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INMPEAVNCJIOBUE

Hacrosmuit coopank comep:kut marepuaabl XX BiraankaBKa3cKoil MOJIOIEKHON
maremarudeckoit mkoasl (BMMIII-2025), koropast cocrosiiach B mepuoj ¢ 24 mo 25
utosig 2025 roma B AUCTAHIIMOHHOM (hopMaTe.

CoopranuzaropaMu IIKOJBI YK€ TPAJUIUOHHO BBICTYIUIN PernoHaabHbBIN
HayYHO-00pa30BaTe/bHBIN MaTeMaTudeckuii 1ieHTp KOx)Horo dhegepaabHOTO yHUBED-
curera, PakyapTeT MATEMATHKHU U KOMIbIOTEPHBIX HAyK CeBepo-OcCeTmHCKOro rocy-
nmapcreennoro yaueepcurera nM. K. JI. Xeraryposa, HOxubiit MaTeMaTuaeckuii wH-
ctutyT BragmkaBkasckoro mayunoro entpa Poccmiickoit akamemun mayk. BMMIII-
2025 mposemena mpu puHAHCOBON mommep:kke Mwunobpraykn Poccwu, coramienne
Ne 075-02-2025-1720.

BrammkaBkasckas MOJIOHEXKHAsT MaTeMaTWdecKas IMKOJAa — 3TO HAYIHO-
00pa3oBaTeIbHOE MEPOTIPUSITHE, TTPEIOCTABJISIONIES YIACTHUKAM BO3MOYKHOCTH O3HA~
KOMJIEHUsSI C HOBEUIITUMU JIOCTUKEHUSIMHU B 00JIACTU COBPEMEHHO# MaTeMaTHKu, 00-
MEHA, UIesIMU, PACKPBITHAST TBOPUECKOTO MOTEHIINAIA U PA3BUTHUS UCCIETOBATETHCKIX
HaBBIKOB. [1IK0/Ta CITIOCOOCTBYET PEIEHU0 CAEAYOMNX 3a/1a4: TIOUCK U TTPO/IBUKEHHE
TAJAHTIUBON MOJIONEKH; (POPMUPOBAHIE HOBOTO TIOKOJIEHUS UCCIEI0BATEIEH, COmeli-
CTBHE WX PO} ECCHOHATBHOMY CTAHOBJIEHU0, TBOPUECKOMY POCTY, MAKCAMATHLHOMY
MCIIOIH30BAHUIO HAYIHOTO TOTEHITNAIA; YKPEIJIeHHe TO3UIINI MAaTeMaTUIeCKoro 00-
pazoBanus Ha FOre Poccun. Yuactauku BMMII — crymenTsr crapmmx KypcoB Oa-
KaJIaBPUaTa, MATUCTPAHTHI, ACIUPAHTHI, TOJIBKO HAYNHAIOIINE CBOU MyTh B HAayKe, a
TaKKe MOJIOIbIE VIeHbIe, yKe MOy IUBIINe CTEeHN KAHINIATOB HAYK U MPOIOIKA-
OIIie CBOW HAYYHBIE WCC/ICIOBAHUSI.

Tpagummorro BMMIII cocrout u3 aByx 6/10KOB — 3TO JIeKIuu B 0b1actu pyH1a-
MEHTATHHON 1 TPUKJIATHON MaTeMaTHKN U KOH(MEPEHIIHUsT MOJIOABIX yueHbIX. [lepBorit
o0k B 2025 TOMy mpemCTaBJIAN COOON NMWKJIBI JIEKIN B 0DJACTH MaTeMaTHIECKO-
r0 MOJIEJIUPOBAHNA W ODPATHBIX 33734 [I/IsT YPABHEHUI MaTeMaTuIecKoil pu3nkn, a
Takke B 001acTu ApoOHOTO nrddepeHnpoBaHnst U ero MPUMEHEHHUsT K MOIE/IsIM HC-
KYCCTBEHHBIX Helipocereit. BTopoit 6,10k — 3T0 KOH(MEPEHINS MOJIOIBIX YIEHBIX, T. €.
IJIOIA/IKA, HA KOTOPOW MOJIOAbIE W HAYWHAIOIINE WCCIEIOBATEIN WMEIN BO3MOXK-
HOCTH TIPEJICTABUTH PE3YIHTATHI COOCTBEHHBIX WMCCAEIOBAHUN NMIUPOKON ayIuTOPUN
CHEIUAINCTOB B COOTBETCTBYIOIMINX 00JIACTIX MAaTEeMaTHIeCKOl HayKu. A MMEHHO, B
9TOM TOJy 35 uejoBeK (KakK POCCHICKHUX, TaK ¥ 3apyOerKHBIX MOJOIBIX HCCIeI0BA~
Testeii) BICTYMIN Ha KOH(DEPEHINY ¢ JOKIQJAMK, TEMATHIECKN PA3IeJeHHBIMUA 110
TpeMm CekIusaM: «(OyHKIIMOHAJIBHBIN aHAIN3y, «InddepeHnunaibHble YPaBHEHUTY U
«MaTeMaTHIECKOe MOJeTnpoBaHuey. B HacTosmit COOPHUK BOIIET OWH IUKJT JIeK-
nmit, npounTaHubii B pamiax Jjektopus BMMII B8 2025 romy, a takxke 22 Teswuca
JIOKJIATOB, TIPEICTABIEHHBIX B pAMKax PabOTHI KOH(MEPEHITHN MOJIOIBIX YIEHBIX.

Kypc aeknmii 1.¢.-M.H., n.0. 3aBEIYIONIET0 OTAEIOM MATEMATHIECKOTO MOIE-
JIUPOBAHUS, BEIYIIEro HaydHoro corpyaunka Toruesoit 2Kanusr Imurpuesnsr (FOx-
meiit maremarnaecknit nacruryr BHIL PAH, Bnagukaskas) «O6paTHbie 3amadun
aasa uHTerpo-audepeHnuabHbIX YPaBHEHUN TUNEPOOIMYEeCKOr0 Tuma»
MTOCBSITIIEH OCHOBHBIM METOaM WCC/IEIOBAHUA PA3PEITUMOCTHA OOPATHBIX 3aa9 st
uHTerpo-anddepeHuaIbHBIX YpaBHEHUI runepbosndeckoro Tuma. B dacTHOCTH,



ObLIa paccMoTpeHa obpaTHas 3ajada JJjisi BOJHOBOTO YPaBHEHWS C WHTErPAIBLHBIM
OTIepaTOpPOM CBEPTKHU C COCPEIOTOYEHHBIM HCTOYHWKOM BO3MYINEHUST BOJIH, a TaK-
Ke n3y4deH ACUMIITOTUYECKW TTOAXO0J K HMCCJIETOBAHUIO PA3PEIMTUMOCTU JIBYMEPDHBIX
0OpaTHBIX 3aJa4 J/isT UHTErpo-auddepeHmaabHbBIX YPaBHEHNNH TUIepOoMIecKoro
TUTIa W TIPUBEAEHBI TTOCTAHOBKHW HEPENMIECHHBIX O6paTHLIX 3aJa49. B PaMKaxX JaHHOTO
Kypca TPOYUTAHBI caeayiomnye 2 jekimi: «OCHOBHBIE METO/IbI NCCIEIOBAHUSA Pa3pe-
MIAMOCTH OOPATHBIX 33a4 st WHTEerpo-auddepeHnnaababIX ypaBHeHn rumepoo-
JINIECKOTO TUTAY» U «ACHMITOTHYECKHE MOAXOILI K UCCAETOBAHUIO PA3PENTUMOCTH
JBYMEPHBIX OOPATHBIX 3334 Jjid WHTErpo-anddepennunaIbHbIX YPaBHEHUN ruep-
00JIMIECKOTO THIIAS.

BragnkaBkazckas MOIOAEKHAA MaTeMaTHIecKas MIKoja B 2025 Tony TpuBIeKIa
K y9aCTHIO 73 UeI0BEKa, CPEIN KOTOPBIX CJAYIMATEIN U JOKIQIINKNA U3 BOCKMU CTPaH
mupa, Bkmouass Apmennto (r. Epesan), Boernam (1. Xamoit), Komym6us (. Borora),
Keipremeran (r. Bumkex ), Pecy6mka Berapycs (r. Munck, r. Bure6ek, r. Tomens),
Pecriy6uka Y36ekucran (1. Tamkent, . Hykyc), Poccus (r. Bakcan, r. Biagnkaskas,
r. Bragnvup, r. lowerk, r. ExkarepunOypr, r. Kpacuomap, r. JIrobeprsr, . Mocksa, .
Hanpuuk, r. Pocros-ua-domy, r. Cankr-Ilerep6ypr, r. Tarampor, r. [ITaxTer), DKkBagop
(r. Kuro).
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OBPATHBIE 3AJTAYN JIJId MHTETPO-ANO®OEPEHIIMAJIBHBIX
YPABHEHUI TUIIEPBOJIMYECKOI'O TUIIA

K. 1. Toruena

(FOxmnwrit maremarnaecknit nacruryr BHI[ PAH; Bramnkaskas, Poccust)

B macrosimeM MUHM-KypCe MPeICTaBIEHBI OCHOBHBIE METOIBI MCCJIEIOBAHNS PA3PENIIMMOCTH 06-
PaTHBIX 33739 /18 UHTErpo-auddepeHITnaIbHbIX yPaBHEHNH rTumepOomaecKoro tuma. B qact-
HOCTH, PacCMOTpeHa ofpaTHas 3ajada [jid BOJHOBOTO YDABHEHHS C WHTErPAJIbHBIM OIepa-
TOPOM CBEPTKH C COCPEIOTOYEHHBIM MCTOUHWUKOM BO3MYIIEHUsT BOJIH. VI3ydeH acUMIITOTHYE-
CKUI TOJXO0M, K KCCIAEOBAHUIO PA3PENIUMOCTH [ABYMEDHBIX OODATHBIX 33/a4 JJIs WHTErpo-
muddepeHnTuaIbHbIX yPaBHEHUN TUIIePOOINIecKoro Tuma. [IpuBoasaTCsS MOCTAHOBKY HEpeIeH-
HBIX OOPATHBIX 33/ad.

KurroueBbie ciioBa: nHTErpo-audepeHImaILHoe ypaBHeHne, 00paTHas 3a1a4a, apo, JeIbTa-
dbyHKINS, TPUHITATT CXKATHIX 0TOOpakenui, mpeodpazosanme Dypoe.

Jlekmug 1.

OcHOBHBIE METOIbI NCCJIEAOBAHUSA Pa3pPeHInMOCTH
oOpaTHBIX 337a4 JJisi UHTErpo-auddepeHnnaabHbIX
YpPaBHEHUII TUnepO0oIMIeCKOTr0O TUIa

1.1. O6 ob6paTHBIX 33a/aYax MaTEMATUIECKON (bu3ukm

C TOUKM 3peHUsT COOTHOIIEHUS «TPUINHA—CIEJACTBUEY, BCE 3aJa9l MaTEMaTH-
TecKoil (pUBUKU yCJOBHO MOXKHO PA3JEINTh HA [IBA KJIACCA: MpPSIMble U ODpaTHBIE.
B npsmbix 3amagax mpu M3BECTHBIX MPUYNHAX TPEOYeTCsT OMPEIeINTh CIEICTBUS, B
00paTHBIX 33aUaX — HANTU TPUYUUHBI, TPUBEIINE K TeM WU WHBIM CJI€CTBUSIM.

o cepenuapr XX BeKa TPAKTUIECKN BCE HAYUHBIE PAOOTHI B OOJACTH €CTECTBO-
3HAHUA 6]31.)'[1/1 HallPpaBJIEHBI Ha PENIeHNe TTPAMBIX 3a/Ja4. HepBbIe Hay4YHbBIE CTAaTHhU TI0
0OpaTHBIM 3a7a9aM OB CBSI3aHbI C (DU3UKON (AKyCTHKA, JIEKTPOIMHAMUKA, KBAH-
TOBast TEOPUS PACCEAHNU), reodU3NKOii (TEKTPO-, CECMO-, MArHNTOPA3BEIKA), aCT-
poHOMEIEH. DTO MOXKHO OOBSICHUTH TEM, UTO CBONCTBA CPEJbI, KOTOPhIE B MPSIMBIX
3aJa9aX CUYNUTAIOTCA 3aJaHHBIMW BEJINYMHAMW, Ha TPaKTUKE JOBOJIBHO YaCTO OKa-
3BIBAIOTCS HEM3BECTHBIMU. TaK, HAPUMED, UCKOMBIMU (DYHKITUSIMHU B OOPATHBIX 3a-
Jlagax MOTYT OBITH IJIOTHOCTD, DJIEKTPOIMPOBOIHOCTD, TEILJIOMPOBOIHOCTH, CKOPOCTH
PACIIPOCTPAHEHUsT BOJIH.

[Tocko/IbKy OCHOBHBIE 3AKOHBI €CTECTBO3HAHUS BBIPAYKEHBI, KaK TMTPABUIO, qudde-
PEHITHALHBIMY YPABHEHUSIMU, TO B PE3yJIbTaTe MPUXOIUM K OOPATHBIM 33aaM JIJIsI
nuddepeHIuanbHbIX ypaBaenuit. [Ipu 3ToM «IpUINHBIY KOHKPETH3UPYIOTCST B BUIE
HEN3BECTHBIX KOI(MMUIMEHTOB, MPABO 9acTH, HAYAJIHHBIX WU TPAHUIHBIX YCIOBUIA,
HEU3BECTHOI 0byiacTu ompenenenus auddepeHuaibHOro ypasuerus. Bymecre ¢ e,
perrenne HpHMOfI 3ala9 OCTaeTCA TaKXKe HECU3BCCTHDBLIM. HOSTOMY Ba?KHbBIM MOMEH-
TOM B ITOCTAHOBKE U PEITIeHNN 00PATHBIX 33724 SIBISETCST BO3IMOXKHOCTb UMETh HEKO-
TOPYIO JOMOJTHUTEILHYIO0 HHMOPMAIINIO O PEIIeHnr TPSIMOii 3agaan. DToit mHbOopMa-
el MOryT ObITH W3MepeHUsl BHYTpU OOJACTH WU HA €e TPAHUIle, CIIeKTPATbHBIE
.}'[I/I6O KMHEMATUYIeCKNEe XapaKTEPUCTUKN TTPOIleCCa.
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[MosiciuM 3T0 Ha KOHKpPETHOM mpuMepe. V3BECTHO, YTO OCHOBHAsI 3ajada Ieo-
GU3UKYN COCTOUT B M3YUEHUU 3€MHOU CTPYKTYphbl. ONHAKO TpsIMble M3MEpPEHUs B
DIYOOKWX CJIOSTX 3eMJIM HEeBO3MOYKHBI, TVIyOOUaiIias CKBaXKWHA WMEET JIJINHY OKO-
Jio 15 KM, m09TOMY U3ydeHue TIyOMHHBIX CBOWCTB MOYKET OCHOBBIBATHCSI TOJIBKO HA
KOCBEHHBIX M3MEPEHUAX. 9TO N3MEepeHnsd Ha MOBEPXHOCTH 36MHI/I yrupyrux, akyCTu-
TECKUX, TEKTPOMATHATHBIX KOJIEOAHU, CUIBI TSIKECTH, TETJIOBBIX U PATUAITUOHHBIX
IIOTOKOB. I/ICHO.TH)BYH 9T JaHHBIC, MOXKHO TIOTTBITATHCA ONPEaAE/INTH CBOMCTBa HEIp
Semym. Maremarndeckne MOCTAHOBKU TPUBO/SIT TOT/Ia K HEOOXOIUMOCTH PACCMOT-
peHmsT 0OpATHBIX 3a0at.

TouHoro ompejeseHnsi, 9T0 Takoe «oOpaTHast 3aJaday He CyliecTByer. MOXKHO
FOBOPUTH O HE#l TOJIBLKO B paMKaX KOHKPETHOII MOCTAHOBKU IIPAMOI 3a1a4u.

[Mpeskme uem permarhk 00pPATHYIO 33039y, HEOOXOANMO UCCAEI0BATH TPSIMYIO 3a/a-
ay. [Ipsimble 3aa4qn MaTeMaTnaeckoii dpusukn: HaiiTh (B aBHON dhopMe T mpubIn-
JKEHHO) (DYHKIMH, OMUCHIBAIONIME Pa3/InaHbe (DU3MUeCKre ABIeHns (HAIPUMeEp, pac-
IPOCTPAHEHNe 3BYKa, CEHCMUIECKUX KOTeOAHMUit, 9JeKTPOMATHUTHBIX BOJH U T. 1I.).
Kak mpasuio, Bce onun koppexmmni, (perenne CyImmecTByeT B ONPEJIETEHHOM KJIACCe,
OHO eJIMHCTBEHHO U HEMPEPBIBHO 3aBUCUT OT BXOJHBIX JTAHHBIX).

Jltst mpstMBIX 33129 HEOOXOANMO 3a1aTh

1) o6acTh, B KOTOPOii MPOIIECC U3y9aercs;

2) ypaBHEHWE, ONMUCHIBAIOIIEE JTAHHBIN TTPOIECC;

3) HavaJbHBIE YCIOBUS (€CIIM TPOIECC HECTAIIMOHAPHBI );

4) yc/IoBuS Ha TPAHUIE UCCIeIyeMOii 06IacTu.

Hanwawne nononanrensnoit nrdopmaryst 0 pentennu npaMoit 3aa4au (HampuMep,
3HAUEHUST PEITeHus] BHYTPU 00JACTU UM HA ee TPAHUIE, CIIeKTpaabHbIe JUO0 KUHe-
MATHUYECKUE XapPaKTEPUCTUKU MPOIECCA W T. TM.) — HEOOXOJMMOE YCIOBHUE IS TTOCTA-
HOBKH OOpaTHOMN 33 a4M.

ITpuMEP 1.1.
1) O6macTs:

QeR"” T'=00 R"— eBKIMI0BO IPOCTPAHCTBO.
2) YpasHuenue:
uy = CAu+ F(x,t), == (z1,20,...,2,) €Q, t>0, (1.1)
n 0%

Jj=1 81? ’
pacIpocTpaHenus BOJTH B cpefe, F(x,t) — QyHKIMS HCTOUHNKA BO3MYIIEHUSI.

rae u(x) — cMmerrenne TOYEK cpembl, Au = Yy ¢ — TIOCTOSIHHASI CKOPOCTH

3) Hauasnwuble ycioBus:

u(z,0) = ¢(x), u(z,0) =(x). (1.2)

4) TpannvHbIe yCIOBHST:

ou

an . = g(z,1). (1.3)

5) Jdomomanrenbaast nHOOPMANUS JIsi HAXOXKIEHUST, HATIPUMED, TPaBOii 9acTu:
ulp = f(z,t). (1.4)

11



Kaaccugurayus obpamunr 3adar no UCKOMbM OYHKUUAM

1. Perpocnekrusnasi, ecam TpebyeTcs BOCCTAHOBUTHL HadabHbIe ycaosus (1.2),
T. e. byakyn ¢(z), P(zx).

2. I'panuanast, eciim Tpedyercs HATH (DYHKIUIO, BXOAAILYIO B TPAHUIHOE YCJIO-
sue (1.3) (bynkumro g(z,t)).

3. Bajaua MPOOIIKEHNsI, eCIN Hada bHbIe yCaoBust (1.2) HEM3BECTHBI, a JIOTOJ-
HUTeJbHAsT UHGOPMAIMS U TPAHUTHBIE YCIOBUS 33aHBl TOJBKO HA YACTU T'PAHUITHI
obnmactn ) m Tpebyercs ONMpeeuTh PerieHre ypaBHEHUsT (MTPOJOIKATEH DETenne
BHYTDb 00J1aCTH).

4. Bagaua 06 MCTOUHMKE, eCIi TPeOyeTcst ONpeIeuTh ncrounnk F(x,t), Bxoms-
mmii B ypasaenne (1.1).

5. KoadpurmentHast, eciu TpebyeTcss BOCCTAHOBUTH KOIDDUITHEHTHI, BXOIATIINE
B ocHOBHOe ypasrenne (1.1).

Kaaccugpurayus no donosnumesvrot uH@dopmayu

1. HamnbGosree mOCTYMHBIMYU ABISIIOTCS M3Mepenus: Ha rpanune obmacru (1.4), Ho
MHOTJIa U3MEPUTEIbHbIE MPUOOPHI MOTYT OBITH PA3MEIIeHbl BHYTPHU 00beKTa (BHYT-
peHHme 3a/1a41):

w(xm, t) = fm(t), m=12,...

2. Ecim 3aaua peTpoCeKTUBHAS, TO UCTONB3YIOT «(bUHATHHbIEY (B KOHEUTHBIMH
MOMEHT BPEMEHU) HabI0IeHnst:

u(z,T) = f(x).

3. Unorma ymaercs GpuUKCUPOBATH B TOUKAX BPEMEHA MPUXO/A BOJIH, TOPOXK/IEH-
HBIX JIOKAJIBHBIMU UCTOYHUKAMMW, COCPEIOTOYECHHBIMU B TOYKAX. TaKOfI BU I JOITOJTHU-
TeJBHON HHMOPMANNY HYXKEH s 339l BOCCTAHOBJ/IEHUsT CKOPOCTH PACIPOCTPAH-
HUsI CUTHAJIA, KOTOPasi HA3BIBAETCS O0PATHON KUHEMATHIECKOU 3a/1adeii.

Bonee moapobmo 06 ob1Ieit Teopnn 06pPATHBIX 3389 MOYKHO 03HAKOMWTCST B KHU-
re [1].

1.2. ObparHasa 3ama4va OJisI OJHOTO TUTIEPOOJIMYECKOTO oTiepaTopa
C pacopeaejJieHHbIMY Ha4vaJIbHbIMU JAaHHbIMN

N3zyqaenne 11060#t Teoprn OOBITHO HAMUHAETCS C PACCMOTPEHUsT MPOCTEUITNX ee
BBIBOJIOB, KOTOPBIE MOKA3BIBAIOT CO/IEPKATETHLHOCTh TEOPUU U OCBENIAIOT OT/E/IbHbIE
ee rpanu. B Teopum 0OpaATHBIX 337394 MATEMATHYIECKOW (DUBUKK TOBOJIHHO COIEP-
JKATEJIBHBIMI B MATEMATHIECKOM U MPUKJIATHOM OTHOIIEHUSAX ABJISIIOTCA OOPATHBIE
3a/1a9M, CBSI3AHHBIE C MPOCTEHIIINM YpABHEHHEM TUTEPOOTMIECKOr0 THIa [2]:

2 2
Lyu= (% - % + q(m)) u= F(z,t). (1.5)

Omun 06LIMHO 3aK/IIOYAIOTCS B HAXOXKJIEHHN omeparopa Ly, T. e. dynknmn ¢(z), mo
TOit mm nHOit nHbopManun o perennsix ypasuenus (1.5). Beibop sroit nrdopmarm
OTIpeIe/ISIeT MMOCTAHOBKY 9TO 3a7a4Yu U CBOHCTBA ee permieHus. [Ipw ogHUX TAHHBIX
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3a/a9a MOYKET OBITh KOPPEKTHO, mpu apyrux — HekoppekTHoii. Kak npasuio, mo-
CTAHOBKa OOPATHOI 3a7aty TUKTYeTCs ee (bU3WIeCKIMNI MpIIoKeHnsMr. Pacemar-
prBaeMble B 9TOM JIEKIMHN JIBE 331291 OyLyT OTINYAThCs CJAEIYIONMM: epBast 3a/1a9a
FMEeT YHCTO METOIMYECKUH XapaKTep, BTOpas — MMeeT HemoCpeCTBeHHoe dbusnde-
CKO€ TPHJIOZKEHHE.

Hns ypasrenuns (1.5) pacemorpum B obsactu §2 = {(z,t) : —oo < z < oo,t > 0}
3ada9y KOH_H/I C HaYaJIbHBIMU YCJIOBUAMN

u|t:0 = ¢(x), ut‘t:O =¢(z), —oo <z < 0. (1.6)

IIpu dukcuporanawvix ¢, F, ¢, 1 3Ta 3amada aBIIETCI KOPPEKTHOHN, ec/jn TOjI-
XOISAIMUM 06pa3oM Moao0panbl (byHKIMOHAIBHBIE MPOCTAHCTBA I JAHHBIX 33/1a-
9M W TPOCTpaHCTBO permenwii. B wacrmoctu, 3amaua (1.5), (1.6) ssasercs kop-
PEKTHOIi, eCciu ¢, ¢, Y MPUHAJIEKAT MPOCTPAHCTBY HempepbiBHBIX dyukuiit C'(R),
a F,u € C(Q). TIpu arom dbyukumst u(z,t) siasercs, Boobie roBopsi, 0000IIeHHBIM
pemennem 3anaan (1.5), (1.6). B ganpueiimem npeabasuM K JaHHBIM 3TOH 3a1a9m
HECKOJIbKO 00Jiee »KecTKue TpeDOBaHUs, & UMEHHO: DYJIeM CUUTaTh, ITO

g(x) € CR), ¢eC*R), ¢ eC(R),
F . F, € C(Qr), Qr={(z,t): —c0o <z <o00,0<t<T}.

OTHu ycaoBuUs, KaK OyaeT MOKa3aHO [aajee, TApAHTUPYIOT CyIlnecTBoBaHue B ()p
kaccmaeckoro permenns 3agan (1.5), (1.6), T. e. u € C?(Qr).

O6parnas 3azada. Haiitn ¢(z) € C'(R), ecim permenne 3ama«m (1.5), (1.6) mpn
3aJaHHbIX (PYHKIUAX ¢, Y, F m3BecTHO Ha MHOXKecTBe * = xg, t = 0, BMecTe co
CBOEI MPOW3BOAHON MO X:

u(wo,t) = fl(t), ugg(.%'o,t) = fg(t), t > 0. (1.7)

Wuaue rosopsi, mmeer Mecto coorsercrue (¢, 1, F, f1, fo) — q(x). Ouesunmo, ecan
MBI HaiieM ¢(z), To Haiigem n dbyskmo u(z, t) Kak perrerne 3agaan (1.5), (1.6). ITo-
9TOMY 49acTo 00paTHyo 3aja49y (POPMYJIUPYIOT KaK 3aJ/iaqy OTHICKAHWUS Mmaphl OyHK-
it q, u.

Heobxomnmbre ycaorust Ha pyHKIUN f1, fo JOJIKHBI BHITEKATH U3 PACCMOTPEHUS
cBoiicTB pemtennii mpsamoit 3agaun (1.5), (1.6), Tunmurbx g1s Beero kiacca audde-
peHImaIbHbIX omeparopos Ly, q € C(R). Tlepeiizem kK m3ydeHnio 9THX CBONHCTB.

1.2.1. UccnenoBanue npsimoii 3anauu. O6o3uaunm A(xg,ty) TpeyroabHUK
Ha tiockocrn (puc. 1. 1).

oy |




Jlemma 1.1. Ecan g1s kakoro-aabo

to > 0, q(x) S C[$0—t0,$0+t0], ¢($) S Cz[xo—to,xo—{—to],
¢($) S C1[$0 —to,xo—}—to], F F, € C(A(xo,to)),
o B obnactn A(xg,ty) CyliecTByer eIMHCTBEHHOE KJACCHYECKOe DelIeHHe 3aja-
u (1.5), (1.6).
< Hnst nokasaresnbeTBa gemMbl ceegeM 3azgady (1.5), (1.6) k mHTerpaspHOMYy

YPABHEHUIO OTHOCUTETHHO (hyHKINU u(x,t). C 3Toil 1membpio Bocmonb3yeMcess hopmy-
qoit Jlamam6Gepa:

x4+t

ug(z,t) = = [d(z —t) + d(z + 1)] + /1/1 £)dé + - / F(&, m)dédr,  (1.8)

DO | —

KOTOPOE TIPEJICTAB/IAET pellleHue Caeayomeil 3aadu:

2 2
BUQ
ug|,_y = (), | Y(x). (1.10)

[Mpurnmas craraemoe ¢(z)u B (1.5) Kak npaByio 9acThb u, ucnosb3ys dopmyiy (1.8),
MOJTyIUM WHTErpajbHOe ypaBHeHUe s u(z,t):

u(z,t) = up(x,t) // T)dédr, (x,t) € A(zo,to). (1.11)

Vpasuernne (1.11) npeacrasnaser coboit aunetinoe unmezpasvroe ypashenue Boab-
meppa 6mopozo poda.

Boobire, naTerpaabHbIMI yPABHEHUSIMY TPUHATO HA3BIBATH YPAGHEHUS, 8 KOMO-
PHT Heuzsecmuaa Gynkyua exodum nod 3nax unmezpana. Ho 310 ompenenenue He

cocem ymaaro. Hampumep,
t
/ x'(s)ds + x(0)
0

€CTh MIPOCTOE TOXKIECTBO s Jito0Ooii HempepwiBHO audbepeHiupyeMoit (hyHKITHH.

OnPEAEJEHUE 1.1. JInneitHbIM HHTErPAJIBHBIM ypasHeruem Bosvmeppa 2-20 po-
Ja HA3LIBAETCS ypaBHEHNE BUIA

/Kts s)ds+ f(t), a<t<b.

Bnecy ¢(t) — memssecrnast dyukuumst, siupo K (t,s) n cBoGopusrit wnen f(t) — us-
BecTHBIE (bYHKINM, A — 9nca0Boil mapamerp. [lpu f(t) = 0 ypaBHenune Ha3bIBaeTCs
0010podHbim. OCHOBBI TEOPHUU WHTErPAJIbHBIX YDaBHEHUIT M3JI0KeHbI B KHUre [3].
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[Mokaskem Tenepn, uto ypasaenue (1.11) onpemensier eaMHCTBEHHOE HEMPEPHIB-
Hoe B obyactu A(zg,tg) pemtenne. VIcmomb3yeM JIjis STOTO METOJ TTOCTeIOBATETbHBIX
npubsmKennit, npejcraBus u(x,t) B BUIE Psijia

= Zun(x,t), (%)
n=0

rae up(z,t), n = 1, Haxoggarces mo dbopmysiam

(t) = —% // G(EVun 1 (&, 7) dedr. (1.12)

Herpyano mpoBepuTh, 9To B yeaoBuax jgemubl ug(x,t) € C2(A(xg,tg)). Popmy-
na (1.12) mokaseiBaer, 4To Bee Uy (x,t) € C(A(zo,10)). Beemem obosnauenme

Ualt) = t)], 0<t<t,
n(t) IO+(t7t0)r£-'?§IO*(t7t0) ‘un(x7 )| 0
- DOC 7t ) k= 0, 1, 27
lully=>_ L [P ) .
lal<k
o ool
:W’ a=(a,a2), |af=a +as.
Torma us (1.12) BBITEKAET OlEHKA
! —T+i+x
1
2 - de|dr <
2/730+t to) I?;E(q;o (t—to) / q(é) Un, 1(5,7—) 5 T
0 T—l+tx
! (1.14)
< ”qHO /(t - T) Un—l(T) dT, n 2 17 0 g t g t().
0
IIpumensisi ee rocyieioBaTeIbHO Jyist n = 1,2, ..., nojgyyanm
t2n
Un(t) < (llallo)” 2n) uollo, n = 1. (1.15)

Ouerka (1.15) mokasbiBaet, 94To psij (*) CXOANUTCS PABHOMEDPHO B 00JacTH A(xo,to)

oo (llgllotg)™
(2n)!
U OTpeJiesisieT TI03TOMY HempepbiBHYIO B obactu A(xg,ty) dyukuuio u(x,t), KOTo-

past siBasierca pemenneM ypasaernst (1.11). 910 pemenne eIMHCTBEHHO, Tak Kak

TaK KaK OH MasKopupyercss B Dy CXOANMMCS IUCIOBBIM PAIoM |lugllo Y

omHOpOHOE ypaBHerne, orBevaromee (1.11):

w(z,t) = —= // 7) dédr, (1.16)

A(xt

HMeeT B KJIacce HempepwiBHBIX B A(xq, o) dyHKIMIT TOIBKO HYyIeBoe pemrenue. B ca-
MOM Jefie, ecan

U(t) = max u(w, 1),
( ) $0+(t—t0)<$<$0—(t_t0)| ( )
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To n3 (1.16) BRITEKAET

t
Ut) < lqllo /(t —7n)U(r)dr, 0<t<tp. (1.17)
0
ITo smemme Tponyosna, mmeem, uro U(t) = 0, cnenoarenwuo, u(z,t) = 0,
(x,t) € A(xo,to).

JIemma I'ponyosina. Ecan U(t) > 0, h(t) > 0, U(t), h(t) € C(to; 00), u BbImOI-
HsTeTcsT HepaBeHCTBO st tg > 0 :

TO MMeeM OIIEHKY

Ut) <c- exp/h(T) dr.
to
MoxHo 10Kkazarh, yro pemerne (1.11) nmeer B A(zg,t) HenpepbIBHbIE TTPOU3-

BOJHBIE IO BTOPOTO TOPSIKA W ONpeJesseT Kaaccudeckoe pernenne 3agadn (1.5),
(1.6). Nmeem

o+t t—|z—¢]
u(e, 1) = ol 1) — 5 /q(g) / w(e,7)dr| de, (1) € Alworty).  (111)
r—t 0

Tax xak ug € C?*(A(zo,t0)), To BEIpaskenwe, crosmee B dopmyre (1.11') crpasa,
FIMEET 110 ', ¢ YaCTHBIe IPOM3BOHBIE BTOPOTO Mopsiaka. Hecmoxuo manbine mpoand-
dbepermposars (1.11) n ybeauThesa B 3ToM (camocTosiTebHo!). >

Cnaenctsue 1.1. IIpwu BoimoHernn ycaoBuit seMMbr GyHKIUA f1, fo, SBISTIONH-
ecs TaHHBIMH OOpaTHOMH 3a7a49d, JOJIKHBI 00J1aaTh CAEAYIONEH TIaJKOCThIO:!

u(zo,t) = f1(t) € C%0,t0), ug(zo,t) = folt) € CH0,t0). (1.18)

TpeboBanmnst TIAIKOCTH He SBISIOTCS €IWHCTBEHHBIMHU TPEDOBAHWSIMN K (DYHK-
musaM fy, fo. 9T QYHKIUN TOKHBI YIOBJIETBOPSTH €€ YCIOBUAM COTJIACOBAHUS C
JaHHBIMY TIPsAMOii 3a1aun. Tak kak uli—g = ¢(x), uti—o = ¥(x), To

¢(xz0) = f1(0), P(xzo) = f1(0), ¢ (w0) = £2(0), ¥'(z0) = £3(0). (1.19)

Yemosug (1.19) — HeoOXomUMbBIE YCTIOBHS CYNIECTBOBAHUS PEIeHusT OOPATHOMN 3312~
9" — ABJIAIOTCA U JOCTATOYHBIMU IJIsd CYHIECTBOBAHUA €€ PENICHUA B MaJIOM.

1.2.2. NccnemoBanue obpaTHOI 3agaun.

Teopema 1.1. Ecam npu ty > 0 gas ¢pyakmuii ¢, 1, F Boimosnensr yciaoBust
gemmer 1.1, yemosus (1.18), (1.19) mra pyuknuii fr, fo u ycaoBue

‘Ib((ﬁ)‘ >y >0, xe€ [(L‘Q —to,xg + to], (1.20)
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TO JIs1 JoCTaTO9HO MaJibix h >0 perrtenne o6parHoii 3aa4m Ha orpeske [xg—h, xo+h)
CYIIECTBYET, eJHHCTBEHHO U npuHa iexut Kiaaccy Clxg — h,xo + h).

Maustocts h obycioBaeHa AByMst (hbakTOpaMu:

1) h ue moxer GbITH GosbINe to);

2) JUIst TOKA3aTEebCTBA UCTIOIB3YETCS METOJI, OCHOBAHHBIN HA MPUHITAITE CZKATHIX
OTOOPAYKEHWIT; TPV ITOM [IJIST TTPUMEHNMOCTHA MeTOHa OKa3hIBAETCS HEODXOIMMBIM,
4TOOBI OBLIO BBIIOJHEHO HepaBeHcTBO h < h*, rme h* ompenmensercsa maHHBIMEI 00-
paTHOI 3a/1a49n.

< Kak y»ke ObLTO CKa3aHO, OCHOBHAS UJEs JOKA3ATETHCTBA — 3TO MPUMEHEHUe
OPUHITATIA CKATHIX OTOOPAKEHUIA.

[TEPBBII IIIAT B 9TOM HAMPAaBIEHUU COCTOUT B TOM, UYTODOBI 3aMEHUTH IKBUBA-
JIEHTHBIM 00pa30oM 00paTHYIO 3ajady JjId omnepaTopa L, cHCTeMOit MHTerpaabHbIX
ypaBHennit BoabTeppa BTOpOro poza. I 3TOTO BBIMUITIEM BLIPpAYKEHUS I U,

Utt, Ugz, Madepermmpyst (1.117):

x4+t

w(at) = (o))~ 5 [ al€)u(et o~ ) de (121)

r—1

ug = (uo)e(w,t) — % [q(z + t)u(z 4+ t,0) + q(x — t)u(z — ¢,0)] —

1 (1.22)

~5 [ a©ulet—1a-gl)ae,

r—t

Uzt = (ug)pt(z,t) — % lq(z + t)u(z +t,0) — (@ — t)u(z — ¢,0)] —

1 (1.23)

—5 [ a©ule.t— o gl) sin(e ~ o) de.

r—t
[Tonoxkum B paBercreax (1.22), (1.23) = x¢ 1 BOCHOIB3BYEMCS JAHHBIMA 3318~
an Komm (1.6) n ganmeivu obparsoii 3agaun (1.7). [Toxyunm

{(t) = (wo)u(o, 1) — 5 [alwo + )60 + 1) + alamo — o(ao — )] -

Tortt (1.24)

-5 [ a©uile.t— k- g e

F4(8) = (wo)ee(0,1) — 5 [alro + )60 +) — alzo — )60 — 1)] -
zo+t (125)

~5 [ d©ui(et oo — €l sinle — o) e, 1€ 0.1,

xo—t
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W3 MOCJIEJIHUX JIBYX PABEHCTB HaXOoauTCst ¢(x) 1yist & > To v & < Xo:

q(z) = o { — fi(x = x0) — falx — o) + Kg_:z + %) “O(w’t)] p—eo itz

T

—/Q(§)Ut(f,$—5)d§}7 zo < x < 2o + to,

zo

o) = 5 { ~ w0 — ) = folwo — x) + K% - %) “°<””’“] et

z0

—/q(g)ut(f,f—x)dg}, zo —tg < z < z0.

T

Win, obbepnnsist 3TH JBa paBeHCTBa, nMeeM s © € [xg — to, o + to):

T

o) = ao(x) + % / 9(€) ur (€, € — x]) de - sign(zo — ),
qo(z) = ﬁ { — 11 (lz — zol) — f3(|Jz — wo|) sign(z — ) + (1.26)

02 o
R 1 — a A, t ’
+ [<8t2 + sign(zo — ) 8x3t> uo (¢, )] w0, t=|a—z0|

Hecmorpst Ha Haawmume paspbIBHOTO MHOXKHUTENIs sign(r — xg), dyakuus go(x)
SIBJISIETCST HENIPEPBIBHOT Ha oTpeske [T —tg, To+tp]. DToT dakT sipjsiercst ciegcTBreM
BBITIOJTHEHST [TOCJIETHEro u3 ycsaosuii cormacoBanns (1.19). B camowm merte, Tak kax

2

Ox Ot

—f2(0) + = —f3(0) +4'(z0) =0,

r=x0,t=0

uo(x,t)

TO MHOXKHUTEJIb, CTOAIINI T1epes sign(x — xg), 00paIiaeTcs pu & = xo B HyJIb.
BToPOIT IAT. Paccmorpum B obiactun A(xg, tg) pasencrsa (1.11), (1.21), (1.26).
DTN TpU PABEHCTBA, OMPEIETIIOT CUCTEMY HEJMHEWHBIX WHTErPAJbHBIX ypaBHEHU
BTOPOTO PO OTHOCUTEIHHO (DYHKIUN U, Y¢, ¢. YKA3AHHAST CHCTEMa 00/1a7aeT Ma-
JIBIM TIapaMeTpoM, POJib KOTOPOTO WTPAeT Mepa 06JIACTH WHTErPUPOBAHUS B DTUX
ypaBHeHUsX. Braromapsa HaJIXYAIO STOTO MAJIOr0 MapaMeTpa K CUCTEME ypaBHEHUI
OKA3bIBAETCS MPUMEHUM B JOCTATOUYHO MAaJIOl 00JACTU MPUHITUI CKATHIX OTOOpaXKe-
umit. B camom gesie, 3amuiieM cucTeMy ypaBHEHWI B BUIE OMEPATOPHOTO YPABHEHUS

o =Ap, ©=(p1,02,¢3) (1.27)

1= U((L',t), Y2 = ut(x7t)7 Y3 = q(x)a
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a oneparop A = (Aj, Ay, Ag) onpenenen na muoxkecrBe yukumii ¢ € C(A(zg,to))
u B coorBercTBunu ¢ paBeHcrsamu (1.11), (1.21), (1.26) nmeer Bu:

g =ufet)~ 5 [ [ eal€)er(em) dear
A(z,t)

T+t

0
Agp = 5 up(x,t) — % / w3(&) pr (&t — |z —¢) dg, (1.27)

r—1
T

Asp = qo(z) + sign(zo — ) - ﬁ / o3(6) oa (6.1 — ) de.

zo

Beenem obo3nauenne

tg) = max max z,t)|,
lll(to) = max (x,t)eA(mo,t0)|SDk( )|

wo(x,t) = (uo(x,t), %uo(x,t), qo(x))

u paccemorpuM B ipoctparcTse C'(A(xg, h)), 0 < h < tg, MHOKECTBO (11ap ¢ IEHTPOM
B TovIKe |[00l|(f0))

O(h) = {(x,1) : llv = oll(h) < llpoll(to) }- (1.28)

ONPEAENEHUE 1.2. Omepatop A Ha3BIBAGTCS CHCUMAIOULUM HA MHOXKECTBE
®(h), ecin BBITOIHSIIOTCST CJIELYIOIINE JIBA YCAOBHST:

1) ecim p € ®(h), To Ap € ®(h);

2) ecmr M), (2 — mpomsombubIe saeMenTH ®(h), TO

|4pM — Ap@ | < ]|V — o

, O0<p<l

[TokazkeM, UTO HeMHEHHBI oIepaTop A IBIAETCS CKATHEM, T. €. TIPU JOCTATOUHO
masibix h oneparop A ocymiectsisier cxaroe orobpaxkenne Muoxkecrsa ®(h) Ha cebst.
B camom sese, mist o € ®(h) copaBeinBO HEPABEHCTBO

lell(h) < 2[leol[(R)-

C apyroii CTOPOHBI, ONEHWBas MHTErpabl, BXogsume B dopmyasr (1.27'), naxoamum

1 h
4 = ol 0) < 4 ol o) (5 42 ).

09TOMY JIJIst TOro, 4Tobsl oneparop A mepesoami muoxkecrso ®(h) B ®(h), T e.

[A® = @oll(h) < lloll(to),

HY>KHO, YTOOBI

h < h* = min < ! min(to, 1) t )

2lloll(to)” 4lleoll(to) ’
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Temepr mokarkem C:kuMaeMocTh orobpaskerust A. Ilycts cp(l), <p(2) — Jmobbie IBa
ssremenTa n3 MHOXKecTBa ®(h), h < h*:

460~ 42| < o =) 0<a<

Paccmorpum

e - 6@ = | - 5[] [ @ o 6.7) - (0 6,7 e

A(z,t)

AHATOTMYHO BBIMUCHIBAIOTCS IPYTHE ABA PABEHCTBA OTHOCUTEIHLHO Ajgo(l) — A]-gp(Q),
j=2,3.
Torma, NCTOMBL3YS HEPABEHCTBA,

(so;(f)sog” - 30;(3)@09)‘ < ‘901(91) - wz(f)‘ ‘3021)‘ + (sog” - @22)‘ ‘30/(3)‘
<4ligollto) || = ¢@ ), ks =123,

TIOJIy YAM

1 h
46 = 4612 (1) < o) o = ) ma (5 42,0, - ) <

h
< 2l - o ().

Orcioma ciemyer, 9To pw Jiio0oM h < h* omeparop A OCYIECTBISET CXKATOE 0TOOPAa-
xenne muoxkectBa P(h) Ha cebs. Torga B cuty Teopemsr Banaxa na muoxkecrse P (h)
CYITIECTBYET, U TIPUTOM TOJBKO OJIHA, HEMOABUKHAS TOUKA OTOOPAKEHUS, T. €. CYIIe-
CTByeT TOJLKO OaHO pemenune ypasuenus (1.27). Crenosarenbno, pemas cucremy
ypasuennii (1.11), (1.21), (1.26), mampumMep, METOIOM TOCIEIOBATEIHHBIX TPUOIN-
x)ernit (n3 Teopempl Banaxa Caeyer ero CXoauMOCTh K PEIIEHNUIO), Mbl OJTHO3HAMHO
nocrponm B obnactu A(zg, h) mas h € (0,h*) dynkuun u, ug, g. Tem cambiv onpe-
JleJIsIeTCsT perrienre o6paTHoil 3a1aun, T. e. dbyHKIua ¢(x) Ha oTpeske [zg — h, xo+ h].
JokazarebCTBO 3aBepIeHo. >

1.3. Ob6paruas 3aj/ia4ya Jijisi BOJIHOBOTO YPaBHEHUSA
C MHTErpajIbHbBIM OMEPATOPOM CBEPTKU C COCPEIOTOUYCHHBIM
MCTOYHUKOM BO3MYIIEHUS BOJIH

Paccvorpennast Hamm obpaTHast 3a1a9a 0 KOIPPUIIMEHTE WMEET UNCTO METOIN-
geckuit xapaktep. OHa OblIa U3ydeHa sl JaIbHEATIIero NCoIb30BaHNS UAEH HETIO-
JBUZKHOI TOYKM M TEXHUKH JOKA3aTEJbCTBA B 33JadaxX MPUKJIAIHOTO XapaKTepa.

B npuioxkenusix, CBSI3aHHBIX, B 9ACTHOCTH, C 3aja9aMi Pa3BeJOUHON reo(DU3nKH,
JaHHBIE YaCTO ABISIIOTCA (DUHUTHBIME (DYHKIIAAME, JTOKAIN30BAHHLIMUA B OTHOCH-
TeIhHO HEDOJIRITION 001aCT TPOCTpaHCcTBa. MaTeMaTnieckoe MOAEIMPOBAHNE TAKNX
CUTyaIIil yI0OHO IPOBOIUTL, PACCMATPUBAS JaHHBIE 3aIa91 KaK 0000weHHve Pyrk-
YUU, HOCUTEJIN KOTOPHIX COCPEIOTOUYEHBI B (PUKCHPOBAHHBIX TOYKAX MPOCTPAHCTEA.
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[Tpw sToM pelrnerremM KpaeBoil 3aJaun sIBJIsTETCS Takyke 00o0b0menHas Gyukus. O6-
paTHBIE 337[a4H, B KOTOPBIX JAHHBIE MPIMOIl 33/1a4n IBJISIOTCS 0000ITEeHHBIMEU (DY HK-
usiMi, TPeOYIOT OTAeIRHOTO n3ydennsi. C TOUKM 3peHus TPUIOKEHHUH 9TO Hanbo/tee
UHTEpEeCHbIe 33 1a9H.

1.3.1. O6 06006meHHbIX PyHKOUAX. Brepsoie 00001eHHEbIe (DYHKIINNA B SIB-
HOi1 1 Teneph obmenpunsaToit popme e C. JI. Coboses B 1936 r. On npumennn
06061meHHbIe (DYHKITMN K BBISICHEHNIO BOIIPOCA O €IMHCTBEHHOCTH PEIIEHUS 33 Ta9H
Kot mrst muHEHHBIX TUIIEPOOINYECKAX YPABHEHUH, MOIEIUPYIONINX BOTHOBBIE ITPO-
IIECCHI B PA3JIMIHBIX CPeIax. ¥iKe JTaBHO B (DU3UKE YIOTPEOITIOTCA TaK HA3hIBAEMBIE
CuUHYAAPHIE GYHKYUU, KOTOPBIE He MOIYT OBLITh KOPPEKTHO ONPEIE/JEHBI B PaMKax
KJaccuaeckoit reopun pyukimit. OCHOBBI Teopun 0000IIEHHBIX DYHKIINI TOAPOOHOTT
M3JI0’KeHBI B KHUTE [4].

[Ipocreiinieit cunrynsiproii dynkumeit sipasiercs neabra-byHknms 6(x — p): oHa,
IO OIpeaeaeHnI0 (PU3NKOB, «paBHA HYJIIO BCIOAY, KpOME€ OJHONW TOYKH Ig, B ITOM
TOUYKe paBHA DECKOHETHOCTH W 00/1aaeT WHTErpaaoM, paBHbIM 1». N3mmmiHe ykas3b-
BAaTh, YTO 3TU YCIOBUS HECOBMECTHMBI C TOUKN 3PEHUS KJIACCHIECKOTO OIIPETeIeHIST
GYHKINNT 1 WHTErpaa.

31ech HYXKHO 3aMETHTh, 9TO IpPH PEIIeHNH KOHKPETHBIX 3aJad MaTeMaThde-
ckoit pusnkn genpra-byHKnun (1 Ipyrue CHHTYIIPHBIE) BCTPEYAIOTCS, KaK MTPABUIIO,
TOJIBKO HA HAYAJLHBIX HJIM IPOMEXKYTOUHBIX ITAMlaX; B OKOHYATEILHOM OTBETE CHH-
ryJIgpHBIe (DYHKIMH UM BOBCE OTCYTCTBYIOT WIH (DUTYPHUPYIOT IO, 3HAKOM HHTErpa-
Jia B IPOU3BEIEHNH C KaKOW-1100 J0CTATOYHO Xoporeil dhyuknneit. Takum odpazom,
HET IpIMOil HeOOXOINMOCTH OTBEYATH HA BOIPOC, UTO TAKOE CHUHIYISIPHAA DYHKIHI
cama 1o cebe: HaM JOCTATOYHO OTBETUTH HA BOMPOC, IYTO O3HAYAET WHTErPAJ OT IIPO-
M3BeeHnsI CHHTYISPHON MYHKINNT U «XOpoIeil» dyuknnn. Hampumep, BMecTo TOro
9TOOBI OTBEYATH HA BOMPOC, 9TO TAKOE IEJIbTa-(PYHKIUS, HAM JTOCTATOYHO YKA3aTh,
9TO [T JTIOG0M TOCTATOUHO XOpOoIedi (DYHKINN ¢(z) IMEeeT MECTO PABEHCTBO

+o0o
/ 3z — zo) p(x) dx = p(xg).

WupiMu cioBaMU, MBI CBSI3BIBAEM C KayKJI0HW CUHTYJSIPHON (DyHKIMeNH (hyHKIMOHAT,
KOTOPBIil CTABUT B COOTBETCTBUE 3TOW CUHTYJISIPHOM (DYHKIINU U KAXKIOH «TOCTATOU-
HO XOoportreity (OYHKINT HEKOTOPOE YIUCTIO.

Ho ecsiz 9T0 Tak, TO MBI MOXKEM U HE 33,y MBbIBATHCS HAJ CMBICJIOM MOHSATHS «CHH-
ryasipHast PYHKIINASTY : MBI MOYKEM TeMeph OTOXKIECTBUTEH «CHHTYJISIPHYIO (DYHKITHIO>
¢ TeM PYHKIIMOHATIOM, O KOTOPOM KOHKDPETHO WUJIEeT PeUb, 3TO U OYIeT BIOJIHE TOCTa-
TOYHBIM €€ OTpeJIeIeHreM (TP YCIOBUY, 9TO TOYHO YKA3AH U TOT KJIACC «IOCTATOTHO
XOpoImux» (DYHKIUiT, Ha KOTOPOM 3aJIaH STOT (DYHKIIHOHA).

OOBIKHOBEHHBIE WHTErpUpyeMble (DYHKIMHM TAKXKE YKIAIBIBAIOTCA B Ty CXEMY:
JUIst KaskI0i Takoil byHKImu f(x) Mbl yMeeM OTBETUTH Ha BOMPOC, YeMy DaBeH WH-
TerpaJ ot npomssejerus f(x) Ha «xopormryio (yHKIuioy. Takum o6pasoM, mpeicTas-
Jieare 06 06001eHHBIX (DYHKIINAX KaK 0 PYHKITMOHAIAX OXBATHIBALT KAK «CUHTYJISIP-
HBIE», TaK U OOBIKHOBEHHBIE (DYHKITU.

[Tepeiigem K OCHOBHBIM TTOHSATUSIM U TEPMUHAM.
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Ocnosuvie pynryuu. TIpexmge Bcero 3aJaJinM COBOKYITHOCTh TeX (DYHKIWA, KO-
TOpBIE MBI HA3BIBAJIH YCJIOBHO «JIOCTATOYHO XOPOITUMHI», HA KOTOPBIX OYIyT Jeii-
CTBOBATH B rZI;aJH)HeI‘/'IHleM HaIlTn d)yHKL[I/IOHaJHDI. B KavyecTBe 3TOM COBOKYITHOCTHU MBI
paccMOTpUM MHOXKeCTBO D (JTMHEHOe TPOCTPAHCTBO) BCEX BEIECTBEHHBIX (hYHK-
muit ¢(x), KaXkaas U3 KOTOPHIX MMeET HEelpPepbIBHBIE TTPOM3BOIHBIE BCEX MODPSIIKOB
u GuHUTHA, T. €. OOpAINAETCS B HY/Ib BHE HEKOTOPOI OrpaHUYeHHOi obacTu (cBoei
Jyist Kaxk 1ol n3 dbyskimit ¢(x)). Dru GyHKIWN GyeM Ha3bIBATH 0CHOBHBLMU.

Obobwennvie dynryuu. Mbl TOBOPUM, 9TO HAM 33JaH AUHEUHBIT HENPEPbIEHHLL
pynryuonan f va npocrpancree D, ecim yKa3aHO MPABUJIO, B CUIY KOTOPOTO C KarK-
1071 OcHOBHOI (byHKIMeEl ¢(x) comocTaBieHo HEKOTOpoe BelnecTBerHHoe ancio (f, ¢).
Hampuwmep, mycrs 3agana #Hekoropast gpyukius f(x), abCOTIOTHO WHTErpupyeMasi B
KasK 1011 KOHEYHOI 00JIaCTH BENECTBEHHOrO POCTPAHCTBA (Takne hOyHKIMN HA3HIBA-
I0TCS A0KAALHO unmezpupyemovLmu). C TTOMOIIBIO 9TOM (DYHKIINE MBI MOYKEM KaK IO
OCHOBHOI#1 (DYHKINK ¢(X) MOCTABUTH B COOTBETCTBHE YUC/IO

(f.6) = / F(@)o(x) da, (1.29)
J

r/le UHTerpupoBanne (paKTUIECKH COBEPIIALTCS MO0 OTPAHNIEHHOH 06/1aCTH, BHE KOTO-
poit byHKIwmst ¢(x) obpaiaercst B HOstb. MoxKHO yKazaTh GyHKIIMOHAILI HHOIO THITA.
Hampuwmep, dyHKIMOHAT, KOTOPBIA CTABUT B COOTBETCTBHE KaxK0i# (dbyHKINN ¢(T)
ee 3HaveHme B TOUKe g = (, OUEBUIHO, JUHEEH u HempepbiBeH. Ho MOXKHO mTOKa-
3aTh, 9TO OH HE MOYKET OBITH mpejcrasaen B Buge (1.29) Hm mpwm Kakoii JIOKAJIBHO
unrerpupyemoii dbysxiwm f ().

VKazauHbli GyHKITMOHAT MBI Oy7IeM HAa3bIBATH deAbMa-PynKkyuet B COOTBETCTBIN
C YCTAHOBUBINEHCS TEPMUHOJIOTHEH U 0003HAUATH 0(x); TaKUM 06pa3oM,

(0(x), ¢(x)) = 6(0).

Yacro Berpevaercst «caBuHyTasy jesbra-pyHKims — dbyrkumnonan 6(x — ), onpe-
JesideMblil PAaBEeHCTBOM

(0(z = x0), p(x)) = p(z0).

Obobuernot dynryuets MBI OymIeM Termeph HA3BIBATH KaXKIBIH JMHEHHBIN Herpe-
PBIBHBIN (DYHKIIMOHAJ, OMPEIeIeHHbIN Ha OCHOBHOM TpocTpaHcTBe D. O60061IeHHbIE
dbynkmum (coroKymHOCTH KOTOPBIX Gymem oboznadath D'), 3amaBaembie dbopmysia-
mu Buga (1.29), GyaeM HA3BIBATD pezyAapHbLMU, & BCE OCTAJbHBIE (B TOM YHC/IE W
JenbTa-QYyHKINI0) — CUH2YAADHBLMU.

Hugppepenyuposarue 0600ueHHvT GYHKUUT HA NPUMEDE
Pyrryul 00H020 nepemernHo20

OxazpiBaercs, 9To 0600mennbIe (DYHKIINT UMEIOT MTPOM3BOJHBIE (M PUTOM BCEX
MOPSIIKOB ), KOTOPBIE MPEJCTABIAIOT CODOM TakKe 0000IIeHHbIe (hYHKITIH.
Kak m3BectHO,

(', ¢) = / F@)ée)de = f)plx)|  — / F(@)¢! (z) dz = (f, ).
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DT0 paBEHCTBO MBI ¥ MTOJIOKUM B OCHOBY ODIIEr0 ONpeIeIeH sl TTPOU3BOIHOM 0T 0600-
meHHoi byHrmun. Pynryuonas g, 3adaumnvit Hopmyrot

(9:0) = (f,—¢), (1.30)

MBI OyJIeM Ha3bIBATh TPOM3BOIHOM OT dbyHKImonana f u oboznadaTs f’.

I[IPUMEP 1.2. PaccmorpuM dyHKIHMIO XeBHUCaHIa

(e) = {0, z <0,

1, =>0.

Orseuatomuii eit byHrnoHan rakxke oOymaem oboznauarsh depe3 0(x). Cormacuo 06-
meit popmyse (1.30) bynxunonan 6'(x) neiicryer va ocHoBHYIO dyHKIMIO () Tak:

(' (2), 6(x)) = (0,— (x)) = — / ¢/ () dx = 6(0);
0

TakuM 00pa30M, B CHUJIy OMPEIEIEHUS Ie/TbTa-DyHKIUN

Amnajiorngso,

0'(x — h) = 6(x — h).

[TpumMmEP 1.3. [TocTpoum mpousBoaHYyIO OT Aeabra-pyHKIuu. Mmeem,
(0"(z = h),¢) = (6(z — h), —¢) = —¢/(2).

I[TpuMEP 1.4. ITocranoska obobrennot 3aga4u Korum 715 BOJIHOBOTO ypaBHE-
Hus [5]:
U — Uge = F(z,t), x>0,t>0, z €R, (1.31)

u‘t:+0 = up(x), ut|t:+0 = u (). (1.32)

Cuamraem, aro F € C(t < 0), ug € CL(R), ui(z) € C(R).

[Ipexanosioxknm, 9To CcymiecTByer Kiaccudeckoe permenne u(z,t) samaun Ko-
mmr (1.31), (1.32). D70 smauwt, ¥ro dbymkmma u kracca C%(t > 0) N CY(t > 0)
yaosnersopsier ypasuennio (1.31) npu ¢t > 0 n maganbabivM yerousim (1.32) npm
t — +0.

[Ipomomkum byukmun v u F myaem upu ¢ < 0, MOI0KNAB

~ ’U,, t>07 = F7 t>oa
u = F:
0, t<0, 0, t<O.

Mozxkuo mokaszars [5], uro dyukmus u(x,t) yaosiaersopser B R BogHOBOMY ypaBHe-
HUIO

st = Uge = F(,) + uo(x) - §'(t) + wr () - 6(t). (1.33)
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Takum 06pa3om, HaYaIbHBIE BO3MYIIEHUs Uy U U1 st byHKImn U(x, t) nrpaior posb
MpaBoii YaCTh, MOJEUPYIOIIEH NCTOYHUK BO3MYIIeHns BOJH ug(x) -0 () +ui(x)-d(t),
nmeiicrByromero mraoserno mpu t = 0. Hasee, kiaccuueckue pererunst 3amaan Ko-
mm (1.31)—(1.32) comepxkarcst cpeau Tex pemtennii ypasuenus (1.33), koropsrie o6pa-
@A TCsT B HYJIh pr ¢ < 0. DTO JaeT OCHOBaHWE HA3BATh 331a49y 00 OTHICKAHUU 000-
MEHHBIX pertennii ypasaerust (1.33), obparmaronmxcs B wy b pu ¢ < 0, 06061eHHOM
sagageit Komm pust Borosoro ypasuenus. Ho B Takom ciayuae B ypasuennn (1.33)
F , UQ, U] MOXKHO CIATATH OOOOIEHHBIME (DYHKITMIMA.

Urak, obobwennot zadauetd Koww JjIsi BOJHOBOTO YPABHEHUsI ¢ WCTOUYHUKOM
f € D'(R) n mauanbueivu Bo3Mymerusimu ug, u; € D'(R) mazoBem 3agady o wHa-
xoxqennn 06obmennoit dbyukmun uw € D'(R), obpamatomeiics B Hynb npu ¢ < 0 u
YIOBIETBOPSTONIEH BOTHOBOMY yPaBHEHHIO

Ut — Ugy = F (2, ) +ugp(x) - 8'(t) +ur(x) - 6(8). (1.34)

Ypasuenne (1.34) skBUBaIEHTHO cieayromemy: 1s moboit ¢ € D(R) copasemanso
PaBEHCTBO

(u’ gbtt - ¢.’L‘IL‘) = (F, ¢) - (UO, ¢t(xa 0)) + (ul’ ¢($, 0))
3 ypasuenns (1.34) cremyer, 9T0 HEOOXOAMMBIM U JIOCTATOIHBIM yCJIOBHEM DPa3pe-
mmMocTu 0600ITenHoi 3aaun Komu ssistercss obparmienue B Hy1b F mopu ¢t < 0.

[TPUMEP 1.5. Pemennem mavgaabHO-KpaeBoit 3amgaun mig x > 0, £ € R

Ou _ Ou _
oz ox2
u‘t<0 =0,
1 1
Ou =—=0(t) wm Ou = —d(t),
O [pyo 2 0 [peyo 2

apnstiorest bynkmun u(z,t) = 30(t — z) wm u(z,t) = 16(t — x) cooTBeTCTBEHHO.

MB! BUANM, 9TO CTPYKTYPa PENIEHHs OTNPE/IeISeTCs XapaKTePUCTHIeCKIMA JIy-
gamu. PaspbiBHBIE IDaHWYHbBIE YCJIOBUST ONPEIEISIOT COXPAHSIONIMECS Pa3PhIBbI Ha
XapaKTepPUCTUKAX.

1.3.2. IlocranoBka u uccjemoBanue obparHoii 3amadymn. Paccmorpum Ha-
YaJIbHO-KPAEBYIO 3329y, MOJEINPYIONLYI0 HEKOTOPKIF BOJHOBOI MPOIIECC B CPejax,
B KOTOPBIX COCTOAHME B MOMEHT BPEMEHN t 3aBUCUT OT COCTOAHUS OT nCTOPpUM TTOBE-
JIeHUs 70 MOMeHTa t (cpedvi ¢ nocaedeticmeuem Uiy cpedvi ¢ NAMAMBIO):

t
Upt — Ugy = /k(T)u(ﬂ:,t —71)dr, x>0,teR, (1.35)
0
g =0, |, o =0'(1). (1.36)

ONPEJAEJNEHUE 1.3. Bagauy onpenenenvsi dyukiyn u(z, t) n3 ypasuennst (1.35)
npu 3aaHubX GyHKImn k(t), t > 0, HAYATBHBIX W IPAHUIHBLIX ycaoBwii (1.36) rHazo-
BEM NpAMOU 3aTadelt.
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Dynkuus u(x,t) — 0606IIEHHOE pelleHre TPSIMOii 3a1aun.
Permierne mpsiMoii 3a/1a9u UMeeT CJIEAYIONLYI0 CTPYKTYDPY [5]:

u(z,t) = —0(t —x) + v(z, t)0(t — x), (1.37)

T. €. TIPEeICTaBIsIeT COOOM CyMMYy CHHTYISPHONW W PETYIsPHON dacTeii. 3mech Hem3-
BecTHas pyHKIWMS v(x,t) SBISETCS JOCTATOYHO IVIAJIKON B obmactu t > z > 0.

[Tocrasum obparryto 3azgaqy onpezesernnust k(t). Ho mas mocranoBku o6parHOil
3aJIa9YM HAM HEOOXOJWMO TTPUBJIETH JTOTIOTHUTEIHHYIO0 NH(MOPMAITHIO O PEITIeHNH MPsT-
Moit 3aaun. B kauecTBe Takoit nHGOpMAININ, UCXO 13 (PUBUTECKOTO CMBIC/IA, MOTYT
6biTh M3Mepenust GyHKIWN cMmernernst u(x,t) wa nosepxuoctn = +0. Maremarn-
YEeCKU 9TO 3AlUCHIBAETCS KAk 3ajanue ciaena GyHkimn u(x, )| =0, IpudeM, cieays
CTPyKType pemenns npaMoit 3agaan (1.37), mveem

w(z, t)|,_ o= —0(t) +g(t)0(t), teR. (1.38)

Baech g(t) — 3amannast riaakast byHKITH.
O6parnas 3amada. Onpenenuts dynxmmio k(t), ¢ > 0, u3z pasencrs (1.35),
(1.36), ectm OTHOCHTENHLHO PEIEHusT IPAMOi 3a1aun n3secTHa nadopmarms (1.38).
BaJaun 1O ONpeNeIeHnIo A1ep MHTErPAJbHBIX OIEePAaTOPOB — 3TO MHTEHCHBHO
pasBUBaloOIIeecd HallpaBIeHHe B TeOPHM 0OPaTHLIX 3ajad. IlepBble pe3y/abTaThl 110
JTAHHOMY HAIIPABJIEHUIO 0TpaxkeHsl B [6-8]. Oxmoit u3 nocaeqaux GyHIaMeHTaTbHBIX
paboT 110 ONpeeIeHuIo f1ep /i IUIepOoJInIecKuX ypaBHeHU T SBIAeTcs MOHOTDar-

dbuga [9].

Teopema 1.2. IlycTs BBITIOJTHEHDI YCJIOBHUS
9(0)=4¢'(0) =0, g(t)€C*0,7], T>0.

Torna obparnas 3amada (1.35)—(1.38) mmeer eauucreennoe pemenne k(t) € C[0,T].

< Hoxcrasum u(x,t) = —6(t — x) + v(x,t)0(t — x) B ncxonuoe ypasuenue (1.35)
u ycaosusi (1.36).
[Ipn mojcTaHOBKE HYKHO YUIUTHIBATH CBONCTBA IEIbTAa-(DYHKINH, & UMEHHO, ITO

/k:(T)u(x,t—T)dT:/k(T)[—é(t—x—T)—i—v(x,t—T)H(t—m—T)] dr =
0 0

t—x

= —k(t— ) —l—/k v(z,t —7)dr.
0

[TpupasuuBas ko3 dumentsr npn ocobennoctsix §(t — x), 6(t — x), ¢ yderom
jgonosauTenbHOM nHMopManun (1.38) MBI TOydaeM HOBYIO 3ajady OTHOCHTETHHO
dbyukumit v(z,t), k(t) B obmactu t >z > 0

Vit — Vg + k(t — ) kE(t)v(z,t —7)dr =0, (1.39)
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v,_o=9(), wvil,_o=0, t>0. (1.40)
V]imgpo = 0- (1.41)
Cogepriniast 3ameny nepemMenHbx xq :=t + x, t1 1=t — T 1 BBeJIg 0003HAUEHNE

1 —t1 r1+1t
2 ’ 2 ’

Uent) =

obparnyio 3amaqay (1.39)—(1.41) moxuo mepenucarh B TepMuHax HOBOH dbyukIMm U:

t1
1
Ut1x1 + Z (k?(tl) - /k?(s) U(wl — 8,11 — 3) ds) =0, (xhtl) € Dr, (1'42)
0
1
Ulyeyy = 9(@0), Usl,_,, = 59@), 0<a <T, (1.43)
U|t1:0 = 0. (1.44)

Baeck Dy = {(z1,t1)] 0 < t; <x1 < T}, T > 0. Janee ungerc «1» Oyaer omyImeH.
Bagaay (1.42)-(1.44) B obmactu Dp MOXKHO CBECTH K CHCTEME HEJTNHENHHBIX WH-
TerpaJbHBIX ypaBHeHuit Bosbreppa Broporo posa. leficTBUTENBHO, MYCTh

V(z,t) := Uy(z,t),
TOr/Ia, MHTErPUPYST MOCJe/IHee PABEHCTBO Ha TIJIOCKOCTH MepeMeHHbIX (£,7) oT Tou-
u (t,t) mo Touknu (z,t):

T

Uz, t) =g(x)+ /V(f,t) dg. (1.45)

t

Nnrerpupyst (1.42) or roukn (z,t) mo (x,x):

/[ /S>U<x_5,7_s>d5]d_o,

xT

/VdeT—i—

t

o |

U, YIUTHIBad, UYTO

1
Vliey = Usloey = 59'@), 0<a<T,

moTydaeM ypaBHeHme ajd V:

xT

Vet =5 9@+ |

t

T

k(T)—/k(s) U(x—s,T—5s) ds] dr, (x,t) € Dp. (1.46)
0

Haxkower, B (1.46) Bo3pMmem ¢t = 0 n Bocmosiszyemcst yeaosuem (1.44):

—%9/@) = i / [k(T) — /k:(s) U(x —s,7—5) ds] dr.

t 0
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Terneps puddepeHmpyem 110 oIy YaeM TpeThe HHTerpaibHoe ypaBHenne s k(x):

T

k(z) = —24" (x) + / k(s)g(x — s)ds + //k(s) V(z —s,7—s)dsdr.  (1.47)
t 0

0

Cucrema uaTerpanbueix ypapuennit (1.45)—(1.47) ornocurensuo dyukuumit U(x,t),
V(z,t), k(z) sBasiercst 3aMKHYTO# CHCTEMOl HEJIMHEHBIX MHTErPATbHBIX yDaBHEHWU
Bosasreppa Broporo poga B obaactu Dp. 3aMKHYTOH B TOM ILIAHE, YTO WHTETPHPO-
BaHWE BEJETCS 110 OTPE3KAM, IEJIUKOM COfepKamuxcst B Dy.

Ee MoxkHO mpesicTaBuTh (KaK U B 3a/a9e OpeabLIyIero naparpadga) B Buae

Y= AQD = (AlSD,AQQD, A380))

rie
¥ = [@17()027903] = [U(.%’,t),V(.%’,t),k((L‘)],

a meswmHenHbI omepatop A = (A1, Ag, A3) cormacuo paBerctBam (1.45)—(1.47) meii-

CTBYyeT TI0 TIPABUJLY:
€T

Avp = g(t) + / oalE.1) d,

t

Ay = %g/(m) + i / [@3(7’) — /303(5) o1(x —s,7— ) ds] dr,

t 0

T

Agp = —24"(z) + / p3(s)g(x — s) ds + / / ¥3(s) pa(z — 5,7 — s)dsdr.
0 t 0

aee wmccienoBanvie MPOBOJAUTCS aHAJIOTMYHO TOMY, KaK 9TO OBLIO CIEIaHO B
epBoi YyacTu. >
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Jlekiuga 2.

AcumnTornyeckue mMOaAX0oAbl K MCCJIEOBAHUIO PA3PEHINMOCTH
ABYMEPHBIX 00paTHBIX 337a4 JJid HHTerpo-aunddepeHnnaabHbIX
YpaBHEHU runmepooIMYecKoro TUIa

OnPEAENEHUE 2.1. Cornacuo repmunosoruu, npunsaToil B [10], obparHas 3a71a-
4a, Ha3bIBACTCA 00HOMEPHOT, €CIM MCKoMas (DYHKIS 3aBUCAT OT OHOI TTePeMeHHOi,
U MHOZOMEPHOT, €CTA OHA 3aBUCUT OT JIBYX W 0OJIee MepeMeHHBIX.

BrosiHe ecTecTBeHHO TpeanoaaraTh, 9TO €CJIN BOJHOBOI TTPOLECC MPOUCXOIUT B
JIBYMEpPHOM UJIM TPEXMEPHOM IIPOCTPAHCTBE, TO U CBOMCTBA CPEIbl OYIYT MEHATHCS B
3aBHCUMOCTHU OT TOYKH IPOCTPAHCTBA, T. €. KOI(DMUIIHEHTHI WU FIpa MHTEIPATHHBIX
OorrepaTopoOB TPU HAJIMYNUHW TTaMATHU TaKZKe 6yﬂ;yT 3aBUCETH OT HECKOJIbKHUX TTePEMEH-
HBIX. B 3T0ii cuTyalm BOZHUKAeT MpobeMa UCCIeTOBAHUST MHOZOMEPHHLL 00PATHBLT
3adav.

Tak Kak B 9TOM caydae Mbl uMeeM auddepenuaibable YpaBHEHUs ¢ ePeMeH-
HbIMUI KOS(i)(bI/H_[I/IeHTaMI/I, TO JINITH B UCKJ/JIIOYUTE/IBHBIX CIYyYadaX JJId MPAMBIX 3a/71a4
MOYKHO TOJYYUTh TOUHBIE pernenus. [IpobiemMy MOXKHO PerntuTh ¢ TOMOIIBIO MTPHMe-
HEHUA aCUMIITOTUYIECKUX METO0B, YCIEITHO MCITOJIB3YIOMNXCA B YPAaBHEHUAX MaTe-
MATHYECKOH (DU3UKM JIJIsI TIOMyUeHrs PUOIUKEHHBIX perennii. B ocHOBe acuMmTo-
THYIECKUX METOOB JIEYKUT UJIesT PA3IOKEHIS NCKOMOTO Perterus B (hOPMATHHBIN PsiT
[0 CTEMeHsIM HEKOTOPOTO MAJIOro MapaMerpa €:

u(-) = uo() +eur(-) + up() + ...+ =Y _ elu;().

n=0

I/I, XOTd TIPU 3TOM CTEIEHHBIC PAABI ABJIAIOTCA, KaK MPaBUJIO, PACXOAAIIIMMUCA, TeM
He MeHee TPUO/IMKeHHOe PellieHne — pellenne, oIy IaeMoe myTeM o0pbiBa (hopMahb-
HBIX PAJ0B Ha KaKOM-TO N-M YJIEHE, — OKa3hIBALTCA BEChbMa IMTPUTOJHBIM IJId IEeJI0T0
psa TMpakTUIecKnx pacderoB. [logydaemoe TakuMm myTeM MpUOIUKEHHOE DerreHne
nMeeT aCUMITOTUYECKU I XapaKTeP B TOM CMBICJIE, 9TO OHO CTPEMUTCA K COOTBETCTBY-
IOIIEMY TOYHOMY PEIIeHUI0 He C YBEeJUUEHUeM UUCTa 1, a TPHU (PUKCUPOBAHHOM 1. U
MPU CTPEMJIEHUH K HYJII0 MaJjoro mapamMerpa.

OcobeHHO TTOTYISIPHBIM SIBJISIETCST METOJ] IMHEAPW3AINN, KOTOPBIN MPeInoIaraeT
npeJiCTaBAeHe PelleHns PAMOii 33/a4i B BUJIE

u(-) = ug(-) + eur (1) + O(?),

T. €. P OOpBIBaETCS HA N = 2.

[Ipu mocTamoBKE MHOTOMEDPHBIX OOPATHBIX 33J1ad, HAPSAY C ACUMIITOTHYECKUM
pa3JI0’KeHNeM pereHusi PsiMoit 3a1a4m u(+), TaKKe Pa3jiaraercst 1 HCKOMBIH K03h-
durment.

Paccmorpum HECKOTBKO MOCTAHOBOK MHOTOMEPHBIX 0OPATHBIX 331249 C UCIIOIH30-
BaHUEM ACUMIITOTUYIECKOTO MTOIXOIA.
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2.1. IlocranoBka AByMepHOii 00paTHOI 3a7a4u JJisi BOJTHOBOTO
YPaBHEHHUS B CJIA00 rOpM30HTAIBHO-HEOJHOPOIHON Cpee C IMaMAThIO

[lenpro manHOil paboOTHl ABIAETCA ONMpEAENeHne IBYMEPHOTO KoM duimenTa n
S/Ipa MHTErPAJIbHOTO OMepaTopa i BOJHOTO yPaBHEHUS B CIa00 TOPU30HTATIBHO-
HEOHOPOIHON cpese.

Hna (z,z,t) € R3, 2 > 0, paccMOTpIM IPAMYFO 3aa49y onpeeteHns by KT
u(z, z,t) n3 uarerpo-anddepernnanbHoro ypasterns [11]:

t
Ut — Ugy — Uyy — q(T,2)u = /k:(T)u(x, z,t — 1) dT, (2.1)
0
ul,_o =0, (2.2)
ou , ,
- — 2.
5| =@, (2.3

riae q(x,z) — xoaddunment, xapakTepu3yomuii CBONCTBAa CPebl, B KOTOPOH pac-
POCTPAHSAETCs BOJIHOBO# T1poriecc; k(t) — s11po, ONMCHIBAIOIIEe AMSTH CPeJIbI.

[Tpu 3amanubx GyHKIWIX ¢(T, 2), k(t) 3amaga (2.1)—(2.3) KOppEeKTHO MOCTABICHA
W MMeeT eJMHCTBEHHOe perenne u(x, z,t), 0ba1aiomiee KOMIaK THBIM HOCHTEIeM TTPH
JIFOOOM KOHEUTHOM t.

O6parHasi 3a/4a49a 3aK/II09AeTCsl B onpeienennn Kodddunnenta q(z, z), (z,z) €
R% 2z > 0w k(t), t > 0, Bxomsammx B (2.1), ecm OTHOCHTETHHO DeNTeHus TMPSMOit
3amaan (2.1)—(2.3) u3BecTHA HOMOTHATETBHAS MHGMOPMAIIIS

u(w,z,t)!zz+0 = f(z,t), t>0, z€eR, (2.4)

f(x,t) — samannag GyHkms.

OnNPEAEIEHUE 2.2. [Tapa dyukimit ¢(x, z), k(t) n3 kiacca HenpepbIBHBIX (DYHK-
muit C(Ry) uw C(R x Ry) cOOTBETCTBEHHO Ha3BIBACTCS pewenuem obpammnot 3a-
dawu (2.1)—(2.4), ecam cooTBeTCTByIOIIEe eii pemrenue mpsaMoil 3amaan (2.1)-(2.3)
u(z,z,t) w3 kmacca obobmennbix dynxmuit D'(R x R2) ynosirersopsier (2.4)
st f(x,t), npuaaIexamux kiaaccy obobmenubix dyukimit D'(R x [0, +00)).

[Tpeanosnaraem, aro q(z,z) c1abo 3aBUCHT OT TOPU3OHTAILHON MEPEeMEHHO T:

q(z,2) = qo(z) + exqu(2) + O(?), (2.5)

rae € — Masblii mapaverp. B mambmeiimiem Oymem mosarath B paBeHcTBe (2.5)
qo(2) = qo > 0 ecTb M3BeCTHAS BEIMIHHA.
Pemenne npsimoit 3agaan (2.1)—(2.3) 6ymem uckarh B BUJIE PAIa MO CTETIEHAM E:

oo
u(z, z,t) = Zgjuj(x, z,t). (2.6)
=0
Torna, yunrsisas (2.4) u (2.6), nmeem

f(z,t) = Zejfj(x, z,t). (2.7)
=0
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Honcrapass (2.5), (2.6) B (2.1)-(2.4) u mpupasrwsas KosbdummenTsr mpr &/,
j = 0,1, mpejmosaras, YTo BKJIAJ CIATAEMBIX C €/, j = 2,3, ..., mpeHebpesKIMO MaJ,
noJy9aem ABe 00paTHbIe OAHOMEPHBIE 3aa4YM TIOCIEI0BATEILHOTO OTPEIETICHUST
k(t) u q1(2), KOTOpBIE U GYIYT PACCMOTPEHHI.

Jltst periennst 0OpPATHBIX 33/1a9 JOCTATOYHO 337aTh 00pa3 Pyphe oT dyHKIUIT
folz,t) m fi(x,t) mo mepemenuoii x mist (BUKUCHPOBAHHOTO HEHYJIEBOTO 3HAYEHUS
mapaMeTpa TpeodpPa3OBaAHMSI.

2.2. Bamaua onpenesnenus ug(x,z,t) u k(t)

Pacemorpum mpsimyio 3a1ady onpejgesnerust ug(x, z,t) w3 caeayomeii HadaabHO-
Kpaepoii 3a1aun B obsacru (x, z,t) € R3, z > 0:

()it = (t0)we + (110) 2 + G0 (2) - 11 — / k(P 2.t — 7Y dr,  (2.8)
0
uo‘t<0 =0, (2.9)
% = —0'()d'(t). (2.10)
% lz=+0

[Ipumenum unmezpasvroe npeobpadosarue Dypve, onpenensiemoe HOPMYIOit
o0
uo(v, z,t) = Fplup)(v, z,t) := / uo(z, z,t)e” " dx, i — MHUMAS €IHHNIA,

—00

B 9TOM cJiyuae opmyaa obpauwerus OYAET BBITJISIETH TaK:

o
1 B A
uo(x, z,t) = 5 / uo(v, z,t)e™” du.
—0o0

Ceroiicra mpeobpazosatust Pypbe, KOTOPhIe HAM MTOHAI00ATCSI:
oo

1) / (u0)z (z, 2, t) eV dx = iviig(v, 2, 1),
ngzo (x,z,t)e” """ dx = (iv)" up(v, 2, t);

oo

2) / zug(x, z,t) e dx = i(Ug), (v, 2, 1);

3) / S(x)e ¥ dr =1, / 8 (x)e” " dox = —iv.
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[Tocie mpumenenust K 3ajade onpezesenns ug (2.8)—(2.10) npeobpasosanus Dy-
pbe, MOJTydaeM:

(uo)ut = (Uo)22 + (qo — VQ) Uy — /k‘(T) uo(v, z,t — 7) dr, (2.11)
0

- Ouyg ,
|,y =0, 5 = —ivd (t). (2.12)

z=0

O6parnas 3amaua. Haiitu uo(v, z,t) u k(t), xogamux B (2.11)—(2.12), ecan
uo(v, z,t) JJIst HEKOTOPOTO HEHYJIEBOTO 3HAUEHUSI MTApaMeTpa I W3BECTHO

Uo(v, 2,1)|_, = wd(t) + fo(r,t)0(t), tER, (2.13)

z=

rae fo(v,t) = Fulfo](v, t) — samanmas dymnxmms, 0() — bynxums Xesncaiina (ramee
3HaK  HAJ QYHKIMSIME Ug, fo OYIET OMmyIeH).

Bynem nckars permenne npeobpasosannoit 3amaun (2.11)-(2.12) B Bume
uo(v, z,t) = wd(t — z) +v(v, z,t)0(t — z). (2.14)

Torga, nogcrasisis (2.14) B (2.11)—(2.12) u npumeHsist MeTO/| BbIJIEIEHNsT 0COOEH-
HOCTeit, oTHOCHTENbHO (hyHKIUU v(V, 2,t) noxyaum s t > z > 0:

t—z
Uit — vz — (g0 — V?)v = —ivk(t — 2) — / kE(t)v(v, z,t — ) dr, (2.15)
0
ov wz 9
% Z:0:07 ’U‘t:Z:—T (qo—V )7 (216)
v|,_y = folw,t). (2.17)

Beegem HOBBIE TIepeMeHHBIE 21 =t 4+ 2, t] :=t — z U TyCThb

—1 t
U(v,z1,t1) :zv(y, a—h at 1>.

2 72

Bagaga (2.15)—(2.17) nepenumercst B repmunax dyukiuun U(v, z1,t1) caemyio-
M 00pa3oM:

t1
U 1 .

Dt1071 1 [(QO - VQ)U(V, z1,t1) — wvk(ty) —/k(T)U(V, 21— T, b1 —T) dT] , (2.18)

0
U{tlzzl = fo(v,21), (2.19)

oU 1 ,
3—21 ti=z1 S 2 (fo)zl(u, 21), (2.20)

wz

U|t1:0 - _Tl(QO - VQ)- (2.21)



13 (2.21) caeayer, uaro fo(v,0) = 0.

ITycTs
qo — v?
w(v, z1,t1) = 3—21 (v,21,t1), w(v,z1,0) = —il/T,
ToTIa
71
U 1,0) = folvsta) + [ w0 de (2.22)
t1
113 ypaBuenus (2.18) BuiBOIM:
21 zZ1 T
8w 1 2 .
5 dr =1 (qo —v )U(u, z21,7) —wk(t) — [ k(MU (v,z1 —n,7 —n)dn|dr.
-
t1 t1 0
Tak kak

/—dT— f0)21(1/ z21) —w(v, z1,t1),
To jist w(v, z1,t1) UMeeM

w(y, Zl,tl) = %(f(]){zl(y, Zl) -

) . (2.23)
_ i/ [(qo — V) U(v,21,7) — ivk(T) — /k(n)U(v, 2= 0,7 —1n) dn] dr.
0

t1

Bzgas t = 0 B ypasuennu (2.23) u quddepeHnmpys ero 1mo 21, MOy IuM

% (fo)’z'l(y, z1) = i / [(QO — y2)w(u, 21,T) — /k(n)w(u, z1 —n, T —n)dn|dr +

0 0

+= | (a0 — v*) fo(v, 21) — ivk(z1) — /k'(ﬁ)fo(’/, 21— 1) dﬁ] ;

0

1
4

OTCIO/Ta, BBIBOANM ypaBHeHne st k(z1):

1%

i —2)i il
e = 2 (ot 00) = L otz + L [ b otz -
0 (2.24)

zZ1 T
i
- / [(QO — y2)w(1/, 21,T) — /k(n)w(u, 21 —n,T —1n) dn] dr.
0 0
Teopema 2.1. Ilycts T > 0 ¢puKCHPOBAHO H BBIIIOJHEHBI CJIEIYVIOIIHE YCIOBUS:
2

for,0) =0, (). 0) = —iv Lo fo(nt) € C%0,7]
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JUIST HEeKOTOPOTO HEHYJIeBOTO 3HadeHus mapaverpa v. Torpa obparHas 3aja-
a (2.11)-(2.13) B obmactn Gr = {(2,t)| 0 < z < t < T — z} uMeer eqUHCTBEHHOE
permerne k(t) € C[0,T).
< 3BamermM, UTO B YCIOBHSX TeopeMbl obparHas 3agada (2.15)-(2.17) sk-
BUBAJICHTA 3aMKHYTON HEIWHENHON cucTeMe WHTEerpabHbIX ypaHeHuit Bosbre-
pa BTOPOTO PoOjia C HENpepbIBHBIMU SApaMU W HEMpPEePbIBHBIMU CBOOOJHBIME HJIe-
Havu (2.22)—(2.24). DTo mnokasbIBaeTCsl MEepPexojoM OT HadabHO-KPAeBOil 3aja-
n (2.15)—(2.17) k cucreme (2.18)—(2.21), u manee k ypasHenusiM (2.23), (2.24).
Pasencro (2.22) 04eBMIHO W UCIOIB3YETCS JJIsl 3aMBIKAHUS CHCTeMBI. HerpymHo
ybenuThcst, 9T0 u oOpaTHbIE MPeodpa30BaAHNA UMEIOT MECTO.
Cucremy (2.22)-(2.24) MOKHO IEpeIcaTh B BHJIE

p = Ap, (2.25)
rne A = (A1, A, A3) — HenmHeilHBINH oneparop, JefCTBYIONMI HA MHOMXKECTBe
sekTop-dyukimit p € C[Gr],

0= [U(V, 21,t1), w(v, zl,tl),k(zl)].
v ——

~~

1 2 ®3

Bug Ay, Ay, As ompe/iesisiercst IpaBbIMU YacTsIME paBeHcTs (2.22)—(2.24). B kauecrBe
MAaJIOTo mapaMeTpa JaHuas cucrema (2.25) Comep:KUT MPOMeKyTOK MHTErPUPOBAHUS,
KOTOpBIi He peBocxoauT uucyao 1. TToaromy mpu Massix T’ K Hell TpUMeHNM TPWHITATT
Banaxa, obecnieunBaromiunii CyecTBOBAHNE eIMHCTBEHHOTO PEIeHUs] CHCTEMBI.
JlanwIme moKa3aTebCTBO AHATOTHYIHO JOKAZATEILCTBY TPEIBIAYIINX TeOpeM. >

2.3. Banmaua onpenenenus ui(z,z,t) n qi(z)

Pacemorpum mpsimyio 3aady onpejgeserust ug(x, z,t) U3 caeayomeil HadaabHO-
KpaeBol 3a/a49u:

t
(u1)et = (u1)z2 + 2q1(2)uop + qour — /k: Tui(x, z,t — 7)dr, (2.26)
0
(9u1
], =0, 5, | =0 >0 (z¢)eR. (2.27)
Z lz=0

O6parnas 3ama4da. Haiitn uy(x, z,t) n q1(z), Bxogsimux B (2.26)—(2.27), ecan
oTHOCUTEIbHO TpeobpazoBanus Pypwe Flui](v, z,t) st HEKOTOPOrO HEHYJIEBOTO
3HAYEHNsT TapaMeTpa U N3BeCTHO

Folw](v, 2,t)|_, = filw,t), t>0.

[Tocie mpeobpazosanms Pypre MO TEPEMEHHO T mMmeeMm (maqee 3HAK  Hal
ul(]/, 2, t): fl(y? t) 6YﬂeT OﬂyﬂleH)

(u1)u = (u1) 22 + 1q1(2) (wo)w (v, 2, t) + (qo — I/Z)ul(l/, z,t) —

)z

/ (2.28)
/k Jui (v, z,t —1)dr, z>0, t€eR,

0
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Ou
0z |,_g

Ui |z:0 = fl(V, t). (230)

ui +<0 =y, = 0, u1|t:z = O, (229)
[lycth 29 := %57, to = t_TZ u
U*(v, z2,t2) := u1(v, 22 — t2, 20 + t2),

Torga 3ajada (2.28)—(2.30) nepenmmiercst B TepyMuHax HoBoi dyHKImn U* (v, 29, ta):

o?U* i ,
Dig0 2 q1(z2 — t2)[16(2t2) + U, (v, 220, 2t2)0(2t2)| +
1 2t (2.31)
+ B (90 — V2)U*(V, 29,1) — /k(T)U*(y, 29 — Tty — T)dT |,
0
U*|t2:O = 0’ U*‘tQZZQ = fl(ya 2'22), (232)
ou* ,
= 2 (U, 222). 2.33
822 P (fl) 2( 2) ( )

C yuerom (2.33) oueBmHO, 9TO

*

U*(V, z9,ty) = fl(l/, 2t2) + / %ZQ (I/,g,tg) d€. (2.34)

t2

U3 ypaprenus (2.31) nmeem

z2 z2

72
oU* 1 i ,
570% dr = —5 /q1(22 —71)0(27)dT + 5/(]1(22 — 1)U, (v,229,27) dT +

t t t

’ . ’ e (2.35)
1 *
+ B / [(qo — 1/2)U*(1/, 29,T) — /k:(n)U (v,29 —m, T — 1) dn] dr.
to 0
C nmpyroii cTOPOHBI,
7 ou oU*
_— = ! 2 - — 2.
aTazz (V7327T)d7- (fl)zz(ya 32) 622 (V,Zz,tg), ( 36)
to
22
oUu* 1 7
o (nte) = (R (22 + Je2) = 5 [ anam)UL (0220, 27)dr -
822 4 2
t
. . ’ (2.37)
1
) / [(QO — V) U(v, 22, 7) — /k(n)U*(v, 22— 0, T —1) dﬁ] dr.

to 0
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Tak kak B cuity (2.32)
oUu*
322

= 0,
to=0

To B391B B (3.37) t2 = 0, BEIBOZUM

22

q1(z2) = —4(f1)'z2(1/, 229) + Qi/ql(zQ — 1)U/ (v,229,27) dT +
0

. . (2.38)
+2/ (qo - yz)U*(u, 29,T) — /k:(n)U*(V, zo —m, T —n)dn|dr.
0 0

TMoncrasass (2.37) B (2.36), noxyunm ypasaenne miust U*(v, 2o, t2):

U*(Va Z2at2) — fl(ya 2Z2) +

z2 z2

€
+1 [a©de— 5 [ [ ae—ta)0,v.26 27) drag -

ta ty b (2.39)
z2 &€
_%// [(QO—VQ)U*(V7§7T)—/k(n)U*(u,f—n,T—n)dn drdg.
ta

2T
0

Ypasuenus (2.38) u (2.39) gBASIOTCS 3aMKHYTON CHCTEMOi OTHOCUTENBHO ¢1(22)
n U*(V, 29, tz).

Teopema 2.2. ITycts T € (0,T%), f1(v,t1) € C0,T], f1(v,0)=0, (f1);(v,0)=0,
n dyaxuun uy(v, z,t) n k(t) ssasiorcs pemennem 3agaun (2.4)—(2.6). Torga B
obnactn G CcymiecTByeT eqMHCTBEHHOe pernenmne obparHoii 3amaqdn (2.38)—(2.39)
q1(z) € C[0,T/2].

< O6parnag 3amada (2.28)—(2.30) skBUBATEHTHA CHCTEME WHTETPATBHBIX yDPaB-
mernit (2.38), (2.39). Jamnas cucreMa siBIsIeTCs 3aMKHYTON JIMHEHHON CHCTEMOi HH-
TerpajbHBIX ypaBHennit Bosbreppa BTOPOTO PoOja C HEMPEPBIBHBIMEU CBOOOIHBIMU
WIEHAMU U sITPAMU OTHOCHUTEJBHO Hem3BeCTHHIX (byHKIui B obiactu G npu v € R.

Nnes nokazaTebCTBa CyIECTBOBAHNS €MHCTBEHHOTO PEMTIEHNsT JJAHHON CHCTEMBI
COCTOWT B TPUMEHEHNN 00O0DIIEHHOTO TTPWHITHATIA, CKATHIX OTOOPAYKEHMIA.

OnPEAEJEHUE 2.2. Ilycts B — Takoe HEIpephIBHOE OTOOPAYKEHHE TTOJTHOTO HOP-
MWPOBAHHOTO TPOCTPAHCTBA B ce0si, 9TO HEKOTOpas ero cremnenb B™ sBisgercs cka-
THEeM; TOT/Ia ypaBHeHue ¥ = B mMeeT 0AHO W TOJBLKO OJIHO DeIeHwe.

Bammiem cucremy (2.38), (2.39) B Buje onepaTopHOro ypaBHEHMsI
v = By, (2.40)

Ib = [Q1(22), U*(V, Zg,tg)].
Y1 P2

Jluneitnsiii oneparop B = (Bi, Bg) omnpesiesien Ha MHOKECTBE BEKTOP-(DYHKIIUH
1 € C(RxGr) n By, By onpeensiorcst IpaBbiMu 9acTsiMu ypasrennii (2.38), (2.39).
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[Tokarkem Terepk, 9T0 HEKOTOPAsl CTeleHb N (N — HaTyPaIbHOE YHCJI0) JIMHEHHOro
orobpaxkernst B spasgercsa cxarueM. [lomoxum Dr :=[0,7/2] x [0,T/2] n

lellv) = max { max |u;(v,z2,t0)], = 1,2}

(Z2 ,tQ)EDT

ycrs (1) 2 — 1Be HenmpepsiBHbIe BekTOp-byHKIME B R X D7, YI0BIETBOPSIONIE
JIMHENHOMN crucreme wHTErpaabHbix ypasuennii (2.40). dus (v, z9,t2) € R X Dy umeem

max | By — Bjy@| (v, 22, t2) < Mao|[p™ — @], (v,20,15) € R x Dr,
J

riae M — koncranra, 3aucamas ot seaudua T, ||U)l, qo, v, ||k(t)]].

Hamee
22
B0 = B0 (1 2.12) < M2 [ € ) — 02| de <
0
2 Z% (1) 2) .
<Mt =y, =12
Orcrona
2
max | By o) — Bjo®| (v, 22,12) < M 2 [0 ® — 0 @], (2,1) € Dy,
1, BOOOIIIE,
Han(l) _ an@)H < M" (T7/1'2) ku) _ ¢(2)H-
ITpu mrobom dbukcuporarroM T 9UCIO N MOXKHO BHIOPATH HACTOJIBKO DOJIBIIIM, YTO
M™ &2" <1
n!

Torna orobpaxkenne B" sapisiercs cxkaruem. CorsiacHo 0O0DIIEHWIO TPUHIUIA, CHK -
MaFOIIUX 0TOOpakeHuit ypaBHeHue B = ¢ uMeeT OJHO W TOJBKO OIHO peIleHue,
npunaexaiiee C(R x Dr). lanHoe perenvie MoxKer ObITh Hafi[eHO METOIOM 110~
CJIETOBATENIBHBIX TPUOIUKEHTH. [>
2.4. TlocTaHOBKA OTKPBITHIX MPOOJIEM
BAIAYA 2.1. dnst (z,y, z,t) € RY, 2 > 0, paccmorpuM mpsiMyIo 3a71a9y orpe-
nenenns GyHKumn u(x,y, z,t) u3 uHTErpo-AudGepeHITnaTHLHON0 Y PABHEHNUSI:

¢
Upt — Ugg — Uyy — Uz — ¢(T, 2)u = /k:(y, Tu(x,y,z,t — 1) dr, (2.41)
0

ul,_o =0, (2.42)
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@
0z 0

z=-+

= 3 (2)5 (). (2.43)

O6parHasi 3a4a49a 3aK/II09AeTCsl B onpeienennn Kodddunnenta q(z, z), (z,z) €
R? z > 0w ampa k(y,t), y € R, t > 0, sxogammx B (2.41), ecm OTHOCHTETHHO
perrenns mpsivoit 3again (2.41)-(2.43) w3BecTHA ITOMONTHUTETbHAS HHMOPMAITHS

u(ﬂ:,y,z,t)‘zz+0:f(x,y,t), t>0, veR,

f(z,y,t) — 3amannas GyHKms.
BAJIAYA 2.2, g (x,z,t), x € R, 2 > 0, t € R paccmarpuBaercst Cieyionee
uHTErpo-auddepeHuaIbHoe yPABHEHNE aKyCTUKN:

t
L0 o f, pon,] B
() Ot? T (3272
0
t N (2.44)
—i—/k‘ dT—i—Vlnp(x 2)V, .U, t>0,
0
C Ha4YaJIbHBIMU U I'PaHUYIHBIMHA YCJIOBUAMN
ul,_, =0, (2.45)
0 / 0
u u
— k(z,t —7) — = —0(t 2.4
o+ [Hat-1 321 5(1) (2.46)
0 z=+0

rje

Voo U = Vo (e, 2, 8) + / k(b — 7)Vasule, 2,7) dr.
0

Baecwk u(z, z,t) — akycrudeckoe (m3bpiTounoe) masienue, ¢(z) > 0 — CKOPOCTH
pacipoCTpaHeHnsl aKyCTHIeCKUX BOJH, p(x,z) > 0 — mioTHOCTh cpeibl, O(t) —
nenbra-byakiuns dnpaka. @yuknus k(z,t), BXOAsIIAs B MHTErPAI CBEPTKH, OICHI-
BAeT TIOIJIOIIAONHEe CBOHCTBA cpenbl. Oyukinu ¢(z), p(x, z) ABAAIOTCS 33 JaHHBIMA
n JOCTAaTOYHO TJIQJKHUMMU.

Ypapuenue (2.44) yuuThIBAET MOMJIOMIEHEE UI€ATHHO-YIIPYTOi CPEIbI i BO3HUKA-
er B reodusnke npu usydennn (npeHTHGUKAINT) CBOWCTE CPEIbI C MOMOMIBIO Celi-
cMuueckuX BOJTH. DaKTHIECKH, TIPU MPEINOIOKEHAN O TAAIKOCTH CHCTEMa YpaBHEe-
anit Bonknvana (O,Z[Ha n3 HanboJ/Iee PaCITPOCTPAHEHHBIX I JIMHEHHOW Heynpyroit
CpeJibl) B JIBYMEPHOM CJIydae CBOJAUTCS K ypaBHeHuio (2.44).

s zamaan (2.44)—(2.46) MOXKHO MOCTABUTH OOPATHYIO 33149y ONPEIETEHUs sijI-
pa k(x,t), 3amaBas 3uadenne HyHKuuu u(x, z,t) Ha TpaAHUIE TOJTYTPOCTPAHCTBA AHA~
JIOTUYIHO TOMY, KaK 9TO ObLIO caemano B 3agate 2.1.
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O PAHTAX SKCTPEMYMA I METOJIE PAHTOBOI1 OIITUMU3AIINN
IIOTOKOBLIX CETEN C BOTHYTO! IIEJIEBON ®YHKIIUEN

M. B. Aba3okos

(MucruryT npuknagnoit maremarnkn n asromarnzannn KBHIT PAH;
Hanwbank, Poccust)

Paccmorpum cienyromniyio 3aaty:

Z(U) = Z cij(vij) lij — min, (].)

ijeD
Dovij— Y vp=g; (Vj#1€B), (2)
ierf kel
> vy =Q, (3)
jer;
vij 20 (V(i,)) € D), (4)

rae I'(B, D) — 3agannbiii oprpad cern; B u D — MHOXKECTBO €ro BepINUH U JIyT;
Vij, Cij, lij — MCKOMOe 3Ha9YeHWe BeJMINHBI MOTOKA, 33JaHHBIC yIeabHAsS CTOMMOCTh
u jymna, (i, j)-i gyru; () — 3aJaHHbIi TOTOK B CETh; ¢g; — 3aJaHHBINA PACXOJ TOTOKA
B i-M y37e ceru. llenesas dynknms (1) orpaxkaer cTOMMOCTH OTOKA CETH, OTPAHMU-
Jenue (2) eCTh ypaBHEHNEe HEPA3PLIBHOCTH MOTOKA, COOTHOIIEHNE (3) TOBOPUT O TOM,
9T0 y3ea 1 SBISIeTcss HCTOYHUKOM TTOTOKA.

OyuKIH ¢ (v;;) HEIPEPBIBHA, CTPOTO BOTHYTA (BBIIYK/IA BBEPX), BO3PACTAET 1
¢i(0) = 0. B cBsI31 ¢ BOTHY TOCTBIO 11€/1€BO# (DY HKINI SKCTPEMYMBI MOT'YT JOCTHTATh-
Csl JINIIB B YIVIOBBIX TOYKAX BBIMYKJIOTO (TPAHCIOPTHOrO) MHOTOrpaHHWKA (2)—(4).
Bamaua (1)-(4), kak nssecrno, sipasgercss N P-moaHOi.

Jltst pererust maHHON 3a7a9n OBLINM BBEEHBI MOHATHUA PAH20 IKCMPEMYMA T
Par2060T onmumu3eyuy. BeLTu pa3paboTaHbl aJITOPUTMBI 1 OJIOK-CXEMBI AJITOPUTMOB
MTOJTHOM HeBO3BpaTHOW P-Bapmannn m P-onTHMU3aInm CeTH.

Ha ocuoBe ajsropuTmoB paspaboTaHa TpOrpaMMa MOCTPOEHUsT MOTOKOBOM CeTh
P-ro pamra onTuMaIbHOCTH Ha, si3bike porpammvupoBanns Python3 u mposemen BoI-
YUCTUTEIbHBIN IKCIEPUMEHT MOCTPOEHUsT MTOTOKOBOI CeTu 3-r0 paHra ONTHMAJIbHO-
CTH.

g onrummsaruu ObLT B3AT TIOTHBIN 6a3oBbiii rpad (IIBIY) ¢ kommaecTBom
sepmna n = 101 (puc. 1(a)). Beuia npoeegena nosHas onTnvmsanus 3-ro paHra
C HAYAJBLHOTO OCTOBHOTO Jepesa «Enkas (puc. 1(6)). Uudopmarms o pesyabrarax
OTITUMW3AIINH TPeACTaBaeHa B Tabnie 1, a Ha prc. 2 TpUBEIeHB JepeBbs 1-ro, 2-10,
3-ro panros onrumasnbHoctn ((a), (6), (B) coorBeTCTBEHHO).

Kaxk Bugro u3 tabauiel 1, obimee BpeMst TOCTPOEHUsT 3-ONTUMAIBHON TOTOKOBO#T
cern Ha [IBI" cocrasasier okoso 41,5 gacos. Obias onTUMA3aIUs CETH COCTABJIAET

~ 6,86%.
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Puc. 2. Pesynsrarsl 3-ontumusanuu: (a) gepeso 1-ro padra OnTHMaIbHOCTH
(340, 784 y.e.); (6) mepeso 2-ro pamra ontumanbaOocTH (340, 496 y.e.);
(8) mepeso 3-ro panra onrumansuocta (340, 142 y.e.).
Tabauna 1.
PesyabraTs! 3-onTuMusanyn
OnruMuzanus 1-onTruMu3aIAAg Hosenenmne mo 2- | dosemenue mo 3-
OIITUMAJIBHOCTH OIITUMAJIbHOCTH
CrouMocThb ceTu «10» 365,865 y.e. 340,784 y.e. 340,496 y.e.
CyMMmapHOe KOJI-BO TPOXOIOB | 6 10 16
(Bcex paHTOB)
Cymmaproe KoJ-Bo yayumennit | 115 120 125
(Bcex paHTOB)
Vaydmenne CTOMMOCTH 25,081 y.e. 0,288 y.e. 0,354 y.e.
Bpewms (wac:mun) <00:01 00:13 41:18
(00:14 ¢ mawama) | (41:32 ¢ magasa)
CrouMocTh ceTu «Imocses 340,784 y.e. 340,496 y.e. 340,142 y.e.
Jlureparypa
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MVJIBTUCTABUJILHOCTS I71d MATEMATUYECKON MOJIE/IN
JMHAMUKN «2KEPTBA-XUITHNK-CYITEPXUIITHUK »
HA HEOJHOPOJIHOM APEAJIE

A. Anmacpn

(FOxmnwriit dbenepansubiii yausepcurer; Pocros-na-Tony, Poccus)

[MpoBoauTca aHa w3 MyJIBTUCTAOUIBLHOCTH I MATEMATHUECKON MOETN TpeX
BUJIOB, ONMCHIBAIONICH B3aNMMOWIEHCTBUE KEPTBHI u(x,t), MTOTPEDISIONIET0 ee XUIIl-
Hrka v(z,t) n cynepxuianka w(x,t), MMTAOMErocsi 06OMMI BUIAMW B CILydae HeoJl-
HOPOJHOTO OnHOMepHOTO apeana x € [0,al. PaccmarpuBaemast MOJIeb P JOTIOJ-
HUTEIHLHBIX YCJIOBUAX HA TAPAMETPHI OTHOCUTCH K KIACCY KOCUMMETPWYHBIX IWHA-
Muueckux cucteM [1|. BrepBbie HempepbiBHBIE CEMENHCTBa DPEIIeHUil JJisi CHCTEM C
CYTIEPXUIIHUKOM ObliIn 1101y 9eHsbl B [2, 3]. Maremarndeckas Mojesnb MOXKeT ObITh 3a-
[UCAHA B BUJE CHCTEMBI ypaBHEHMIt

w=—q; + F, @ = kv +augp), o1 =Ilnp,
b= —qy+ F, g2 = —kot' + vy, w2 =1n(p+ Pau), (1)
W= —gq3+ F3, g3 = —ksw' + aswps, @3 =1In(p+ Bau).

Baeck ¢; (i = 1,2,3) — noroku Bugos, k; — koaddunnentst anddysnn, HanpasieH-
Hag MUTpaIWs (TaKCuC) 3a1aercsa bYHKIUAMEA @, Q;, F; — MUTPAIHOHHbBIE KO3(bbhU-
muenThl, p = p(x) — GyHKIUS pecypca, ToUKoi obo3navdeHo auddepennmpoanne
0 BpeMeHU t, MITPUXOM — TMPOU3BOJHAS MO x. UyeHbl F; OMUCHIBAIOT JIOKAJBHOE
BSaHMOﬂeﬁCTBHe BHUJOB Ha OCHOBE (byHK]_[I/IOHaJH)HOFO OTKJINKa XO.T[.T[I/IHF& BTOPOTO

pora:

—d d
F1:u<1_9_ v+W>, Fz:v(w_m) FFw(w_Mg)_
p+cu p+cu

31ech pg, (13 — K03 DUIMEHTHI €CTECTBEHHON CMEPTHOCTH XUIHNUKA (V) ¥ CyTIepXHUII-
uuka (w), 12, N3 — KO3GhMUIMEHTH THINEBOH MeHHOCTH, do, d3 — KOI(DOUINEHTHI,
OTMCHIBAIOIINE B3aNMOJIEHCTBIE XUIIHUKOB.

Cucrema (1) momomugercs ycmosusamu nepuognanoctn mpu = 0 (x = a):

u(0,t) = u(a,t), v(0,t) = v(a,t), w(0,t) = w(a,t),
¢@1(0,1) = q1(a, 1),  q2(0,1) = g2(a, 1), ¢3(0,1) = g3(a, ).

HawasnbHBIe yCIOBHS 33a0TCS [T IUIOTHOCTEl BHJIOB
u(z,0) = u’(z), wv(z,0) =1%2), w(z,0)=uw’(z).

B cayuae k;j =0, ¢; =0, p(z) > 0 moaydaercs cucreMa 0OBIKHOBEHHBIX Iudde-
PEHIIMATBHBIX YPABHEHUI, TPOCTPAHCTBEHHAS TTEPEMEHHAS T SIBJIAETCA TapaMeTPOM.

42



st ¢ = 0 moIy9eHbl yCaOBHUsI, TIPU KOTOPBIX 33/1a9a KOCUMMETPUIHA U ABHBIE
GOpPMYJIBI J7IT OMHOTIAPAMETPUIECKOTO CEMECTBA paBHOBECHIL:

u=mp, vV="2p, W ="y3p, (2)
o d2+/¢2] < ,U2> < 71?72> Y1 — M2
1€|— ———|, =(1+=—)-|\m+—), Bv=—"55—"7".
7 [772 do + 12 7 do 7 do 7 do

B cayuae p(x) = 1 noayuaercst cemeiicrso [2].
Ipn kj = o (j = 1,2,3) u BBIMOTHEHNN yCJIOBUiT HA TAPAMETPBI

72 12
3 ( +d2> 3, U3 < +d2> 3

cucrema (1) nmeer KOCHMMETPHIO
1 1
L= [vw, —— uw, — uv]
ds
Ha TO/IIPOCTPAHCTBE
uUu=acap, vV=~Cp, W=cap, (G €R (] = 152,3)’

U CYIIECTBYeT CeMeHCTBO CTAIMOHAPHBIX perrenuii (2).

[Mpencrapaersr pe3yIbTaThl BEITUCIUTEIRHBIX SKCTepuMeHTOB B cpege MATLAB
JJIST CHCTEMBI OOBIKHOBEHHBIX Ir(depeHInaabHbIX YPaBHEeHN, MOJIYIeHHBIX B pe-
3y/JIbTATE KOHEYHO-PA3HOCTHOW AMMTPOKCUMAINN TI0 MTPOCTPAHCTBEHHOW KOOPIWHATE.

Baaromapuocts. ABTOp BhIpakaer Omaromapuocts B. I. ITubyawny 3a BHUMaHWE K
pabore.
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O HEKOTOPHIX B3AIMOCBS3AX OIIOPHOIT 1 PAINAJIBHON
OYVHKIINN CBA3AHHBIX C BHIIIVKJ/IOU OUTYPON

JI. A. Anuugau

(Poccuiicko-ApMsHCKUTT yHUBEPCHUTET,
Nucruryr maremarnku n nadopmarnkn; Epesan, Apvenns )

Saaua HAX0XK AeHrnsd THMOPMAIUY WM TIOJTHOTO BOCCTAHOBJIEHNS BBIMTYKJIBIX T
M0 pacrpesie/IeHusIM XapaKTePUCTUK Kk-MEPHBIX CEeYeHWH — O/iHa W3 OCHOBHBIX 3a-
Jlad croxacTudeckoii Tomorpadun. Perenne Takux 3a/a9 BRIXOJAUT JIAIEKO0 33 PAMKHI
TEOPETUIECKOTO WHTEpeca. JTa 007aCTh ObLIa 3HAUUTETHHO PA3BUTA B TEUEHUE MO-
CTIEHUX JeCSITUIIeTHH, Korjga TpeboBaIoch Bce DOJIbIee KOJINYECTRBO PeaabHbIX MPH-
noxennii [1-3]. B wacTHOCTH, BOCCTAHOB/IEHNE BBIMYKJIOTO TeJIa O €r0 CIYJYaiHBIM
CEUEHUSIM SABJISIETCS IEHTPAIBHON 33a49ell CTOXaCTUIEeCKO TOMOTpadum.

3aj1aua HACTOsIIel paboThl COCTOUT B HAXOXK IEHUN B3AUMOCBSI3U MEXK Ty OMOPHOM
dbyHKIME 1 paanaabHOl (QYHKINEH, CBI3aHHBIX C BBIMTYKJION (DUTYpPOil Ha IJIOCKO-
CTH.

Onoprast  dbyukuust Beinyksaoi  duryper A — ha(p) onpenensiercs Kak
SUP,ea (T, u), TIe ¢ — MPOM3BOBHEIA yrosI, a u — eIUHHYHBI BEKTOD B HAIIPaB-
JIGHUH Q.

Pagnanbras dyakuns Boinykiaoit dburypst A — pa(p) onpenensiercss Kak
maxycr{t > 0;tu € A}, v7e ¢ — TPOM3BOIBHBIH YrOJ, & U — eJIUHUIHBI BEKTOD
B HampasjeHnn ¢ [4].

B macrosrmeit pabore ObLIN MOMYUEHBI CIEIYIONINE PE3Y/THTATHI.

1. @opwmyaa, BbIpAXkKAIOIIasd yroJ HAKIOHA MPSIMON, COEIUHSIIONIeH HAYAIO0 KO-
OpAWHAT C TOYKON HA TPAHWIE Teja, WMEIONell 33 JaHHyI0 BHEITHIOI0 HOPMAaJb, C
MTOMOIIIHIO OTIOPHON (OYyHKIUN:

h(p)sin ¢ + h/(¢) cos cp) ‘
h(p)? + 1 (¢)?

2. @opwmysia, BEIpaAKAONasl yroJl BHEITHEN HOPMAJIU Tejld B TPAHUIHON TOUKE

a(p) = arcsin (

Jepe3 yrogi Jyda, TPOXOISINEero U3 Havuaaa KOOPAUHAT Yepe3 3TY TOUKY, C MTOMOIIBIO
paauaIbHON QyHKITHH:

pla)sina — p'(a) cos a>.

= t
pla) = arctan <p(a) cosa+ p/(a)sina

3. AyropuT™M HAXOXKJIEHWsT yTJIa BHENTHEl HOpMaJIu Tejla B PPAHWIHON TOUYKe de-
pe3 yroJs Jyda, TPOXOIAIIETO W3 HATaaa KOOPAWHAT Yepe3 3Ty TOUKY, C MOMOIIHIO
OTIOPHOI DYHKITU.

QukcHpyeTcst HEKOTOPHBIN YIoJI (g W BBOASTCS CIEAYIOIIe 0003HATEHUST:

T

™
<Pl=ao+§; Pr=0a0-5-

Prter
5.

Jlanee paccuuThIBAETCS HEKOTOPOE HauaabHOE (i-e) mpubamkenne ¢ =
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[Tpr momonm bopmMystbr, momydennoit 13 3agaun 1, BeicanThiBaercs ap’).
e Ecim a(¢') = a, 10 p(g) = ', T. €. OTBeT HAliIEH U AJTOPUTM 3aBEPIIAETCA.
e Ecom a(¢’) > ag, TO ¢ 1 ¢, TTEPEobO3HATAIOTCS CIIEYIONIAM 06Pa3oM:

oo=¢ n o=

e Ecin a(¢’) < ag, T0 ¢ 1 p, mepeobo3HAYAIOTC CIEAYIONIMM 00pa3oM:

pr=p 1 or=¢.

CHOBA paCCYUTHIBACTCA (' U AJTOPUTM MPOIOIZKACTCS.

AHFOpI/ITM TaK>Ke MOXKEeT 3aBEPIIMNUTHCA, €CJIN Ha KaKOM-TO IMare pasHoCTh ABYX
MOCTIEZIOBATEIBHBIX TPUOINKEHUI OyIeT yI0BIeTBOPUTENILHO MAJIONH (MEHBIe HEKO-
TOPOTO HATEPe]] 33JAHHOTO 3HAUEHNS ).

4. AnropnT™ HAXOXKIEHUS yIJIa HAKIOHA IPAMOIl COeTUHAIONIEH HATAI0 KOOPIH-
HAT C TOYKOIT Ha TPAHMUILE TesIa, MMEIOIIel 3aaHHyI0 BHENTHIOK HOPMAJIh, C TOMOIIHIO
paguanbHoit hyukimu. (AHATOTHUEH ajropuTMy U3 3a7a4u 3.)

5. @opMyia, BEIpaKaOMasg paJIdaabHyio (DYHKIHIO Yepe3 OMOPHYIO:

hp(a))
cos(p(a) —a)

pla) =
6. Qopwmyita, BEIpAXKAIONIAs OMOPHYO (MDYHKIIHIO Yepe3 PATUATHHYIO:

h() = plalp)) cos(p — alyp)).

Jlureparypa
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BOCCTAHOBJIEHUE BAJIAHCA BJINSAHUS B KOOIIEPATUBHOIT UTPE
TP USMEHEHNN COCTABA ATEHTOB

. C. Be3run

(FOxmnwriit dbenepansubtii yausepcurer; Pocros-na-lony, Poccus)

B Teopum mrp, wrpa ros0COBaHWS SIBISETCA YACTHBIM CJIy9aeM KOOTEePATHBHO
UIPBL. 33294 KOOIIEPATHBHOM UTPHI — PACIPEIEICHIE MEXK Ty AT€HTAMHI XaPaKTePH-
cruveckoii pyHKIWH, T. e. jgoxoxa u Bausiaus [1, c. 65]. Vrpa ronocosanust onpe/ie-
asiercst bopmyaioit (1):

1’ Z qi = Qa
v(K) = €K (1)
07

rJe ¢; — 9HUCIO0 TOJOCOB, KOTOPBIE MMEET areHT, K — BLIMTPBIBAIONIAS KOAJMIAS
arenTos, () — MUHUMAILHO HEOOXOIMMOE KOJIMIECTBO TOJIOCOB.
Hna onpenenenns sekropa lemmn ucmonssytores dpopmyist (2), (3) [1, ¢.77]:

:(v) = 3 k) [0(K) — o(E\[i})], N, (2)
Ki

e ! ®)

rme N — MHOYXKeCTBO UTI'POKOB, K — YWC/IO 9/I€HOB MUHUMAJIBHON BBIUTPBIBAIOIIEHT
KOAJTATINN.

N3mMenenne KOINYIECTBA, YIACTHUKOB TOJIOCOBAHUS TPEOYET, BC/IEN 3a 3TUM, BHE-
CeHMsI M3MEHEeHUl B MpaBUIa TOJOCOBAHUS, TNOO W3MEHEHUs BIUAHUSA (KOJIUIECTBA
rOJIOCOB) OCHOBHBIX yYACTHUKOR MPOIECCA TOJOCOBAHUS JI0 €r0 MPOBEIEHMUS.

Paccmorpum  mporece tosocosanusi B Coeere bBesomacmoctu OOH ¢ Tou-
KM 3peHns KOomepaTuBHON wurpbl. Vrpy rosiocoBaHWs MOYKHO 3alHACATH B BHUIE
(39;7,7,7,7,7,1,1,1,1,1,1,1,1,1,1), rme 39 — MUHUMATLHO HEOOXOAUMOE JIJIsT TIPHU-
HSITUST PEIIEHUsT KOJTMIECTBO TOJIOCOB, 7 — KOJMIECTBO M'OJIOCOB Y MIOCTOSIHHBIX UJIEHOB
Cosera bezomacuoctu, 1 — Kosm1ecTBO r0/10C0B y HenmocTosHHBIX wienoB Cb OOH.
Takum obpasom, nocrosgaubie wienbl Cb OOH obiiagaior npasoM Bero, T. e. 6e3 ux
COTJIACHST HEBO3MOYKHO HAOpaTh MUHUMAJIHRHO HEOOXOIMMOE JIJIST TTPUHSTHAST PEeTTeHnst
KOJIUYIECTBO T'OJIOCOB.

Ananmruyaeckn onpezenero [2, ¢. 69], aro C-s1poM UrPhI SIBJSIOTCST TOCTOSTHHBIE
uers Coera Besomacuocrn (Poccus, Kuraii, CIITA, BenmkoGpuranus, ®@panmms).
Pacripenenenue sexkropa Illemmn nveer Bu:

®H (v) = 0,00186 /151 HEMOCTOSHHOTO areHTa,

P (v) = 0,199628 715t TOCTOSIHHOTO AreHTA.

[Ipu u3menenun kosudectsa nocrosHubx 4ieHoB Cb OOH kooneparupnast urpa
MozKer npuHsTh By (39;7,7,7,7,7,7,1,1,1,1,1,1,1,1,1,1). TIpn ganusx ycaosusx
ompeneero, ato C-saapo Urpbl oTcyTcTBYeT, nocTosaubie uaersl CB OOH repsior
npaso Beto [2, c. 69]. Pacupenenenne sekropa Hlenm nmeer Bu:

®H (v) = 0,00082 myist HeTTOCTOSTHAEOTO arenTa,
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P (v) = 0,199836 /15T TOCTOSTHHOTO AreHTa.

[Ipu uzmenennn xKogudecTsa HernocTosHHbIX wieHoB CB OOH urpa moxer npu-
ware Bug (39;7,7,7,7,7,1,1,1,1,1,1,1,1,1,1,1). B rakom cayuae C-sapo coxpaHsi-
eTcs, pacrnpesenenne sekropa [llernan npuaIMaeT BU;:

®H(v) =0,0012 g HETOCTOSTHAOTO aremnTa,

O (v) =0,197426 17151 TOCTOSIHHOTO AreHTa.

Taknm obpazom, M3MEHEHWe COCTaBa TMMOCTOSTHHBIX areHTOB MPUHIINMTHAILHO BJIA-
steT Ha, mporecc rojocoBannsa B Cosere besonacuoctu OOH. M3menenne KogndecTsa
YYaCTHUKOB TOJIOCOBaHUsI TPeOyeT, BCJIE 32 STUM, BHECEHUsI U3MEHEHUIl B TpaBuIa
TOJIOCOBaHWA, .TH/I6O N3MEHEHUAd BJINAHUA (KOJII/I‘{GCTB& FOHOCOB) OCHOBHBIX yYaCTHU-
KOB TIPOIECCa MOJIOCOBAHUS JI0 €ro mposesenust |2, ¢. 70].

B 2025 romy cenaropwl BHecam 3akoHOmpoekT o Bhixoge CIITA w3z OOH
(Cenaroper BHecanm 3axkonompoekT o Beixome CHIA w3 OOH // PBK URL:
https://www.rbc.ru/politics/21/02/2025/67b82a0b9a79473867£37940  (mara
obparmenns:: 20.07.2025)).

B cBsizu ¢ atum mporiece rosocosanust B Coere BesonacHocTr nmprobperaer BU,
(39;7,7,7,7,1,1,1,1,1,1,1,1,1,1) u Tpebyer mepecMoTpa MPaBUJ TO TPUIUHE OT-
CYTCTBUA C—Hﬂ;pa " HEBO3MO2KHOCTH TIOJIy9I€HUSA MUHUMAJIBHO HeO6XO'ZI;I/IMOFO KOJIN-
9ecTBa roJI0COB.

Ipennoxenue 1. /[1s BoccranoBaeHusT 6agaHca BAUSHAS U COXPAHEHHST MPABA
BeTo y moctossHabIX 4ieHoB Coera Be30macHOCTH W BOCCTAHOBIEHHS BO3MOXKHOCTH
Habopa MHHHMAJIBHO HEOOXOJUMOIr0 KOJHYECTBA T'OJIOCOB, OBLIO TMPEIIONKEHO H3ME-
HUTH BHJ urpel Ha (39;7,7,7,7,2,2,2,2,2,1,1,1,1,1). Onpenenerno, uro B ykazaH-
Holi kKooneparusHoit urpe C-sapo cocront n3 ocrasmmxcs 4aeaos CB OOH (Poccws,
Kuraii, Benukobpurannst, ®paniius) ¢ coxpaHeHHEM HX MpaBa BeTo. [ oioca Hermocro-
STHHBIX YJIEHOB PAaCHPEe/J€HbI CAeIyIomuM 0bpa3oM: 1 rojoc y y4acTHUKOB ITEPBOTO
roga ydactus B Coere BezomacHocTh, 2 rogoca y y9IaCTHHKA BTOPOTO TOJa yda-
crust. /laHHOE pacrpeneieHue roJI0COB MO3BOJISIET COXPAHSAThH OAJIaHC BIUSHUS U HE
Tpebyer AaJbHerero u3aMenenust cocrapa yiactankoB Coera Bezomacaoctu OOH.

JIuteparypa
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TUBHO-UIPOBOH (opmanm3aruy npusstus pemtennit // VHbOpMAINOHHBIE TEXHOJIOTHN, CH-
cremubrii anam3 u ynpasaeane (ITCAY-2024): ¢6. Tp. XXII Beepoc. mayd. koud. MOIOIBIX
yHeHbrx, acupanTos u crygentos (Tarampor, 5—7 nekabpsa 2024 r.): B 2-x . / FOxmnbriii de-
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MATEMATUYECKOE MOJE/INMPOBAHUE ITEPEHOCA TEILITA
B TBEPJIOM TEJIE ITP11 BBICOKIX TEMITEPATYPAX

P. 3. Bepesrosa

(MucruryT npukiaagnoit Maremarnku u apromarmzannn KBHIT PAH;
Hanbank, Poccust)

N3zyuerne mporeccoB Temionepesadr UPaeT K/IIOUYEBYIO POJIb B PA3BUTUU HAY-
KU U TexHo/I0ruil. B HACTOsIIIIEE BpeMsT TEOPEeTUUIECKOe UCC/IEIOBAHNE TeIIonepeIadn
B BHAYUTE/NLHON CTEleHN OMMPAETCS HA UUCICHHOE MOIEIUPOBAHNE C TPUMEHEHUEeM
KOMITBIOTEPOB. HpI/I BBICOKHX TeMIIepaTypax JINHEeHOe M3MeHeHne TelJIOEMKOCTU U
JINHEHOE PACITUpEeHNe TBEPIOTO Tela B (DU3UKE TBEPIOTO Tesia 00bACHSIIIOTCS UMEH-
HO aHTAPMOHW3MOM KoJiebanmit aroMoB cpeabl. lleanio HacTosmeir paboTh! sIBISTETCS
UCCJIeIOBAHIE TTePBOil HAYAJIBHO-KPAEBOH 33141 /ST OJHOTO U3 TUIUIHBIX HeTNHE-
HbIX ypaBHeHI/Iﬁ TEMJIOMTPOBOAHOCTH, YIUTHIBAIOIIECTO aHTAPDMOHUYIECKUE TIOTIPABKN.

B pabore BbIBeIeHO ypaBHEHUE MATEMATHIECKON MOJETN PACTPOCTPAHEHUS TEll-
JIa, B KPUCTAJLJIMIECKOM TBEPIOM TeJjle C YIeTOM aHIapMOHM3Ma, KOJIeOaHWil aTOMOR.

BoiBog ypaBHeHusi. PaccMoTpuM mpoItece pacipoCTpaHeHUsT Teria, B KPUCTA-
JIMYECKOM TBEPJIOM TeJjie C YUYeTOM aHTapMOHW3Ma, KojebaHuii aroMor. KonaecTBo
Tera, Tpoxoasdamee yepe3 ceuerne AS 3a Bpems At, paBHO

k M ASAt,
0z

rae u(x,t) — remmeparypa Tena, k — KO3(hOUIMEHT TemIompOBOIHOCTH, T — KOOD-
nunara, t — Bpemsi. KoandaecTBo Teria epe3 HeKOTOPHIM MaJIblit HHTEPBAI PACCTO-
stamit At CTAHOBUTCS PABHBIM

Ju(zr + Ax,t)

F 0z

ASAt.

CireoBaTeIbHO, KOJIMIECTBO TEILIA B CJI0€ TOJIIMMHON AT eCTh
0 Azt Ou(z,t 0? Azt
Qulw + Az, t) N gy TUT D) A gpy o S0 £ AT, T)

K 0z 0z 0x2

AV At, (1)
rne AV = ASAt — obbem HArperoro CJjost.

Jajtee, B yIOBIETBOPUTEIBHOM MPUOIMKEHUN HEOOXOINMO YUECTh AaHTAPMOHU3M
KoJiebaHuit aTOMOB. 3/16Ch UMeeT MeCTO JUHEHHAsT 3aBUCUMOCTD YAeTbHOM n300apHOit
TENI0eMKOCTH OT TeMneparypsl [1, 2[:

Cp = Co(1 + Bu), (2)

rae Co n B — nonoxkurenpubie KouctanThl. C yuerom (2) Temnora B paccMaTpuBae-
MOM CJI0€ PaBHA,

AVAt=p % /Cp(u') du' | AV At = pCo(1 + Bu) 6_1: AV At, (3)
0

ou

P ot P
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rie p — mIoTHOCTH BemiecTra. [Ipupasnusas (1) u (3), Haxomnum

ou 0%u
(1+5u) 5 =ag—, (4)

rae a = k/(pCp) — xoaddunmenT remMepaTypornpoBOIHOCTH.
Ypasuenue (4) mpejacrasisier coboii HemuHeiiHOe ud depeHnuaabHoe ypaBHeHNE
B YaCTHBIX TMPOW3BOLAHBIX Mapabomdeckoro Tuma. B macTosimeir pabore mpoBOgUTCsT
HCCJIEIOBAHNE BJIUSHUS AHTAPMOHU3MA KOJEHAHWNH aTOMOB CpeIbl Ha OCHOBE UHC-
JIEHHOTO DEIIEHnst TIEPBOii HavaIbHO-KPAeBoil 3aaaqun jyist ypasuenus (4). Yncienno
PEeATTM30BAHO peITeHne TePBOi HAYATLHO-KPASBON 3aIa4M [Tl JTAHHOTO YPABHEHHS.
B o6mactu © = (0,1) x (0,T") paccmarpuBaercsi ypaBHEHIe

(1+ pBu)us — gy = 0. (5)
Jna ypasuenus (5) mccaenosana meppas HA9a IbHO-KPAeBas 3a7ada
u(z,0) = ug(x), (6)
u(0,t) =0, wu(l,t)=0. (7)
[IpencraBaeHsl ee IpUMephl PEIIeHUs TIPU CIEAYIOMUX YCIOBUAX:

2(x — mg)?

) =exp (25550 ) ) = u(t) <o (®)

rme g = 0,5 — mosIoKeHWe TOYKM C MaKCHUMaJIbHO#W Temmeparypoit, R = 0,02 —
3 deKTUBHBIN paanyc, Ha KOTOPOM TeMIlepaTypa yMeHbinaercs B 7,4 paza. OTme-
TUM, UTO YCJIOBUSI, AHAJOTUIHbIE (8), BOSHUKAIOT MPU ONMUCAHUY JIA3EPHOT0 HArPeBa,
mpekparaiiero csoe feiicreue mpu t = 0, korga ¢GoKaIbHOE MSITHO paguycoMm R
MMeeT TayCCOBCKHUE PACIPeIe/IeHre 10 WHTEHCUBHOCTH.

B miensax momenupoBanust 6b11a pa3paboTaHa MporpaMMa Ha SI3bIKE TPOTrPaMMEIPO-
BaHUA C++ BBIHO.}IHGHHBIQ BBIYUC/IUTEIBHBIEC SKCIEPUMEHTHI TOKA3BIBAIOT, YTO yYET
aHTapMOHM3Ma KOJIEDAHUIT ATOMOB TBEPJIOTO TeJIa MPUBONT K 3aMeJJIEHNIO TTPOIECCa
ocreiBabusi. C Gpu3ndeckoit TOUKM 3PEHNs STO 03HAYALT, UTO TEILIOTA JOMOJTHUTE h-
HO 3aI1acaeTcst B 00pasiie 3a CYeT BBICOKOYACTOTHBIX KoJIebaTeabHBIX MO [2]. D10 B
CBOIO 0Yepe/ib MIPUBOIUT K YBEIUIEHUIO M300aPHOil TETJIOEMKOCTH B COOTBETCTBUU C
dopmymoit (2). Beraucmrensabie SKCNEpUMEHTh B paMKaX HOBOI MaTeMaTHIeCKO
MOJIE/T TTOKA3BIBAIOT, UTO AHTAPMOHU3M KOJIEDAHUI aTOMOB CYIIIECTBEHHO CKA3bIBa-
€TCsI HA KMHETUKE TPOIeCcCa MEePEeHOCa, TeIlIa, B TBEPIOM TejIe U ero OCTHIBAHUMN.

1. Bpanar H. B., Yyaunos C. M. Dnekrpoust u pouonst B MeTammax.—M.: Uza-so MT'Y, 1990.—
335 c.

2. Pexpmamuau C. III. TernyoeMKOCTh TBEPABIX TeI (HPAKTATBHON CTPYKTYPHI C YIETOM aH-
rapmonmn3ma konebanuit aromos // 2Kypn. Tex. ¢u3.—2008.—T. 78, Ne 12.—C. 54-58.
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HAYAJIBHO-KPAEBAM 3ATAYA 17151 CUCTEMBI TTOJIVINHENHBIX
IMAPABOJIMYECKIX YPABHEHUII C ITOTJIOIIEHNEM
1 HEJIMHENHBIMUI HEJTOKAJIBHBIMI I'PAHUYHBIMI YCJIOBUAMN

. A. Bynbrao

(Benopycckuii rocymapcersennbiii yausepenrer; Munck, Benapycn)

PaccmarpuBaercs HagaIbHO-KPaeBast 33,1449, /I CUCTEMbI TIOIYJINHERHBIX Tapa-
00IMYeCKUX yPABHEHUN C TIOT/IOMEHNEM W HEeJTUHEHHBIMU HEeJIOKAJTbHBIMYU TPAHUIHbI-
MU YCJIOBUSIMU:

ur=Au+vP —au”, vp=Av+ul —b®, xe€Q, t>0,
t
6ux /¢wy, y,t) dy, zed, t>0,
1)
8 t) (
v(z, /wxy, y,t) dy, € 0N, t>0,
(x’o)_u(]( )a (3:,0)—1)0(3:), er,

rae a, b, p, q, r, S, m, N — NOJOKUATEILHBIE TIOCTOAHHBIE, {) — orpaHnYeHHas 00/1acTh
B RV (N > 1) c rmagkoit rpanmmeit 02, v — eIuHWYHAS BHEIIHSAS HOPMATh K OS).
OrrocurensHo manabix 3aga9n (1) mpeamoraraercs: Caemyromee:

d(z,y,t) € C(ON x A x [0,+0)), é(z,y,t) = 0;
Y(z,y,t) € C(ON x QA x [0,+0)), ¥(z,y,t) > 0;
u (3:) e C' (), w(z) €CY(Q), wo(z) =0, wvy(z) =08 Q;
/qﬁxy, ug' (v) dy, (91)0 /¢wy, (y)dy wa ON.
Q

(9u0

ycts Qr = Q2 x (0,T), Sy =0Q x (0,T), I'r = S UQ x {0}, tme T > 0.
OnPEAEJNEHUE 1. [Tapa weorpunarensubix dyuxmmit (u(x,t),v(z,t)) HazbIBaeT-
ca mEREIM permenneM 3agan (1) B Qr, ecmm u,v € C2HQr) N CH(Qr UTr) n

Q
(uy < Au+0P —au”, vy < Av+u? — b, (z,t) € Qr,
(

W) < [ ot w0y dy, rf) € S,
, B )
L < [vtpnr w0y (,) € S,
Q
u(z,0) < up(z), v(z,0) < vo(x), x € Q.

[MTapa neorpunarenbubix dynkunii (u(z,t),v(x,t)) HA3BIBAETCS BEPXHUM peIleHN-
em zamaan (1) B Qp, ecmm u,v € C*YQr) N CY9(Qr U T'r) u yromaerBops-
er (2) ¢ HepaBeHCTBAMM MPOTHBOIIOIOKHOIO 3HaKa. [lapa HeoTpunare bHBIX hyHK-
it (u(x,t),v(z,t)) HaspBaercs pemennem 3amadn (1) B Qr, ecnn (u(x,t),v(z,t))
KaK HUKHUM PelIeHreM, TaK U BEPXHUM pemenunem 3a1aun (1) B Q.

20



ONPEAENEHUE 2. Pemenvie (Uumax (2, ), Umax(z,t)) 3amaan (1) B Qp HaswiBaercs
MAKCHMAJIBHBIM, €CJIN JI7Ts1 TI060r0 apyroro pemtenns (u(z,t), v(x,t)) 3aza«wm (1) B Qr
BBITIOJIHSIOTCST HepaBeHCTBA U(T, 1) < Umax (T, 1), v(x,t) < Upmax (2, t) mas (x,t) € Q.

UccnenoBannio HAUATbHO-KPAEBBIX 33184 JTst MapaboInIecKuX ypaBHEHUH 1 CH-
CTEM C HEJIOKAJIBHBIMU I'PDAHUYIHBIMU YCJIOBUAMU TMTOCBAIIIEHO MHOT'O pa.60T. B qaCTHO-
crn, 3amaga (1) mpu a = b = 0 pacemarpusasacs B [1|. Hawamsro-kpaesast 3azata (1)
npu a = b = 0 1 HeJIOKaJIbHBIX TPAHUYHBIX ycsioBusx Jlupuxiie nzydanacek B [2].

JokazaHo JIOKaJIbHOE CyNIeCTBOBaHUe perternii 3amaun (1).

Teopema 1. [Ipu masbix snadennsix T 3ana4a (1) nmeer MakcumaIbHOE pelrieHHe
B Q7.

YcTaHOBIEH TIPUHIATT CpABHEHUS perntennit mis 3agaqn (1).

Teopewma 2. ITycrs (u(z,t),v(x,t)) n (u(x,t),v(z,t)) — BepxHee n HUXKHee perre-
mus 3aga4n (1) B Qr coorBercrBenno. Ipenmonoxnm, aro u(x,t) > 0 mmmu(x,t) > 0
BQrUTlr no(z,t) >0 wm v(x,t) >0 8 Qr U7, ecoim min(p, q,m,n) < 1. Torga
u(x,t) = u(x,t) mv(z,t) > v(z,t) B Qr Ul

HaiiieHnl ycsioBus, IpU BBIMOJHEHWN KOTOPBIX perienns 3agaqn (1) siBJstiorcst
OJTOXKUTETHHBIMI (DYHKITNSIMIL.

Jlemma 1. Ilycrp (u,v) — pemenne 3agaqn (1) B Qr. Ecam min(r,s) > 1 u
ug(z) # 0 mam vo(z) # 0 B Q, o u(x,t) >0 mv(z,t) >0 8 QrUSr. Ecmm up(xz) > 0
nvg(z) >0BQumbop <r <1, q<s<1, mbomax(r,s) > 1, To u(x,t) >0 n
v(z,t) >0 B QrUTlp.

C moMoIIIpIo TeopeMbl 2 1 JJeMMbI 1 TOKa3bIBAETCSI, 9TO MTPU OMPEEIeHHBIX YCIIO-
BUSX perrienue 3a1aun (1) eqnHCTBEHHO B Q7.

Teopema 3. ITycrs (u,v) — pemenne 3agaun (1) B Qp. Ipeamosoxum, 9To
BBITIOJIHSIETCST XOTST OBl OJTHO U3 CJAEIYIONIHX VCIOBHI:

1) w(z,t) >0 mv(x,t) >08QrUTlyr;

2) min(p,q,m,n) > 1;

3) min(p,q,m,n) < 1, up(x) >0 muvg(z) >0 Qumbop <7 <1,q<s <1,
60 max(r,s) > 1.
Torna perrerne 3agaqn (1) equacrsenno B Q.

[Tokazamo, 4TO MpHU OMpeeIeHHbIX YCA0BUAX 3a1aua (1) MOXKeT uMerh HeeInH-
CTBEHHOE pereHne B Q.

Teopema 4. ITycrs up(x) = vo(x) = 0 u BemosHSIETCS XOTS OBI OJIHO H3 CJIEJY-
IOIIAX YCJIOBUIH:

Dpg<l,r>Apus>q/Xupu )€ lqgl/pl;

2) min(1,7) > m u ¢(x,y1,t1) > 0 gus moboro x € O u HEKOTOPBIX Y1 € OS)
uty €[0,7);

3) min(1,s) > n m Y(z,y2,t2) > 0 gra groboro x € 0) u HEKOTOPHIX Yo € OS2
ity € [0, T).
Torna 3aznaua (1) nMmeer HeequHCTBEHHOE perrieHne B Q.

JlokazaTenncTBa MPUBEIEHHBIX BbINE PE3YIbTATOB OMyOIMKOBAHLL B [3].

Haiiiennpl ycioBust, mpu BBITOJIHEHUY KOTOPBIX pertenns 3aaaan (1) paspymaior-
s 32 KOHEIHOE BPEMS.

Teopema 5. Ecam pg > max(r,1)max(s,1), T0 cymecrByoT pemnieHns 3aja-
an (1), KoTOphIe pa3pyNIaloTcst 38 KOHEYHOE BPEMSI.
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O OYHKINAX C HYJIEBLIMU MHTETPAJIAMUI 110 CEMENCTBY
13 PABHOBEJIPEHHOI'O TPEYI'OJIbHUKA 11 KBAJIPATA!

. C. Bnacenko
(Hdomenkwuii rocymapcTBenublii yausepcurer; louerk, Poccus),

B. B. Boaukos
(domenkwuii rocymapcTBenubiii yausepcurer; Jlorerk, Poccust)

BBenenue u mocranoBka 3aga4uu. [lycts B geficTBUTEIHHOM €BKINIOBOM MTPO-
crparcree R™ pasmepHOCTH 1 > 2 ¢ eBKJINAOBOI HOPMOii | - | 3a7aHbl OTKPBITOE
mMHO)KecTBO D 1 kKommnakTHoe MHOXKecTBO A. O6osnaunm uvepes M (n) rpynmy apu-
xermii R™, Mot(A, D) = {\ € M(n) : A\A C D}. Komnakraoe muo)kectBo A C R™
HazbiBaeTcd MHOkecTBOM [lommeiito B D, ecin st JIOKAJIbHO CyMMUPyeMoit yHK-
wan f : D — C, u3 yenosus [, , f(x)dx = 0 gns Becex X € Mot(A, D) crenyer, uro
f = 0 mourn Bciony B D. CoBokymHOCTH BCex MHOXKeCTB [lommeiito B D obo3HawImM
gepe3 P(D). Knaccndeckas mpobmema [Tommeiito 3akmodaercsa B omucannn P(R™).
Owna 6bu1a chopMyarpoBaHa PyMBIHCKIM MaTeMaTnkoM [ToMmrmeiito B mpoIiom Beke
U JIOCTATOYHO XOPOIIOo m3ydena (cM. 0630p [1] ¢ obmuproit 6ubauorpadueit), xors u
He peleHa MoJHOCTBI0. B [2] 6bL10 moKaszano, uto ecim A € P(R™), ro A siBisiercst
mrozkecTBoM [Tommeiito B mape Br = {z € R" : |z| < R} pagnyca R > 2r*(A), rue
r*(A) = inf{R > 0 : Mot(A, Bgr) # @}. B cBs3u ¢ stum B [2]| mocrasiena

IIpoGaema 1. /[n1ag manooro kommakra A C R™ malitn 3HageHne
Ro=inf{R>0:A¢c P(Bg)}.

Paccmorpum Temeph HEKOTOPBIH (hUKCHPOBAHHBINH HAGOD (CEMENHCTBO) KOMITAKT-
HBIX MHOXKeCTB Aj, j = 1,...,m. Ecam 11g KOMIUIEKCHOBHAYHON JTOKATBLHO CyM-
mupyemoit B mape Br dyuknun f n3 Bemonnenns yciaosus (1) mas Bcex A = A
(j=1,2,...,m) m XA € Mot(A;, Bg) caenyer f =0 m.B. B Bg, Oymem roBopuTh, 910
{A;}L, amngerca cemeiicteom Iommeiito B mape Br n obosnatats {A;} € P(Bg).

Anasnornuno npobiemve 1 Bosuukaer (cM., Hanpumep, [3])

IIpobaema 2. /[lra gammoro cemerictsa {A;}1, KOMITAKTHBIX MHOXKECTB
A; C R" majitn Betmaumy

R{Aj} = 1nf{R >0: {A]} S P(BR)}

B [1-4] comep:KuTCs TOCTATOYHO TOJJHOE OMUCAHNE MHOYKECTB, J[JIT KOTOPBIX Pe-
IMEeHbI YKa3aHHbIC HpO6HeMLI I TIOJIY9IE€HBI OEHKU MCKOMBIX BEJIUYIWH. B HaCTOA-
et pabore mpobsiema 2 perieHa s ceMeificTBa, COCTOLIIEr0 U3 PAaBHOOEIPEHHOTO
TPEeyroJIbHAKA W KBaJpaTa B R2.

PaccmorpuM paBHOGeapeHHbIH TpeyrombHuk 1T C R? ¢ GOKOBBRIME CTOpOHAMHI
eJIMHUYHOM JJIMHBL ¥ YIJIOM MeXy HuMu 7 /6:

T = {(z,y) €R*: 0 <z < cos(n/12), y < wtan(r/12)}

NcenenoBarme mpoBonmnocs mo Teme rocymapcrsennoro 3amanus Ne 124012400352-6.
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W KBaJpPaT CO CTOPOHOW €AWHWYHOW JJINHBI:
Ki={(z,y) e R*: 2 <1/2,y < 1/2}.

Jsa kommakTHOro MHOXKecTBa A C R™ m uncna p > 0 ompegesinM MHOKECTBO
pA={zx € R": z/u € A}. VI3 onpenesnenns ciaenyer, 910 Jjisi JIOObIX Takux p u A
mveer Mecto paseHCTBO R(puA) = pR(A).

[TockoabKy panee Gbui0 mosyueno R(T) = 6/4 n R(K;) = 5/2, paccmorpum
keagpar K = 39K;. Torga R(T) = R(K) = 6/4. OcroBroii pesynbrar paboThl
IPE/ICTABJISET

Teopema 1. Hmeer mecTo paBeHCTBO Ryt 1c) = 3/\/§

Jlnsa mokazareabcTBa TeopeMbl 1 OBLIN U3YYeHBl PAZMEIIEHUST PACCMATPUBAEMBIX
MHOKECTB BHYTPHU KPYTa, HANIEHBI SKCTPEMAIbHBIE PACCTOSTHUSA OT IIEHTPA KPYTa, 10
BepIINH U CTOPOH MHOXKecTB. MeTomaMu, TpaJIulmoHHO TPUMEHIEeMBIMI IS perrre-
HUsT TTOMOOHBIX 33,02, OBLI MOJyYe€H OCHOBHON Pe3yJIbTaT.

Pemenne mokanpHOr0 BapuanTa mpobaembl [loMieiito nMeeT mpuMeHEHUsT B Pas-
JIMIHBIX 00/IACTSIX MAaTEeMATHKW. PacCMOTPUM TPHUMEHEHVe B KOMILIEKCHOM aHAJIN3e.

Crnenyromnuit pesyabTar siBjisiercst TeopeMoii Tuna Mopephr.

Teopema 2. IIycrs f € C(BR) u BBIIOJIHEHO yCJIOBHE

/ f(z)dz =0 mpu Bcex X € Mot(T, Bg). (%)
)

Toryga BepHBI CJICAYIONIHE YTBEPIK ICHHSI:

1) ecim R > R(T), To f ronomopcpra B Bp;

2) ecmr 33 < R < R(T), T0 cymecTByior HerooMopcpHbIe, GECKOHETHO M-
dbepennupyevble pyukunn B Br ¢ ycaosuem ().

BeiBoapr. B pabore B sBHOM Buje TOTYy9I€HO 3HAMEHWe BeMWINMHBI RiT gy =

3/\/§ ~ 0,577. Obmme coobpazkenns nasaian ouenKy Rip ) < 6/4 ~ 0.612. Takum
06pa3oM, MOJYYEHO CYIIECTBEHHOE YTOYHEHNE MCKOMON BETMIMHEI.
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O p-BBHITIYKJIOCTU N ¢-BOTHYTOCTU B TIPOCTPAHCTBAX
BAHAXA — KAHTOPOBHUYA HAJI KOJIBIIOM U3MEPUMBIX ®YHKIII

I'. b. 3akuposa

(TamkeHTCKUiA TOCYAAPCTBEHHBIN TPAHCIIOPTHBIN YHUBEPCUTET;
TamkenT, Y3bekucran)

[ycts B — mpomsposbHast moHas Oysesa anredpa n LY(B) = Co(Q(B)) —
asrebpa BCeX HempepblBHBIX byHKIWHA = : Q(B) — [—00,+00], OnpeIeeHHbIX Ha
croyHOBCKOM KomnakTe Q(B), orsedaiomiem OyseBoii anrebpe B u NpuHUMAOIINX
3HaYeHNsT +00 JINIIb HA HUT/E He MJIOTHBIX MHOXKecTBax u3 Q(B).

Iycrs LO(Q) = L%Q,X, ) — KOMBIO BeeX KTACCOB PABHBIX TOYTH BCIOY
JIECTBUTEIBHBIX U3MEPUMBIX (DYHKIWI, 33aHHBIX HA M3MEPUMOM MPOCTPAHCTBE
(Q,%, 1) ¢ o-gomeuHoit umcaoBoil Mepoit u, B(€)) — monmas GymeBa anrebpa Bcex
nnevmorentor w3 LY(Q). Tlycts m — crporo monoxkurenbras L0 (Q)-snaumas wve-
pa ma B, obmajgaiomas cBoiictBomM Marapawm, T. e. m1g mobex e € B, f € LY(Q),
0 < f < mf(e), cymecrByer Takoe ¢ € B, ¢ < e, uro m(q) = f (rakue meps
HasbiBaloT Mepamu Marapam). B sTom ciaydae [1] cymecTByer eInHCTBEHHBINH WHb-
eKTHBHBIN BIIOJHE aJIuTUBHBI Oyies romomopdusm ¢ : B(Q) — B Takoii, uro
V(m) = ¢(B(2)) ects npasmibnas Oyiaesa momanredpa B B, nu m(¢(q)e) = gm(e)
aas Beex ¢ € B(Q), e € B. Kpoume toro, anrebpa LU(§) oroxaectsasercs ¢ mo-
mamrebpoit LO(V(m)) = Coo(Q(V(m))) B anrebpe LO(B) n sBisercs TpaBmibHOL
BexTopHOi moapermerkoit B LY(B). Ilpm arom LO(B) seaserca LO(V(m))-momymen.

[ycts E — menynesoit LO(V(m))-moavmonyms 8 LY(B), u || - ||g ects LO(Q)-
3HauHag HOpMa Ha F, Hajgendiomas E CTpyKTypoil pemerodHo HOPMUPOBAHHOTO
MPOCTPAHCTBA HAJ LO(Q). IIycts 0 < p,q < oo. PHII E mazwiBaercss p-6unykiot
(COOTBETCTBEHHO ¢-802hymotl ), €CJIU CYIIECTBYeT MOCTOsTHHOEe uncyao M Takoe, 4To
JIJIs1 JIF00O# KOHEYHOM MOC/IeI0BATeILHOCTI {xk}zzl C FE nMeroT MecTo HeEpaBeHCTBA,

H(Z"> .- M(guwkuf;) " "

(£1o)" (o)

Hanmenbiee mocrostaHOE 9HCI0, yaoBmerBopsioniee (1) (coorBercrBenno (2)),
HA3BIBACTCST KOHCMAHMOU p-8wnykiocmu (coomeememeenno q-6oenymocmu) E n
obosmataercs wepes M(P)(E) (coorsercTsemmo, M4 (E)). Bamernmv, uto PHIT E
HaJ LO(Q) SIBJIsieTCsl 1-BBIMYKJION € KOHCTAHTOH BBIMYKJIOCTH paBHOU 1. Ecin
E=1ILP(B,m), 1 < p < oo (ompenenenne cM. B [2]), Torga ast a060il KOHEIHOM
nocaegosarenbHocTn {x}r_, € LP(B, m) nmeem

H (Z"> e (éuxuu,m) "

5%)

E
COOTBETCTBEHHO,
1/q

(2)

E

p7m



CnenoBarenbro, LP(B, m) sBasiercs p-BLIMYKJION U p-BOTHYTOI 1, KpOMe TOrO,
M®P)(LP(B,m)) = M, (LF(B,m)) = L.
g 1 < p < 0o pacCMOTPUM MHOZKECTBO
EW) = {2 € L(B): [z € E},

1 TTOJIOZKUM

H”” »c ED),
E )

lellpe = |2
(E®) || - || pw) smastercsst PHIT max LO(Q), m ono mazsisaercst p-xonsekcudurayued
PHIT (E, | - [|)-
Teopema 1 [3]. Eciu (E,| - ||g) sBrsercs npocrpancrsom Banaxa — Kanropo-
prwa mag LO(Q), 1o ero p-xousexcudpuramms (EP) || - || pw)) Taxsxe spiaserca mpo-
crpanctrom Bamaxa — Kanroposnua man LO(9).

LY(Q)-3maumas wWopma B pemerodno Hopmmposammoil pemerke (E,| - ||g)
man LO(Q) maswiBaeTcs nopadkoso menpepuichot, ecmn ||z,|| g | O axs xasxmoit mo-
caenosaresasroctn {x,} C E rakoii, uro x, | 0.

ToBopaT, uTO pemerouno HopMuposanHas pemerka (E, || - ||g) max LO(Q) mveer
ceoticmeo Pamy, ecau It KayKJI0i BO3PACTAIOIIEH MOCAEA0BATEILHOCTH {Zy tneN
B E., ynosnersopsiomeii yeaosmio ||z, |z < a ana scex n € N, rae a € LO(Q),,
CYIIEeCTBYeT Takoit sjement x € K, uto x, T B F u

sup [|zn || = [|lz]| &
neN

IIpengoxkenne 1. Ilycrs (E, || - |g) — pererouno HOpMHPOBAHHOE IIPOCTPAH-
cro mag LO(Q) mwp > 1.

(i) Ecmm (B, ||-||g) mveer mopsiaxoso menpeprisiyto Hopmy, Torga (E®) ||| zm))
TaKXKe HMEET MOPSIKOBO HEMPEPBIBHYIO HOPMY.

(ii) Ecmn (E,|| - ||g) mmeer croiicro ®@ary, rorma (EW), || - ||pe) taxske mueer
coricteo Dary.

JIpa smementa r um y m3 L°(B), Ha3pBaloTCa M-paBHOM3MEDUMBIMHE, EC/IH
m{x > h} = m{y > h} ana mo6oro h € L°(Q), ., rae {x > h} € B ects xapaxrepn-
crudeckas GHyHKINSA 3aMbIKAHAA OTKPBITOro Muoxkectsa {s € Q(B) : z(s) > h(s)} u

LO(Q) 4y = {a € L°(Q) : s(a) = il;}l){|a| >nl} = 1}.

Hycrs (E, || - ||g) € L%(B) — pemerxa Banaxa — Kanroposmaa namx L°(2) co
CBOMCTBOM maeaJhbHOCTU. [0BOpST, 9TO F ecTh cMMMeTpuYHOe mpocTpancTBo bama-
xa — KanTtoposmwa man LO(Q), ecir m3 m-paBHOM3MEPIMOCTH 37TeMEHTOB T I Y, TJIe
0<2€L%B),0<y<cE, crenyer, ato v € E u ||z||g = ||y||&-

OCHOBHBIME ITpEMepaMH CHMMETPHUYHBIX mpocTpancTB Bamaxa — Kanroposmua
sBystioTcst mpocrpancta (LP(B,m), | - ||pm), 1 < p < oo [4].

Teopema 2. Ecin (E, ||-||g) siBastercst cummerprarbiv npocrparcrBom Banaxa —
Kanroposmaa nasx LO(S2), 1o ero p-xousexcupurarms (EP) | ||-|| po ) Taxxe spasgercs
cHMMeTpIIHBIM TpocTpancTBoM Bamaxa — Kamroposmaa naa L0().
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OB OJHOW 3AJJAYE YIIPABJIEHNS 1711 YPABHEHUS JNO®Y3NN

M. C. UBuiun

(MucruryT npuknagnoit maremarnkn n asromarnzannn KBHIT PAH;
Hanvawk, Poccust)

B mammnoit pabore paccMmarpuBaercd ypasHerue auddysnn

Uy — Ugy = f(x’y) (1)

B obmactn Q2 = {(x,y): —co <z < 00,0 <y <T}.
g ypasuenus (1) pa3uanbie 3291 FPAHUTIHOTO W ONITUMAJIBHOTO YIIPABICHUST
HCCIe0BaMNCh B paborax [1-3].

ONPEAEJNEHUE 1. Perynapusiv pemenunem ypasuenus (1) B obmactn §) HazoBem
dbynxmmo u(z,y) € C(Q) N Cry(Q) u yrosrersopsiomyio (1) B Q.
OnPEAEJEHUE 2. O603uauum yepes W dbyHKITHI

o(@) = { (@) : p@) € CR), [p(a)| < e},

rie C < 1/8T.
st ypasuenus: quddy3un perrenne 3a0a9u eIUHCTBEHHO B Kjacce (OyHKITHIA,
VIOBIETBOPSIONIUX YCAOBUIM
Juz,y)| < e,

f(@.y)| < Ce™,
‘f(x/ay) - f(may)’ < M‘.%'/ - (L“)\.

Eciu 7 € Wy, T0 5TO rapaHTHpYeT CYIeCTBOBAHNUE W €JUHCTBEHHOCTD PEryJIsip-
HOTO perternst ypapuerns (1) B obmactu 2, yIOBIETBOPSIIONIETO YCIOBUIO

u(z,0) =7(z), zeR. (2)
BAJIAYA 1. [Ijisa zaganneix MuHOXKecTBa V. C Wp n dbyukmun h(y) € Ls[0,T],
HaiiTy Takoe 7 € V| mpu KOTOPOM BETMIMHA
T
2
/ [u(wo,y) — h(y)]" dy (3)
0

NPUHUMAET MUHUMAJILHOE 3HadYeHue, riae u(x,y) pernrenne 3agaqan (1), (2).
B mammoii paboTe MBI pacCMaTpUBAEeM CIyUail, eCIu Kaacce V COBIAAeT ¢ KIaCCOM
MTOJIMHOMOB, T. €. Korma V = P,, rme

P, = {mek,kaR}- (4)
k=0

Teopema 1. ITycrs h(y) € Lo[0,T] n'V = P,. Torua penienne 3agaun B kaacce V.
CYIIIECTBYeT U OIPEEISTeTCS eJHHCTBEHHBIM 00pa30M, ¢ TOYHOCTBIO JI0 TTOJTHHOMA, 110
HEYEeTHBhIM CTEIIEeHAM.
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PEAJINBAIINN ITPOCTPAHCTB ®YHKIINII,
F'OJIOMOP®HBIX B OBJIACTIX PEMTHXAPTA!

N. A. Kazagyanckuii

(FOxmubtit benepanbublii yHuBepCUTeT; VHCTUTYT MATEMATHKN, MEXAHUKH
n KoMmbioTepHbix Hayk um. V. V1. Boporuua; Pocros-na-lony, Poccus)

B moksazie umer peds 0 peajansamusax TpoCTPAHCTB (PYHKIINNM MHOTUX KOMILIEKC-
HBIX TIEPEMEHHBIX, TOJIOMOP(HBIX B MOIHOM 0b1acTu PeitaHxapra, B Bue TPOCTPAHCTB
(MyJIBTH) OC/IETOBATETHFHOCTE UX TeHTOPOBCKUX KOIDMDHUITHEHTOB.

Hanee Q — orpannyennast obnacts B CV, H(Q) — npocrpancTso Beex roaomopd-
ubixX B () dyuakmmit. Cuvsos H(2) oboznauaer mpoctpanctso Pperrie ro10MOpQOHBIX
B ) dbyukImii, beckoreuno AuddepeHnnpyemMbiX BILIOTH 10 MPAHUIBL {2

H>™(Q) := H(Q) N C™(Q).

[Ipocrparcreo H™*°(Q) rosomopdubix B  DyHKIMH TOMMHOMUATIBEHOTO POCTa
BOIN3W TpaHUIB §) ONpEIesseTcs: CaeAYIOmnuM 00pa3oM:

H"(Q)) == { f € H(Q)

sup|f ()] (pa2))" < +oof, H*(@) = |JH (@)
z€ n=1

rae po(z) = infiean |z — t| = inficen\g |z — t| — paccrosmme or roukm z € Q

10 rparunel 02 obmactu ) |z| == (Zszl |zk|2)1/ ?. OHO HAZeNACTCS ECTECTBEHHOMN
TOMNOJIOTUEN VHAYKTUBHOTO TIpE/esIa MOC/JIeI0BaTEe/IbHOCTN 6aHa.XOBBIX TTPOCTPAHCTB.
Hanee cuamraem, aro ) sBisercs mosHOI obmacThio Peiixapra ¢ meHTpoM B
touke 0, T. e. 06IACTBIO TaKoi, uTo s moboro z € € muoxkectso {t € CV :
Itj| <|zj|,1 <j < N} comepxurcs B ).
Mycrs Ng = N U {0}. Byzem ucronszosars wnca di(2), k € N), seegennnie
JI. A. Aitzenbeprom u B. C. Murarumeiv [1]:

N
d,(Q) := sup ‘zk| = supH 12;1%, k€ No».
2€Q ZEijl

XapakTepucTuKu Mog00HOTO PO MTUPOKO UCIOIB3YIOTCS, HAIPUMED, B TEOPUU PO-
cTa mebiX (PYHKIN MHOTUX KOMILJIEKCHBIX ITePEMEHHBIX.
OmpeeauM TPOCTPAHCTBA, YUCJIOBBIX MOCIEI0BATETBHOCTEN

AP = { €T Y ferl di(Q) (K] + 1" < +°°}’ e
1k]=0 n=1

. 0 o] di () e
A= o .y el de(S) A= ] A
{es 2 (il < 0f y

YecnenoBanne BoimosseHo 3a cuer rpanra Poccumiickoro mayunoro domma Ne 25-21-00062,
https://rscf.ru/project /25-21-00062/ .
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B A® u A7°° BBOIATCH TOMOJIOIMHU, COOTBETCTBEHHO, IpocTpancTea Pperne u cyer-
HOTO MHIYKTHBHOTO Mpejiesia HaHaXOBbIX MPOCTPAHCTB.

Huxe #€) — nuarpammva Peitaxapra obractu € [2, 3]; Ry = [0, +00); O(#Q) —
rpanuia %) B RY, Tonosorus koroporo nuaynuposana u3 RY.

ONPENEJEHUE. Byaem ropopurh, 9rTo MHOXKECTBO ) ABJSIETCS £-3BE3HBIM
orrocurensro Toukn 0, e € > 0, ecm st moGoro @ € RY Takoro, uro |z] < e, n
Becex w € O(#N), f € [0,1), toura fw + (1 — )z npunagrexur ZS).

Teopema. Ilycrs ) — orpanmuenHast nojHast obactb PeitHxapra ¢ eHTpoM B
Touke 0.
(1) Orobpaxkenne

H>(Q) > f(2) = Z ap2* — (ak) peny
keNYY

siBsIsiercsi rorosiorndeckum nzomopguzmom H> () ma A,
(i3) Ecmn Q) e-3Be31Ha oTHOCHTETRHO TOUKH () 115 HEKOTOpOro € > 0, To oTo6-
paskeHne
—o0 _ k
H™*(Q) > f(2) = E agz" — (k) peny
keNl

AaBsgercs romosgormdeckuM mzomopmamom H™ () ma A™°.

Jlureparypa

1. Aiizenbepr JI. A., Muraruan B. C. IlpocrpancrBa dyHKIMI, aHATATHYECKUX B KPATHO-
KpyToBeIX obmactsax // Cub. mar. xxypu.—1960.—T. 1, Ne 2.—C. 153-170.

2. IIlabar B. B. Beenenne B xoMmiutekcubrit anamm3.—M.: Hayka, 1969.
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O JE®OPMUPOBAHNN TOPOYIPYTON ILJIACTUHBI

. C. Ko3auenko

(FOxmnwiit dbenepanbublii yausepcurer, IHCTUTYT MaTeMATUKN, MEXAHUKI
n KOMIbIOTepHBIX Hayk um. U. V1. Boposuua; Pocros-na-/lony, Poccns)

Bompoc o medopmupoBaHuU MOPUCTHIX CTPYKTYP BAXKEH BO MHOTHUX OTPACIIAX,
TaKNX KaK MEXaHNKa KOMIIO3UTHBIX MATEPHAJIOB, MHYKEHEpPHsl IPAINEHTHBIX MaTe-
pragoB u O6momexaHuWKa r7a3a. B mHacrosmieir padbore ObLIa PACCMOTPEHA KPyTJias
MOPOYIIPYrasg M30TPOMHAS ILIACTUHA 33aJAHHOTO PAIMYCa C MOPAMHU HACHIIIEHHBIMEI
JKUJIKOCTBIO 1 C YIIPYTOil CBA3BIO Ha Kpaio. Ilosarasock, 94To JaHHAsA MIACTHHA SB-
JIsteTcst maacTrHoi Trumornrerko, 1 ObIIa perrera 3aada o ee 1edopMaIii MPU HeoI-
HOPOJIHOCTH II0 PaInaabHONi KoopauHaTe Ko3dduimentos Jlame.

Ha ocrore Teoprm Buo n ¢ momMoIp0 BapraimoHHOT0 TPUHITATTA, JIarpanka, IIst
IIACTUH OBLT TOyYeH (DYHKITHOHA MOTEHITHAJBHON SHEPTUH, 337298 0 MUHIMHI3A-
I KOTOPOTO PeIieHa ¢ MmoMOIbI0 MeToma Puria.

Cxoxkmil TOAX0J K PEeIIeHnio 33Ja49n O AedOpMaIiid HEOSHOPOSHBIX ILIACTHH
MOYKHO BCTPETHTh B cTarhe [1], B KOoTopoii Gblaa paccMoTpeHa 3ajada 0 KoaebGaHusix
KPyIJIOR yOpyroif M30TPOIHON MJIACTUHBI 3aJaHHOIO pajuyca C IIepeMeHHON KeCT-
KOCTBIO W YNPYTOil CBA3bIO Ha Kparo. VcciaegoBanme TPOBEIEHO B PAMKAX MOJIETH
Kupxroda, B pe3yabrare ObLIN HAWIEHBI PE30HAHCHBIE YACTOTHI, ITOCTPOEHO IIPH-
O/IMKeHHOe peIeHne Jjisd Iporuba M pereH psa oOpaTHBIX 3a7ad. IIpomosmkennem
TAHHON PabOThI ABJISIETCS CTATHS [2], B Hell paccMOTpeHa, 1edopMaIiis aHAJTOTUIHOM
[JIACTHHBI, TIOMUAMO OCTPOEHNS PEIeHnsl A7 IIPOruO0B, OIEHEeHO BINSHUE YIPYToi
3aJenKu Ha AedOopMaInio MIACTUHBI U PEIleHa 33/a9a O PEeKOHCTPYKITMU TPEexX Ta-
paMeTpoB, B TOM YHC/IE XapaKTepU3yIoIIuX YIpyryio cBa3b. B [3| usywaercs cxoxkas
[JIACTHHA, HO YIOBJIETBOPSIIOast ruroresam Tumorrenko, a B [4] pemmena 3agada st
MHOTOCJOMHON TIJIACTUHBI HA OCHOBE MeTOa JJOMAaHHBIX HOpMAaJIei.

B macrosmieit pabore ObLIO TOCTPOEHO peIeHne i Tporubda u yrjia mOBOPOTA
IIOPUCTON KPYIVION HOPOYHPYTroifl MJIACTUHBI C YIPYTrO#l CBA3BLIO Ha KPalO M OI[CHEHO
BAWsTHWE ToprcTocTh. Kak mpuiioxkenne OblIa paccMoTpera medopMalinst permerda-
TOI TJIACTWHKY TJ1a3a, JJIs KOTOPOW CPaBHUBAJIUCH PE3Y/bTAThl MU MapaMerpax,
COOTBETCTBYIOIIMX 3A0POBOMY IJIa3y, U C PA3INYHBIME CTAIUSIMU MEPBUIHON OTKPDI-
royroasaoit rraykombel (ITOVT). Pesyaprars nokazanm ciraboe BIUSTHUE TOPUCTOCTH
Ha Tporud u yroJs moBopoTa JehOpPMUPOBAHHON MIaCTUHBI. B npuioxenunn ObLT 3a-
MeUYeH pOoCT mporuba ¥ yria ToBopora npu yeemwdennn craguu [LIOYD, a rakxke
CMeEIIeHre TOYKN Mepernda mporuda.

Jlureparypa
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2. Barymapaa A. O., IMoreronko O. A. K onenke nedopMaTUBHOCTH pemIeTdaroil MIACTUHKYA
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KOCIMMETPIYHOCTD 3ATAYN KOHBEKIIN
JTAPCHU — BYCCUHECKA J1JISI TOPU30HTA/IBHOTO
CTIJIONTHOTO IIN/INHIIPA

I1. B. Koxanos

(FOxmnwiit dbenepansubtii yausepcurer; Pocros-na-Tony, Poccus)

PaccmarpuBaerca 3a7ata KOHBEKITUN HECXKUMAEMOH TEeTI0POBOIHOM KUTKOCTH,
HACBIIIAOIIEH OECKOHETHO IIMHHBI TOPU30HTAIBHBIN THIMHIP, 3A0THEHHBINH TOPHU-
cToit cpemoit n momorpeBaemblit cun3y. Ha ocmoe momenu lapcu — Byccumecka n
ypaBHEHWT B IMUJIUHAPUIECKUX KOOPJMHATAX pa3paboTaHa cXemMa CO CMEeIeHHBIMUI
CEeTKAMU ¥ CIEeNNaILHBIMI aMTPOKCUMAIIASIMUA B OKPECTHOCTH OCeBOI JTnHNN. AHaJIN-
TUYECKU TOKAa3aHa KOCHUMMETPUYHOCTH 33Jaun (DUIBTPAIMOHHON KoHBekinu. s
JVCKPETU3aIN YPABHEHUI KOHBEKIINM B €CTECTBEHHBIX MEPEMEHHBIX NCHOJIb3YeTCsd
HHTErpO-UHTEPIOIAIMOHHbIH MeTom. OCyIecTBIeH MUCKPETHBIN Mepexol K ypaBHe-
HUSIM OTHOCHUTEIHHO (DYHKIIMU TOKA U JeBHAINU Temieparypbl. s omnpemenenus
KPUTUYIEeCKUX 3HaueHuil uncaa Pajes monydens popMysibl Ha OCHOBE HyJel Gecce-
seebix yuknmit. IIpencraBiensl pe3yaIbTaThl BBIYUCICHUsT TOPOTA BO3SHUKHOBEHUST
KOHBEKIUN, PACCUUTAHLI OTBETBJIAIOIINECS OT MEXaHWYEeCKOT'0 PAaBHOBECUA KOHBEK-
THUBHBIE PEKIMBI.

g 3amaun GUABTPAIIMOHHON KOHBEKITUU MPHU IOJOTPEBEe CHU3Y CUCTEMA 0e3-
pPa3MepHBIX ypaBHEHWi B MepeMeHHbIX (DYHKITHS TOKA 1) U JeBUAINS TeMIepaTypsbl 6
JJI TUJIMHAPUYECKUX KOOPAWHAT MMeeT BU/I:

10 ( 0 1 92
51(97¢)EA¢—)\G(9):0, :;E<TE>+T—26—@2,
_9_ _1 (w06 _0y 06

Sa6.0) = 57 = A0+ G(w) — J0.0), T0.0) =+ (GE 5 - 50T,

110 . 0
G = ;[% (sing) — E(rcosgp)}

B1ech r v ¢ — paauabHasl U a3UMyTaIbHAsT KOOPAWHATHI, { — BpeMsi, A — orepaTtop
Jlammaca, A — uncio Pames.
Kpaesbie ycioBust 3a1ai0TCsT Ha, OCH U TPAHUIE UIHHIPA.

v o
or " Or

=0, 1/} |r:R =0, 0 |7":R =0.

r=0 r=0

Cucrema IOTOTHAETCS HATATBHBIMY YCIOBASIME, KOTOPHIE CTABATCS TOJIBKO I TEM-
neparypsr: 0(r, ¢,0) = 0°(r, ¢).

Hannast 3a1a1a KocuMMeTpuana B cMbice onpeenenns: B. 11. KO qosuuaa [1]. Ko-
cummerpueit siBsgercs Bektop L = {6, —1}, KOTopbIii OpTOroHAIeH BEKTOPY TPABOii
YACTW 3TOH CHCTEMBI ¥ He 00PAIIaeTCs B HYJIb [T CTAIIMOHAPHBIX PENICHWIT ¢ HeHyJIe-
BOit dyHukImeit Toka. Jeiicreurensho, st obmactu M = [0, R| x [0, 27] mosyaaercs:

/ [S2(0,¢)¢ — S1(0,v)0] rdrde = 0.

M
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DTO CBOMCTBO 33/5a9M MO3BOJISET AHAJUTHIECKT HANTH KPUTHIECKOE 3HATEHNE TNCTIa
Pajes, mpu npeBbINIeHUN KOTOPOTO BO3HUKAIOT KOHBEKTUBHBIE JBUKEHUS.

B cnywae mmockoit 3amadn kouBekiun Jlapcn Kpurrdeckne 3HaYEHUS YUCTA Pa-
Jiest 06JIAAI0T KPATHOCTBHIO HE MeHee JIBYX Jjisl MPOU3BOJBHON OJHOCBSA3HOM 0018~
cru [1]. B rabauiie 1 npejcrapienbl epBble YeThipe KPUTHIECKUX 3HAUEHUS \¢p JJIST
TOPUBOHTAIBHOTO OECKOHETHO JIMHHOTO MUJIUHIApa ¢ cedenueM R = 1, HalieHHbIE
AHAJNTUYIECKN W PacCYnTaHHble Ha ceTke n3 12 X 24 yzyos [2|. Pacuer Ha ocHore
HyJ1eit 6ecceeBbIX (DYHKINI TTO3BOJISIET 00ECTednTh HeOOXOMUMYI0 KPATHOCTh, a BbI-
YNCJEHWST HA OCHOBE METO/[a CETOK J[Al0T TOJHKO JIBYKPATHOCTH KPUTUYECKUX HNCEs

Panest [3].

Tabiaumna 1

N, x an )\lr )‘gr )‘21" )‘Aclr
Anmammruka | 23.13 | 58.68 | 58.68 | 105.5
12 x 24 23.57 | 62.57 | 63.14 | 120.5

BuarogapHocTh. ABTOp BhIpazkaer OGaaromapHocThb mpodeccopy B. I ITubynuny 3a
MOMOIIIb U BHUMAaHUE K paboTe.

JIuteparypa
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HBIX KOODJMHATAX Ha HEpAaBHOMEpHOI cerke // Mat. momesmposanmne.—2025.—T. 37, Ne 3.—
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3. Kokhanov P. V., Tsybulin V. G Modeling of convective flows in a porous circular enclosure //
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Materials.—2025.—Vol. 223.—P. 337-348.
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[MPOCTPAHCTBO MAKCUMAJIBHBIX NEAJIOB AJITEBP
OIIEPATOPOB YMHOYKEHNSI HA PABPBLIBHBIE ®YHKIIAN!

M. M. JloruHoBcKas
(Benopycckuit rocymapcrBennbiii yausepenrer; Munck, Benapycs),

n. JI. JIrokcemOypr
(Uucruryr maremarnkn HAH Benapycn; Munck, Bemapycs)

B paGore paccmarpuBaercss Gamaxosa asrebpa JDI[0;1], cocrosmias w3 (yHK-
nuit Ha OTPe3Ke, JOMyCKAIOMMX Pa3pPhIBBI Pa3Be JIWIhL MEPBOTO POJa, W ee MOJA-
re6pa T'[0;1] C JDI0;1], cocrosimast u3 dbyHKIWIi, HEMPEPLIBHLIX B 0 U HEMpPEPbIB-
HBIX CJI€Ba B OCTAJIbHBIX Toukax. Ormeueno, uro nomanredbpa 10;1] C JDI0; 1] uso-
METPUIECKH M30MOp(hHA anrebpe omepaTopoB yMHOXKeHus1 Ha, (hyuknnn u3 JD[0; 1]
B mpocrpanctse Ly[0; 1]. TTocrpoero muozkecrso M(T'[0; 1]) MakcHManIbHBIX HI€AT0OB
anrebpsr 1'[0; 1] C JD|0; 1] u onncana reapdangoBckast Tomosorus Ha HeM. [Tokasa-
Ho, uro IM(T'[0;1]) romeomopdHO MPOCTPAHCTBY, W3BECTHOMY MOJ HA3BAHUEM <J[Be
cTpenkuy, BBemeHHoMy B paborax I1. C. Anekcamaposa u I1. C. YpbicoHa U NCTIOTB3Y-
IOIIEMCSl KaK YHUBEPCAIbHBIN KOHTPIpUMep B 001meii Tonosornn. B pabore mokazano
Kak 0oraThle TOTOJIOTHIECKIE CBONCTRA «IBYX CTPEIOK» CBA3AHBI CO CTPYKTYPOIT aJl-
re6psr 705 1].

Jlemma 1. Ecim i — HempepsiBHasi Mepa ¢ HocureneMm [0;1], To amrebpa o
omeparopo ymuoxenns #a Gyuknnn u3z JD|0; 1], zeficrBytommx B Ly([0; 1], 1), n3o-
merpuueckn uzomopgua moganredpe T[0;1] C JD[0; 1], cocrosimeii u3 pyHkmii,
HETIPDEPBIBHBIX B O W HEIIPEPBIBHBIX CJIEBa B OCTAJIBHBIX TOYKaX.

Nzsectro (cM. 1, §4]), 9T0 ecTh B3aNMHOOTHO3HATHOE COOTBETCTBHE MEXKIY JIH-
HEHBIMU MYJIBTUIINKATUBHBIMIA (DyHKI[MOHAIAMI OaHAXOBOI ajiredphl U ee MaKCH-
MaIBLHBIMA HjeasaMu. Tak, saapo KayKJIo0ro JUHEHHOrO MYJbTHILTMKATHBHOTO (DYHK-
[MOHA/IA, €CTh MAaKCUMAJIbHBIN naeas, a (hakTop-OTOOparKeHne MO BCAKOMY MAaKCH-
MAJTBLHOMY UJEAy SBASAEeTCS JTUHEHHBIM MYyIbTUILINKATHBHBIM (DyHKITHOHATOM. JI1st
Besikoro 7 € [0; 1] onpenennm orobpaskennst o) (f) = fH(7) m 7 (f) = f (7). U3
CTAHJIAPTHBLIX CBONCTB TIPEJeIa CIeIYET, YTO OHU ABJSIOTCS JINHEHHBIMU MYJTbTHILIA-
KATUBHBIMEA (DYHKIIHOHATAME. ZIApaMu OMMCAHHBIX (DYHKIIMOHAJIOB ABJIAIOTCI MaK-
cumasibabie uaeansl M w M- cocrosiue n3 byHKIWiA, Npe/es KOTOPhIX ClipaBa 1
CJIEBA COOTBETCTBEHHO B TOYKE 7 PABHBI HYITIO.

Teopema 1. Makcumarpabivm uaeatavu T(0; 1] apraores M nmm M.

Teopema 2. Muoxectsa { M} cipyy U{M; }re(ay), e 2,y € [0;1] mz <y
obpazyror 6a3y romoioran IMM(T[0;1]).

Teopema 3. IIpocrpancro makcumasbabx mieasos M(T[0;1]) aarebpor T'[0; 1]
roMeoMOpghHO MPOCTPAHCTBY «JBe cTpenkns (cuM. [2, c¢. 99]).

ITpocTpaHCTBO «JBE CTPEIKW» SIBJASIETCST cemnmapabehHBIM BITOJIHE HECBI3HBIM
COBEPIIEHHO HOPMAJbHBIM HACTIEICTBEHHO MapaKOMIAKTHBIM KOMITAKTOM KOHTHHY-
aJBHOTO Beca. llepeduncienHble CBONCTBA HAXOJAT OTPAYKEHWE B CBOHCTBaxX asred-

per 1005 1].

'PaGora BmoHena npu GuHaHCOBOM Homuepkke BPODIL, npoext Ne ®25MII-010, u gacTud-
ot mongepxkke HAH Benapycu B pamkax rocymapcrsenHoil mporpavmmbl «Konseprennums-2025»
(zamamme 1.3.05).
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Puc. 1. IIpocrparcrso M(T'[0; 1]) ¢ BeLAemeHHBIM d1eMeHTOM U3 Gasbl,
ABJIAIONIAMCS OKPECTHOCTHIO TOueK &1 m 1™ .

Teopema 4. ITnoraocrs d(T[0;1]) amrebpsr T[0;1] paBua kourunyymy. JIroboe
CEMEICTBO ITONAPHO OPTOrOHAJBHLIX (Takux, 4T0 f - g = 0) HeHy/IeBbIX (DyHKIfHIT
u3 T'[0; 1] me Goree uem cuerno. Besikmii uncrniii maean B aarebpe T0; 1] sBistercst
MPOEKTHBHBIM M MOPOXKEHHHBIM He 60JIee 9eM CYEeTHBIM MHOXKECTBOM HJIEMITOTEH-
T0B. 3aMKHYTOCTb IHCTOIO Hjeaja S5KBHBAJEHTHO TOMY, ITO OH SIBJISETCS TVIABHEIM,
MOPOKJIEHHBIM OJJHUM HJIEMIIOTEHTOM.

JokazareancTBO TeopeMbl onmpaercst Ha (akThl, n3ioxkenHbie B [3| n [4].
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MOJEJINPOBAHUE PE3NCTUBHOI'O HATPEBA OT COJTHEYHOIT
[TAHEJIN C UCIIOJIbSBOBAHUEM I[MTPOT'PAMMBI SIMINTECH

A. K. Maxkoes

(MucruryT npukaagnoit maremarnku u apromarmzanun KBHIT PAH;
Hanpbank, Poccust)

B ngammoit pabore mpejacTaBieHa MaTeMaTHIeCKasl MOJEIb HATPEeBAa HUXPOMOBOIA
MTPOBOJIOKH, TUTAEMOM OT COTHEYUHON manenn. J[1a peaansanu MOJIe T UCITOTb30Ba-
JIaCch OTeYeCTBEHHAs POrpaMma JuHaMudeckoro mojeanposanns SimInTech [1].

Ha ocroBe 371eKTpodu3nIecKnX MapaMeTpoB COMTHETHON MAHEIN 3aaeTCA BOIbT-
aMTIePHAS XaPAKTEePUCTUKA C MCIIOIH30BAHNEM SKCIIOHEHITNAIBHON Momen. st ana-
JIN3a TEIJIOBBIX MPOIECCOB MPUMEHSTACh TUHAMUYECKAasT MOJETb HAarpeBa MPOBOJIO-
KW, YIUTHIBAIOIIAsT KOHBEKTUBHBIN W PaJUAIMOHHBIN TEII000MeH C OKPYIKAIOIIei
Cpenoi.

Maremarnaeckast MOIeIh WMeeT BUT

C<CZ—1;> =P — P, (1)

= ()

NViR [R(Ip —I,) - V}

~ R+ NR, RI,
R=Ro[1+ (T - Tp)], (4)
Py = hA(T — Ty) + ed A(T* — Tp)), (5)

rae T — TeMmriepaTypa, sIBJISIONMIASICS HEMPEPHIBHON (DYHKIHeH Bpemeru, P — mos-
BOJIMIMAsT 3JIEKTPUIECKAsT MOIIHOCTh, P» — paccenBaeMasi MOIIHOCTb.

K wmaremarutieckoit Moaenn HarpeBa J00aBJISIETCS TEPMOPEryJIsaTOp, KOTOPBIit
obecrieunBaeT paboOTy CHCTEMBI B 33JaHHOM JHANA30HE TEMIEPATYDP U OMUCHIBAET-
ca byHKIIHeH BUIA
Pi(7), T(r) < Twin,

~ T <
Pi(r) =
0, T(7) = Tmax-

(6)
Pemenne ypasuenwuit (1)—(6) He MoXkKeT OBITH MOTYYEHO B SIBHOM aHATUTHICCKOM
BUJIE.
[Tporpamma SimInTech mpomemoncTpupoBasia cBoi0 3hpHEKTUBHOCTD TPHU PeIlre-
HIAW 33JIa9W, BKAIOYAONIEH Heannelinoe muddepennnaabiHoe ypaBHeHUe ¢ aaredpan-
YeCKOU IeTJIeit.

Jlureparypa

1. Cxksopmos JI. M. SimInTech: Uucnennoe pemrenne 0OBIKHOBEHHBIX InddepeHnaIbHbIX 1
muddepennuanpao-anredbpamdeckux ypasuaenmit.—M.: [IMK-IIpecc, 2022.
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FOMOTEHU3AIIVA MOAEJIN XNIITHUK-—KEPTBA
C KOPOTKOBOJIHOBBIM BHEIIIHUM CUT'HAJIOM
N TAKCHUCOM TUIIA TTAT/TAKA — KEJIJIEPA — CETEJIA

K. MajaJ

(FOxmnwriit dbenepansubtii yausepcurer; Pocros-na-Tony, Poccus)

JlarHOE COODIIeHNe OCHOBAHO HA PE3yIbTaTaX, MOJYYeHHBIX B COABTOPCTBE C
A. B. Moprysmcowm [1].

Msr paccmaTpuBaeM MHOTOMEPHYIO CUCTEMY ypaBHEHUi Tura peakiiust quddy-
3us C HEJUHeIHO! Kpocc-nuddyaueii, KoTopas 3amiChIBAETCS KaK

pe +diva =pf(p,s), (1)

q = pV(xs + »h — plnp), (2)

st = 0As + sg(p, s). (3)

Bmech t — Bpemsi, * € R™ — npocrpaHcTBeHHas KoopauHara, p = p(z,t),

q = q(z,t) — TIOTHOCTHL U BEKTOP MOTOKA MaCChl XUIIHUKOB, a byHKIWms s = s(x, )
0003HAYMAET MJIOTHOCTh BUIA — KepTBbI. 2KUpHBIH MIPUdT 00603HATAET BEKTOPHBIE
moJist. OyHRIWY f U g ONPEIesIsIIOT KHHETUKY CUCTeMbI. MBI mpejmoaraem, 9o OHI
M3BECTHBI U aHAJUTHYHBI B Kouyce {p > 0, s > 0}. Buyrpu mero ypasuenue (2)
OTTpeIeIsTeT TIOTOK MACCHI XUIITHUKOB coryiacHo mpasuay [latmaka — Kemmepa — Ce-
rena (mamee — IIKC), mpuyem curaasaMu CJIy»KaT MIOTHOCTb YKEPTBBHI S, & TaKiKe
BHEITHWI CUTHAI C 3aparee 3aJaHHON MWHTEHCWBHOCTHIO, 0bo3HatdeHHoil kak h. Ko-
3 DUIUEHTHI X U 3 U3MEPSAIOT IYBCTBUTEIHHOCTH XUIHUKOB K IJIOTHOCTHU YKEPTBBI
U BHEITHEMY CHUTHAJIY COOTBETCTBEHHO, a KO3(MMUIMEHTHI i U § — KO3DDUITHEHTHI
nuddy3un s XUMHAKOB U KEPTB COOTBETCTBEHHO. Bce oHU MpenmnoaraiTcs mo-
crossaabivu. Takum o6paszom, ypasuenus (1), (2) u (3) cocTaBIsgOT MHOTOMEPHYTO
MOJIE/Ib XUIMHUK—KEPTBA C TAKCHCOM U C BHEIMTHUM curHajgoMm. Mbl paccMarpuBaem
9Ty CHCTEMY KakK 0e3pasMepHYI0, CM. 00CY K /IeHIe MACIITAOUPOBAHNS B CTaThe |2].
B npenpunte [1] npuseneno acumnrorndeckoe narerpuposanne cucrembr (1)—(3)
mpu cTpem/ieHnn KoddpduimenTa § K HyJIf0 U Ipu 00IIeM KOPOTKOBOTHOBOM BHEITTHEM

x t
h=h t, —, —
(x? ’5? 5>?

rae bynknug h = h(z,t, &, 7) apngerca C®-raaaxoit ma R™T x R*! 1 nepmommde-
cKoit o KoopauHaram &1,...,&,, T ¢ nepuogamu {1, ..., L,, Ly, TpudeM cpejaHee 3Ha-
wenne PYHKIUM h O KOpOOKe MeproioB PaBHO HYy/r0. Pa3spaboTan mTeparmoHHbII
MPOIIECC TIOCTPOEHMUST JIFO0OT0 YNC/Ia UJIEHOB CTEIEHHOTO PA3JIOYKEHUsT BUIA,

cUTHAJIE BUIA

(p,S): Z (pkask)(x’t’g?n)ék_}—"" 6_>+0’ gzg’ 7—:2 (4)
k=0...00
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re K03 UIUEHTHI Pg, S TEPUOANIecKre 1mo ObicTphiM Koopamaatam &, 7. Takuwm
obpasoM, 0600IIEH pe3yIbTaT, W3I0KEHHBI B cTaThe 2|, rue paccMarpuBazach OJl-
HOMEpHas 3a/a4a, PN ITOM TIPeANoIaraaock, uro h = h(z,t,n), rue

x —ct
n:T, c=const, u p=p(z,tn), s=s(ztn).

Cie1oBaTeIbHO, ACHMIITOTHKA, YKA3aHHAsI B MpernpuHTe [1|, 1aer HOBbI pe3yabrar
JTake B oqHOMEPHOM caydae. Hampumep, MOKHO PACCMOTPETh CUTHAJ B BUIE CTOSTIEit
BOJIHBI

h = hl (T)hg(g)A(.%', t).

PaccMoTpuM mosipo6HO MPOCTOl TpUMEp TAKOTO POJa.
[napubIil 9/leH aCHMITOTUKA UMEET BUL

e xh

Sozg(ﬂf,t), pOZﬁ($,t)6*(f,T), €x = W, 6(5’7—) =eh, (5)

rJe Kochble CKOOKM 0D03HAYAIOT CPeJHee 3a MEephoJl, a BePXHMI MHIEKC HaJ IpaBoii
CKOOKOI — MepeMeHHyI0, 0 KOTOPOii mpoucxoaut ycpeanerne (& wim 7). B wacr-
moct, p = ((po)é)7. Ipu sToM Hem3BecTHBIE (DYHKIME P, 5 COCTAB/ILIOT DEIICHIE
TaK HA3BIBAEMON 24a6H0U MeOAeHHOT cucmeMbi. B OJHOMEPHOM CIydYae OHA MMeEeT
By (1)—(3), tme 6 = 0, h = 0, u TparcnoOpTHBIE KOIMDMUIMERTHI 4, X 1 KHHETHYECKHUE
4jieHsl f, g, U3MEHEHBI TaK:

F(B,5) = ((e«f(exp,5))°)",  9(p,5) = ({exg(esp, 5))¢),

=0, YX=0X, 0= <(<€>§<6_1>§)_1>T.

MoxKHO TIOKa3aTh, HE3ABUCUMO OT (POPMBI CUTHANA, UTO 0 < 1, T. €. BHEITHIH CUTHAT
BCErJIa TOJABJISIET TPAHCIOPT, KakK AU DY3MOHHBIN, TaK U TAKCHIECKUIA.
CpaBHUM TpaHCIOPTHBIE KOIMDMUIIMEHTHI B CaydasaX OeryIeit BoTHbI

hiry = atry sin(€ — cr)

U CTOsA4YEell BOJHBI

sin(§ — er) + sin(€ 4 ¢r)
2

hetn = Qstn = agtp sin(cr) cos(§),

camTast I MPOCTOTHI, 9TO > = (1. 3IeCh W B JAJbHEATIEM W3I0KeHNN BEIWINHEI,
OTHOCSIIMECT K CIydasM Oerymeil u CTosdeil BOIH IOMEeYAl0TCS HUKHIME HHIEKCAMEI
trv u stn. meem

Otrv = I(;2(atrv)a Ostn = I(;2(astn SiD(CT)),

e Iy — momudunmposannast pyukmus Beccers Hy1eBoro mopsiika mepBoro posa.
B cioyuae Gerymeit BOJTHBI MMeeM 3SKCIOHEHITHAJILHOE YMEHBINEHNE TPAHCIOPTHBIX
K03 PUIMEHTOB C POCTOM aMILIUTYIAbI. PacIeTsl CUTMa JIjIs CTOsTI€l BOJIHBI TIO3BO-
JISIOT TIPEIIOM0KNITh, YTO TPAHCIOPTHBIE KOAMDMUIMEHTHI U B 3TOM CIy4ae YOBIBAIOT
C POCTOM aMILJIUTYAbI, HO CTEIIEHHBIM 06p330M.
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BreiBoa: kak BugHO m3 puc. 1, mpu H0IBMIMX aMIUIUTYZaX CUTHAJI B (popme be-
ryIeii BOJHBI 3HAUUTETBHO (IKCIOHEHITNAIBHO) CHJILHEEe TOJABIAET TAKCUIeCKUH
b Dy3nOHHBIT MACCOTIEPEHOC, YeM CUTHAJI B (hOPMe CTOSUIeil BOJTHBI.

b

] N T v .
2 4 [ 8 10
a

Puc. 1. ITo ocu opaounat — 3Hadenus In (Zi“‘) =In (ii“‘ )
rv rv

Kpacusrit rpadunk — Zii: =1, cunnit — % =2.
JIuteparypa
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O CYIHIECTBEHHOI1 I w-CYIIIECTBEHHOIT
HOPMAX JINMHENHOI'O OIIEPATOPA HA BECOBBIX
ITPOCTPAHCTBAX IIOCJ/IEJOBATE/IBHOCTEN

P. C. ManHanukos

(FOxmuwrit dbenepanbubtii yausepcurer; Pocros-ua-lomy, Poccust)

B macrogmeii paboTe mpuBeeHbl HOBbIe (DOPMYJIBI I BLIYACICHAS CYIIECTBEH-
HOIT M W-CyIIECTBEHHOI HOPM B MpeeibHOi (hopMe Yepes moc/Ie0BaTeIbHOCTH TTPO-
eKTOpOB. B IepCmeKkTuBe 3TO JACT MHCTPYMEHTHI JIs KOHTPOJIS MOTPEITHOCTH B all-
NPOKCUMAIIMSIX, TAKAX KaK OIEHKA PE30JLBEHTHI OMEPaTOpa, HAPSIMYIO 3aBUCSIIEH
OT €ero CyIEeCTBEHHONH HOPMBI. [JTABHBIM pe3yIbTaToOM SBIAETCS TEOpeMa O PABEHCTBE
CYIIECTBEHHON M W-CyIIECTBEHHON HOPM JIJIST W-HETPEPHIBHBIX OMEPATOPOB B KBA3MU-
6aHAXOBBIX MPOCTPAHCTBAX. [IpUIOKEHIeM ABISIeTCA 0GOOIIEHIe M3BECTHBIX PE3Y/Th-
TATOB O HOPMaX OIepaTopa BeCcoBOi Kommosuimn s Beei mkanbl (0 < p < 0o).

O60o3HAUMM Uepes w MPOCTPAHCTBO BCex mocienosareasnocteit CN, magenennoe
Tormosiorneit mokoopanaaTHoi cxommmoctn. Iycrs w = (w(k))p2, — dukcnposannast
0CJIeZI0BATEIBHOCTD TT0JIOKHUTEIbHBIX dncest. [Ipu kaxgom p € (0,00) oHa 3a1aer
BECOBOE MMPOCTPAHCTBO MOCIEAOBATEILHOCTEH KOMILIEKCHBIX THCET

IP(w) := {x = (zp) €w: [z|B = |apP wP(k) < oo}.
k=1

IIycts X m Y — kBazubaHAXOBBI MPOCTPAHCTBA, HEMPEPHIBHO BJIOYXKEHHBIE B w. Ye-
pe3 Z(X,Y) obo3HauaeTcst MpOCTPAHCTBO BCEX JMHENHBIX HEMPEPLIBHBIX OMEpaTo-
poB m3 X B Y. Bynem roBoputh, uTo sauHeitnbiit oneparop L : X — Y aBagerca
W-HETIPEPHIBHBIM, €CJIN W3 TOT0, YUTO (m(m))fg’zl — orpanndenHast B X TOC/IeI0Ba-
TeapHOCTH Takas, ato (™ — x B (X,w), crenyer, uto Lz™ — Lz 8 (Y,w). Yepes
Z,(X,Y) obo3HaUNM MHOMXKECTBO BCEX W-HENPEPHIBHBIX oneparopos 3 X B Y.

O6o3naunm uepes # (X,Y) MHOXKECTBO BCEX KOMITAKTHBIX OMEpaTopoB m3 X
B Y, a uepe3 J,(X,Y) ero moaMHOKECTBO, COCTOSAINEE M3 W-HEMPEPBIBHBIX OMepa-
topoe. Kak u Bbime, B ciiyaae X = Y ucnosnssyem cumpossl £ (X) = (X, X)
u A,(X) = #,(X,X). CymecrBernasi 1 w-CyneCTBeHHAS KBA3UHOPMBI OIIEPATOPA
L € Z(X,Y) 3a1a10TCs1 COOTHOIEHUSAMI

[Llle = inf [[L—K| u ||Llw= _ inf _|[L—K|
Kex' (X)Y) Kex,(X)Y)
COOTBETCTBEHHO.

Jlanee puBeieM OCHOBHBIE PE3YIBTATHI.

IIpengoxkenne 1. JLiust Jobeix smHedinbix oneparopos K €  J,(X,Y),
L e Z,(X,Y) cupaBeqmuBo paBeHCTBO | L + K||we = ||L||we-

IIpengoxkenune 2. ITycrs p € (0,+00). Onpenemnm gust moboro n € N mo-
CJIEIOBATEIFHOCTD JIHHEHHBIX omeparopoB {P,} caexyrommm obpasom: st Jir060ro
x € [P(w)

Ti, 1< n,

P,x); =
(Pa): 0, i>n,
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" I10CJIe[0BATETILHOCTD JIMHEHHBIX oneparopos {R,} rakyto, uro R, + P, = I, e
I — roxnecrBenHoe orobpazkenne n3 [P(w) B [P(w). Torga cupaBegInBbI CaegyIOIIHe
yTBepKAeHus st aroboro n € N :

(1) Pn, Ry € Z(1P(W));

(i3) Py, Ry, € Z,(IP(w));

(iii) Pn € J5,(1P(w));

(1) [|Rn] = 1.

[IpuBemem TeopeMy o (hoOpMyae CYIECTBEHHON HOPMBI JIMHEAHOTO HEIIPEPLIBHOIO
otrepaTopa B MpeaeabHoit hopme.

Teopema 1. /st siro6oro smreitnoro oneparopa L € Z(IP(w)) npu p € (0,00)
BepHa (popMyIa
|Llle = lim || R, L. (1)

Jlna L € Z,(IP(w)), p € (0,00) umeem

| Lllwe = lim || Ry, L]. (2)

Teopema 2. /Liusi so6oro smneriinoro omeparopa L € £,(IP(w)), p € (0,00)
BEepHO paBeHCTBO

ILlle = [l we- (3)
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COBCTBEHHBIE ITOAITPOCTPAHCTBA
JNCKPETHOI'O ITPEOBPABOBAHIA XAPTJ/IN

N. A. Pomanenko

(Braguvupekwit rocymapcTeennniiit yansepcurer; Buagmvup, Poccnst)

[Tpu mudpoBoit 06padoTKe CUTHAIOB AHAIUBUPYIOT MATPUIHBIN BUJI IPeodpPa3o-
BaHusg y = F - x, T & W y IpeJCTaBIeHbl B BUE BEKTOP-CTOJIOIOB.

Marpuneit muckpernoro npeotpazosanus Xaptm (/I[TXapr) nepsoro poga no-
psaka N [1] HaseiBaercst MaTpuia

1 1 1 1
1 1 Cy ... Cn_
Xy = 1 Cy Cy R CQ(N—l) R
1 CNfl C2(N71) “e C(N—1)2
e 2 2 2
C, =Ch(N) = cas% = cos% +sin%.

Marpuma JIIXaprt cayKuT OeiiCTBUTEILHBIM AHAIOTOM MaTPWI] JUCKPETHOTO
npeobpazopanusg Pypbe (AMD) u Vomma (JIITY). [Ipuuem, marpuma X4 coBmaia-
er ¢ marpureit IITY B mymeparun Ilsau. IlosTomy oTmenbHbIE CBOWCTBA MaTPHUITHI
JIUCKPETHOTO Tpeobpa3oBanus XapTin moBTopsiioT ceoiictea 11D u IITY.

1) Marpuna Xy cumMerpudHa, 1o OnpeIeIeHuro.

2) Kosdpdpunmenror C),(N) nepuoguueckue ¢ mepuogom N.

3) Ksagpar marpuner JIMXapr pasen nponsseaenunio nmopsaaka N Ha €UHATHYTO
marpuiy FE.

Marpumna J = ﬁX N 33JIaeT OmepaTop WHBOJIIONAH: J 2=F.

Kpowme Toro, MOXKHO TTIOCTPOUTH MATPHUILY AUCKPETHOTO Tpeodpa3oBannsa XapTin
BTOpOro poja mopsiika N (ob6o3uauaem Yy ), 9J€MEHTBI KOTOPOii OMPENessIioTCS 110

dopwmyite
2mij 2mij . 2mij
= cos — .

N N sin —
CaoiicTBa MaTPUIIBI JUCKPETHOTO MTPe0OPA30BaAHNsT XaPT/IX BTOPOTO POIA TIOBTOPSOT
NPUBEEHHBIE CBOMICTBA MaTPWITHI JAUCKPETHOTO Mpeodpa3oBaHmsa XapTiu MepBOTO
pofa.

YrBepxkaeuue 1. B3anMocBsa3s MaTpHI[ AHCKPETHOTO MIpeodpa3oBaHus XapTin
1IepBOro U BTOPOTO poJja:

Sijj = Sac

Xy Y=Yy - Xy=P,

Yn =Xy -P=P- Xy,
Xy=Yy-P=P- Yy,
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e

1 0 0 0
0 O 0 1
P=]10 0 1 0
o 1 ... 0 O

— IepecTaHOBOYHAsS MATPHIA C €JUHHUIIAMHI HA JHATOHAIH HIXKE H IapaJLIeJIbHO
rmo6ouHo¥ (ere eqnHUIA B HAYAJIE).

B [2, c. 36] ormedeno, 9TO OTHOCHTEIBLHO OlepaTopa WHBOJIONNK J BCE TPO-
CTPAHCTBO PACKIAILIBACTCA B IPSIMYIO CyMMY IBYX COOCTBEHHBIX IIOIIIPOCTPAHCTB
X = Ry ® R_, orBevaromnux cobcTBeHHbIM unciaaMm 1 n —1. OproronaahHbIe TTPOEK-
TOPBI Ha, 3THU MOAIPOCTPAHCTBA

P, =

(E+J) u P_==(E—J). (1)

DN | —
N | —

Buaunt, cobereennbie uncaa oneparopa AlMXapr Xy n Yy ects VN u —VN.
JloKazaTeTbLCTBO YTBEPIK/ICHN OMUPAeTCs Ha CHMMeTpruuHocTh Q1 = Q u maemro-
HeHTHOCTH (Q° = () OPTOMPOEKTOPOB HA, 3TU MOANPOCTpaHCTRa. Haiiiem pazmepHocTr
CODCTBEHHBIX TMOAMPOCTPAHCTB Ry n R_.

Teopema 1. /s maTpuiel Xy pa3MepHOCTH COOCTBEHHBIX MPOCTPAHCTB:

1) ecim N =2n+1, rodim Ry =n+ 1 ndim R_ = n;

2) ectm N =4n, rodim Ry =2n+ 1 nwdim R_ = 2n — 1;

3) ecim N =4n+2, ro dim Ry = dim R_ = 2n + 1.

JokazarenbcTBO TeopeMbl 1 ommpaeTca Ha 3HadeHme cyMM laycca, BBIBOJ KOTO-
phIx B [3, 4].

JlanbueiimuM 0000IIeHNeM JTUCKPETHOTO MPeodpPa30BaHNsT XAPTAN CJIYKUT €ro
KPOHEKEPOBa, CTeleHb X%n B KadecTBe HOBOIl wcciaemyemoit marpumbl F. Ilo
CBOHICTBAM KPOHEKEPOBOW CTEMeHU [TOKA3BIBAETCS: CUMMETPUIHOCTH MATPHUITBI —
(XM = X" u ee oproronamsrocts — (X§")? = N" - E. Ciesosarensno, mo-
cje HOpMUpOBKU J = N}L 73 Xf\?}” MATPHUIA CTAHOBUTCS MATPUIEHl WHBOJIIOIUU, UTO
BJIEYET HAJMYNE JIBYX COOCTBEHHBIX MOANPOCTPAHCTB M BU (1) omeparopos mpoek-
tupoBanus. C ucmosb3oBanneM cymm [aycca pemumM u s KPOHEKEPOBO# CTemeHn
varpuisl IIIXapr 3agagqy moncka pa3MepHOCTH COOCTBEHHBIX MOAITPOCTPAHCTB.

Teopewma 2. /Lnsg MaTpaIisr Xf\?}” Pa3MepHOCTH COOCTBEHHBIX MPOCTPAHCTB:

1) dim Ry =dim R_ + 1, ecin N — HedeTHOE;

2) dim Ry =dimR_, ecim N = 4k + 2;

3) dim Ry = $N"+ 2" ! pdimR_ = JN" — 2""1, econ N = 4k.

OaroMepHOE TMCKPETHOE OPTOTOHATLHOE MPeodPA30BaHWE B MATPUIHOM BHJIE
€CTb TIEPEeX0/T OT CTOJOIA & K CTOJIOIY ¥y 1Mo dopMy/Ie YMHOXKEHUS MaTpull y = F - x.
AmamornaHoe JByMEpHOE AWCKPETHOe MpeobpasoBaHme TMpuMeHsieTcst K Marpuie X
pazmepa Ny x Ny mo crenyromeit bopmyne ymMHOKeHNA Marpuil: Y = F, - X - F,.
[TosToMy mByMEpHBIM JUCKPETHBIM TPEOOPA30BAHNEM XAPT/IU MEPBOTO POIA CIIYIKUAT

mpeobpazoBaHme
Y =Xpn - X Xn,,
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a He 3amvcaHHoe B KoopauHaTHON dopme B [1, ¢. 69] mo awasornm ¢ aByMepHBIM
JIMCKPETHBIM IpeobpasosanmeM @ypoe. IIpmumHa HECOOTBETCTBHA 3aK/IIOUAECTCH B
TOM, 9TO d)yHKL[I/H/I cas QO HE My.}'[])TI/IH.T[I/IKa.TI/IBHLI.
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O MMPOOOIZKEHNU TTOJIO?KNTEJIBHBIX OJHOPOIHBIX TTOJIMHOMOB!

A. A. CaaaysnaeBa

(FOxmuwpiit maremarnaeckuii nacruryr BHLI] PAH; Bragnkaskas, Poccust)

Omepatopsbl, AEUCTBYIOIIEe MEXKIY BEKTOPHBIMHU PeIreTKaMu, 00JIaJaf0T XOpPO-
IMAMA CBOWCTBAMM, €CJIVW WX 3HAYCHUHA HAXOJATCA B TOPAJKOBO TIOJTHOW BEKTOPHONI
pemmeTke. Tak, Knaccuueckas Teopema JI. B. KaaToposuya yTBepKaaeT, ITO MOJIO-
JKUTEJIbHBINA JIUHEHHBII onlepaTop, AedCTBYIOMNUI 13 MaKOPUPYIOIIEro IIOIIPOCTPaH-
ctBa G C F BexTOpHOI permeTkn F B MOPSIKOBO TOTHYIO BEKTOPHYIO perneTky F
JIOTTyCKaeT MPOoIOJIzKeHne Ha Bce F/ ¢ coxpanenneM JUHEHHOCTH U TOJOXKUTETLHOCTH
[1, reopema 1.32]. B HekoTophIX ciydasix BO3MOXKHO OCIabUThL TpeboBaHME TTOPSii-
KOBOI TOJTHOTH! F' 3a cueT mpeabdBiieHnd K F HEKOTOPBHIX JOMOJHUTETLHBIX Tpe-
OoBauwmit. B macrosieit 3aMeTke pacCMaTPUBAECTCA TaKOe B3AWMMOIEHCTBUE yCJIOBHUI
cemapabembHOCTH F U O-MHTEPIOJISIIIHOHHOTO CBOWCTBa F' B 3a1ade O MPOIOJIKe-
HUM TIOJIOKUTETHHBIX MOTMHOMHUATBHBIX OMEPATOPOB (OHOPOAHBIX MOIMHOMOB). Bee
HEeOOXOMMBIE OTIPEJIETIEHNs 3 TeOPUH BEKTOPHBIX PEIIeTOK TpecTaBieHsl B [1, 2].
Bsenem cooTBercTByIOIME TTOHATHSI.

OnPEAEJEHUE 1. HopMupoBaHHOE BEKTOPHOE MPOCTPAHCTBO F HA3BIBAETCS Ce-
napadesvHvLM, €CTTU B HEM CYIIECTBYeT CUYETHOE BCIOLY TIOTHOE MHOXKecTBOo A C K.

ONPEAEJEHUE 2. Bekroprasi pemerka F obaadaem o-unmepnosayuortvim
ceoticmsom (unu ceoticmeom Kanmopa), eciu Jjist TFOOBIX TIOCTEe0BATEIBHOCTEH Ty T
(Bospacraiomeit), z, | (yosiBatomeii) Takux, 910 T, < Zp Aaa Beex n,m € N, cy-
mecTByeT y € F' Takoit, 9To T, < Y < 2y, 1ad Bcex n,m € N.

OnPEAENEHUE 3. Tomosornyeckoe BEKTOPHOE TTPOCTPAHCTBO F HA3BIBAETCH /0-
KaAbho menechvim, ecin E obiamaer 6a3mcoM OKPECTHOCTE HyJisd, COCTOSIINM W3
TEIECHBIX MHOXKeCTB. HamomumMm, 9To MHOXKecTBO A C FE HA3LIBAETCA MeAeCHbLM,
ecnn |y| < |zl mx € A Buekyr y € A.

OnPEAENEHUE 4. Tonmosoruvueckast BEKTOPHAsS perneTka I HAa3bIBaeTCs pewem-
koti @pewe, eci oHa MeTpU3yeMa M (METPUYECKH) MOJTHA.

Temepr BBEZEM OCHOBHONW 0OHEKT MCCIEIOBAHMSI.

OnpPEAEJEHUE 5. Ilycre E w F — Bekropubie pemerku. Orobparkenne
P : E — F Ha3bIBaeTCsT 00HOPOOHBIM NOAUHOMOM CMENEHY N WA 1-00HOPOOHBLM
noaunomom (n € {1,2,...}), ecam cymiecTByer TOJWINHEHHOE OTOGparkeHne
p : B" — F', HazpIBaeMoOe noposciatouwjum, TAKOe, ITO

Px)=¢(z,...,z) (z€E).
n pas

Cpenn moIuInHEHHBIX OTIEPATOPOB, MOPOXKIAIONINX JAHHBIN mognHOM P, cyie-
CTBYeT eIMHCTBEHHBI!I CUMMETPUYHBIN OTIEPATOD (0, HA3BIBAEMbBIN ACCOUUUPOBAHHBIM

'PaGora BeimoaHena pn puHaRCOBOI MomIepKKe Poccmiickoro mayuroro ¢ommga, mpoekT Ne 24-
71-10094.
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u 0603HaTAEMBbIil cuMBOJIOM P. CHMMETPUYIHOCTE (0 03HAYAET, UTO JJIs JII000I mepe-
CTAHOBKM 0 MHOXKecTBa {1,...,n} Bpmomnaerca @(z1,...,Tn) = @(To(1)s -+ To(n))
JUIst JIIOOBIX X1, ... Ty € E [3].

OnpPEJENEHUE 6. Oanopoanblii moauaoM P : E — F Ha3bIBAETCA 0PMO20HAAD-
no addumuenvim, ecin P(x+vy) = P(z)+ P(y) 1as mo6bIX IN3bIOHKTHBIX T,y € E.
Hanomunwm, nsa snevenrta x,y € F naswssaiorcs dusstonkmmvimu (v manryT z L y),
ecn |z| A |yl = 0.

OUPEAEJEHUE 7. Omguopomubiit moauaoM P : F — F Ha3bIBaeTCS NOA0AHCU-
meavhoim, ecar P(xy,. .., x,) > 0 11s Beex 1, ..., 2, € Fy.

Teneps MoxkeMm chHOPMYIUPOBATH OCHOBHOM Pe3y/IbTAT.

Teopema 1. Ilycte E — cemapabenbrasi pemetka @perme, G C E — Maxkopu-
pytorast noapernierka B B u F' — JI0Ka/IbHO TeaecHasT TOMOJOTHIEeCKasT BEKTODHAS
PEIIIeTKa ¢ 0-HHTEePHOOJISIIIHOHHBIM CBOIicTBOM. Torga Ji060iH MOIOXKHUTETBHBIH OPTO-
TOHAJILHO AJUIHTHBHBIN N-OQHOPOAHBIH moauaoM Py : G — F gomyckaer nmpomgoJi-
JKeHHE JI0 MOJIOXKHUTETHHOTO OPTOTOHAJIBHO aJJJUTHBHOTO N-0JHOPOIHOIO IMOJIUHOMA,
P:E—F.

PeSy.}'H)Ta.T BBIBOJUTCA U3 AHAJIOTUYHOMN TEeOPEeMBbI  JIJId JIMHEHBIX ormepaTo-
poB [4, Teopema 1| ¢ TOMONILIO TEOPEMBI O JIMHEAPU3AIIUH 7-OJHOPOIHBIX OPTOTO-
HaJIbHO a/JINTHBHBIX TOJMHOMOB [5, Teopema 4] M KOHCTPYKIMK CTENeHN BEKTOPHOM
pererku |6, Teopema 3.2].

Jlureparypa
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5. Kycpaesa 3. A. O mpencraBjeHNH OPTOTOHAJIBHO AJIUTUBHBIX monmHOMOB // Cub. mar.
kypH.—2011.—T. 52, Ne 2.—C. 315-325.

6. Boulabiar K., Buskes G. Vector lattice powers: f-algebras and functional calculus // Commun.
Algebra.—2006.—Vol. 34, Ne 4. —P. 1435-1442.
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CBOIICTBO RUC JJId CUCTEMBI
13 XAOCOB CJIYYAIHBIX BEJINYNH B L,

II. A. Ciaungakos

(Uucruryr maremarnkn HAH Benapycn; Munck, Bemapycs)

[Mycrs X = {X k‘}l?;l — TIOCJIE/IOBATETHHOCTh HE3aBUCUMBIX OTPDAHWIEHHBIX CHM-
METPUIHBIX CJIYYANHBIX BEJTUINH (He 00s3aTeIbHO OJJMHAKOBO PACIPEIETIEHHBIX ), 3a-
narHas Ha BepositHocTHOM npocrpanctse ([0, 1], 1), rae p — cranmapraast mepa Jle-
6era. OrpaHMYeHHOCTh TIOHUMAETCS B CMBICTIe Sup-HOPMHL, T. e. || Xk, = Cr > 0.

Bynem Takke paccMaTpuBaThH HE3ABUCUMbBIE KOTMUW WCXOIHOM TOCIEI0BATETHHO-
cTH {Xlil)};il, [ =1,...,d, aro o3mauaer, 4ro smementhr cucrempr CB X, X (1)
X@ X onmakoBo pacipesese bl I HE3aBUCHMBI B COBOKYITHOCTH.

Mycrs d,n € N taxne, uro 1 < d < n. O6oznaunm gepes N¢ mmorxectso mymbsTn-
uagekcoB J = (j1,...,jq) Takux, 4ro j, € [n], tme [n] := {1,2,...,n}, a uepez A%
MHOKECTBO MYJIBTHHHIEKCOB J = (j1,...,jq) Takux, 910 1 < j1 < joa < -+ < jg < n.
)

Bynewm nazwiBatTh cucremy {X ](ll)X](j 4 00HOPOOHOT MYALMU-

d)

D ¢ A VN

Jd }(]17J27---7Jd)€N
NAUKAGMUBHOU CAYUATHOG cucmemoti cmenenu d, a 00'beINHEHNE TI0 TAKUM HE3ABUCH-
MBIM CHCTEMaM CTemeHeil oT 1 10 d — cMewantoth MYAbMUnIUKamueHot cCAYUatiHOT
cucmemoti cmeneny d.

Hapsiny c 3toit cucrtemoii, 6yaeM paccMaTpUBATL CAETYIONIYIO CHUCTEMY, CO-
CTABIEHHYIO W3 JMEMEHTOB caMmoit mcxomuoit mocmemosarenbroctn CB X, suma
{X;, X, . ..de}(jth,___,jd)eAd, KOTOPYIO HA30BEM O00HOPOOHOIM CAYUGTHBIM TAOCOM
nopadka d, a OObLeINHEHNE TT0 TAKUM HE3aBUCUMBIM cucTeMaMm crereneit ot 1 10 d —
CMEULAHHDIM CAYUATHBM TAOCOM NOPAJKA d.

Byaem roBoputh, uTo mociemoBarenbHocTh {xf} obmamaer RUC-cBoiicTBOM
(Random Unconditional Convergence), ecam CyHmIeCTBYIOT TakKue yHUBEPCATLHBIE
KOHCTAHTBI, UTO JIJIsI JIIOOOTO N U Jist JIIOOBIX CKaasgapoB {a}, 1 < k < n, BuImOTHS-
ercst

n n
Eg Z Hkakmk = min Z Hkakwk s
k=1 X Or=£1 k=1 X
riae P{Hk = 1} = P{Hk = —1} = 1/2
Teopema 1. OxrOpogHBIH Xaoc opsiaka d, c(hoOpMHPOBAHHBII ITOC/IEJ0BATETBHO-
croro X = (Xj) HE3ABHCHMBIX CHMMETPHYHBIX OTPAHHYEHHBIX CJIYYIANHBIX BEJTHYIHH,
obsaamaer croiicreom RUC. Bojiee Toro, ciaemyroliue COOTHOIITEHUs BBITIOJIHSIIOTCS C
KOHCTaHTOM, 3aBUCHINEH TOJIHKO OT d:

Eg ZHJG/JXJ xnbin Z@J@JXJ Xi Z EZ;
j=1

Jkeld:jx=3j

NI

Teopema 2. Cumemannbi caydaiiHbIi Xaoc 10 mocaegoBareabHocT (X)) He3a-
BHCHMBIX cumMerpraabix orpannderasix CB obaamgaer croiicteom RUC. Boutee Toro,
myCcTh

S(X,0) =01P1(X) +02P(X) + ... + O4FPy(X),
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e
OmPr = Z 005X, Xj=X;3Xj,.. X,
JeAm

m*

Torma BepHO

d n
Eo[|S(X.0)], = min|[S(X.0)[,_ =< > > > aj

m=1j=1 \ J=(j1,52,...,Jm) € AP :
dkeld:jx=3j

Ucnonb3yst qanabie COOTHOIIEHUS [T HOPM, MOYKHO MTOKA3aTh, 9TO OJHOPOIHBIN
xaoc (1 TeM Gostee CMeITaHHbI) He 061a1aeT 60JIee CHIBHBIM CBONCTBOM 0€3yCIOBHOI
CXO/IMMOCTH.

Jlureparypa
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2025.

5. Kwapien S. Decoupling inequalities for polynomial chaos // Ann. Probab.—1987.—Vol. 15,
Ne 3.—P. 1062-1071.

6. Billard P., Kwapien S., Pelchynski A., Samuel Ch. Biorthogonal systems of random uncondi-
tional convergence in Banach spaces // Longhorn Notes. Texas Funct. Anal. Seminar.—Texas,
Austin: Univ. Texas, 1985-1986.—P. 13-35.
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MHOT'OMEPHBIE MTHTEI'PAJIBHBIE OTTEPATOPHI
C OJHOPOJIHBIMU CTEIIEHU (—n) AAPAMNU
B L,-ITPOCTPAHCTBAX C PAJJMAJIbHBIM BECOM

I'. A. Tuxounosa

(FOxmuwrit dbenepanbubtii yausepcurer; Pocros-ua-lomy, Poccust)

I[Mycts 1 < p < oo w dyskmnsg w: Ry — Ry mw3mepnma. Obosmnaumm gepes
L,(R", w) mpocTpaicTBO (K/IACCOB) M3MEPUMBIX KOMIIJIEKCHO3HATHBIX (DYHKIHiL

1/p
Wl =11 = [t ac)

Paccmorpum omepaTop
(Ko@) = [ Keot)dy, o e )
]Rn

HOPMOi1

rae dyuaknus k(x,y) namepuma u 0JHOPOIHA CTeneHn (—n), T.e
kElaz,ay) = o "k(z,y) (Va>0). (2)

wits) pacrszkenneM dyHKIuH w(t).

Hazosem dyuxmmio wy(t) = sup,q 0()
B pabore [1] Gb1IH MOTy9IeHBI TOCTATOYHbBIE YCIOBUS OTPAHIYIEHHOCTH OIEPATO-

pa K B mpocrpascrse Ly(R™, w) mpn 10MOIHATEIHHOM MPETONIOKEHIN HHBAPHAHT-

HOCTH sifipa OTHOCHUTEJIBHO BCEX BpallleHwii mpocTpancTsa R™.
Teopema 1. ITycts 1 < p < oo u sapo k(x,y) omeparopa K ymoBmerBopser

yeaoBmio (2), a TakxKe yCJIOBHSIM:

—nfp 1 1/p
K1 = esssup / ‘k(a, y){ {y‘ <w* (H)) dy < o0,
R?’L

UESnfl

Ko = €esssup
O'egnfl

/‘k(m,a)‘ |x|_n/p,(w*(|x|))1/pdx < 0.

Rn
Toryta omeparop K orpammden B npocrpancrse L,(R"™,w), mpudem cmpaseminBo

HKSDHp,w < K’}/p I{é/p HSDHp,w'

HEepPaBEHCTBO
YeranoBuM yeaoBus Ha siApo k(z,y) HEOOXOAMMBIE Jisl OTPAHUYEHHOCTH OMepa-
topa K Buma (1) B mpocrpancrse L,(R"™, w).
Teopema 2. Ilycrp 1 < p < oo, ¢pyuknus k(z,y) oaHopoana cremnenn (—n)
U HeoTpHIaTenbHa, H omeparop K orpammien B mpocrpamcrse Ly(R™,w). Torga

BBITIOJIHEHBI yCJIOBUA

/ da/kz(a, t) |7§|—n/1’(w*(|t|))_1/p dt < oo,
Sn_1 Rn
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, 1Y) "
/ do/k(t,a) |t| /P <w<m>> dt < oc.
Sn_1 R

[Iycrs M, — omeparop ymuOKenus #a (GyHKIuio a € Lo (R™). Oneparop M,
orpannden B mpoctpancTe Ly, ,(R™), mpuaem ||Myo|lpw < ||allsol|@llpw Mms moboit
¢ € L,(R", w). ITocraBum BOIpPOC 0 KOMIIAKTHOCTU MPOU3BeIeHus omeparopa M, u
oneparopa K suga (1). IIpu srom Gyzem canrars, 9ro siipo k(x,y), moMuMo ycio-
Bug (2), MHBAPUAHTHO OTHOCUTETHHO TpyMIel Bpamenunii SO(n), T. e.

k(w(z),w(y)) = k(z,y)  (Vw € 5O(n)), 3)

W YIOBJIETBOPSIET YCJIOBUIO CYMMHUPYEMOCTH
—n/p 1 Hp n/p' 1/p
/‘k(el,y)Hy‘ <w* (@)) dy = /‘k: (z,e1)||z] " (wi(|2])) Pdo < oo. (4)
R”

ONPEAENEHUE 1. Bynem roBoputh, uto dyukmus a € Lo (R™) npunammiexur
K By P (R™
macey By (R"), ecm

lim esssupla(z)] = lim esssup|a(z)| = 0.
N=oo |z[>N N=00 |z|<1/N

Teopema 3. Ilycrs supo k(x,y) omeparopa K ymoBrerBopsier ycaoBusm (2),
(3), (4), a rakxke jst siroboro sop > 0 u h € R™ crpaBeinBo paBeHCTBO

w(s|t)) 1/p / 1 1/p
1 t+h) —k P wy dt = 0.
i“p/‘ vt (i) e (o ()

Tora econ a € By g’ (R™), To oneparop M, K kommaxren B npoctpanctie Ly(R™, w).

Caencrsue 1. Ilycrs w(|z|) = |z|* n siapo k(x,y) oneparopa K ynosrersopsier
yerosmsam (2), (3), (4). Torma ecrmn a € By (R™), To omeparop M, K xommaxren B
npocrparcrse Ly(R™, w).

Jlureparypa

1. Vmapxamxues C. M. VarerpajibHble ONEPATOPbI C OJHOPOIHBIMHU SJAPAMU B TDaHJI-
npocrpancTeax JleGera // Mar. 3amerxkm.—2017.—T. 102, Ne 5.—C. 775-788.
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OB OBPATHOI 3AJAYE /1711 MHTETPO-TN®OEPEHITNAILHOTO
VPABHEHUS AKYCTHUKNI

M. P. Tomaen

(FOxmuwpiit Mmaremarnaeckuit nacturyr BHI] PAH; Bragnkaskas, Poccust)

Uccnenyercss aBymepHasi 3ajiada OMpejeseHns si[pa WHTErpaghbHOrO OINEPaTO-
pa CBepTKH, BXOJSINEr0 B YpaBHEHNE aKyCTUKU C TepeMeHHbIMU K03 duimenTamu.
OyHKINA Sapa 3aBUCAT OT MPOCTPAHCTBEHHON W BpeMeHHON mepemenuoit. [Ipsmas
3aja9a B 00JIACTH TepeMeHHbIX (z,z,t), © € R, 2z > 0, t € R npeacrasisier coboii
HAYAIHLHO-KPAEBYTO 3a/1a9y /I aKyCTUIECKOrO (M30BITOYHOTO) JABIEHUS C HYJIEBHI-
MU HAYAJIHHBIMUA JAHHBIMU U TPAHUYHBIM ycaoBumeM HeifiMana crenmaabHOTO BUIA C
JIeJIbTa-UCTOTHUKOM BO30YKIEHUsT BOJIH:

¢
1 @_g @_{_/k( t— )@d _}_@_{_

c2(z) 0t2  Ox |0z DT T T T 922

t 0 1)
0?u
+ | k(z,t—71) 9.2 dr +Vinp(z,2)V, U, t>0
0
Ul =0, (2)
t
ou ou
Gt [Rat-n G = s, (3)
0 z=+0

rje

Ve U=V, ulx, zt) + / k(xz,t — 1)V u(z, z,7)dr.
0

Baecwk u(z, z,t) — akycrudeckoe (m3bpiTounoe) masienue, ¢(z) > 0 — CKOPOCTH
pacipoCTpaHeHnsl aKyCTHYeCKUX BOJH, p(x,z) > 0 — mioTHOCTh cpeapl, O(t) —
nenbra-pyukus Jupaka. Oyuaxiws k(z,t), BXOAAMAS B UHTEPAJ CBEPTKHU, OTUCHI-
BAeT Bsi3KWMe CBOMCTBA CPeJbl M Ha3biBaeTCs siipom namstn. Oyukiyn c(z), p(x, 2)
SIBJISIFOTCS 3 TAHHBIME U JTOCTATOYHO TJIAIKUMU.

Ypaguerne (1) yunThIBaeT MOTIOMIEHNE UIEATHHO-YIIPYTOH CPEIbI U BO3HUKAET
B reobusuKe npu u3ydeHun (ugeHTU(UKAINT) CBOUCTE CPEJIbl ¢ MOMOIIBIO CeificMu-
YeCKUX BOJIH. q)a.KTI/ILIeCKI/I, Tpur TIPpEeanoIOZKEeHN O TJIaJKOCTU CUuCTeMa ypa.BHeHI/IfI
Bosbivana (oxma n3 Hanbosee pacnpoCTpAHEHHBIX IS JIMHEHHON HEyIpyTroii cpe-
JIbI) B JIBYMEPHOM CJIy4ae CBOAUTCA K ypasHernio (1).

C nomompio nuHEapu3anuu, npuMensst npeobpasosanne Pypbe nmo npocrpan-
CTBEHHOI MepeMeHHON, obpaTHas HeJIWHeWHas 3a7ada CBOIUTCS K HKBUBAJEHTHOM
cucreMe JIMHEHHBIX WHTErPAJbHBIX ypaBHeHUi BojsTeppa BTOpOro poja. A mnMeH-
HO, TIPEJNOJIaraeM, u4ro aapo maMmsT k(x,t) aBagercs Majoii BeJTMIUHON U, BBOJS
dopmanTbHO TApaMETP MAJOCTH €, €r0 MOXKHO TTPEJCTABUTH B BUJIE:

k(x,t) = ek (z, ). (4)
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Tak>kxe mosraraem, 9To
pla,2) = pol2) +epa (x, 2). (5)

Pemenve npsivoit 3agaqn (1)—(3) Gymem uckaTh B BUJE PsIJIa 110 CTENEHSIM E:
o -
u(z, z,t,e) = Zajuj(x, z,t). (6)
=0

Honcrapass (4)-(6) B (1) w canras, 9TO BKIAJ CoaraeMbIX C 9IeHAME TpH &/
j =2,3,..., IpeHeGPeKUMO MaJI, TPUPABHUBAEM UJIeHbI, cTosmme mpu &7, j = 0, 1.
B pesyabrare nosydaem jBe npsiMble 3a3Ja9M OTHOCHTEJLHO Ug, U1. 3aada Jist U
n3ydena B Monorpadun [1].

O6paTHas 3amaqa: waittn saapo ki(z,t) € CL([0,00); La(R)), t > 0, ecm m3-
BECTHA JIOTIOJIHUTEIbHAsT HHMOPMAIINS O PEIeHNH TPSIMOii 3a1a9n Uy :

ul(x,Z,t)‘Z:+0=g(x,t), ,IGR, t>0,

g(x,t) — 3amannas GyHKIWS.
Bynem cunraTth, uTO

k1 (v,t) = Fylk) (v, t) € Ay (w, T)

(o6pas @yphe 10 MepeMeHHoil ) TOTJIa i TOJIBKO TOT/Ia, KOT/Ia El(u, t) € CHRxRY)
u s soboro dbukcuposannoro ¢t € [0,7] supp ki (v, t) C [—w,w]. CooTBeTcTBEHHO,
ki(x,t) € Ai(w,T) Torma u TOJIBLKO TOrA, KOI/A

k1 (v,t) = Fylk)(v,t) € Ay (w, T).

B mpocrpamcTBe HETpEepBIBHBIX (DYHKINN JOKA3aHA TeopeMa OJHO3ZHAYTHONW pas-
PEIUMOCTH ¥ TIOJTyY€HA OIeHKA YCTONYMBOCTH PerreHuns 0OpaTHON 3a adn.

Teopema 1. Ilycts w > 0, T' > 0 ¢pukcupoBassl. [las cymecTBOBaAHUS H €JHH-
cTBeHHOCTH periiennsi obparHoii 3agaqn ki (z,t) € A(w,T) HEoOX0a1MMO 1 JOCTATOYHO,
4TOOBI

§(v,t) = Fylg)(v.t) € CER x [0,T]), §(r,0)=0

v
u yioboro ¢pukrcupopansoro t € [0,T] suppg(v,t) C [—w,w].

Teopema 2. Ilycts k:gl)(x, t), k?) (x,t) € AMw,T) — pentennst obparHoii 3a1a4H,

orsewaronye maopmammam g\ (x,t), g (z,t) coorsercrenmo. Torga mpm BHITON-
HEHWW YCJIOBHI TeopeMbl 1 mMeeT MecTo OIeHKa yCTOHIHUBOCTH

R/ Hk{l) B k§2)Hi’[O,T} dz < C_/w Hg(l) B 5(2)‘

e C' — HEKoTopasi KOHCTAHTA, 3aBHCSINAS OT BeJIHIHH w, 1 u 3HadeHUil (pyHK-
it ¢(z), po(2), p1(v; 2).

2

C2[0,T)

JIuteparypa

1. Sxuo B. I. Obparubie 3amauu qis guddepeHnuaibabiX ypaBaenuil ynpyroctu.—HoBocu-
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O MMPUBJIN?KEHNN ®U-CTATNCTUK
151 HABJIFOJAEHNIT PABMEPHOCTH TPU

A. B. IllepsieB

(Mockorckwmii rocymapcTsennbiii yausepceurer um. M. B. Jlomorocosa;
Mocksa, Poccust)

PaccMoTpuM KIaCCHYIECKy o 3aJa9y MaTeMaTHIeCKOH CTaTUCTHKH: MYCTh BEKTOP
Y = (Y1,Y2,Y3) " mmeer mymsrunomuansaoe pacupesnetenue Ms(n, ), T. e.

3 3
H L = 07 n, Z nj =
P(Y1 = n1, Y2 = ng, Y3 = ng3) el j=1
0, nHave,
rje
= Tom>0 =1
™= (7T177T277T3) ) 7T] > ) 7T] — 4
U CYUTAETCSI BBITTOJHEHHON Hy/eBas runore3a Hgy : m = p. OCHOBHBIM 0OBEKTOM

HCCJIeIOBAHUS B pAbOTe SIBJISIETCS MIOCTPOEHHOE IO BBIMEYKAZAHHOMY PACIPEeIeIeHITO
CeMeicTBO Pu-cmamucmur

e S ()

rie ¢ — Boimykiaas dbyaknua Ha Ry takag, aro ¢(u) = 0Vu > 0, ¢(1) = ¢'(1) =
¢"(1) >0

3BecTHO, 9TO IPH N — OO PACHpe/Ie/IeHe JaHHOW CTATHCTUKHI CXOJUTCA K Pac-
NPEIEIEHUIO XU-KBAJPAT C JBYMSI CTENEHSIMU CBOOOIBI, OJJHAKO TTPU MPOBEPKE THIIO-
Te3 BayKHO MOHMMAaTh, HACKOJBKO BEJUKA OIMIMOKA AIMMPOKCAMAIMNA PEATLHOIO Pac-
npeJiesieHns MpeleabHbIM. B JaHHoil pabore 3a7ada COCTOMT B MCCAEIOBAHUEM TOY-
HOCTH TpHO/IIKeHnst xu-kKBajapar pacnpegenernem st P(Ty(Y) < ¢), tae ¢ > 0.

Bsenem nopmuposammbie Bemnaunsl X; = (Y; — npj)/y/n u Gymem ucciesosars
ceoiicrBa BekTopa X = (X1, X2). KommnonenTsr X CKOHIIEHTPHPOBAHBI HA PeIeTKe

nj — np;

L:{X:($1,$2) : xj:Tj,j:LQ}, n; € L.

Torma pacrpegenenre CTATHCTAKT T¢ MOXKHO 3aIucaThb B BU/IE
P(T,(Y) < ¢) =P(X € B(c)),

rae B = {(z,y) : Ty(z,y) < c} m

re) = gy (0 (1 )+ (1 ) oo (= 750))
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MoXKXHO 1OKa3aTh, YTO MHOYKECTBO B¢(c) MPUHAJIEKUT KJIACCY TaK HA3BIBAEMBIX
0060OIEHHBIX BBITYKJIBIX MHOXKECTB.

ONPEJAEIEHUE 1. Muoxectso B C R? naswiBaercss 06OBIIEHHBIM BHITYK/IHIM
MHOYKECTBOM, €CJIM €r0 MOYKHO MPEICTABUTH B CJIELYIOIIEM BUIE:

B={(z,y): M(y) <z <b6i(y),y € Bi} = {(z,y) : Ao(z) <y < b2(z), z € By},

rie By C R, By C Ru Aq, 01, Ao, 05 — mHenpepbiBHBIE (DYyHKITUH, ONpEIeIeHHBIE HA,
B1 1 By cOOTBETCTBEHHO.

Crenyst pesyabraram fproabaa [1] u paborsr 2], mosyuanm, aro ecian ¢ gersipe-
w6l puddepermupyema u ¢ (t) mempepbiBHA B TOUKe ¢ = 1, TO

P(X € B%(c)) = J{ + J5 +O(n™?),

rae
¢ 2 1 ¢ Iy —
N® — wumcno Touex pemerku L B mEOoxectBe B?(c), V® — mmomans MHOXe-

ctBa B?(c). Takum 06pa3om, 3a1aua CBEIACh K ONEHKe WIeHa Jf .

s ajiena, Jg cIpaBeIiBa, OlleHKa SIpHOIb A Jg) = O(n~1/?), ommako ee Mowx-
HO YyJIYYIIIUTD. PaCCMOTpI/IM Ba*KHO€E HO,ZI;CGMGI‘/'ICTBO d)H—CTa.TI/ICTI/IK: CTEeII€EHHbIE CTATU-
CTUKU COTVIACHUSI, TTOJydaeMble pu JitoboM A € R BeiGopoM cieayiorieit hyHKITHH:

M — (A1) (u—1) -1

Pa(u) = AN+ 1)

B pabore [3] Acbiibekos, 3y60B 1 VibsHOB moKa3a/w, 9ro st VA € R u gst iro6oro
durcrpoBanHOrO ¢ > 0 BBIIOTHEHO

P(Ty, <c) = IP’(Xg <e)+ O(n_50/73(log n)315/146).

B nacrogimeii pabore T0Ka3aH aHAJOTMIHBIN PE3YIbTAT /i GOJIee MHPOKOTO KIacca
dwu-crarucruk. Tlpn jmokasaresbCTBe NCHOIB30BAINCH PE3YJILTAThl U3 061aCTH Teo-
pun wmcent (cu. [4]) ars onenkn pazmoctn N — nVe,

O6ozraanm Ry := R, \ {0}. B nannoii pabore jgokasana ciemyromast

Teopema 1. ITycts ¢ € CH(R ). Torma V¢ > 0 cipaBeammsa omenka
Jg) _ Oc,¢,p(n_50/73(log n)315/146).

Kak crencreue, moryuena ammnpoxcumarms P(Ty < c).

Teopema 2. ITycrs ¢ € C*(R,, ). Torga npu ¢puxcuposannom ¢ > 0 crpaBes-
JINBO COOTHOIIIEHHE

P(Ty < ¢) = P(x3 < ¢) + Ocg.p(n 2% (log n)?15/116).

3AMEYAHUE 1. B crarse [5| npuBesena HIUXKHsS OIEHKA Ha HOPSIoK Jy ' (rae
dbyukIws ¢1(u) cooTBETCTBYET KJIACCHYECKOI crarncruke xu-kpagpar Ilupcona):
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O(n*?’/ 4loglog n). Pesyprar e B HACTOsIIEH PABOTE MOYKHO 3AMMCATH CJICLYIONIAM
obpaszoM:
P(Ty < ¢) =P(x3 < ¢) + Ocpp(n*F), B ~0,065.

BaarogapaocTh. ABTOP BIpaykaeT 6JaroJapHOCTh CBOEMY HAYYHOMY PYKOBOIWTEIIO,
mpodeccopy KadeIpbl MATEMATHIECKOM CTATHCTUKY (BDaKyIbTeTa BEIYUCIUTETHHON MaTeMar-
mukn u kubepaeruku MI'Y um. M. B. Jlomonocosa, B. B. VabpaHoBy 3a mocrtanoBku 3amad
U I[eHHBIE 3aMEYAHWSA.

JIuteparypa

1. Yarnold J. K. Asymptotic approximations for the probability that a sum of lattice random
vectors lies in a convex set // Ann. Math. Statist.—1972.—Vol. 43, Ne 5.—P. 1566—1580.

2. Taneichi N., Sekiya Y., Suzukawa A. An asymptotic approximation for the distribution of
p-divergence multinomial goodness-of-fit statistic under local alternatives // J. Japan Statist.
Soc.—2001.—Vol. 31, Ne 2.—P. 207-224.

3. Asylbekov Zh. A., Zubov V. N., Ulyanov V. V. On approximating some statistics of goodness-
of-fit tests in the case of three-dimensional discrete data // Sib. Math. J.—2011.—Vol. 52,
Ne 4. —P. 571-584.

4. Huxley M. N. Exponential sums and lattice points II // Proc. London Math. Soc.—1993.—
Vol. 3, Ne 2.—P. 279-301.

5. Hardy Gr. H. On Dirichlet’s divisor problem // Proc. London Math. Soc.—1917.—Vol. 2,
Ne 1.—P. 1-25.

86



CbopHUK MaTepuaJion
XX BJIAJIMKABKA3CKOI MOJIOJAEXKHOM
MATEMATUYECKOMN IITKOJIBI
(24-25 miomst 2025 r.; oHITAIH)

Inasubriit pemakTop:
A. I Kycpaes

PemaxTopsr:
A. H. Kapamnerstar, P. Y. Kynaes

3aB. pegakuueii: B. B. Kutnzosa

Kowumwrorepras sBepcrka: M. V. Bazaraesa

OMU BHIIL PAH
362025, r. Bramukaskas, ya. Baryruna, 53.

ISBN 978-5-904695-51-4

785904"695514






