx�JSV]Jk(`bac�T_V`VOQPRO�dxOTSVUlf&Pbdbf
SVO��T]�U�� OTOWu���acMJUV�TU�� ]J�WuJ��]cu�_V]J�WuJ]�fVSVSV[Nj2UVSluJO��T`VUV`V]JM�acSVUlf acSbardx]��TUV�VSl^Zg MJ[\`baey#O��
SVUVg G � �&Ii�#Ul�F� OTSVOTSVUVO�� ��Sbac�Za$_V]J�WuJ]�fVSVSV]Jk

C2
Sba$_V`V]cuJUVMJ]J_V]edx]�y(SV[\k�
>U2_V`VUV]JwJ`VO��

ueacOWu#SVOT� ]cuJ]J`l^Zg ��acMJUV�TU�� ]J�WuJ��]cu	_bac`ba	� OWuJ`ba
λ

Z�T]�jl`bacSlflf&��acMJUV�TU�� ]J�WuJ��]cu	_V]J�WuJ]�fVS��

SV]Jk
C1
I B O�� wJ]edx�co�O-� ]TPx^�dx�&]cuJ`VUVvbaeuJO�dx�JSV]��T](��Sba��VOTSVUlf�_bac`ba	� OWuJ`ba

λ

buJO�� wedxUly#O

�&]J�TU&MJ`baeh�OTSVUlf&`bac�T_V]edRa	��acOWuJ� f(uJ]J�V�Za
r∗

���Sba��VOTSVUVOi� ]cuJ]J`V]Jk(� ]�y(SV]�_V]edb^Z�VUluJ�	�VUV���

dxOTSVSV]�
R��a�P�acM�aefV�T�&�VUV��dx]JMJ[!� U���Sba��VOTSVUlf�� U1_bac`ba	� OWuJ`V]JMVIqt�`V]J�WuJ]�� MJ`VO�� OTSVSV]Jk��ba��
�WuJU#`VOWo�OTSVUlf�uJ]J�V�Za

r∗
M7�T`ba	��UV� ON^�� dx]JMJ]Jk	�T� ]J`V]J�WuJU#� PRMJU���acOWuJ� f5Mq�WuJ]J`V]JSl^	wJ]edx�co�UZj

`ba�PRUl^J�T]JMVI +�`VU�� OT`(�T`ba	��UV�Za��VM�a�PR`baeuea�^�� dx]JMJ]Jk(�T� ]J`V]J�WuJU8�Za��VOT�WuJMJOTSVSV]#acSbardx]��TUV�VOTS
_V`VOQPR�WueacMedxOTSVSV]��@^�Sba#`VUV�cI "�
VSVOT�T� ]edx�J� ](]cu�dxUV�bacgiuJ� f�dxUlo��5��Sba��VOTSVUlf�_V]J�WuJ]�fVSVSV[Nj�I
� OT�T� ]JSVOT�VSV[\O8��Sba��VOTSVUlf `VOWo�OTSVUlf9G � Y�I�Sba�]J�TU MJ`baeh�OTSVUlf SVO(_V]c��MJ]edbfVgiu1_V]J�Wuea��

MJUluJ��_V`VUVO�� dxO�� [\O7�T`bacSVUV�VSV[\O�^J��dx]JMJUlf�
ZMJ]c�F� ]�y(SV]qdxUlo���_V]TPR]JwJ`baeuJ���VUV��dx]JMJ[\O���Sba��
�VOTSVUlf�_bac`ba	� OWuJ`V]JM�`VOWo�OTSVUlf�
 UVSluJOT`VOT�W^cfV�T��PRUbac_bae��]JSba	� U��VUV��dx]JMJ[Nj1��Sba��VOTSVUVk1Pbdbf
SVUZj�
)�T]J_V]J�WueacMJUVM�_V]edb^Z�VOTSVSV]JO�`VOWo�OTSVUVO�� # � �T_VOT`VU�� OTSlueardx�JSV[!� U P�acSVSV[!� U IH2�a��VO��
�WuJMJOTSVSV]JO	_V]JMJOQPROTSVUVO�`VOWo�OTSVUlfHG � Y�INSVO�]cu�dxUV�bacOWuJ� f1]cu5ueac� ]JMJ]��T]�Pbdbf�`VOWo�OTSVUlfHG XJ~&IQI
" ]�y(SV] ��ac�Zdxgq�VUluJ��
1�luJ]!�Za��VOT�WuJMJOTSVSV]JO*_V]JMJOQPROTSVUVO dxUVSVO�ac`VUl��]JM�acSVSV]��T] `VOWo�O��

SVUlf G XJ~&I*UZdxU G � Y�I ]cuJ��dxOWy(UVM�acOWu%SVOT� ]cuJ]J`V[\O ]J�T]JwJOTSVSV]J�WuJU � ]TPRO�dx�JSV]��T].`VOWo�O��
SVUlf G Yc�&I 
 G XJX&IQI * dbf5]cuJ`VUVvbaeuJO�dx�JSV]	MJ]c�F�@^ h�OTSVSV]��T]	MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf(U�� OTOWuJ� f
��� dRae� � MJUZjl`�f�
NPR]J�WuJU���acgih�UVk�M�uJ]J�V� O

r∗
wJOT�T� ]JSVOT�VSV]��T] ��Sba��VOTSVUlf I � OT�T� ]JSVOT�VSV[\O

��Sba��VOTSVUlfHG � �&IN_V`VU
r = 0

U
r = r∗

fVMedbfVgiuJ� f�SVOQPR]J�WueaeuJ� ]�� `VOWo�OTSVUlf�
xMJ[/uJOT�Zacgih�U��
Ul��dxUVSVO�ac`VUl��acvVUVU�^Z`bacMJSVOTSVUlf4G YZH�INU�_V`VOTSVOTwJ`VOWy#OTSVUlf�]J�TOTMJ]Jk��T� ]J`V]J�WuJ�Jg	I
K,� OT�WuJO��	uJO��!
�M(`VOWo�OTSVUlfZjDG � Y�I�
 G XJ~&I\_V`V]J��dxOWy(UVM�acOWuJ� f2MedxUlfVSVUVO	��dRa	��acO�� ]��T]

αρ^Z`bacMJSVOTSVUlf G YZH�I�I +�`VU ]cuJ`VUVvbaeuJO�dx�JSV[Nj
α
_Zdx]cuJSV]J�WuJ�;MJUZjl`VOTMJ]��T];MJ]c�F�@^ h�OTSVUlf � ]��

y#OWu�`bac�WuJU # � �T_V]JSVOTSVvVUbardx�JSV]#MJ]	MJ`VO�� OTSVU I��%
ZMJOT`V]�fluJSV]�
 � ]�y#OWu�PR]J�WuJU��TSl^ uJ�5MJOT�T���La
MJSl^ o�UluJO�dx�JSV[Nj MJO�dxUV�VUVS I�K # uJ]Jk2PRUVSba	� UV� O#PR]edby(SV]�_V`V]�fVMedbfluJ�J� f ]cu�dxUV�VUVO � OWy��
Px^ MJUZjl`VOTMJ[!� U MJ]c�F�@^ h�OTSVUlf�� U �$_V]edx]�y(UluJO�dx�JSV]Jk U ]cuJ`VUVvbaeuJO�dx�JSV]Jk acSV]��LardxUlf�� U
_Zdx]cuJSV]J�WuJU I�+�]edx]�y(UluJO�dx�JSV];MJ]c�F�@^ h�OTSVSV[!� MJUZjl`�f��!SVUV�VO��T] SVO)� OWo#acOWu ^ZMJO�dxUV�VU��
M�aeuJ����Sba��VOTSVUVOq�TMJ]JOTk&_Zdx]cuJSV]J�WuJU$MJ]�MJ`VO�� OTSVU(M��T]J]cuJMJOWuJ�WuJMc^Zgih�O�� ��dx]JOqaeu�� ]J����OT`V[�I
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� Pbdbf(]cuJ`VUVvbaeuJO�dx�JSV]�MJ]c�F�@^ h�OTSVSV[Nj8MJUZjl`VOTk(`V]J�Wu�MJSVUl�q]��T`bacSVUV�VOTS(_Zdx]cuJSV]J�WuJ�Jg ��]��
SV]JMJ]��T]	�T]J�WuJ]�fVSVUlf�
ZMJOQPR�	�W^��.�La�_Zdx]cuJSV]J�WuJOTk$MJ]c�F�@^ h�OTSVUlf$U ��]JSV]JMJ]��T]��T]J�WuJ]�fVSVUlf8SVO
� ]�y#OWu(wJ[/uJ� � OTSV�co�O�Sl^�dbf I
mn]J�Wu MJ] MJ`VO�� OTSVU Pbdbf�]JwJ]JUZj*uJUV_V]JM�MJUZjl`VOTk PR]J_V]edxSVUluJO�dx�JSV] ]��T`bacSVUV�VUVM�acOWuJ� f

SVOW^Z�luJOTSVSV[!� U;�VM�a�PR`baeuJUV�VSV[!��_V]$�T� ]J`V]J�WuJU2`V]J�Wuea$_Zdx]cuJSV]J�WuJU�MJUZjl`VOTMJ]��T]$MJ]c�F�@^ h�O��
SVUlf ��dRa	��acO�� [!�*^Z`bacMJSVOTSVUlf G YZH�IQI�K `VOW�T^�dx��ueaeuJO # uJ]��T]�]��T`bacSVUV�VOTSVUlf wJOT�T� ]JSVOT�VSV[Nj
��Sba��VOTSVUVk _Zdx]cuJSV]J�WuJ� MJUZjl`�f MJOT`V]�fluJSV] SVO�PR]J�WuJU��TSVOWu _V`VU # � �T_V]JSVOTSVvVUbardx�JSV]�� `V]��
�WuJO�MJ] MJ`VO�� OTSVU I ��a _V]c��PRSVUZj # ueac_barj # uJ]��T] `V]J�Wuea � ]�y(SV] ]�y(U P�aeuJ� Sbac`l^ o�OTSVUVO
�T]J]cuJSV]co�OTSVUlf G H�X&I\UZdxU1Ul�F� OTSVOTSVUVO�^Z`bacMJSVOTSVUlf1�T]J�WuJ]�fVSVUlf�
 �V`V]�� O # uJ]��T]�
�MJ]c�F� ]�y(SV]
Sbac`l^ o�OTSVUVO\^J��dx]JMJUVk5a�PRUbacw�aeuJUV�VSV]J�WuJU5MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf�
�_V]J�T� ]edx�J�l^	^ZMJO�dxUV�VO��
SVUVO(_Zdx]cuJSV]J�WuJU MJ]�MJ`VO�� OTSVU4� ]�y#OWu�MJ[\`baey5aeuJ�J� f;M��T]J]cuJMJOWuJ�WuJMc^Zgih�O�� ^ZMJO�dxUV�VOTSVUVU
uJO�� _VOT`baeuc^Z`V[�MJ]c�F�@^ h�OTSVUlf I
+�`VU _V]edx]�y(UluJO�dx�JSV[Nj

α
_Zdx]cuJSV]J�WuJ� MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf fVMedbfVOWuJ� f ]��T`bacSVU��

�VOTSVSV]Jk�U���Sbac� ]J_VOT`VO�� OTSVSV]Jk�MJ]5MJ`VO�� OTSVU�MJO�dxUV�VUVSV]Jk I)K ��dx]�fZj�aeu�� ]J����OT`V[�
=� PRO�MJ[,�
_V]edxSlfVOWuJ� f # uJ]q^J��dx]JMJUVONMJ]c�F� ]�y(SV[ � ]edxOTw�aeuJO�dx�JSV[\O/Ul�F� OTSVOTSVUlf�_Zdx]cuJSV]J�WuJU#MJ]iMJ`VO�� O��
SVU I�+�`VU # uJ]�� �VM�a�PR`baeu#^�� dx]JMJ]Jk��T� ]J`V]J�WuJU�
x�T]�� dRac�TSV]$G � �&I 
lueac�ly#O�� ]�y#OWu&]J�Zae��aeuJ�J� f
��Sbac� ]J_VOT`VO�� OTSVSV]Jk MJO�dxUV�VUVSV]Jk�
n�luJ])� ]�y#OWu�_V`VUVMJ]TPRUluJ���2UV�T�VOW��SV]JMJOTSVUVg MJUZjl`�f�_V`VU
]cuJ`VUVvbaeuJO�dx�JSV]�� �VM�a�PR`baeuJO�^�� dx]JMJ]Jk �T� ]J`V]J�WuJU�
�U ��uJOT�VOTSVUVO�� MJ`VO�� OTSVU � O��T] MJSVO��
��ac_VSV]��@^1_V]�fVMedxOTSVUVg _V`VU2_V]edx]�y(UluJO�dx�JSV]�����Sba��VOTSVUVU��VM�a�PR`baeuea$^�� dx]JMJ]Jk��T� ]J`V]J�WuJU I
KNUZjl`V�5M�ueac� ]�� ��dx]JO�wc^�PROWu5MJ]c��SVUV�ZaeuJ��
l^J�TUZdxUVM�aeuJ�J� f�
b��aeuJO�� ]J��dRacwJOTM�aeuJ�5U$UV�T�VOW��aeuJ�
Sba�SVOT� ]cuJ]J`V]JOiMJ`VO��@f�
 _V]�_V`V]co�OT�WuJMJUVU(� ]cuJ]J`V]��T]�MJSV]JMJ��MJ]c��SVUV�VSVOWurILKN_V`V]J�VO�� # uJ]�ueac�
Sba5]J�TSV]JMJOqdxUVSVOTkVSV]��T]8acSbardxUl��a 
b� ]cuJ]J`V[\k$� ]�y#OWu&]J�Zae��aeuJ�J� f�MJOT�T���La#SVO�uJ]J�VSV[!�\I
��a	^J�TUZdxOTSVUVO	MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf�MJ]5MJ`VO�� OTSVU�]J_V`VOQPRO�dbfVgih�OTO�MedxUlfVSVUVO�U�� O��

OWu&MJO�dxUV�VUVSba
(α− gβ)


l]J_VUV�T[\M�acgih#aef��WuJ`baeuJU���UV�ZacvVUVg ��]JSV]JMJ]��T]#�T]J�WuJ]�fVSVUlf I)m ae�/�
MJUluJUVO5�V`l^Z_VSV]��T]�MJUZjl`VOTMJ]��T]$MJ]c�F�@^ h�OTSVUlf�
>_V]c��PRSVUVO#�Wuea�PRUVU�� ]cuJ]J`V]Jk2_V`VOQPR�WueacMedxOTSV[
MJ[\`baey#OTSVUlf�� U$G Yc~&I 
=G X � I 
�]J_V`VOQPRO�dbfVOWu�M�]J�TSV]JMJSV]��1McuJ]J`baef#_V`V]JUl��MJ]TPRSbaef�uJO�� _VOT`baeuc^&�
`V[ ��]JSV]JMJ]��T]&�T]J�WuJ]�fVSVUlf�
 _V`VUVMJ]TPxf���^J�TUZdxOTSVUVg MJUZjl`�f�PR](��Sba��VUluJO�dx�JSV[Nj2MJO�dxUV�VUVS I
K UVSVMJOT`V�TUV]JSVSV[Nj ��dx]�fZj aeu�� ]J����OT`V[ PR]edby(SV[ Sbacwedxg)P�aeuJ�J� f �Zac� ]cuJ`VUVvbaeuJO�dx�JSV[\O
��Sba��VOTSVUlf5MJO�dxUV�VUVSV[

α

eueac�#U#OTON_V]edx]�y(UluJO�dx�JSV[\O/��Sba��VOTSVUlf�
�_V`VUV�VO���]TPRSV]JMJ`VO�� OTSVSV]�


SV]�Sba8`bae��SV]Jk2MJ[\�T]cuJOcI ��ac_V`VU�� OT`2M$MJOT`JjlSVOTk;�bac�WuJU �T`V]c��]JMJ]��T]�]JwedRac�Za 
 M$UVSVMJOT`V�TU��
]JSVSV]��*��dx]JO	
 Sbacwedxg)P�acgiuJ� f ]Jw�a���Sbac�Za�MJO�dxUV�VUVSV[

α
I �@ac�VUVO5^J��dx]JMJUlf MJ]c�F� ]�y(SV[!U

MJwedxUl��U�_V]JMJOT`JjlSV]J�WuJU I
+�`VOQPR�WueacMedxOTSVSV[\O2`bae�F� [/o�dxOTSVUlf � ]�y(SV];UV�T_V]edx�c��]JM�aeuJ��Pbdbf ]Jw��CfV�TSVOTSVUlf � O�j a��

SVUl�F�La5]JwJ`bae��]JM�acSVUlf$uJ]J`VSba�PR]�� _V]TPR]JwJSV[Nj��V`l^Z_VSV[Nj�MJUZjl`VOTk�M&aeu�� ]J����OT`VOcI
2�aey#PR[\k2Ul�(]��T`V]�� SV]��T]��VUV��dRa�`bae��SV]J]JwJ`bae��SV[Nj�MJUZjl`VOTk;MJ�TO�� P�a�U�� OTgih�UZjA� OT�WuJ]

M�uc^Z`Vwc^�dxOTSluJSV]Jk aeu�� ]J����OT`VO	
@j ac`bac�luJOT`VUl�T^JOWuJ� f _l^J�WuJ��P�aey#O&SVOW��Sba��VUluJO�dx�JSV[!��MJ]c�/�
�@^ h�OTSVUVO��!_Zdx]cuJSV]J�WuJU�
/M2SVOT]TPRSV]J`V]TPRSV]��WuJ`baeuJU���UVvVUV`V]JM�acSVSV]�� aeu�� ]J����OT`VSV]�����dx]JO
_V]TPR�VUVSlfVOWuJ� f;^Z`bacMJSVOTSVUVg G YZH�I�I �)uJ]�]c��Sba��bacOWu��luJ]�_Zdx]cuJSV]J�WuJ� # uJUZj2MJUZjl`VOTMJ[Nj�MJ]c�/�
�@^ h�OTSVUVk1M&uJO�j���dx]�fZj�
 � PRO	Sbacwedxg)P�acgiuJ� f���Sba��VUluJO�dx�JSV[\O#]cuJ`VUVvbaeuJO�dx�JSV[\O

α

b��a&� ]��

SVOT�VSV]JO$MJ`VO��@f�
L_V`V]J_V]J`VvVUV]JSbardx�JSV]JO √−α

nPR]J�WuJU��TSVOWu���a	� OWuJSV[Nj ��Sba��VOTSVUVk I �@ac� ]Jk

MJ[\MJ]TP � ]�y(SV]�� PRO�dRaeuJ��Ul�8acSbardxUl��a$dxUVSVO�ac`VUl��]JM�acSVSV]��T]�^Z`bacMJSVOTSVUlf G X���IQI ��a�_V]c��P �
SVUZj��Wuea�PRUlfZj # uJ]��T](_V`V]JvVOT�T��a5dxUVwJ]&MedxUlfVSVUVO�Mcfl��� ]J�WuJU�
bdxUVwJ]&Ul�F� OTSVOTSVUVO	^Z`bacMJSVOTSVUlf
�T]J�WuJ]�fVSVUlf;]J�WueacSV]JMcflu�_V`V]JvVOT�T�&`V]J�Wuea�_Zdx]cuJSV]J�WuJU I � ]J`VSba�PR]AG MJ]TPxfVSV[!� U�UZdxU�_V[Ndx���
SV[!� U ��� OT`V�ba	� U=I��WueacSV]JMcfluJ� f;uJ]edx�J� ]$PR]J�WueaeuJ]J�VSV]1�V`l^Z_VSV[\O(MJUZjl`VU�
 U�� OTMco�UVO&_VOT`��
MJ]JSba��bardx�JSV]1]cuJ`VUVvbaeuJO�dx�JSV]JO$MJ]c�F�@^ h�OTSVUVO�_Zdx]cuJSV]J�WuJU I �nPRUVSV�WuJMJOTSVSbaef _V`VUV�VUVSba�UZj
^J�TUZdxOTSVUlf$PR]���Sba��VUluJO�dx�JSV[Nj�MJO�dxUV�VUVS��T]J�WuJ]JUlu(M#�WuJ`baeuJU���UV�ZacvVUVU���dx]�f�aeu�� ]J����OT`V[�

M&� ]cuJ]J`V]�� ]JSVU ��]J`�� UV`l^ZgiuJ� f I
tNMJ]JkV�WuJM�a2�V`l^Z_VSV[Nj MJUZjl`VOTk�
/Ul��MJOT�WuJSV[\O�Ul��Sbacwedxg)PROTSVUVk U dRacwJ]J`baeuJ]J`VSV[Nj # � ���

_VOT`VU�� OTSluJ]JM � X�� 
R�Zac��
�Sbac_V`VU�� OT`�
R��acMJUV�TU�� ]J�WuJ�&j ac`bac�luJOT`ba8MJSl^ uJ`VOTSVSVOTk2�WuJOTSV�VU�uJ]J`��



� ������� ��� 
��	��
�� ���
� � ��������������������� � 
������ ������� ����������� ��
� 	
�

Sba�PR]�� _V]TPR]JwJSV]��T]�MJUZjl`�f ]cu�`bae�F� OT`ba 
 � ]cuJ]J`baef;MJ�TO�� P�a�wJ]edxOTO&`VOW���Zaef�
 �VO�� MJSVOWo�Slflf�

_V`VUV�VO��!Pbdbf � OTSV�co�O��T] `bae�F� OT`ba MJUZjl`�f # uJ] `bae�WdxUV�VUVO�^J�TUZdxUVM�acOWuJ� f�
q�Za��VOT�WuJMJOTSVSV]
�T]JMJ_ba�P�acOWu(��_V`VOQPR�WueacMedxOTSVSV[!� U � ]TPRO�dx�JSV[!� U�`VOW�T^�dx��ueaeuea	� UDG Yc~&I 
CG X � I 
CG � �&IQI
K P�acSVSV[Nj�Sbacwedxg)PROTSVUVk�]cu�� OT�bacOWuJ� f2]J�VOTSV�8SVUl��� ]JO�P�acMedxOTSVUVO�M(vVOTSluJ`VO	uJ]J`VSba�PR]�


M#]JwedRac�WuJU ��� dRae��a �5MJUZjl`�f I��)uJ]5Sbacwedxg)PROTSVUVO��T]�� dRac�W^JOWuJ� f��q`ba�PRUbardx�JSV[!� `bac�T_V`VOQPRO��
dxOTSVUVO�� _Zdx]cuJSV]J�WuJU2�V`l^Z_VSV]��T]$MJUZjl`�fDG Y � I\UZdxU G Yc�&I\M8Sba��bardx�JSV[\k � ]�� OTSlu$MJ`VO�� OTSVU�

_V`VOQPR�WueacMedxOTSVSV]��T]8Sba5`VUV�cIRY�
xXlI

! ��dx]JMJUlf Sbacwedxg)PROTSVUlf �V`l^Z_VSV[Nj MJUZjl`VOTMJ[Nj �WuJ`l^Z�luc^Z` M;aeu�� ]J����OT`VO�_V]c��MJ]edbfVgiu
_V`VOQPR_V]edRa	��aeuJ��SbardxUV�VUVO#SVOT]TPRSV]J`V]TPRSV]Jk2�WuJ`baeuJU���UV�ZacvVUVU G

α 6= 0
I ��]JSV]JMJ]��T]8�T]J�WuJ]�f��

SVUlf$aeu�� ]J����OT`V[�I)m ac�T_V`VOQPRO�dxOTSVUVO�uJO�� _VOT`baeuc^Z`V[ _V]	MJOT`luJUV�ZardxU�M��T`V]c��]JMJ[Nj(]JwedRac�Zarj
_V`VOQPR_V]edRa	��acgiu1MJ[\_V]edxSVOTSVUlf;^J��dx]JMJUVO

α 6= 0
M�MJOT`luJUV�Zardx�JSV[Nj ��dx]�fZj�MJSl^ uJ`VU ]JwedRa��

�ZalI ��� OTSVSV]�uea	�*]cu�� OT�bacOWuJ� f MJ]c��SVUV�VSV]JMJOTSVUVO(MJ]J`V]JSV�VU;MJUZjl`�f�
@� ]cuJ]J`baef1P�ardxOTO(� ]��
y#OWu8^J�TUZdxUVM�aefV�T�$]J_l^J�T�ZaeuJ�J� f���_V]JMJOT`JjlSV]J�WuJU I �@ac�VUVO�^J��dx]JMJUlf1MJ]c�F� ]�y(SV[*U�MJwedxUl��U
_V]JMJOT`JjlSV]J�WuJU1_V]J�T� ]edx�J�l^�uea	� ��Sba��VUluJO�dx�JSV[ Ul�F� OTSVOTSVUlf�uJO�� _VOT`baeuc^Z`V[�G ]J�T]JwJOTSVSV](MJ]
MJ`VO��@f �T`V]c��[ I�
xuJ]�� P�a(MJ]J`V]JSV�Za(MJUZjl`�f$� ]�y#OWu8`bac�WuJU1]cu(_V]JMJOT`JjlSV]J�WuJU I���O�`VOQPR� ]8Sba��
wedxg)P�acOWuJ� f�
b�luJ]�`bac�Wuc^ h�UVk��TMJOT`JjZ^8U8�TSVUl�T^&uJ]J`VSba�PR]#]Jw��>OQPRUVSlfVOWuJ� f$M�]TPRUVS8MJUZjl`V��
lM
# uJ]�� ��db^Z�bacO5MJOT`V]�fluJSV]�]TPRUVS2U1uJ]cu�y#O�MJUZjl`V�$^J�TUZdxUVM�acOWuJ� f Sba8`bae��SV[Nj2MJ[\�T]cuearj2SVO
`bacMJSV]�� OT`VSV]�
Ra5_V`V]J_V]J`VvVUV]JSbardx�JSV](MJO�dxUV�VUVSVO

α
I �qSbardx]��TUV�VSV[\O	
x��Sba��VUluJO�dx�JSV] � OTSVOTO

�Lac�Wo	ueacwJSV[\O�MJUZjl`VOTMJ[\O/�WuJ`l^Z�luc^Z`V[ Sbacwedxg)P�acgiuJ� f#U�MJwedxUl��U#_V]JMJOT`JjlSV]J�WuJU5MJ]TPR]JO�� ]JM�

MJ_V]edxSVO5MJOT`V]�fluJSV]�MJ]c��SVUV�VSV]JMJOTSVUVO#ueac�VUZj2^J��dx]JMJUVk G

α 6= 0
IqU�Sba�P ��ac�TSVOWy#OTSVSV]Jk�_V]��

MJOT`JjlSV]J�WuJ�Jg � X�� ID+�`VU MJ]c��SVUV�VSV]JMJOTSVUVU uJ]J`VSba�PR]�MJwedxUl��U Ul��MJOT`���acgih�O��T]J� f Mc^�dx�ZacSba
ueac�ly#O(� ]�y(SV]�_V`VOQPR_V]edRa	��aeuJ����Sba��VUluJO�dx�JSV[\O$U SVOT]TPRSV]J`V]TPRSV[\O8_VOT`VOT_ba�PR[ uJO�� _VOT`ba��
uc^Z` ]J� ]edx]�_V]TPRSVU��Lacgih�O��T]J� f �WuJ]edxw�a�Mc^�dx�ZacSVUV�VOT�T�VUZj;MJ[\wJ`V]J�T]JMVI8KN]�MJ�TO�j���db^Z�baefZj
� ]�y(SV]#^ uJMJOT`�y#P�aeuJ��
x�luJ](MJ[\_V]edxSlfVOWuJ� f�^J��dx]JMJUVO

α 6= 0
I

�@ac�ly#O � ]TPRO�dx�JSV]JOiMJ[\`baey#OTSVUVO�G X � I � ]�y(SV]�UV�T_V]edx�c��]JM�aeuJ��U�Pbdbf5]J_VUV��acSVUlf&�V`l^Z_��
SV]��Lac�Wo	ueacwJSV[Nj8fVMedxOTSVUVk(M�aeu�� ]J����OT`VOiueac�VUZj�
V�Zac�&uJ`V]J_VUV�VOT�T�VUVO�vVUV�Zdx]JSV[ U&ueack���^&�
SV[�I � PRSbac� ]�MJMJU Px^ ��Sba��VUluJO�dx�JSV[Nj MJOT`luJUV�Zardx�JSV[Nj �Lac�Wo	ueacwJ]JM���PROT�T��SVOT]Jw�j�]TPRU�� ]
^Z�VUluJ[\M�aeuJ�1MedxUlfVSVUVO5MJ]TPxfVSV]��T]�_bac`ba�U2uJOT_ZdRa�MJ[)PRO�dbfVO�� ]��T]�_V`VU�O��T]�� ]JS PROTSV��acvVUVU I
+�]J�T� ]edx�J�l^5M�]J�TSV]JMJSV]��2uJ`V]J_VUV�VOT�T�VUVO�vVUV�Zdx]JSV[ ��]J`�� UV`l^ZgiuJ� f8Sba�P$_V`V]��T`VOWuJ[!� U8MJ]��
P�a	� U0� UV`V]JMJ]��T]i]J� O�acSba�U�_V`VU���Sba��VUluJO�dx�JSV[Nj�MJ]c�F�@^ h�OTSVUlfZj�uJO�� _VOT`baeuc^Z`V[ MiMJOT`JjlSVOTk
�bac�WuJU5uJ`V]J_V]J����OT`V[D� ]�y(SV]�_V`VOQPR_V]edx]�y(UluJ��
��luJ]�_bac`ba	� OWuJ`

α
ueac�ly#O/U��T`bacOWu�M�aey(Sl^Zg

`V]edx�&U�M ��]J`�� UV`V]JM�acSVUVU$uJ`V]J_VUV�VOT�T�VUZj�vVUV�Zdx]JSV]JM5U�ueack���^ZSV]JMVI

� =��76#G�E B�6

K�`bacwJ]cuJO&MJ[\MJ]TPxfluJ� f;^Z`bacMJSVOTSVUlf G YZH�I�
�G YJY�I�
n]J_VUV�T[\M�acgih�UVO(MJUZjl`VOTMJ]JO&MJ]c�F�@^ h�O��
SVUVO1� y(U��LacO�� ]Jk w�ac`V]J�ZdxUVSVSV]Jk y(U PR� ]J�WuJU�
qSbarj�]TPxflh�OTOT� f M �WuJ`baeuJU���UVvVUV`V]JM�acSVSV]��
��]JSV]JMJ]�� uJOT�VOTSVUVU I
t)ueacvVUV]JSbac`VSV]JO�`VOWo�OTSVUVO�^Z`bacMJSVOTSVUlf G YJY�I�wJOW�$^Z�VOWuea2]J�TOTMJ]Jk �T� ]J`V]J�WuJU fVMedbfVOWuJ� f

Ul��MJOT�WuJSV[!� `VOWo�OTSVUVO�� G Y � I 
ZSbae��[\M�acO�� [!� �e_V]cuJOTSVvVUbardx�JSV[!���#MJUZjl`VO��\I ! �VOWu�]J�TOTMJ]Jk
�T� ]J`V]J�WuJU#Pbdbf5_V]c��PRSVUZj # ueac_V]JM�`bae��MJUluJUlf&MJUZjl`�f5_V`VUVMJ]TPRUlu	�5�VM�a�PR`baeuc^Z`VO�G Y "�I 
�� ]cuJ]��
`baef#M�SVOWfVMJSV]��2MJU PRO/]J_VUV�T[\M�acOWu�`bac�T_V`VOQPRO�dxOTSVUVOi_Zdx]cuJSV]J�WuJU&M�MJUZjl`VOcI.+�`VOQPR�WueacMedxOTSV[
PRMJO/_V]J_V[/uJ�VU#^Z_V`V]ch�OTSVUlf5`VOWo�OTSVUlf$G Y "�I 
J� ]cuJ]J`V[\O\_V`VUVMJ]TPxflu��%� ]TPRO�dx�JSV[!�2MJ[\`baey#O��
SVUlf��DG Yc�&ICU G X � I�I mnOWo�OTSVUVO0G Y � ICU�MJ[\`baey#OTSVUVO�G Yc�&I U�� OTgiu�]cuJ`VUVvbaeuJO�dx�JSV]JO/��Sba��VOTSVUVO
Sba�]J�TU(MJ`baeh�OTSVUlf(MJ_Zdx]cuJ��PR]�SVOT� ]cuJ]J`V]��T]	`bac�T�WuJ]�fVSVUlf�
l_V`bacMJOTOi� ]cuJ]J`V]��T]	Sba��VUVSbacOWuJ� f
`V]J�Wu(_Zdx]cuJSV]J�WuJU I
" ]TPRO�dx�JSbaef�^�� dx]JM�aef;�T� ]J`V]J�WuJ� G Yc~&I�U G X � I�
n�T]J]cuJMJOWuJ�WuJMc^Zgih#aef `bac�T_V`VOQPRO�dxOTSVUlf��

_Zdx]cuJSV]J�WuJUAG Yc�&I U G X � I 
 U�� OTOWu�Sl^�dxOTMJ]JO���Sba��VOTSVUVOqSba�]J�TU&MJ`baeh�OTSVUlf�
ZSba�`bac�T�WuJ]�fVSVUlfZj
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_V`VOTMJ[/o#acgih�UZj�SVOT� ]cuJ]J`V]JO
r ≈ r1

�T�Za��V� ]J]JwJ`bae��SV]#MJ]c��`bac�WueacOWu�
xU5P�ardxOTO�_V]J��dxO�uJ]J�V�VU
_VOT`VO��TUVw�a

r = r2
� ]JSV]cuJ]JSVSV]#�WuJ`VO�� UluJ� f��$Sl^�dxg�
V_V`VUVwedxUl��UluJO�dx�JSV]&]JwJ`baeuJSV]#_V`V]J_V]J`��

vVUV]JSbardx�JSV]1�VM�a�PR`baeuc^;`bac�T�WuJ]�fVSVUlf;PR]1]J�TU MJ`baeh�OTSVUlf9G `VUV�cI@�&I�I �@ac� ]JO(`ba�PRUbardx�JSV]JO
`bac�T_V`VOQPRO�dxOTSVUVO�^�� dx]JMJ]Jk �T� ]J`V]J�WuJU � ]�y(SV]1UVSluJOT`V_V`VOWuJUV`V]JM�aeuJ� �Zac� MJ]c��SVUV�VSV]JMJOTSVUVO
��� dRae��a �5MJUZjl`�f I � acMJUV�TU�� ]J�WuJ�)G Yc~&I 
 G X � IL]cu#_V]J�WuJ]�fVSVSV[Nj�UVSluJO��T`VUV`V]JM�acSVUlf�_V]c��MJ]edbf��
OWu5]J_VUV��aeuJ�#`bae�WdxUV�VSV[\O�� ]JS���U��W^Z`bacvVUVU�MJUZjl`VOTk�
V_V`VU # uJ]�� ��acMJUV�TU�� ]J�WuJ�5]cu#MJ`VO�� OTSVU
� ]�y#OWu5_V`VUVMJ]TPRUluJ�5�Zac�$�8^�� OTSV�co�OTSVUVg�
Vueac��U$�$MJ]c��`bac�WueacSVUVg ^�� dx]JMJ]Jk��T� ]J`V]J�WuJU�MJ]
MJ`VO�� OTSVU�
x_V`VU�SVO��W^ h�OT�WuJMJOTSVSV] � OTSlfVgih�O�� � f�`ba�PRUbardx�JSV]�� `bac�T_V`VOQPRO�dxOTSVUVU I
2�a��VOT�WuJMJOTSVSV]�_V]�j�]�y#OTOq_V]JMJOQPROTSVUVOiueac�ly#O/PRO�� ]JSV�WuJ`VUV`l^JOWu5U(`VOWo�OTSVUlf&dxUVSVO�ac`VUl��]��

M�acSVSV]��T]5^Z`bacMJSVOTSVUlf4G X���IQI � OW��^Z�VOWuea&]J�TOTMJ]Jk��T� ]J`V]J�WuJU�M&`VOWo�OTSVUVUHG XJ~&I 
CG � Y�INSba#]J�TU
MJ`baeh�OTSVUlf8MJ]c��SVUV�Zacgiu�wJOT�T� ]JSVOT�VSV[\O���Sba��VOTSVUlf8_Zdx]cuJSV]J�WuJU I�+�`VU(^J��dx]JMJUVU

α < 0
MJ]c�/�

� ]�y#OTS # � �T_V]JSVOTSVvVUbardx�JSV[\k `V]J�Wu _Zdx]cuJSV]J�WuJU MJUZjl`VOTMJ]��T] MJ]c�F�@^ h�OTSVUlf MJ]�MJ`VO�� OTSVU�

_V`VU

α > 0
MJ]c�F� ]�y(SV[*� ]edxOTw�acSVUlf2_Zdx]cuJSV]J�WuJU�MJUZjl`VOTMJ]��T]$MJ]c�F�@^ h�OTSVUlf2MJ]$MJ`VO�� OTSVU I

* dbf _VOT`VMJ]JSba��bardx�JSV]�]cuJ`VUVvbaeuJO�dx�JSV]2MJ]c�F�@^ h�OTSVSV[Nj MJUZjl`VOTk `ba�PRUbardx�JSV]JO8`bac�T_V`VOQPRO��
dxOTSVUVO�^�� dx]JMJ]Jk��T� ]J`V]J�WuJU G � �&INM5SVOT�WueacvVUV]JSbac`VSV[Nj�`VOWy(U��Larj�_V]J�Zae��[\M�acOWu8MJ]c��SVUV�VSV]��
MJOTSVUVO ��� dRae��a �$MJUZjl`�f�
�M5dxUVSVOTkVSV]�� ��db^Z�bacO # uJ]$]JwedRac�WuJ� � SVU�� [Nj���Sba��VOTSVUVk1MJwedxUl��U
]J�TU(MJ`baeh�OTSVUlf ILK uJ]J�V� O

r = r∗
MJ]c��SVUV�VSV]JMJOTSVUlf(_V]edx]�y(UluJO�dx�JSV[Nj(��Sba��VOTSVUVk8�VM�a�PR`ba��

uea	^�� dx]JMJ]Jk��T� ]J`V]J�WuJU$ueac�ly#O�MJ]c��SVUV�Zacgiu#wJOT�T� ]JSVOT�VSV[\O���Sba��VOTSVUlf$^�� dx]JMJ]Jk$�T� ]J`V]J�WuJU I
* dbf1_VOT`VMJ]JSba��bardx�JSV]8_V]edx]�y(UluJO�dx�JSV]$MJ]c�F�@^ h�OTSVSV[Nj2MJUZjl`VOTk2`ba�PRUbardx�JSV]JO�`bac�T_V`VOQPRO��
dxOTSVUVO��VM�a�PR`baeuea#^�� dx]JMJ]Jk��T� ]J`V]J�WuJUHG � �&I)fVMedbfVOWuJ� f�]cuJ`VUVvbaeuJO�dx�JSV[!�\I
KLdxUlfVSVUVO�Mcfl��� ]J�WuJU�Sba#_V`VOQPR�WueacMedxOTSVSV[\O	`VOWo�OTSVUlf�SVO�UV�T��dxOQPR]JM�ardx]J�T�VI)KN]c�F� ]�y(SV]

U�� OTSVSV]5Mcfl��� ]JO�uJ`VOTSVUVO-� OWo#acOWu&^�� dx]JMJ]Jk��T� ]J`V]J�WuJU8PR]J�WuJUV�V�5wJOT�T� ]JSVOT�VSV[Nj���Sba��VOTSVUVk
Sba ]J�TU MJ`baeh�OTSVUlf UZdxU M SVOT� ]cuJ]J`V]Jk uJ]J�V� O

r = r∗
I�KN]c�F� ]�y(SV];ueac�ly#O�Pbdbf MJUZj'�

`VOTk SVOTwJ]edx�co�]��T]1`bae�F� OT`ba ��� dRae� �2MJUZjl`�f Sbacwedxg)P�aeuJ�J� f � ]�y#OWu�dxUlo��2M�U PRO�ardx�JSV]Jk
y(U PR� ]J�WuJU�
Ra#M&Mcfl��� ]Jk�y(U PR� ]J�WuJU�MJOT`V]�fluJSVOTO	Sbacwedxg)PROTSVUVO �rf PR`ba �5MJUZjl`�f I
KLdxUlfVSVUVO#OWh�O5]TPRSV]Jk�PROTkV�WuJMc^Zgih�OTk �TUZdx[ � �TUZdx[ 2�]J`VUV]edxUV��a � SVO5Ul�T^Z�bardx]J�T��


SV]	_V]���Ul��UV�VOT�T� ]��@^(��� [\��db^ # uJ]Jk8�TUZdx[ ]JSba�SVO7� ]�y#OWu	_V`VUVMJ]TPRUluJ���(^J�TUZdxOTSVUVg MJUZj'�
`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf�
ZMedxUlfVSVUVOiSba-��]J`��@^#MJUZjl`�f&U&Sbac_V`bacMedxOTSVUVOiMJ`baeh�OTSVUlf&]J�WueacOWuJ� f
MJ]c�F� ]�y(SV[!�\I

� =�� D�:@E�� ���'6 BLA <���F��=E
�;DCB D��	��< �lB)E@GRA F@D�E

* ardxOTO5wc^�PROWu�]JwJ�W^ y#P�aeuJ�J� f�_V`VOQPR_V]edx]�y#OTSVUVO&]��TMcfl��U2`VOWo�OTSVUlf G � Y�I�
 G X � IqU2_V`V]��
vVOT�T�T]JM�UV]JSVUl��acvVUVU�
lM��bac�WuJSV]J�WuJU$Sba��bardx�JSV]Jk(�Wuea�PRUVU$]JwJ`bae��]JM�acSVUlf � ]edxSVUVOTMJ[Nj5dxU PRO��
`V]JM�
ZMJ]c��SVUV�Zacgih�UZj(M	_V`VUV`V]TPRSV[Nj(^J��dx]JMJUlfZj(M	aeu�� ]J����OT`VO�MJwedxUl��U(�T`V]c��]JMJ]Jk&fV�VOTkV�VU I
+�`V]JvVOT�T�T[ _V`VUVMJ]TPxflh�UVOL��MJ]c��SVUV�VSV]JMJOTSVUVg SVUV� j�]TPxflh�O��T]idxU PROT`ba0� ����MJwedxUl��U�SVUly(SVO��T]
�V`baef��T`V]c��]JMJ]��T]�]JwedRac�Za 
��Wuc^Z_VOTSV�baeuJ]��T]	UZdxU5SVOT_V`VOT`V[\MJSV]��T]�
 �Zaey&^ uJ� f&SVO)PR]J�WueaeuJ]J�VSV]
]Jw��CfV�TSVOTSVSV[!� U I�+�`V]TPRMJUly#OTSVUVO#y#O	dxU PROT`ba��2_V]JMJOT`JjlSV]J�WuJU � O�� dxU�UZdxU2��]cuTP�ardxOTS��
SV]Jk ]JwedRac�WuJU9�T`V]c��]JMJ]��T] ]JwedRac�Za 
�a;ueac�ly#O � dRacMJSbaef �Wuea�PRUlf�� ]edxSVUVOTMJ]��T] `bae��`�f P�a 

]J_VUV��acSV[ PR]J�WueaeuJ]J�VSV](_V]TPR`V]JwJSV]VI
� ��dxU PROTkV�WuJMJUluJO�dx�JSV];M1�WuJ`baeuJU���UVvVUV`V]JM�acSVSV[Nj ��dx]�fZj _V`VU

α < 0
Sbacwedxg)P�acOWuJ� f

^J�TUZdxOTSVUVO(MJOT`luJUV�Zardx�JSV[Nj;MJUZjl`VOTMJ[Nj�MJ]c�F�@^ h�OTSVUVk�
>uJ] # uJU�MJ]c�F�@^ h�OTSVUlf��Lardx]��T]�`ba��
PRUl^J��a��iMJOT`luJUV�Zardx�JSV]	]J`VUVOTSluJUV`V]JM�acSVSV]Jk(]J�T�Jg MJ`baeh�OTSVUlf � ]��W^ u�MJ[\`bac�WuJU#PR]�MJOT�T���La
MJSl^ o�UluJO�dx�JSV[Nj�MJO�dxUV�VUVS I@|�UVSVOTkVSV]JOq`VOWo�OTSVUVO�G � Y�I@_V]TPR�T�Zae��[\M�acOWu�
V�luJ] # � �T_V]JSVOTSVvVU��
ardx�JSV]JO�^J�TUZdxOTSVUVO	MJ]&MJ`VO�� OTSVU�_Zdx]cuJSV]J�WuJU1MJUZjl`VOTMJ]��T](MJ]c�F�@^ h�OTSVUlf�MJ]c�F� ]�y(SV]&U�_V`VU
MJ`baeh�OTSVUVU�MJ]J�V`l^���]J�TU�_V`V]JUl��MJ]edx�JSV]&]J`VUVOTSluJUV`V]JM�acSVSV]Jk�M5_V`V]J�WuJ`bacSV�WuJMJOcI
KNUZjl`VU�
�M;Sba��bardx�JSV[\k � ]�� OTSlu MJ`VO�� OTSVU j ac`bac�luJOT`VUl�T^Zgih�UVOT� f _V]edx]�y(UluJO�dx�JSV[!�

MJ]c�F�@^ h�OTSVUVO���_Zdx]cuJSV]J�WuJU�
 U�� OTgih�UVO	f PR`V](�Lardx]��T](`ba�PRUl^J��a8M(SVOT]TPRSV]J`V]TPRSV[Nj��WuJ`ba��
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uJU���UVvVUV`V]JM�acSVSV[Nj���dx]�fZj��
α < 0

G Sbac_V`VU�� OT`�
xMJ]&MJ`VO��@f)�T`V]c��[ IN��a5� ]JSVOT�VSV]JO	MJ`VO��@f
_V`V]J_V]J`VvVUV]JSbardx�JSV]JONMJO�dxUV�VUVSVO

α
� ]��W^ uiPR]J�WuJU��TSl^ uJ���T]J�WuJ]�fVSVUlf��)��Sba��VUluJO�dx�JSV[!� U5MJO��

dxUV�VUVSba	� U�_Zdx]cuJSV]J�WuJU1MJUZjl`VOTMJ]��T](MJ]c�F�@^ h�OTSVUlf I � Sba��VUluJO�dx�JSV[\O�_Zdx]cuJSV]J�WuJU�
��T]�� dRac���
SV]&^Z`bacMJSVOTSVUVg �T]J�WuJ]�fVSVUlf�U PRO�ardx�JSV]��T](��ae��a	Pbdbf�a�PRUbacw�aeuJUV�VOT�T�VUZj�_V`V]JvVOT�T�T]JM�
 # �VMJU��
M�ardxOTSluJSV[ ��Sba��VUluJO�dx�JSV[!� uJO�� _VOT`baeuc^Z`ba	� MJwedxUl��U(]J�TU(MJ`baeh�OTSVUlf��

ρ
γ−1
1 T−1

1 ργ−1 = T



� PRO�MJO�dxUV�VUVSV[���UVS PROT� �T]�� �ZH �8]cu�� OT�bacgiu$SVOT� ]cuJ]J`V]JO�Sba��bardx�JSV]JO��T]J�WuJ]�fVSVUVO�MJUZjl`VO��
MJ]��T] MJ]c�F�@^ h�OTSVUlf I*tN]�� dRac�TSV] `VOWo�OTSVUVg G � Y�I#uJO�� _VOT`baeuc^Z`ba �T] MJ`VO�� OTSVO�� � OTSlfVOWu��
� f �Zac�

T ∼ ρ
γ−1
1 T−1

1 ργ−1
n exp((γ − 1)

√
αt)

!� PRO

ρn
�z_V]edx]�y(UluJO�dx�JSV]JO�Sba��bardx�JSV]JO

MJ]c�F�@^ h�OTSVUVO�_Zdx]cuJSV]J�WuJU M;MJUZjl`VOcI KN`VO��@f uJ`VOTwc^Zgih�OTOT� f MJUZjl`VOTMJ]��@^ MJ]c�F�@^ h�OTSVUVg
Pbdbf PR]J�WuJUly#OTSVUlf uJO�� _VOT`baeuc^Z`V[.M ��� � �42 G _V`VUVwedxUl��UluJO�dx�JSV] ueac�VUVO�uJO�� _VOT`baeuc^Z`V[
��UV� �TUV`l^ZgiuJ� f2_V`VU�MJ]c��SVUV�VSV]JMJOTSVUVU�Px^��T]JMJ]��T](`bae��`�f P�a � ��� I!� ]�y(SV]&]JvVOTSVUluJ�8_V`VUVSlfVM
ρ1 ≈ 1



T1 ≈ 280



ρn ≈ 0.1


R_V`VU
α ≈ ±10

SVOT]Jw�j�]TPRU�� ]JO#MJ`VO��@f�PR]J�WuJUly#OTSVUlf1ueac�VUZj
uJO�� _VOT`baeuc^Z` _V]J`�f PR�Za�_VOT`VMJ[Nj1PROT� fluJ� ]JM��TOT�l^ZS P G H�~��TOT�2Pbdbf;_V`VUVSlfluJ[Nj;��Sba��VOTSVUVk�

ln(TT1ρ

−γ+1
n )((γ − 1)

√
α)−1 ≈ t

I�
b^Z�VUluJ[\M�aef�SVOT]J_V`VOQPRO�dxOTSVSV]J�WuJ�$�TMcfl��acSVSl^Zg ��SVOTUl�/�
MJOT�WuJSV]J�WuJ�Jg�Sba��bardx�JSV]Jk�a	� _ZdxUluc^�PR[ MJUZjl`VOTMJ]��T]&MJ]c�F�@^ h�OTSVUlf I
�@h�O ]TPRUVS
� O�j acSVUl�F� Sba	�T`VOTM�a��TMcfl��acS � uJO��!
1�luJ]!MJUZjl`VOTMJ[!� MJ]c�F�@^ h�OTSVUlf��

� OTSV�co�O��T]&`ba�PRUl^J��a5�T]J]cuJMJOWuJ�WuJMc^Zgiu8wJ]edx�co�UVO�^�� dx]JMJ[\O��T� ]J`V]J�WuJU�MJ`baeh�OTSVUlf�
V�T]�� dRac���
SV](G X � I 
�M���db^Z�bacO�� ]�� P�a�MJUZjl`V��U�� OTOWu	Sba��bardx�JSV]JO\]cuJ`VUVvbaeuJO�dx�JSV]JOiMJ]c�F�@^ h�OTSVUVO�_Zdx]cu��
SV]J�WuJU I � Sba��VUluJO�dx�JSV[\O2�T� ]J`V]J�WuJU MJ`baeh�OTSVUlf � ]��W^ u _V]J�T`VOQPR�WuJMJ]�� Mcfl��� ]��T];uJ`VOTSVUlf
_V`VUVMJ]TPRUluJ�5�8_V]JMJ[/o�OTSVUVg uJO�� _VOT`baeuc^Z`V[�
bdx]J�ZardxUl��]JM�acSVSV]�� MJwedxUl��U8f PR`ba	MJUZjl`VOTMJ]��T]
MJ]c�F�@^ h�OTSVUlf I5K*`VOW�T^�dx��ueaeuJO(SVOT� ]cuJ]J`baef�]JwedRac�WuJ��MJwedxUl��U2]J�TU2MJ`baeh�OTSVUlf�MJUZjl`VOTMJ]��T]
MJ]c�F�@^ h�OTSVUlf$Sba	�T`VOTM�acOWuJ� f I)K �TUZdb^&_V`VUVwedxUly#OTSVSV]J�WuJU8`VOWo�OTSVUlfAG X � I uJ`l^�PRSV]	^ZMJOT`VOTS��
SV]5^ uJMJOT`�y#P�aeuJ��
b�luJ]&M # uJ]Jk�]JwedRac�WuJU8PR]J�WuJU���acOWuJ� f��T]J�WuJ]�fVSVUVO�wedxUl��� ]JO���UV]JSVUl��acvVUVU
MJ]c��Px^�j a 
xSV]5]&SVOT� ]cuJ]J`V]�� Sba	�T`VOTMJO�`VOT�V�&U PxuJU$� ]�y#OWurI
� PRSV]Jk;Ul�8MJ]c�F� ]�y(SV]J�WuJOTk2Pbdbf ]��T`bacSVUV�VOTSVUlf _V`V]JvVOT�T��a�`V]J�Wuea�_Zdx]cuJSV]J�WuJU MJUZjl`VO��

MJ]��T]2MJ]c�F�@^ h�OTSVUlf M���dx]JO��
α < 0

fVMedbfVOWuJ� f MJ]c��SVUV�VSV]JMJOTSVUVO��TUluc^�acvVUVU � ]�� P�a2Sba��
`l^ o#acOWuJ� f ^Z`bacMJSVOTSVUVO&�T]J�WuJ]�fVSVUlf�y(U PR� ]J�WuJU I(K*��db^Z�bacO(aeu�� ]J����OT`V[!MJ]c��Px^�jA� ]�y#OWu
�W^ h�OT�WuJMJOTSVSV]1Ul�F� OTSVUluJ���TMJ]JU��TMJ]JkV�WuJM�a�MJwedxUl��U�f PR`ba�MJUZjl`VOTMJ]��T]�MJ]c�F�@^ h�OTSVUlf I$KNO��
`V]�fluJSV]�
xMJwedxUl��U�]J�TU�MJ`baeh�OTSVUlf$� ]�y#OWu&MJ]c��SVUV�VSl^ uJ�(UV]JSVUl��UV`V]JM�acSVSbaef�]JwedRac�WuJ�VI
KN]c��SVUV�VSV]JMJOTSVUVO8UV]JSVUl��UV`V]JM�acSVSV]Jk `bae��]��T`VOWuJ]Jk ]JwedRac�WuJU MJwedxUl��U;f PR`ba�MJUZjl`VOTMJ]��T]

MJ]c�F�@^ h�OTSVUlf�]JwJ`bae�T^JOWu �ZacSbard MrPR]edx� ]J�TU MJUZjl`�f�
iM � ]cuJ]J`V]�� MJ]c��SVUV�ZacOWu UZdxU _V`V]��
PRMJU���acOWuJ� f dxU PROT` � ]edxSVUVU I t)uc^Z_VOTSV�baeuJ]J�WuJ� _V`V]TPRMJUly#OTSVUlf wJ]edx�co�UVSV�WuJM�a2dxU PROT`V]JM
Sbacwedxg)P�acO�� [Nj � ]edxSVUVk8U8��dx]�y(SV]J�WuJ��uJ`bacOT�luJ]J`VUVU�`bac�T_V`V]J�WuJ`bacSVOTSVUlf$dxU PROT`ba�� OWy#Px^
�T`V]c��]JMJ[!� ]JwedRac� ]�� U���O�� dxOTk � ]��W^ u��TMJU PROWuJO�dx�J�WuJMJ]JM�aeuJ��]8�W^ h�OT�WuJMJ]JM�acSVUVUA� SV]�y#O��
�WuJM�a ueac�VUZj �ZacSbardx]JM Sba _l^ uJU `bac�T_V`V]J�WuJ`bacSVOTSVUlf dxU PROT`baH� ]edxSVUVU I +�`V]TPRMJUly#OTSVUVO
dxU PROT`ba#_V]J��dxOQPR]JM�aeuJO�dx�JSV]#_V]�SVOT�T� ]edx�J�VU�� ueac�VU�� �ZacSbardRa	� MJOT`V]�fluJSV]5`VO��TUV�WuJ`VUV`l^JOWu��
� f��Zac��O��T]&�Wuc^Z_VOTSV�baeuJ]J�WuJ�VI
�@ac� ]Jk)� O�j acSVUl�F� MJ]c��SVUV�VSV]JMJOTSVUlf$� ]edxSVUVk�]Jw��CfV�TSlfVOWu(`�f P2UZj��TMJ]JkV�WuJM8SVO�_V]JSlflu��

SV[Nj�M&`ba	� �Zarj$PR`l^��TUZj$� O�j acSVUl�F� ]JM8MJ]c��SVUV�VSV]JMJOTSVUlf$� ]edxSVUVOTMJ[Nj�dxU PROT`V]JMVI " ]edxSVUlf
PR]JMJ]edx�JSV]&`VOQPR� ]8Sbacwedxg)P�acOWuJ� f1M&]cuJ�W^ uJ�WuJMJUVO#]JwedRa��VSV]��T](_V]J�V`V]JM�a5_V`VU�wJOW��]JwedRa��VSV]��
SVOTwJO%� HJH/� I���SV]�� P�a	Sbacwedxg)P�acOWuJ� f�`bae��`�f P)� ]edxSVUVU$SVOqMJSVUl���(��O�� dxO	
ba	MJMJOT`Jj(]cu#]JwedRa��
�ZalI/m ae��`�f PR[ � OWy#Px^�]JwedRac� ]�� U�_V]JMJOT`JjlSV]J�WuJ�Jg���O�� dxU�SVO�fVMedbfVgiuJ� f�SbacUVwJ]edxOTO�`bac���
_V`V]J�WuJ`bacSVOTSVSV[!� U�
LwJ]edxOTO(�bac�WuJ[!� U `bae��`�f PR[ � ]edxSVUVk Sbacwedxg)P�acgiuJ� fH� OWy#Px^�PRMc^��@f
`bae��SV[!� U4�T`V]c��]JMJ[!� U;]JwedRac�Za	� U�
 a�SbacUVwJ]edx�co�OTO&� ]edxUV�VOT�WuJMJ] � ]edxSVUVOTMJ[Nj�`bae��`�f PR]JM
��UV� �TUV`l^JOWuJ� f MJSl^ uJ`VU ]TPRSV]��T]��T`V]c��]JMJ]��T];]JwedRac�ZalI � ��dxU _V]edRa	��aeuJ�;^J��dx]JMJUVO

α 6= 0^J��dx]JMJUVO�� ��Sba��VUluJO�dx�JSV]��T]�^J�TUZdxOTSVUlf _Zdx]cuJSV]J�WuJU MJUZjl`VOTMJ[Nj�MJ]c�F�@^ h�OTSVUVk MJ_Zdx]cuJ�8PR]
��Sba��VOTSVUVk(uJO�� _VOT`baeuc^Z`$UV]JSVUl��UV`V]JM�acSVSV]��T]0��ae��a�U�
 ��dxOQPR]JM�aeuJO�dx�JSV]�
 ^J��dx]JMJUVO�� MJ]c��SVUV���
SV]JMJOTSVUlf)� ]edxSVUVOTMJ[Nj�`bae��`�f PR]JM�
luJ]5ueac�VUVO���ac� ]JSV]�� OT`VSV]J�WuJU�MJ]c��SVUV�VSV]JMJOTSVUlf)� ]edxSVUVk
_V`VOQPR�WueacMedbfVgiuJ� f MJ_V]edxSVO#OT�WuJOT�WuJMJOTSVSV[!� U I(m ae�T^�� OTOWuJ� f1Pbdbf ��]J`�� UV`V]JM�acSVUlf1]J�TSV]JM��



	 � �����������	��
��
���
�

SV]��T]�`bae��`�f P�a�� ]edxSVUVU5]J�WueacOWuJ� f&SVOT]Jw�j�]TPRU�� ]Jk5`bae��SV]J�WuJ����ac`�f PR]JM�]JwedRac�WuJOTk�
�� ]cuJ]J`V[\O
�T]JOQPRUVSlfVOWu(uJ`bacOT�luJ]J`VUlf�dxU PROT`balI
� u�� OWuJU�� ueac�ly#O	Sbacwedxg)P�acgih�OTOT� f1^ZMJO�dxUV�VOTSVUVO#�T]TPROT`�y5acSVUlf1]c��]JSba(M8aeu�� ]J����OT`VO

_V`VU _V`V]�j�]�y#PROTSVUVU �T`V]c��]JMJ[Nj�]JwedRac� ]JMVI ��� OTgiuJ� f P�acSVSV[\O;Ul�F� OT`VOTSVUVk � "�� 
��luJ] M
MJOT`JjlSVOTk*�bac�WuJU `bae�WdxUV�VSV[Nj G SVO2uJ]edx�J� ] �T`V]c��]JMJ[Nj I�]JwedRac� ]JM M SVOT_V]J�T`VOQPR�WuJMJOTSVSV]Jk
wedxUl��]J�WuJU;UVSVMJOT`V�TUV]JSVSV]��T]���dx]�f�
C]cu�� OT�bacOWuJ� f _V]JMJ[/o�OTSVSV]JO5�T]TPROT`�y5acSVUVO5]c��]JSbalI �)uJ]
]c��Sba��bacOWu�
q�luJ] M # uJUZj ]JwedRac�Wu�fZj _V`V]cuJOT�Zacgiu _V`V]JvVOT�T�T[ UV]JSVUl��acvVUVU aeu�� ]J����OT`VSV]��T]
MJ]c��Px^�j alI
KNOT`V]�fluJSV] � SV]�y#OT�WuJMJ] � O�dx�VUZj1MJUZjl`VOTMJ[Nj1MJ]c�F�@^ h�OTSVUVk2�	_V`V]JUl��MJ]edx�JSV]$]J`VUVOTSluJU��

`V]JM�acSVSV]Jk&]J�T�Jg MJ`baeh�OTSVUlf(M�uJ]�� ��dx]JO �T`V]c��]JMJ]��T]�]JwedRac�Za 
&� PROiMJ[\_V]edxSlfVOWuJ� f&^J��dx]JMJUVO
α < 0


xPR]J�WuJU���aef��T]J�WuJ]�fVSVUlf�UV]JSVUl��UV`V]JM�acSVSV]��T] ��ae��a 
 � ]��W^ u�]JwJOT�T_VOT�VUluJ��Sbacwedxg)P�acO��
� ]JOq_V]JMJ[/o�OTSVSV]JO��T]TPROT`�y5acSVUVO�]c��]JSbalI��)uJ]cu�� O�j acSVUl�F� � ]�y#OWu�_V`VUVMJ]TPRUluJ�#�8UV]JSVUl��a��
vVUVU;]JwedRac�Za�U�fVMedbfluJ�J� f;_V]J�WueacMch�UV� ]��*UV]JSV]JM8Pbdbf;_V]J��dxOQPx^Zgih�O��T]1_V`V]J�WuJ`bacSV�WuJMJOTS��
SV]��T]&`bae��PRO�dxOTSVUlf���ac`�f PR]JMVI
K MJ_V]edxSVO�acSbardx]��TUV�VSV]Jk �TUluc^�acvVUVU ]J�Zae��[\M�acgiuJ� f MJUZjl`VOTMJ[\O�MJ]c�F�@^ h�OTSVUlf M2uJ]Jk

�bac�WuJU��WuJ`baeuJ]J����OT`V[�
=� PRO�MJ[\_V]edxSlfVOWuJ� f�^J��dx]JMJUVO
α < 0

I �@ac� ]JMJ[!� � ]�y#OWu5]J�Zae��aeuJ�J� f
��dx]Jk5M�SVOT�T� ]edx�J� ]��VUZdx]�� OWuJ`V]JM�MJwedxUl��U#uJ`V]J_V]J_ba�^ ��[�
Z�/o�UV`V]cuJSV]Jk#��acMJUV�TU�� ]J�WuJ�Jg _V]��
��dxOQPRSVOTk�
lMJ]c�F� ]�y(SV]�acSbardx]��TUV�VSV]JO�^J��dx]JMJUVOiMJ[\_V]edxSVUluJ� f(ueac�ly#OiMJwedxUl��U&�WuJ`baeuJ]J����OT`��
SV]��T])�Lac� �TU��@^��La�uJO�� _VOT`baeuc^Z`V[�I ��� OTSVSV]�Sba # uJUZj�MJ[\�T]cuearj�
 _V]8P�acSVSV[!� Sbacwedxg)PRO��
SVUVk � H ��� 
l]cu�� OT�bacOWuJ� f$��Sba��VUluJO�dx�JSV[\k�`V]J�Wu#�T]TPROT`�y5acSVUlf8]c��]JSbalI ��OWu�]J�TSV]JM�acSVUVk8�T�VU��
ueaeuJ��
l�luJ]	MJUZjl`VOTMJ]Jk(� O�j acSVUl�F� UV]JSVUl��acvVUVU8aeu�� ]J����OT`VSV]��T]�MJ]c��Px^�j a�Sba # uJUZj(MJ[\�T]cuearj
fVMedbfVOWuJ� f OQPRUVSV�WuJMJOTSVSV[!�!
N_V]J�T� ]edx�J�l^�uea	����Sba��VUluJO�dx�JSV]2� ]J`V]cuJ� ]JMJ]edxSV]JMJ]JO8�T]edxSVOT���
SV]JO�Ul�Wdb^Z�VOTSVUVOcINKN]c�F� ]�y(SV]�dxUlo���
l�luJ]#MedxUlfVSVUVO�Sbae��M�acSVSV]��T] � O�j acSVUl�F�La#UV]JSVUl��acvVUVU
SVO�fVMedbfVOWuJ� f�_V`VOTSVOTwJ`VOWy(U�� ] �Lardx[!�\I
2�]JSVOT�VSV]�^Z�Zae��acSVSV[\O&�T]JMJ_ba�PROTSVUlf2^ZMJO�dxUV�VOTSVSV[Nj���Sba��VOTSVUVk �T]TPROT`�y5acSVUlf�]c��]JSba$U
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