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TOHOJIOTMYECKUE CBOMCTBA BECOBBIX
[IPOCTPAHCTB I'OJIOMOP®HLIX ®VHKIININ
1 KJITACCUYECKUX OITEPATOPOB B HUX

A. B. Abanaun
(Poccust, Pocros-na-/lony, FODY;
Braankaskas, OMU BHII PAH)

B noxnane Oyaer npesgcraBieH 0030p pe3y/IbTATOB U MEPCIIEK-
TUBHBIX HAIPaB/IEHUIl WUCCAEIOBAHUN, MOCBANIEHHBIX WUCCIEI0BA~
HUIO KJIIOYEBBIX TOIOJIOTMYECKNX CBOMCTB BECOBBIX ITPOCTPAaHCTB
ro10MOpGdHBIX (DYHKIINI U KJIACCUIECKUX OMepaTropoB B Hux. K
HACTOSINEMY BPEMeHU TIOJIHOE PeIlleHre MHOTUX TpobjieM B JaH-
HO¥ 00/IaCTH YAAJI0Ch YCTAHOBUTD JIJIsI CIy9aeB eIMHUIHOTO KPyTra,
UJTA BCE TIJIOCKOCTU U PAJUAIBHBIX BECOB. DTO KACAETCs MpodieM
wioraocTd nouHoMOB (cum. 0630p C. H. Meprensua [1]) u 6u-
JBOMCTBEHHOCTH [2| BECOBBIX MPOCTPAHCTB C BECOBOI SUP-HOPMOIA,
a TaKXKe HEIPEPBIBHOCTU W KOMIIAKTHOCTU KJ/JIACCUYECKUX OIepa-
TOPOB B TaKWX TMpocTpancTBax (cMm. crarbu |3, 4] m 0630p X. Bo-
Hera [5]). Kak uzsecrno [6], pematomee suavenne npu nsydeHnu
MIEPEYUCTEHHBIX 33/1a4 B ODINEM C/Iydae UMeOT, TaK Ha3bIBaeMbIE,
ACCONMUPOBAHHBIE Beca. XapaKTepusalus PaluajbHbIX aCCOIUHU-
POBaAaHHBIX BECOB B CJjly4Ya€ €JUHUYIHOI'O KpPpyTra 1 BCEl MJIOCKOCTU
oeuta mosydena E. Abakymossim u E. y6muossiv |7, 8]. Huka-
KUX PEe3y/IbTAaTOB Jjig objacreit Oosiee obIero Bumaa J0 CUX TIOP
mojiydeHo He ObL0. B cBa3u ¢ aTuM OyeT mpuBEIeH psiJi HOBBIX
PE3YJIBTATOB O PEIIEHNN YIIOMAHYTHIX BBIIIE HpO6.HeM JJI4d CUJIBHO
3BE3/IHBIX 00/1aCTell U OTKPBITHIX TPOOIeMax 00 aCCOIUUPOBAHHBIX
Becax JJIsS HUX.
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I'PYIIIOBON AHAJIN3 OJHOMEPHOI'O
KNMHETUYECKOT'O YPABHEHU{ 11 [TPOBJIEMA
3AMBIKAHNS MOMEHTHOIT CUCTEMBI.
YPABHEHIA C CYBMAKCUMAJIbHBIMU
IPYIIIIAMI CUMMETPUIT!

A. B. Boposckux
(Poccust, Mocksa, MI'V;
Bramnkaskaz, HOMI] COT'Y),

K. C. IlnaTounoBa
(Poccust, Mocksa, MI'V)

Ob6cyxmaercst mpobjemMa IMOJy9eHus] yPABHEHU CILIONTHOM
cpesbl U3 KWHETUYECKUX YPABHEHUI HAa OCHOBE I'DYNIOBBIX METO-
noB aHamsa. OCHOBHast WIest COCTOUT B TOM, 9TOOBI, BHIYUC/INB
TPYIIY CUMMETPUNl KWHETUYIECKOTO0 ypaBHEHW, TIEPEHECTU ee Jieli-
CTBUE Ha, MOMEHTHBIE BEJININHBI, HAWTH UHBAPUAHTHI STON TDYIIIHI
KaK d)yHKL[I/Iﬁ OT MOMEHTHBIX BC/JINYUH U, 3a/JaBasd MHBAPUAHTHBIC
COOTHOIITEHUS MEXK/Y HUMU, YPE3aTh U 3aMKHYTh OECKOHEUHYIO CH-
CTE€MY MOMEHTHBIX YPaBHEHWII, MOJIYyYUB y2Ke KOHEYHYIO CUCTEMY
YPaBHEHU CIJIOIIHONA Cpe/bl.

OTa miesd peaau3yercs Ha MPOCTeHIneM OHOMEPHOM KWHETH-
YeCKOM ypPaBHEHUH

fi+cfe+ (Ff).=0. (1)

[pymmosoit ananu3 ypasuenus (1) ocyimecTsisiercs B Kiaacce Tud-
dbeomopdusmos nmpocrpancrsa Beex Bemund t, x, ¢, f (a B ciayvae
IPYTIBI SKBUBAJIEHTHOCTH — erre U F'), KOTOpble yI0BIeTBOPSIIOT
CJIETYIOIIAM TPEM yCJIOBHUSIM:

! PaBora BBImOTHEHS TIpH (GUHAHCOBOI momAepkKe MUHMCTEPCTBA HAYKH T
BeIcirero obpazosanust Poccuiickoit Pemeparuu, cormamrenne Ne 075-02-2025-
1530.
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® yCJIOBME WHBAPUAHTHOCTHU MPU STUX MPE0OPA30BAHUAX COOT-
HOIIeHU

dr =cdt, dc= Fdt, (2)

YTO BBIPAZKAET COXPAHEHWE OTHOINEHUS MEXKIy (DU3MUECKUMU Be-
mmanaavu (t, x, ¢, F);
® YC/IOBME MHBAPUAHTHOCTU CEMEHCTBA MPSMBIX

dr =dt =0, (3)

HeoOX0IuMoe, ITOOBI COXPAHSICT (DUINIECKUN CMBICT MOMEHTHBIX
BeJINYUH;

® yCJIOBUE MHBAPUAHTHOCTHU MPU 3aMEHaX TTepEeMEHHbIX BeTuYIn-
HbI

(14 cby + FO.)f(t,z,c)dxde (4)

Ha, JT1000ii ToBepxHOCTH ¢ = O(Z, ¢), YTO BBIpasKaeT HE3aBUCHMOCTH
KOJINYECTBA, YaCTHUIL OT BBIOOPA CHCTEMBI KOODIUHAT.

YCTaHOBIEHO, YTO TPYIIA TOYEUHBIX IPeoOpa30BaHUil MPo-
crpaHcTBa niepeMeHHbIX (t,x, ¢, f, F), oCTaBjsIiONINX WHBAPUAHT-
HBIME cooTHOmeHns (2), (3) u Beamumny (4), coBmamaer ¢ rpyrm-
noii guddeomopdusmos npocrpaHcTBa nepeMeHHbIx (t,x) u 1o-
POXKJIEHHBIX UMHU TIPe0OPA30BAHUI OCTAIBHBIX MEPEMEHHBIX; TPYII-
a SKBUBAJEHTHOCTH ypaBHeHus (1) coBmasaer ¢ 9Toii Tpymmoii.

OcymecrBinena rpynmnoBas knaccudukanus ypasaennii (1) B
YKa3aHHOM KJIacce peobpazoBanuii. s Moy YeHHBIX TPYIIIT CHM-
MeTpuii BBIYUC/IEHO JEfCTBHE STUX IPYIIT Ha MOMEHTHBIE BEJINYH-
HBI ¥ HANeHbl HHBAPUAHTEI.

B cayuae F' = 0 naiigennsiit quddepeHnuaibHbIil HHBAPUAHT
npuses K cucreme py + (pu), = 0, ug + uu, = 0, KOTOpasg XOPOIIo
M3BECTHA KaK yPaBHEHWs «TIHMIPOJMHAMUKK 0e3 jasiennss. [Ipn
9TOM KazkaoMy perternio (p(t, z), u(t,z)) ¢ HATATLHBIME 3HATEHN-
simu po(z) u ug(x) coorBeTcTBYET pacipejeseHne

f(t,z,c) = po(x — ct)d(c — up(x — ct)).

g ypaBHeHuit ¢ TpexMepHbIMA (CyOMAKCHMATBHBIME IO Pa3-
MEPHOCTH) TPYNIaMu CUMMETPUil MCXOJHYIO MOCTAHOBKY 3a/a9u
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MPUIILIOCH TPAHCHOPMUPOBATE, TTOCKOIBKY [IJIsl TAKUX YPaBHEHU
0KAa3aJ/I0Ch, UTO MOMEHTHBIX BEJIMUWH MMOPAJIKA BBINIE TIEPBOTO HET
B [IPUHIIATIE.

910 noTpeboBasio epedopMyIUPOBATH 3324y B TEPMUHAX UC-
XOHOTO pactpeseniennsi. OHA COCTOUT B TOM, YTO HEOOXOIUMO pe-
mmTh cucreMmy u3 ypasaenusi (1) ¢ OfHON CTOPOHBI, U M3 ypas-
HEHUil, MPE/ICTABSIONNX YC/JIOBUE WHBAPUAHTHOIO BBIpaKeHus f
Jepe3 MepBble JIBe MOMEHTHBIE BEJIMYUWHBI C JAPYTOil CTOPOHBI, a
3aTeM yKe JiJisd 9TUX f CTPOUTDH YpaBHEHUS CILJIONTHOW CPEJIbl, CBS-
3BIBAOIIME KAaK Pa3 9TU JBE MOMEHTHBIE BEJUUNHBI.

OnHaKO U TYT 0Ka3aJI0Ch, YTO COBMECTHOCTH MCXOTHOTO YpaB-
HEHUsl W YCJIOBUIl MHBAPUAHTHOTO BBIPAXKEHUSI OMpPEIessieT HEKO-
TOpBIE YPABHEHUS, 33 JAIOIINE CBI3b MEXKIY TEPBBIMU JBYMS MO-
MeHTHbIME BejunanHamu. OHE U OKa3bIBAIOTCST UCKOMBIMEU «ypaB-
HEHUSIMU CILIONTHON CPEJIbIs.



OBPATHBIE KOSOOUIMNEHTHBIE 3AJTAYN
B TEOPUU VIIPYT'OCTU: IOCTAHOBKU
11 METOJIBI NCCJIEZOBAHI !

A. O. Baryiaban

(Poccust, Pocros-na-/lony, FODY;
Bragukaskas, FOMU BHII PAH)

3a mocjeHMe TOABI WHTEPEC K 0OPATHBIM KO3 MUITMEHTHBIM
3aJladaM — TOCTAHOBKAM, AHAJUTUYECKUM U YHUCJEHHBIM MeTO-
JlaM PeIeHusl — 3HAYUTEIbHO YCUIUICA. DTO CBI3aHO C POCTOM
NPUJIOZKEHUI B CAMBIX PA3IUIHBIX 00JIACTIX €CTECTBEHHBIX HAYK
n B TexHWKe. B HacTosee BpeMst 0COOEHHO aKTUBHO Pa3BUBAIOT-
Cd TPUIOKEHUsS] B TEXHOJOTHUSX TPOU3BOACTBA (DYHKINOHAIBHO-
TPAAVUEHTHBIX MATEPUAJIOB U ONTUMHU3AIIUN IJIEMEHTOB KOHCTPYK-
1Inii, U3TOTOBJIEHHBIX TpU mToMoIu 3D mevuaTu, mpu npou3BOJICTBE
9JIEMEHTOB KOHCTPYKITHiL, 00JIaIafOIIX MHe30CBOWCTBAME, B TOM
YUCie W TPU HEOJHOPOJHON MOJSpu3aliuu, B OMOMEXaHWKe MpU
nneHTuUKAINT POCTOBBIX KOI(MMUIIMEHTOB 1 CBOHCTB Ouostormde-
CKUX TKaHeii (OMICBIBAEMBIX B PAMKAX ITOPOYNPYTHX, BAZKOYIIPY-
Irmx mn HeJ’[HHeﬁHO—pryFHX Moﬂeﬂeﬁ MeXa,HI/IKI/I) — KOCTHad TKAaHb,
MATKUE TKaHU — CYXOXKWJINA, MBbIIMICYHad TKaHb, TKaHb CKJIEPHI,
B TeXHUYIECKOil (pusmke, B reodpusnke u ropuoii mexannke. CoBep-
MIEHCTBYIOTCA U YTOYHAIOTCA TOCTAHOBKU 3a/a9 B COOTBETCTBUU C
U3MEPSIEMbIMI XapaKTEPUCTUKAMU U BO3IMOKHBIMY CITOCODAMU BO3-
JeficTBUS; 0COOYIO POJIb UTPAIOT YIPOIIEHHBIE TOCTAHOBKH.

OcHOBY MaTeMaTHYIeCKMX MOjejieii B OOpaTHBIX 3aadax Co-
CTaBJIAIOT TTOCTAHOBKH TPAMBIX 3a/Ja9 MEXaHUKN JIJId HEOAHOPOI-
HOI1 CILJIONITHO# Cpe/ibl B paMKax Jinh0 CTAIIMOHAPHBIX BO3/IEHCTBHIA,
b0 TPy aHaM3e PABHOBECHS TIPU PA3IUIHBIX THUMAX HATPY30K.
HomoauTe1bHOM nHpOPMAaIKell Ipy MOCTAHOBKE 00PATHBIX 3a/1a4

"Meccmenosarme soimommeno 3a caer rpanTta Poccmiickoro HayaHoro dhomnma
Ne 22-11-00265-I1, https://rscf.ru/project/22-11-00265/, B FOxxroMm denepasn-

HOM YHHUBepCHUTeTe.
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CIy’KAT W3MEPEHHBbIE HA T'PAHUIE TeJIa KOMIOHEHTHI (DU3UIECKUX
moJieit, B MEPBYIO OUYEpe b CMEIIEeHUl, 3aBUCIIINX Jub0 OT KOOp-
OUHAT, TUO0 OT JacToThl Koyebanuit. OTMeTnM, 9T0 COOTBETCTBY-
FOIIME TIOIXO/IBI OTJIUYAIOTCS B 3aBUCUMOCTHU OT TOT'O, T/l 33 aHbI
(M3MepeHsl) CMeIeHns — OJ] HAarpy3Koii (3amada A) niam B obs1a-
crm, rjie HArpyska orcyTcTByer (3agaua B).

OrMmeTuM, YTO ONWCAHHBIE BBIIIE TOCTAHOBKU MOPOXKIAIOT
HeJIMHeHbIe TPO0/IeMbl OUINHEWHOrO THUIa, MOCKOJIBKY OIMEPATO-
PbI TI0 OTHOIIEHUIO K CMENIEHUSIM U YIPYTUM MOJYJISAM SBJISOT-
Cd JIMHEHHBIMA ¥ OMUCHIBAIOTCS cucTeMamu JuddepeHnabHbIX
YPaBHEHU BTOPOrO M MEPBOTO TOPSAIKOB COOTBETCTBEHHO. Buin-
HEITHOCTE TMO3BOJSET JOCTATOYHO MPOCTO (OPMYIUPOBATH UTEPA-
IIMOHHBIE MPOIECCHl B 3aade A, Ha KayKJOM Iare KOTOporo Heob-
XOAUMO pelraTh OPAMYIO 3a/ady C IepeMeHHBIMU YOPYTUMU KO-
s durmeHTaM ¥ CUCTEMY WHTErpaJbHBIX ypaBHenuit Openrosib-
Ma TIepBOro poja € TVIAJKUMU siIPAMU OTHOCUTEIBHO MOMPABOK K
koaddurmentam. OTMETHM, 9TO CUTYAIUs 3HATATEJIBHO YITPOIIa-
ercs, KOrJaa MCKOMBIe (PYHKINNA KOIMPUINEHTH BHIOMPAIOTCS U3
HEKOTOPOro KOMITAaKTHOT'O MHO?KECTBA, B 9aCTHOCTU B BU/E JINHe-
HO¥ KOMOMHAIINY U3BECTHBIX (DYHKITUI-TIOTMHOMOB, SKCIIOHEHT. To-
I3 B paMKax 3ajJadr A BMeCTO WHTerpaJibHbIX ypapHeruit Ope-
rojibMa 1-To pojia JOCTATOYHO PEIaTh JIMHEHHbIE ajaredpaniecKue
cucTeMbl HEOOIBINOT PA3MEPHOCTH (C TIOMOIIBIO METOJIA PETYJIsAPH-
sanun TUXOHOBA B CJIydae WX mepeonpeeeHHocTn). Pakruaeckn
Cy>KeHre MHOYKECTBA, TTONCKA TIO3BOJISIET CBECTHU 3a/a9y K KOHETHO-
MEpHOIi ajrebpanteckoil mpobjeme Jijis HEKOTOPOTo OMIUHEHHOTO
ortepaTopa. B 60bIITHHCTBE UCC/IeTIOBAHNI TAKOTO TUIIA, O I00HBIE
3aJ1a9N, OTMMCAHHBIE B JINTEPATYPE, PEITAIOTCA TUCICHHO Ha Oase
MuHAM#3AIYE (DYHKITMOHAIA, HEBA3KU, TPUUYEM B MTOC/IEIHIE TOIbI
K 9TOMY JOBOJIBHO 9aCTO MPUBJICKAIOTCA T'€HETUICCKNE UJIN 6I/IOI/IH—
CIUPUPOBAHHBIE AATOPUTMbI. OTMeTUM, 9TO 3 PEKTUBHOCTH TAKO-
o mOJIX0/Ia B 3HAYUTEJIbHON CTeNeHU 3aBUCUAT OT PA3MEPHOCTH ITPO-
CTPAHCTBA IOWCKA, B TEJIOM TAKO TOIXO/ TPOUTPBIBAET MO TOY-
HOCTU M BPEMEHU PeEaJN3allu B CPAaBHEHUN C IMEPBBIM IIOAXOI0M.
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B zagague B Takoro Twma uTeparmoHHbBIN MPOIECC PeaIn30BaTh
HE yJlaeTcs B cuty creruduku (hopMyaupyeMbIX TPAHUIHBIX YCI0-
BUI JIJIsT UCXOJHOTO omneparopa. lIpemioxkeH WHOI MOIXOM, OCHO-
BAHHBIN HA MOAMMUKAIME MeTOIa aJredpamsanun u caaboil mo-
CTAHOBKe MpAMOil 3aa4u. B 3a/1aue Takoro Tuma Ha MepBOM 3Tarle
MPEJIAraeTCsl OTHICKUBATH TIOJIsT CMEIIEHUH WJIN HAPSKEHU u3
caaboit moctanoBKU. Bo3MoykeH BApUAHT OTHICKAHUS TIOJIEl CMere-
HUI ¢ TIOMOIIBIO TTPOEKIMOHHOTO MEeTO/Ia, TPUMEHEHHOTO K yJacT-
Ky T'PAHUIIBI, HA KOTOPOM COOTBETCTBYIOIINE KOMIIOHEHTHI BEKTOPA
HalpPsi>KeHWH paBHBI HYJII0, 8 CMEIIeHUs] 33JaHbl, UTO MTOPOXKa-
€T HEKOPPEKTHYIO 3ajady Koiu [ijist S/IHITUYeCKOro OmepaTopa
teopuu ynpyrocru. llociie onpeneneHust moJIsi CMEIIEHU 3a1a9a,
CBOJINTCS K TIEPBOI MTOCTAHOBKE /15T KOI(D(DUITUEHTHBIX 00PATHBIX
3aJ1a4 JJIsi OTIepaTopa B YaCTHBIX MPOU3BOIHBIX [TEPBOTO MOPSIKA,
CIIOCODOBI peIIeHrs KOTOPOi JOCTATOYHO MOAPOOHO pa3padOTAHEI.
SuauuTepHO ymporaercs pererne O3 B JBYMEPHOM CIydae B
paMKax TJI0CKO# 3ajaun. Tak, HampuMmep, B IJIOCKON 3ajade Teo-
pUU yOPYTOCTHU JJis T€jia, OTPAHUIEHHOTO TVIAIKONH KPUBOM, MOXK-
HO BBECTHU (DYHKIUIO HAIPSIXKEHUN DPU U OTHICKUBATH €€ B BUJIE
JINHEHHOW KOMOWHAINN TOJTUHOMHUAIBHBIX (DYHKIINN, a MpobHbIE
[OJIsi CMeIleHuii BeIOMpaTh B Buje HAaOOpa ABaXKIbl guddepen-
[IUPYEMbBIX B UCCJIemayeMoi obyactu (DyHKIH, Y/I0BIETBOPSAIONIAX
[JIABHBIM TPAHUYHBIM yCJIOBHAM (B TOM 9WHC/IE W MOJMHOMOB). U3
c71a00i TOCTAHOBKY TIOJTyYa€TCsI CUCTEMA, JIMHEHHBIX YPABHEHMIT OT-
HOCUTEJILHO KO3 MUIMEHTOB, Pa3PEITnB KOTOPYIO0, MOXKHO HANTH
GYHKIINIO HAPSIXKEHNUI, Ja/iee CAMU HANIPsIKeHus U e OpMaliii,
BBIDAYKEHUsT JIjIT KOTOPBIX COJIEPKAT JBE MCKOMBIE HEU3BECTHBHIE
dbynknun (napaverpsr JIsve). [Ijist nX HAXOXKJAEHUS UCTIOIB3YIOTCS
TPaHUYHBIE YCIOBUA Ha TepeMelrienus. B psijie 3a1a4 /i1 KaHOHU-
9eCKO KOH(MDUTYPAIUU TUTTA, TPSIMOYTOJIbHUKA, HEM3BECTHBIE (DYHK-
AU B CIy9ae UX 3aBUCUMOCTH OT OJTHO¥ KOOPIMHATHI HAXOJISITCS C
ITOMOIIIHI0 PEITeHns WHTErPaJIbHbIX ypaBuenuii Bosbsreppa. B 00-
IIeil CUTyaluu UCIOJIb3yeTCd WX MpeJCTaBJIeHue B BUJIE JIUHEIHHON
KOMOWHAIINY U3BECTHBIX (DYyHKIWH, a KOIDDUINEHTH HAXOSATCS
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"3 JIOTIOJIHUTEIbHBIX TPAHUIHBIX ycaosuit. [IpemmyriecTBa mnpes-
JIAraeMOT0 TIOJIX0JIa TPOSIBIISIFOTCS, KOT/Ia UCKOMBIe (hyHKIHA (Un
MOJIATIMBOCTU) OTHICKUBAIOTCSA CPEM JIMHEHHBIX WM KBa/IPaTHY-
HBIX.

IIpencraBiaensl mpuMephl PeIeHns 3aa9 I TPIMOYTOILHI-
Ka C 3allleMJIEHHBIM TOPIIOM, Ha OPTOTOHAJBHON K TOPILY T'PAHUIIE
JlefiCTByeT IPOM3BOJIbHAA HOPMaJibHasd HAarpy3kKa, CMellleHus 3a/1a-
HBI Ha MTapaJslieIbHON T'DAHUIIE.

L5t KOHCOTbHO Oa/IKu, HATPYKEeHHON MOMEHTOM, Tie HHMOp-
Mallfs O CMEIEHNAX 3a/laHa Ha YaCTH IPAHUILI, TTOCTPOEHO pelle-
HUE JJId MOJAATINBOCTU B KJlacCe MOJTUHOMOB.



PEITEHUE 3AJIAYN MUJIJIMOHIITNKOBA
O MUHOPAHTAX ITOKABATEJIEN JIAITYHOBA

A. H. Beroxun
(Poccusg, Mocksa, MI'Y)

Hanomunwm, gro must mobeix n € Ny k € {1,...,n} u cucrems
T=A(t)x, z(t)eR, teRy,

C HENPEePBIBHBIMI OTPAHMYEHHBIME KOI(DDUIMEHTAMI U T0Ka3aTe-
aamu Jlamynosa A1 (A) < ... < A\, (A), MakcuMaTbHAS Oy HEIIpe-

PBIBHAS CHU3Y MUHOPaHTa k-TO rmokaszaress JIamyHoBa onpesesis-
ercsa popMmyioit
Ar(A) = lim inf Ae(A+ B).
£=0 {B: sup HB(t)H<5}
teR

[To MeTpuvyecKOMy MPOCTPAHCTBY .# U HENPEPHLIBHOMY OI'DAaHMU-
YEHHOMY OTOOPaKeHUIO

A M x[0;+00) = EndRR" (1)

mocTponM (QyHKITHATO
= Ap(Alp, ) (2)

B noxmaze [1] 6611 mocTaBien BOIPOC 0 TOTHOM O3POBCKOM KJIACCe
dbyukmnun (2). Cam B. M. MujinoHIMKOB YCTAHOBUIT, YTO TIPH JTFO-

oom n € N u k = 1 munopanTa MJIa/Irero moxkasaresis JIsamynosa
COBIIQ/IAET C HUZKHUM TIEHTPAJTLHBIM MoKa3areseM Bunorpania [2], a
nosromy byHkms (2) NPUHAIJIEKUT TPETHEMY O3POBCKOMY KJIAC-
cy. Hanee B pabore [3] 66110 m0Ka3an0, uTO Tpu N = 3 HYHKIHH
Ao(r) m Az(+) npunagnexar tperbemy 6poBckomy Kiaccy. Oka-
3aJ10Ch, YTO AHAJIOTUIHBIN PE3YJILTAT CIPABEIJIUB IS IPOU3BOJIb-
eix n > 3u k€ {2,...,n} [4].

B crarbe [5] B ciiyuae, Korga 4 siBisiercsi MHOXKECTBOM B up-
paInoHaJIbHBIX YUCEJI C MEeTPUKOHN MHIYIIUPOBAHHON eCTeCTBEeHHONI
METPUKOI BeIleCTBEHHON NpdAMOii, yCTaAHOBJIEHO, YTO CYIIECTBYeT
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orobpaxkenne (1) rakoe, uro dbyHkuus (2) He NPUHAIJIEKUT TPe-
TheMy KJjiaccy Bspa. OxasbiBaercs cupaBemius OoJiee obmmit pe-
3YJIBTAT.

Teopema 1 [6, 7|. Eciam npocrpancrso M coxepxur Fs-
MHOKecTBO, He spJstiorfeecst (§5-MHOXKECTBOM, TO JIIs JIFOOBIX
n>2muk € {1,...,n}, naiigerca orobpaxenne (1) rakoe, 4ro
¢yuknms (2) HE npHHAAIEKHUT BTOPOMY O3POBCKOMY KJACCY HA
pocTpaHcTBe M .

P. Bsp ycranosun (8], 4TO MHOXKECTBO MUPPAIMOHAIBHBIX Y-
CeJI, Y KOTOPBIX HETOJHbIE YaCTHBIE TIPU PA3JIO2KEHUUW B IEIMHYIO
JIPOOL CTPEMSTCs K OECKOHETHOCTH, SIBIAETCS F,5-MHOXKECTBOM U
He saBjsteTcst (G5,-MHOXKECTBOM B TpocTpaHcTee A. Vcnoab3yst 910T
pesyabTaT u TeopeMy 1, moJydnm

Teopema 2 [6, 7|. Ecin # = [0;1],n >2uk € {1,...,n}, 10
Haiijercs orobpazkenne (1) takoe, uro ¢pyukus (2) ne npuHaIIE-
JKHT BTOPOMY G3POBCKOMY KJIACCY Ha MPOCTPAHCTBE M .
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JIMHENHBIE BOJIHBI HA BOJIE, [IOPOYK/JIEHHLIE
JIOKAJINM3OBAHHBIMI NCTOYHUNKAMUN
B VIIPYT'OM OCHOBAHUN: CITEKTPAJIbHBIE
BAJIAYN U OOPEKTUBHBIE ACUMIITOTUKI!

C. 0. 1obpoxoToB
(Poccust, Mocksa, ITIMex PAH)

B pamkax momesm IloabsanoibCKOro paccMaTpuBaeTCss BO3HU-
KAIOIas pY ONMCAHUY BOJIH ITYHAME 33,129, OMIChIBaeMast (PyHK-
UMY, 3aJaHHBIME B CJ10€ skujakoctu (ypasnenuwem Jlammaca) n
B GECKOHEYHOM MOJTyIPOCTpPaHCTBe (ypaBHeHusiMu Jlame), CBI3aH-
HBIMU TPAHUYHBIMEU YCJIOBUSIMU W YCJAOBUsSIME compsizkenunsi. Ma-
TeMaTuIecKas HECTAHIAPTHOCTD 3379 COCTOUT B TOM, UTO ITPO-
W3BOJIHBIE TI0 BPEMEHU IPUCYTCTBYIOT B ypaBHeHusx Jlame m or-
CYTCTBYIOT B ypaBHeHUN Jlammaca, KpoMe TOTO, YaCTh IPAHIIHBIX
yCJIOBUY BKJ/IIOYaeT B cebs MPOM3BO/HBIE 1O BpeMmenu. B mpesmno-
JIOXKEHWUW, 9TO YIPYTroe OCHOBAHUE OHOPOIHO U I'DAHUIIA Pa3Iesa
YIOPyToe OCHOBAHWME YKUJIKOCTb — TOPU30HTAJBHAS ILJIOCKOCTD, 3a-
[lada C MOMOIBI0 mpeobpazoBanus Pypbe CBOAUTCS K U3YICHUIO
crieKTpa (CJI0KHON CTPYKTYPBI) OMEPATOPHOTO IMydYKa 110 BEPTH-
KaJIbHOI IepeMEeHHOIl. DTO, B CBOIO OYEpE/b, JAET BO3MOXKHOCTH
IpaBUIbHO CcHOpMyIUPOBaThH 3a7a4dy Koimm u mpencraBuTh MO-
c/le pssla MOJIE3HBIX Npeobpa3oBaHuii («TPIOKOB») ee pereHue ¢
HAYAJbHBIMA JTAHHBIMU, JOKAJIU30BAHHBIMU B YIPYTOM MOJYIPO-
CTPAHCTBE, B IPOCTOI KOHCTPYKTUBHOM POPME IBHO OTPAKAIOIIEHT
B/IMSIHIE TTapaMeTpOB 3aJadM, TaKUX KAaK pPa3Mepbl, IIyOWmHa 3a-
JIETQHWS W HAIpaBJIeHUd JefCTBUS MCTOUYHWKA, CKOPOCTH PACIpPO-
CTPaHEHUs YIIPYTUX BOJIH, ILIOTHOCTH KUJKOCTH U YIIPYTOH CPeIbI
U TJIyOUHBI CJIOsT KUIKOCTU. TakKe mo/IydeHHbie (hOpPMYJIbI TO3BO-
JISTIOT TIOCTPOUTDH «IKBUBAJIEHTHBIE MCTOYHUKUY, KOTOPHIE MOLYT

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro
domma, mpoekt Ne 24-11-00213.
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6bITB UCIIOJIB30BaHbI TIPpU OMMHUCAHWUU BOJIH IIyHaMHW B PaMKaX TaK
Ha3bIBAEMOU «IIOPIIHEBOU MOIEIN».

Jokjiaj, ocHOBaH Ha pe3y/braTrax, MOJy4YeHHBbIX B COBMECT-
wbix paborax ¢ P. I'pummseiM, K. Bapracom, X. WibsicoBbiM,
C. 4. Cekepx-3envkoBudem, O. Toscrosoit, . UyaunoBudem u
A. Mkanukoswbim. [locteane pe3yabraThl, MPECTABIEHHBIE B J10-
KiIaze, noanepxkansl PH®, mpoexkT 24-11-00213.



INVERSE POSITIVITY OF A DIFFERENTIAL
OPERATOR ON A METRIC GRAPH!

V. A. Eloeva
(Russia, Vladikavkaz, SMI VSC RAS; NOSU),

R. Ch. Kulaev
(Russia, Vladikavkaz, SMI VSC RAS; NOSU)

We study the positive invertibility of the linear differential
operator L, of the fourth-order boundary value problem on a graph
that arises in modeling Euler—Bernoulli beam systems. We briefly
write the corresponding boundary value problem as

Lyu= Lou+r(z)u= f(z), xel, (1)

u{ﬁp (Yu' — pu”) {61‘ =0. (2)
Here L, is a differential operator with the forcing term r(x)u;
the operator Ly is defined by Euler—-Bernoulli beam equations on
the edges of I', and by sets of the rigid joint conditions at the
junction nodes [1, 2|; II" is the boundary of T".

By a differential equation (1) on a graph, following [1, 3], we
understand the set of differential equations on the edges and the
set of consistency conditions at the interior vertices. The equations
on the edges have the form

(p(x)u")" + r(z)u = f(z), =€ B(), (3)
where p € C2[E(T)], infzer p(z) > 0, and 7, f € C[I).
At each junction node ¢ € J(I'), |I(c)| > 3, we impose the
following transmission conditions:

ui(c) = u(e) (Viel(e),
u;i(€) = aki(c)uy(c) + azi(c)uj(c) (Vi€ I(c) \ {3, k}),
> ani(o)(piuf)(c) =0, Y. a@)paf)(e) =0,

i€l(c) i€l(c)\{j.k}

! This work was supported by the Ministry of Science and Higher Education
of the Russian Federation, agreement Ne 075-02-2025-1530.
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> i) () +r(c)u(e) = f(e), ceJ(I). (5)

i€l(c)

Here k and j are fixed indices from I(c); ag;(c), aji(c) are given
real numbers.

The system of relations (3)—(5) is called the differential equation
on the graph I and is denoted by Lou = f(x). A solution of this
equation is any function u(x) € C*[I'] continuous on I' that satisfies
the corresponding ordinary differential equation (3) on E(I') and
obeys conditions (4), (5) at each inner vertex.

Thus, the differential operator Lo : D — C[I'] is defined by
relations D = {u € C*[I'] : u satisfies (4) on J(I')},

(p(x)u")", z e B(I),
Lou(ﬂf) = 'elz( )(pi(x)ug’)', = J(F); (6)

Lyu(z) := Lou(x) + r(z)u(x), el

Throughout we assume that the graph I' is a tree.

For each vertex a € OI', we define a pair of functions w, v,
that are solutions of the equation L,u(x) = 0, z € T, satisfying
the following boundary condition

wa(a) =1, ¥(a)wg(a) — Ba)wgy(a) = 0,

wa‘ar\a (19’[1) ,3’[1)” ‘OF\a 0;
va(a) =0, (a)vy(a) — Bla)vy(a) = 1,

Ua‘(?l“\a (197) /BU” ‘GF\a =0.

DEFINITION 1. The differential operator L, is said to be
nonoscillatory on a graph T' if for each vertex a € JI' the
corresponding solution v, is positive on I'.

DEFINITION 2. We say that the operator L, ), is critically
nonoscillatory on T if for each vertex a € JI' the corresponding
solution vy (x, A) is positive on I' and if there is a vertex ag € o'
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such that the solution v,,(z, A) has a triple zero at some boundary
vertex.

Let us consider functions r,,r* € CI[I']. Denote by L,,, L=
differential operators generated by relations (6) with the coefficient
r =r, and r = r*, respectively.

Corollary 1 (Comparison Theorem). Let 0 < r(z) < 7*(z)
on I'. If the operator L.~ is nonoscillatory on I', then the operator
L,, is nonoscillatory as well. Conversely, if the operator L,, is
oscillatory on I'; then the operator L,« is oscillatory as well.

Corollary 2. Let A’ > 0 on I. If the operator Lyo = Lo+ \°I
is critically nonoscillatory on I', then there exists a pair a,b € OI'
such that the number \° is the smallest positive eigenvalue of the
following spectral problem

Lou+X =0, xzeTl,
“‘ar = (Y’ — ﬂu/l)‘@F\{a,b} =0, 4'(b)=u"()=0.

DEFINITION 3. The operator L, is called inwverse-positive if
and only if for all uw € D satisfying the boundary conditions (2)
Liu>20= u>0.

Denote by A? a positive constant such that the operator Ly :=
Lo + Mol is critically nonoscillatory on I'. By A9 we denote the
principal eigenvalue of the operator Ly.

Theorem 1. Assume that the operator Lg is nonoscillatory
onT. Let —\g < r(z) < A\, 2 € T UAL. Then the operator L, is
inverse-positive.
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COLLECTIVE ORDER BOUNDEDNESS OF SETS
OF OPERATORS BETWEEN ORDERED
VECTOR SPACES

N. Erkursun Ozcan
(Turkiye, Ankara, Hacettepe University)

Collectively compact sets of operators between normed spaces
were introduced by P. M. Anselone and T. W. Palmer. Recently,
collectively qualified sets of operators on Banach latticed were
investigate by many authors. In this talk the following results
are explored. Each collectively order continuous set of operators
from an Archimedean OVS with a generating cone to an OVS is
collectively order bounded; and each collectively order to norm
bounded set of operators from an ordered Banach space with a
closed generating cone to a normed space is norm bounded. Several
applications to commutative operator semigroups on ordered
vector spaces are given.

It is the joint work with E. Emelyanov and S. Gorokhova. The author

acknowledges the financial support from the Turkish Academy of Science
under the name Scientific Support after GEBIP.



HEKOMMVYTATVBHBIE MEPHI JIAITYHOBA

K. K. Kynaiitbeprenon
(Kurait, Xapoun, XIIV)

Jlok/1a/1 TOCBSIIEH HEKOMMYTATUBHBIM MPOCTPAHCTBAM U Me-
pam JIsmyHOBa. YCTAHOBJIEHO, YTO KJIACCUYIECKOE MTPOCTPAHCTBO
JIgamyHoBa aBTOMATHYECKU SIBJIAETCS HEKOMMYTATUBHBIM IIPO-
CTPAHCTBOM JISMyHOBA. DTO MO3BOJISIET MOy IUTH 0600IIEHIE BEP-
cvm Teopembl JIamyHoBa, monyuernoe B pabore Akemana — Anmep-
cona [1]. ITokazano, 9T0 HEKOMMYTATHBHBIE MepHI JIAMyHOBA HMe-
10T 1IyOOKYIO CBsA3b C TaK Ha3bIBaeMoil «mpobsiemoit Kaprerrepay,
npesyioxkennoit Kagnconom B 2002 romy [2|. B wactHOCTH, mpes-
CTaBJIeHO perienne 3agaan Kapriearepa 0 mogadakTopax B KOHEY-
Hoit ayrebpe don Heiimana. Takke mpecTaB/ieH TOIOKUATETbHBII
oteeT mpobaembl Kaprenrepa mis daxkTopos trma 111, cBsI3aHHBIX
€O CBOOOJHBIMU TPYIIIAMU, U9TO SIBJIIETCS 000DIEHNEM OCHOBHOTO
pesyabrara pabors! [3]. Joksan ocHoBaH Ha coBMeCTHOi pabore ¢
Xyanom JIxuaxao u @emopom AnarombendeM CyKOUEBBIM.
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SOME ANALYTIC PROBLEMS
WITH ALGEBRAIC SOLUTIONS!

A. G. Kusraev
(Russia, Vladikavkaz, VSC RAS)

In analysis, often arise problems that are of purely algebraic
nature and are reduced to some algebraic considerations. This
talk aims to present three such instances. The research method
is Boolean wvalued analysis, a branch of functional analysis that
uses a special model-theoretic technique wich consists in studying
the properties of a mathematical object by means of comparison
between its representations in two different set-theoretic models:
the von Neumann universe (Cantorian paradise) and a specially
selected (constructed) Boolean valued universe over a complete
Boolean algebra, see [1].

I. The Wickstead Problem. A. W. Wickstead in [2] raised
the question of the conditions for all band preserving linear
operators to be order bounded in a vector lattice. In [3, Theo-
rem 2.1 and [4, Theorem 3.2] it was showed that all band
preserving operators in a universally complete vector lattice F are
bounded automatically if and only if E is locally one-dimensional.
Gutman found a significantly different solution in [5].

Theorem 1 (Gutman, 1995). All band preserving operators
in a universally complete vector lattice G are order bounded if and
only if the Boolean algebra of bands P(G) of G is o-distributive.

The Boolean valued analysis approach to band preserving
operators as developed in [6] reveals new interconnections. In
particular, every band preserving linear operator can be repre-
sented as a linear operator in the field of reals & considered as

!The research was executed at North-Caucasus Center for Mathematical
Research of the Vladikavkaz Scientific Centre of the Russian Academy of
Sciences, with the support of the Ministry of Science and Higher Education of
the Russian Federation, agreement Ne 075-02-2025-1633.
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a vector space over its subfield R" within an appropriate Boolean
valued model. Now, working in this model the construction of a
discontinuous R”-linear operator in & can be carried out by using
the algebraic fact that the Hamel basis of % is infinite, whenever
R”" is a proper subfield of Z, see [1, Chap. 4].

II. The Ayupov Problem. In 2000, Sh. A. Ayupov proposed
a program for studying the derivations of algebras of measurable
operators associated with von Neumann algebras. One of the
central questions is worded as follows: Are there non-trivial (=non-
zero) derivations on the algebra of measurable operators associated
with von Neumann algebras?

In 2014, R. Kadison and Zhe Liu [7] noted that the problem
remains open for the case of von Neumann algebras of type I1;.
The final nail in the coffin of the problem was driven in 2019 by
Ber, Kudaybergenov, and Sukochev [8].

In the commutative case, the Ayupolv problem can be
formulated as follows: Find necessary and sufficient conditions for
the existence of non-trivial derivations on a universally complete
complex f-algebra. The solution in this case was obtained in Ber,
Sukochev and Chilin [9, 10] and Kusraev [11].

Theorem 2 (Kusraev, 2006). A universally complete complex
f-algebra A is free of nontrivial derivations if and only if the
Boolean algebra of its idempotents P(A) is o-distributive. In
Particular, There is no nontrivial complex derivation on the algebra
L°(u) if and only if y is atomic.

Boolean valued analysis approach presented in [11] enables one
to derive the result from the following well known fact: If C is
a transcendental extension of a subfield F C C, then there is a
nontrivial F-derivation on C, see [11] and [1, §4.11 and 4.12].

III. The Chilin—Karimov Problem. Chilin and Kari-
mov [12] obtained a classification result for laterally complete
modules over universally complete f-algebras. A natural question
is whether this result is valid for a wider class of modules. Let K be
a semiprime rationally complete commutative ring with unit and
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let X be a separated injective module over K, see [13]. Denote by
P(K) the Boolean algebra of idempotents of K. A K-module X is
said to be strictly Hamel y-homogeneous whenever ~ is the least
cardinal for which 7 X has a Hamel K-basis of cardinality - for all
nonzero m € P(X). The following assertion is a generalization of
the mentioned Chilin-Karimov’s result, see [14].

Theorem 3 (Kusraev, 2021). There exists a (unique up
to permutation) partition of unity (ey)yer in P(K) (called the
passport of X)) with I" a set of cardinals such that e, X is strictly
Hamel ~v-homogeneous for all v € T' and X is isomorphic to
H'yGF e, X. Faithful separated injective K-modules are isomorphic
if and only if their passports coincide.

The proofs are based on the following fact: If K and X are
as in Theorem 2, and .# and Z are the corresponding Boolean
valued representations, then % is a field and 2" is a vector space
over # . (This was established by Gordon in [15].) Therefore, by
Boolean valued transfer principle, we can use within an appropriate
Boolean valued model that 2 has a Hamel basis and all Hamel
bases of 2" have the same cardinality.
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DISJOINTNESS PRESERVING HOMOGENEOUS
POLYNOMIALS IN VECTOR LATTICES!

Z. A. Kusraeva

(Russia, Rostov-on-Don, RMC SFU;
Vladikavkaz, VSC RAS)

A linear operator between vector lattices is said to be
disjointness preserving if it sends disjoint elements into disjoint
elements. Various aspects of disjointness preserving operators have
long attracted the interest of researchers. An example of a disjoint-
ness preserving operator is a lattice homomorphism, i. e. a linear
operator between vector lattices that preserves lattice operations.
Meyer’s fundamental result [1] tells that an order bounded linear
operator preserves disjointness if and only if it can be written as
the difference of two lattice homomorphisms with disjoint images.

The study of disjointness preserving multilinear and
polynomial operators on vector lattices is of more recent
date: lattice multimorphisms and disjointness preserving bilinear
operators first appeared in papers [2] and [3], respectively, while
the study of disjointness preserving homogeneous polynomials
began in [4], see also a survey [5]. A lattice multimorphisms or
a lattice n-morphism is a multilinear operator that is a lattice
homomorphism in each of its n arguments, provided that the
remaining arguments take fixed positive values. A polymorphism
(weak polymorphism) is a homogeneous polynomial whose
associated (generating, not necessarily symmetric) multilinear
operator is a lattice multimorphism. The counterpart of Meyer’s
theorem also holds for multilinear operators [6, Theorem 2.5]
and homogeneous polynomials [7, Corollary 3.4.1]. Thus, many
questions about disjointness preserving multilinear operators

!The research was supported by Russian Science Foundation, project Ne 24-
71-10094, https://rscf.ru/en/project/24-71-10094/.
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and homogeneous polynomials are reduced to that of lattice
n-morphisms and weak polymorphisms.

A multilinear version of Meyer’s theorem is worded as follows,
see |6, Theorem 3].

Theorem 1. Let F1,...,E,, F' be vector lattices, T : F; X
-+ X kb — F be an order bounded disjointness preserving n-linear
operator. Then the assertions hold:

(1) There exist lattice n-morphisms T+ and T~ from FE; x
...xXE, to F such that T = TT — T~ and for all 0 < z; €
Fy,...,0< 2z, € F, one has

TH(z1,. .. 20) = (T(21,...,20))7",

T (x1,...,2n) = (T(z1,...,2,))".
(2) T is regular and im(T*) L im(T 7).
(3) The modulus |T)| exists, |T| is a lattice n-morphism, |T'| =
T + T~ and

’T(xl,...,xn)‘ = ‘T(\:Lj],,\xn])‘ =

forall x1 € Fy,...,xn € E,.

Next two results demonstrate that lattice homomorphisms
serve as the building blocks for order bounded disjointness
preserving multilinear operators and order bounded homogeneous
polynomials whose generating multilinear operators preserve
disjointness. Recall that the universal competion F* of an
Archimedean vector lattice F' can be considered with a fixed order
unit and hence with a fixed f-algebra multiplication *, see [§].

Theorem 2. Let F4,...,E, and F be vector lattices and let
T be a lattice n-morphism from E1 X --- X E, to F. Then there
exist n lattice homomorphisms Ty, : By, — F" (k:=1,...,n) such
that

T(x1,...,xp) =T1(x1)* - *Tp(xy) (x1 € Er,y... 2y € Ey). (1)
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This representation is unique in the sense that if (1) holds with
Ty, replaced by some lattice homomorphism Sy, : By — F* for all
k:=1,...,n, and 7 is the band projection onto im(T)**, then
there exist 11, ..., T, € Orth(F") with

Tl*"'*Tn:Tr]]-? Tk:Tk*Sk (k:l,,n)

Remind that a homogeneous polynomial of degree m is a
mapping P : E — F defined as P(x) = T'(z,...,z) for all x € E,
where T' : E™ — F' is some n-linear operator called generating
for P.

Theorem 3. Let E and F be vector lattices with F' Dedekind
complete, P : E — F be a homogeneous polynomial, and Fy :=
P(E)*+. The following conditions are equivalent:

(1) P is a weak lattice polymorphism of degree n.

(2) There exist a disjoint collection of lattice homomorphisms
Ti,...,T, from E to F* with

Fy=Ty(E)H = = T,(E)*,

a partition of unity (7,),c1, in P(Fy), and a disjoint family
(Vse)seel, in Z(Fy) satisfying 7,,(Fy) = v,.(Fo)*+ for all s € 1,
such that for every » = (ki,...,k,) € L,(v) the representation
holds:

T P(2) = 7 (Th(2)* % ..o% Ty (2)™).
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OB OIIEPATOPE ITEPNOJAMN3AIINN
B [TIPOCTPAHCTBE T'EJIbOAHJIA — ITINJIOBA
TUIIA S

. X. Mycun
(Poccust, Yda, IMBIL YOI PAH)

IMycre ¢ = {@,}72 — cemeiictBo dbynxumit ¢, : Z — [0, 00)
Takux, uro Vv € N:
1) cymecrBytor uncia ay > 0, ag > 0 Takue, 4To
(@) > a1+ mlal, aeZ;

2) puy1() = (o) mst moboro o € Z7 m

lim (41 () = @u(@)) = +o0.

|at] =400

Hnsg xaxgoro v € N uwm € Z, BBegeM IPOCTPAHCTBO

S = {f € C®(R™) :

o) =g LB D))
TER™, a€Z erv

[Iycts /%Y — IPOEKTHBHBIN MPees IPOCTPAHCTB 75", a /¥ —
UH/IYKTUBHBIN TIPEJIe MPOCTPAHCTB %Y.

IIycts CS2(R™) — mpoCTPaHCTBO 27T-IEPHOANIECKHUX 0 KaK-
noii epemennoii dyukimit f € C°(R™).

IIycts 2 = {h,}52, — ceMeiicTBO pa3/iesbHO pPaTHAIBHBIX
BBINYKJIbIX GyHKuunii by, : R" — [0,00) ¢ hy,(0) = 0 Takux, 4910
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st Jiroboro v € N:

v=oo ||

i2) Jim (b1 (2) = hu(@) = +oc;

i3) Z 1™ Jonl, . n® Jan ) =R (InF Jen |, ... InT o)

a=(a1 ..., an )EL™

rae h;(CC) = sup ((O[,CC> - hl/(a))7 r € R™
aELm

oo,

Omnpenenum npoctparctBo J(.#°) Kak WHIYKTUBHBINA MPEJesT
ITPOCTPAHCTB

J(h,) = {f € CX(R™) - My(f) = sup w - OO}’
2€R", a€Z? €
veN.
P — oneparop nepuojusanuu Ha . ¢:
(Pf)(z) = Z flx +27ra), xe€R".
aEZL™

B [1, Teopema 5] nokazano, uro ecim # = {h,}32 | yznosie-
TBODSIET YCJIOBUSIM:

iy) Vv € N) (3¢, > 0):
(hu(a+B) < ey +hypa(a) (a € ZY, B € Zi N[0, 1]™);
i5) (Vv,m e N) (eym >0) :
(hor1(0) > cym + h@) +mn(1+ [la])) (@ € Z7),
a CeMeicTBO (p cocTouT m3 MYHKIUN ), 1= hu\Zi ,v=12 ... 10
oneparop P neiicteyer u3 /¥ B J(J) u gaB/IsieTCsl HEPEPHIBHBIM.
B mokmame 6yayT mpuBEeIEHBI YCJIOBHS Ha CeMeHCTBO S =
{hy}52,, npu koropsix oneparop P 6Gyier CIOPbLEKTHBHBIM.
JIuteparypa
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INVERSE SOURCE PROBLEM
FOR SPACE-TIME FRACTIONAL DIFFUSION
EQUATIONS ON METRIC GRAPHS'

I. A. Narziyeva
(Uzbekistan, Tashkent, NUUz),

Z. A. Sobirov
(Uzbekistan, Tashkent, IM AS RUz; NUUz),

A. A. Turemuratova
(Uzbekistan, Tashkent, NUUz;
Tashkent Branch of Plekhanov RUE)

Differential equations on metric graphs effectively model
various physical phenomena, including oscillations in elastic
networks and diffusion processes. A significant part of research
on this area has concentrated on differential operators and
equations within this framework, exploring their implications
and applications in diverse contexts. These studies provide
valuable information on the behavior of systems represented by
metric graphs, improving our understanding of complex physical
interactions.

In this talk we discuss inverse source problems that aims to
determine the right-hand side of the subdiffusion equations under
specific integral overdetermination conditions on a metric star
graph in Sobolev spaces. We considered different cases, including
direct and inverse problems for the case of

(1) subdiffusion equation with same order of the time-fractional
derivatives as well as with different orders of derivatives;

(2) space-time fractional parabolic equations.

! This work was supported by the Ministry of Science and Higher Education
of the Russian Federation, agreement Ne 075-02-2025-1447.
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Direct problem is solved in fractional order Sobolev-Slobodeskii
spaces. We reformulate direct and inverse problems as an operator
equations. In the case of direct problem we use operator-based
method, firstly used by Ladijenskaya. To show solvability of the
inverse problems we use resolvent operator method, i. e., we show
that the corresponding resolvent operator is well-defined.



ON TETRAHEDRA WITH A GIVEN BASE

E. V. Nikitenko
(Russia, Rubtsovsk, RIT AltSTU),

Yu. G. Nikonorov
(Russia, Vladikavkaz, SMI VSC RAS)

This talk is devoted to the study of some properties of
tetrahedra in 3-dimensional Euclidean space E?, the main results
are published in [1]. In what follows, d(L, M) denotes the Euclidean
distance between the points L, M € E3.

Let us fix a non-degenerate triangle ABC in E? with
d(A,B) =7, d(B,C) = %z, and d(A,C) = y. For a tetrahedron
ABCD in E? with the base ABC, we will use the following
notation: d(D,A) = z, d(D,B) =y, d(D,C) = z, ZADB = 7,
ZADC = B, and ZBDC = @. It is easy to check that the numbers
x = d(D,C), y = d(D,B), and z = d(D,A) characterize the
point D, up to the symmetry with respect to the plane ABC.

Let us consider the set Q(AABC) of all tetrahedra ABCD
with a given non-degenerate base ABC in E? and D lying outside
the plane ABC'. Obviously, Q(AABC) is naturally parameterized
by points D € E3\II°, where IV is the plane ABC. Moreover, if IT~
and I are two distinct half-spaces determined by the plane II°,
then it is sufficient to consider points D in only one of these half-
spaces.

The main problem is as follows:

PROBLEM 1: What is the set

Y(AABC) := { ( cos @, cos 3, cos 7) eRrR? ‘ ABC’DEQ(AABC)} ,

where @ = /BDC, 3 = ZADC, and ¥ = ZADB?

Since the angles @, 3,5 € (0,7), then they are completely
determined by their cosines. We take the cosines instead of the
angles only for technical reason (in order to simplify calculations).
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Let us recall some known results in this direction. It is well
known that

a<pB+7, p<a+7, F<a+ph, a+p+7<2rm

for all non-degenerate tetrahedra ABCD. Moreover, recently
M. Q. Rieck obtained some other restrictions on @, 3, and 7 [2].
It is interesting and helpful to compare Problem 1 with the
following one:
PROBLEM 2: What is the set

T(AABC) = {(z,y,2) € R*| ABCD € Q(AABC)},
where x = d(D,C), y =d(D,B), and z =d(D,A)?

The solution of this problem is well known: (z,y,2z) €
T(AABC) if and only if the Cayley—Menger determinant

0 22 2 22 1
2 0 Z 7?1
D=|y> 22 0 Z* 1
2 5 7 0 1
1 1 1 1 0

is positive, see details e. g. in [3, 4].

In order to get a solution of Problem 1, we are going to use the
following idea: We consider the closure of the set X(AABC) in
R3 and get an explicit description of the boundary of this closure.
After this step, the solution of the original problem can already be
obtained by standard methods. The following result is the starting
point for our further research.

Theorem 1. For any fixed base ABC, the closure of the set
Y(AABC) is situated in the set

P={(z,y,2) € [—1,1]3’14-2953/,2—932—3/2—2220}.

We have proved that the closure of the set ¥(AABC) is a
proper subset of P for any given base. However, the structure
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of this closure depends significantly on the chosen base. In
particular, there is a fundamental difference between acute-angled,
rectangular, and obtuse-angled bases.

We note that the formulation of Problem 1 is preserved if
we supplement the set of tetrahedra 3(AABC) with degenerate
tetrahedra with vertices D in the plane ABC, but under the
condition D ¢ {A, B,C}. A separate and important problem is
to describe cases when D approaches one of the base vertices.

We are going to discuss a detailed solution of Problem 1. This
solution is based on standard methods of differential geometry,
on the inverse function theorem, and on some properties of
immersions of the two-sphere in three-dimensional FEuclidean
space, see e. g. [5-7].
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OPTOTI'OHAJIBHO AJIJZIUTVBHBIE OITEPATOPHI
HA [TPOCTPAHCTBAX BEKTOP-OYHKIINII:
OTKPBITHIE TTIPOBJIEMBI!

M. A. Ilines
(Poccust, Baagukakas, FOMI BHII PAH)

Oproronanpao agaurusabie oneparopel (OAO) B BEKTOPHBIX
pererkax OblaM BIEpBble BBeJeHbl B crarhe [1]. B nanbueiimem
passmuanbie acekTsl Teopun OAQO mzyuasmcs B paborax [2—4|. B
pabote [5] 61 ykaszan HOBBIN 1104x0/ K ncciaesosannio OAO, 3a-
JAHHBIX HA MPOCTPAHCTBAX BeKTOp-pyHKIHi. B mokmame 6ymer
paccka3ano O BOZHWKAIONIMX B CBA3W C 3TUM HOBBIX TPOBIEMax
7 33/1a9aX.
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JUHAMNYECKUE CUCTEMBI MOPCA — CMEITJIA®

O. B. Ilounnka
(Poccust, Huzxunit-Hosropoa, HITY BIIID)

Cucrembr Mopca — Cwmeiiia ecTecTBeHHBIM 00pa30M BO3HUKA-
0T B MPUJIOXKEHUSX TPU MATEMATHIECKOM MOJIETUPOBAHUN TIPO-
IIECCOB C pery/spHoil muaamukoit. Hampumep, B mermoykax cBs3aH-
HBIX 0TOOparKeHuil, OMUCHIBAIOMNX peakiuu auddysun, win npu
U3yYEHUHM TOIMOJOTUU MArHUTHBIX MOJIell B MPOBOISINEH cpejie, B
YaCTHOCTH, TIPY UCCJIEOBAHUN BOIIPOCA, CYIIECTBOBAHUSI CEmapaTo-
POB B MArHUTHBIX IMOJISIX XOPOINO TPoBoAdmux cpem. [lockombky
Maremaruyeckue mojenn B popme cucrem Mopca — Cwmeitna mo-
SIBJIAFOTCS TIPU OMUCAHWY ITPOIECCOB, UMEOIINX PA3HYI0 TPUPOLY,
TEPBBIM MIar'OM B M3YYE€HUN TAKUX Moﬂeﬂeﬁ ABJIAETCA BBIJCJICHUE
CBOCTB, HE BABUCSIIUX OT (PUBUYECKOTO KOHTEKCTA, HO OIPE/Ie-
JISTIONIUX pasbuerune (hazoBOro MpoCTpPaHCTBa Ha TpaekTopuu. Or-
HOIIIEHUE, COXpaHdAIIee pa3dbueHne Ha TPAEKTOPUU C TOYHOCTHIO
10 TOMeoMOp(r3Ma, HABBIBAETCST TOMOJIOTMIECKONH SKBUBAJIEHTHO-
CTHIO, & OTHOINIEHWE, COXPAHSIOIIEE JOMOTHUTETHHO BPEMSI JIBUKE-
HUSI TI0 TPAEKTOPUsIM (HEIPEPBIBHOE B CIYUae MMOTOKOB U JUCKPET-
HOE B C/Iy4ae KaCKaJOB), HA3bIBAETCS TOTOJIOIMYECKON COTIPSIZKEH-
HOCTBIO. 33/1a1a TOIMOJOTUYECKO KIacCu(DUKAIUN JUHAMUIECKUX
CHUCTEM COCTOUT B MOWCKE WHBAPUAHTOB, OJHOBHATHO OMPEIEISIO-
UX KJACC SKBUBAJEHTHOCTU WJIA COMPSIXKEHHOCTU /I 33 IaAHHOMN
CUCTEMBI.

Hacrosruit 0630pHbIi JOK/I] TOCBSIIIEH U3I0KEHUIO PE3Y/Th-
TaTOB IO TOTMOJIOTUYIECKON Kjaccuduranuu cucrem Mopca —
Cweitsia Ha 3aMKHYTBIX MHOIO00Pa3UsiX, BKIOYAs PE3YIbTATHI, TT0-
JIyI€HHbIE C YIaCTHEM aBTOPA.

Weenenosanue ocymecrsieno B pamkax IIporpaMmbl (byH/IAMEHTAIBHBIX
uccyenosanuii HIY BIIID.
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THE CAUCHY PROBLEM FOR DOUBLY
DEGENERATE PARABOLIC EQUATIONS
WITH WEIGHTS

A. F. Tedeev
(Russia, Vladikavkaz, SMI VSC RAS)

We consider the Cauchy problem in the Euclidean space
for doubly degenerate parabolic equation with space dependent
exponential space dependent exponential weights in the following
form

ou

f(x) i div (f(:z:)um*1 |VulP~2 Vu) in Sp= RN x (0,T),

u(@,0) = u(x), v € RN,  f(z) = e,

We assume here the solutions of the Cauchy problem to be
globally integrable in space and non-negative. Under suitable
assumptions, we prove for the solutions sup estimates, i. e., the
decay rate at infinity, the property of finite speed of propagation
and support estimates. All our results are given explicitly in terms
of the weight appearing in the equation. For example, the sup
bound of the solution reads as follows

(=1
u@)|PF™* < 0 ? (log(t [luo f1,)

i1 -1
log(t [[uo /1) ol

This is the joint work with prof. Daniele Andreucci.



MITYAGIN’S QUESTION CONCERNING
ISOMORPHISMS BETWEEN FUNCTION SPACES
ON FINITE AND INFINITE INTERVALS, AND
ITS NONCOMMUTATIVE COUNTERPART

Huang Jinghao
(China, Harbin, TASM HIT)

In [1], Mityagin asked whether a symmetric space FE of
measurable functions on (0,1) other than L,, 1 < p < oo, can
be isomorphic (isometric) to any symmetric space F' on (0,00).
In this talk, we present a negative answer to the isometric part
of this question (for complex-valued function spaces) and its non-
commutative counterpart.
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KPUTEPUI1 JIATEPAJIbHOI HEITPEPLIBHOCTU
PEI'VJIAPHOT'O OPTOI'OHAJIBHO
AJJJIMTUBHOT'O OITEPATOPA

H. M. Ab6acos
(Poccus, Mocksa, MI'TY um. H. 9. Baymana)

Oproronansao ajurusabie oneparopbl (OAQ) B KoHTekcTe
TEOPUH BEKTOPHBIX PENIeTKax ObLIM BIIEPBbIE PACCMOTDPEHBI B pa-
bore [1]. B nociearne rojbl passndHble aCIEKThl TEOPUH OP-
TOrOHAJIBHO AJITUTUBHBIX OMEpaTropoB B paborax [2-4|. B cra-
The [5] Oblaa NpeIoKeH MOAX0J, MO3BOJSIONIN U3ydaTh C TOY-
KU 3penus mnopsyikosoro anaan3a OAQ, 3aJaHHbIe HA PEIeTOTHO-
HOPMUPOBAHHOM MPOCTPAHCTBE, CO 3HAYEHUEM B MOPSAIKOBO TI0JI-
HOIt BEKTOPHOI1 pemerke. Bee HeoOXouMBble CBeIeHNsI O BEKTOPHBIX
permeTkax M PermeToIHO-HOPMUPOBAHHBIX MPOCTPAHCTBAX IPeJI-
crasseHsl B Monorpadun [6].

IIycrs (27, E) — peniero4Ho-HOPMUPOBAHHOE TIPOCTPAHCTBO U
F — Bexropuag pererka. OTobpaxkenne T: 2 — F HasbiBaerca
opmozonasvho addumuehuim onepamopom, ecim T(x +y) = T +
Ty mrst TOOBIX IU3BLIOHKTHBIX L,y € 2 .

OpToroHaabHO aJUTUBHLI omeparop T: 2 — F Ha3bIBaeT-
cst:

1) noaoorcumenvrovm, eciu T(Z7) C Fy;

2) peeyasprvm, ecim T = S; — So, e Sq, Sy — nmonoxuTen-
HbIE OPTOrOHAJIBHO aJINTUBHBIE OmlepaTopbl u3 2 B F.

MHuozkecTBa BCeX MOJOKUTEIbHBIX peryiaapabix OAO wus 2
B F obosmavatorca wepes O (X, F) n O (2 ,F) coor-
BETCTBEHHO. ByjleM TOBOPHTH, YTO CeTh (MOCIEA0BATENTHLHOCTD )
(a)aca ((Tn)neN) STEMEHTOB pPEIIETOYHO-HOPMEPOBAHHOIO IIPO-
crpaucrBa 2 aamepaavro cxodumea K x € 2, ecau ceThb (Toce-
0BaTeNbHOCTD) (To)acA ((Zn)neN) HOPSAIKOBO CXOMUTCA K T U W3
yeaoBusa a < f (n < m) cuexyer, uto x4 & 23 (vp & xy,) e
00BIX MHIEKCOB a, 3 € A (n,m € N).
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OproronaapHO aaauTuBHBIN oneparop 1': 2 — F Ha3biBaeTCs
AAMEPANLHO HENPEPBIEHUM (AGMEPAALHO T-HENPEPLIGHBIM ), €CIIN
TS KasKJI0h ceTn (Tq)aca (mocienoBarenbuoCT (Iy)neN), JaTe-
pasbpHO cxopgmieiica B 2 K amementy z € 42 cerb (mocsezno-
BarebHOCT) (TZo)aca ((T'Tp)nen) mopsakoBo cxomurca B F' K
snementy Tx € F. MuoxkecTBa peryigapHbIX JIaTePaJIbHO HEpe-
PBIBHBIX U JarepajbHo o-HempepbiBHBIX OAO m3 F B F' 0603HAa-
vatorcest yepe3 O (X, F) n O ;.(Z , F) coorsercreenno. st
Se 0 (X, F)nonoxum Null(S) := {z € £ : Sz =0}. Yepes
S 0603HaUNM TOPAAKOBLIH uaean 8 O/ (2, F), nopox neHHbrii
onepaTopoM T'

Cdopmynupyem Ternepb 0OCHOBHOW PE3yJIbTaT.

Teopema 1. Ilycrp (2, F) — pas3iaoxuMoe permeTodHo-HOP-
MHDOBaHHOE MPOCTPAHCTBO, F — MOpsiiKOBO 10OJIHAsT BEKTODHAST
pemerka, T: 2 — F — HOJOXHUTETbHBIH OPTOTOHAJIBLHO AJTH-
TUBHBII oneparop. Torna caemyrommue yCJI0BUs SKBUBAJIEHTHBI:

(1) T marepanbuo (J1aTEPAIBLHO O-HENPEPBHIBHBIN) HEMPEPHIB-
HBIH OIIepaTop;

(2) srarepasbubtii wiaean Null(S) siBasiercst sarepasibHOl -
1oJ10coit 1 jroboro S € Sp.
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AHN3OTPOIIHBIE [TICEBAOAN®OEPEHINAJIBHBIE
OITEPATOPHI B IPOCTPAHCTBAX I'EJIb/IEPA —
BUTMYHIA ITEPEMEHHOI1 TVIAZKOCTU
11 HEKOTOPBIE ITPNJIOZKEHU

A. B. Babaes
(Poccust, Pocros-ua-/lony, FODY),

B. /1. Kpgaksuu
(Poccust, Pocros-na-/lony, FODY)

Ha R" BBegeM aHM30TPOIIHOE PACCTOAHHE, KOTOPOe OyIeT KOH-

TPOJIMPOBATHCS BEKTOPOM AHMBOTPOIHOCTH > = (3¢1,...,5,) €
QZ), yAOBIETBOPSIONIAM YCIOBHIO 3| + ... + 2, = n. A nMenHo,
st © = (x1,...,2,) € R ero aunsorponnyio jymhy |z, onpe-
nequM caeayomum obpasom: x|, = 0, ecmm x = 0; |x|,, = t,
ecim 23t 4 ...+ 22t7 %" = 1. BameTnm, 9TO M30TPOITHOMY
caygaro orBedaer BekTop 2 = (1,...,1), mpm stom | - |, coB-
maJiaer ¢ OOBIYHO eBK/IMJOBON HOPMOIL | - |. B masnbheiinem mo-
HAI00ATCS MOJIOKUTE/IbHBIE KOHCTAHTBL »_ = min(se,...,,) 1
sy = max(sy,...,xp).

Bynem rosopurh, uro OeckoHeuno muddepeHmpyeMas Ha
R™ x R™ dyukuus a(x,§) npunayiexur kiaccy (cumposos) ST,
m € R, ecyim gyig g100bIX q1, g2 € Z>o

M= 2o 14+1€)) " < o0
lalgy g Bl (xs;le%QJ L Oga(z, &)| (141¢]) <00

Ecoum 3c = (1,1,...,1), TO 5TOT KJIACC CHMBOJIOB COBIIAIAET C KJIAC-
com JI. Xepmangepa ST (R"™). Kaxgomy cumsony a(z,§) ns xiac-
ca S craBUTCA B COOTBETCTBUE TceBAoANMdMEPEHIINANBHBIN OlTe-
parop Op(a), onpenenennsiii Ha npocrpancree JI. [Isapua S(R™)
0 TIPABHLITY

Op(ayu(x) = / oz, €)A(E) 7 dE, u € S(R™).
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IIcermomuddepenimanbabie OnepaTopbl PaCCMATPUBAIOTCI HA,
AHU30TPOITHBIX MPOCTPAHCTBAX Ai,(')(R") C TEpPEeMEeHHBIM BEIIe-
CTBEHHBIM HEIIPEPBIBHBIM ITOKa3aTeJeM S M BEKTOPOM aHU30TPOII-
HOCTH >, cocrodmux u3 Bcex pacnpenenennii f € S'(R™), nst Ko-
TOPBIX KOHEYHa HOPMa

0

— OB

e pasouenne egunmibl JIntasyga — [Ismm A;(§) cormacosano c s.
Ecnun mokazarens § yI0BJIETBOPSIET YCIOBUIO JIOTapU(MDMUIECKOM
HEIIPEepPBIBHOCTHU, TO Iph S_ > () 3Ta HOpMa 3KBUBAJIEHTHA HOpPME

“f“c;('>(mn) = HfHLoo(Rn) + heﬂS{g{){o} H‘h’;s(')é}ifoLoo(Rn),

riae N > sy /s u KOHedHasi Pa3HOCTh 5,];[ N-ro opsiKa 3aTaeTcs
paBeHCTBaMUI

o f(x) = 6,65 " f(@), Opf(x) = fla+h) — f(x).

B uacrrocrn, ecsim 0 < s— < s(x) < s4 < s_, TO 3Ta HOpMA
SKBHUBAJICHTHA HOPME
lu(z + h) — u(z)|

lull s gy = lullLoe@ny +  sup  sup
cM (R >R 0<|h|<1 z€R" ‘h’i(m)

B kakoM-TO cMBIC/IE CAEAYIONIasd TeopeMa sBJIsIeTcd yTOUYHEeHUueM
CBOWMCTBa TICEBIOIOKAIBHOCTH TIceBIoanddepeHnaIbHbIX Omepa-
TOPOB B aHU30TPOITHOM CJIyYae.

Teopema 1. ITycte m € R u s(-) ygoBierBopsieT ycaoBHIO JI0-
rapupMudecKoil HEempephIBHOCTH. AHU30TPONHBIH HCeBaou(ppe-
penrnuasbabi oneparop Op(a) € OPS?' orpannven u3 mpocrpad-
crBa I'énpnepa — Burmynna Ai,(') (R™) B npocrpancrso I'ébepa —
BurmyHa A‘;(')_m(R"). CyIecTBy 0T HE3aBUCSIIHE OT CUMBOJIA (
nocroszaapie C > 0 u q1,q92 € Z>g TakHe, 9TO JIS OIEPATOPHO

Hopmbl crpasenpa orerka ||Op(a)| < Claly; -
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Crencreuem Teopembl 1 siBjisterTcst

Teopema 2. Ilycts u € Usez AL (R™) m Op(a)u € Af,(')(]R").
Ecin oneparop Op(a) € OPSY' u cymecrByroT 10J10KHTeTbHbIE
korcrautel C' mw R rtakme, uro mis jiroboro x € R™ HepaseH-
creo |a(z,§)| > C|€| Bemomnsiercs npu srobom |E|,, > R, To
ue AR,

Teopema 1 no3BOJISIET B KAYECTBE TPUJIOKEHUS PACCMOTPETH
na R" nosynuneiinoe ypasHenne

Au(z) = eTTu(z) + h(z), he ASOR),

e niceBnoand depentmanbaelit omepatrop A € OPS)}, a omeparop
T takoii, 94T0 /i MIOOBIX HENpepBIBHLIX (DYHKIMH © B v U JId
JI00BIX X,y € R" BBIMOIHAIOTCA 1B HEPABEHCTBA!

() |17l ooy < O 1l e ey,

(ii) |T*u(z) — THo(y)| < Cp+lu(z) —v(y)l,
C HEe3aBUCHUMOI OT (DYHKIWI % W ¥ TOJIOKUTEJIHHON ITOCTOSH-
HOI CT""‘

Teopema 3. Ilyctrb m > 0 u h € Af((')(R"), e —m <
s— < s(x) < s4 < s maa moboro x € R". Torma cymecrBy-
er ¢g > 0 makoe, aro mas groboro 0 < e < g9 ypaBHeHHE

Au(x) = eTru(x) + h(x) nmeer, npuaem eqUHCTBEHHOE, DELICHHE.

OT0 perreHne NPHHAIEKAT ASOFm (R™).
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ALMOST SYMPLECTIC STRUCTURES
ON HOMOGENEOUS k-SYMMETRIC SPACES!

V. V. Balashchenko
(Belarus, Minsk, BSU),

D. V. Vylegzhanin
(Belarus, Minsk, BSU)

We propose a method for constructing invariant almost sym-
plectic structures on Riemannian generalized symmetric spaces. In
particular, it is proved that homogeneous k-symmetric spaces have
a rich stock of canonical almost symplectic structures, i. e. invariant
not only with respect to the acting Lie group, but also with respect
to generalized symmetries of order k. A key role in this approach
is played by the previously obtained complete description of ca-
nonical almost complex structures on homogeneous k-symmetric
spaces.

Let M be a smooth manifold of dimension 2n, {2 non-singular
2-form. Then (M, Q) is said to be an almost symplectic or almost
Hamiltonian manifold. If, in addition, d{2 = 0, then M is called a
symplectic or Hamiltonian manifold.

The role of symplectic structures is extremely important
in problems of mechanics and integrability of Hamiltonian
systems. Besides, pairs of compatible symplectic structures (bi-
Poisson geometry) were considered when studying bi-Hamiltonian
systems [1, 2]. However, the case of almost symplectic structures
(dQ # 0) is also of essential interest, in particular, for an
investigation of Hamiltonian vector fields and integrable almost-
symplectic Hamiltonian systems |3, 4].

!The work was carried out with partial financial support from the State
Program of Scientific Research of the Republic of Belarus for 2021-2025 “Con-
vergence 2025”, subprogram “Mathematical models and methods”, research
project “Structures on linear algebraic groups, generalized principal G-bundles,
homogeneous manifolds and Lie groups” (state registration Ne 20211882).



Balashchenko V. V., Vylegzhanin D. V. 65

If (g, J) is an almost Hermitian structure on M, then the tensor
field Q(X,Y) = ¢(X,JY) is skew-symmetric, i. e. (M,Q) is an
almost symplectic manifold. Here 2-form €2 is usually called the
fundamental form (Ké&hler form) of the structure (g,J) on M. If
dQ =0, then (g, J) is called almost Kahler structure.

Now let M = G/H be a reductive homogeneous space of
the Lie group G, and g =h @& m be the corresponding reductive
decomposition of the Lie algebra g. As usual, we identify m with
the tangent space T,(G/H) at o = H. Further, let g be an invariant
(pseudo) Riemannian metric on G/H, and J an invariant almost
complex structure. Such structures are completely determined
by their values at o, which are invariant with respect to the
subgroup Adg(H). For convenience, we will not distinguish in
the notation the metric g, the structure J, and other invariant
structures on G/H with their values at o. If G/H is given an
invariant almost Hermitian structure (g, J), then it is easy to show
that the formula Q(X,Y) = g(X, JY') defines an invariant almost
symplectic structure on G/H.

Our goal is to construct a collection of invariant almost
symplectic structures on homogeneous k-symmetric spaces using
canonical almost complex structures on these spaces [5, 6]. Note
that the almost symplectic structure on homogeneous k-symmetric
space G/H defined by the formula Q;(X,Y) = ¢g(X, JY), where
J is a canonical almost complex structure, is said to be canonical
almost symplectic structure.

Theorem. Let (G/H,g) be a Riemannian homogeneous k-
symmetric space, where —1 ¢ spec and the metric g is invariant
with respect to both G and the “symmetries” {S,}. Denote by
s a number of different pairs k-th roots of unity from spec().
Then G/H admits 257! different (up to sign) canonical almost
symplectic structures, which are invariant with respect to both G
and the “symmetries” {Sp}. In addition, any of these structures €2y
is invariant with respect to all canonical almost complex structures
as well as all canonical almost product structures on G/H.
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As one of the most important examples realizing the
theorem, we note a large class of Riemannian homogeneous 3-
symmetric spaces that have the classical canonical almost complex
structure (see |7, 8])

_ b
VB

A large class of homogeneous manifolds that have two different
invariant almost symplectic structures are homogeneous Rieman-
nian 5-symmetric spaces, for which the spectrum of the operator 6
is maximal, i. e. it contains all 4 complex roots of degree 5 of
unity. On such spaces there are two (up to a sign) canonical almost
complex structures .J; and Ja (see [5, 6]), from which the canonical
almost symplectic structures 27, and €j, are constructed in the
above manner.

It should be noted that many known homogeneous Riemannian
manifolds (a number of flag manifolds of compact Lie groups, Led-
ger—Obata spaces, some nilpotent Lie groups) are homogeneous k-
symmetric spaces possessing canonical almost complex structures.
Therefore, the proposed approach allows to effectively construct
canonical almost symplectic structures on such homogeneous
manifolds.

J (6 —6%).
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Ob NHAEKCAX JEO®EKTA HEKOTOPOTI'O KJIACCA
BJIOYHBIX AKOBMEBBIX MATPUIL

B. C. Byasika

(Poccust, ouenx, JonAYul'C; ®IBHY UTIMM;
Canxkr-ITerep6ypr, CII6L'Y)

[Ipobaema HaxOXKIeHHS HHIEKCOB gedeKkTa OJOIHBIX SKOOH-
€BbIX MaTpUI] ABJIACTCdA IEePBOM OCHOBHOU 3ajadeil, eCTeCTBEHHO
BOBHUKAIOIIEH B CIEKTPAIbHON Teopun siKOOMeBbIX Marpwull. B Ha-
crositiieit paboTe OMMCAaHbl HOBBIE YCJIOBUST MAKCUMAJIBHOCTA U MU-
HUMAJIBLHOCTH (CAMOCONPSIZKEHHOCTH) WHJIEKCOB jedeKTa HEeKOTO-
poro Kjacca OJIOUHBIX SKOOMEBBIX MATPHUI], KOTOPBIN aCCOTUIPO-
BaH C MaTPUYIHBIMU omneparopamu /Iupaka ¢ TOYEIHBIME B3aWMO-
neiicreusivu. JlaHHbBIe pE3yIbTATHI MOJMyUeHbl B paborax [1] u [2].

Paccmorpum Geckoneunyto 6JI09HYI0 IKOOMEBY MaTPHUILY

Jx,o(D) =
o, “Hi, O, Om Onm
V(dd%l) I, I/(ddfl) I,, dfy/(;s;)/? I, O,, O,
_| om %Hm —o ”Ej%z)Hm A (1)
0, 0, u%) I, V(dd%z) I, dgy/(;fiz)/? I,
Om O Om dgv/gf{;;/z I —%

Baech Oy, I, € C™*™ — HyneBoit U eJIUHUIHBIA OEPaTOPHI, CO-
OTBETCTBEHHO; o := {a, }7° C C™™ o, = o, infd,, =0, n € N,
uv(x):= ﬁ, ¢ — CKOPOCTH CBETA.

[Tony4eno ycaoBue MakCHMaIbHOCTH WHIEKCOB jedexTa ore-
paropa Jx (D).

Teopema 1. IIycrs {d,}° € I*(N) m o, = o, n € N. Tora
nt+(Jxo(D)) = m, ecim npu mexoroppix 0 < a < 1 mw N € N



Byawixa B. C. 69

BBITIOJIHEHO YCJIOBHE:

dn+1
dy,

HOénHCme<ac 1+ , n>=N.

Caencrsue 1. IIycrs {d,}$° € I1(N), a,, = o, n € N. Torza
n+(Jx,o(D)) = m, ecin npu mexkoroppix 0 < a < 1w N € N
BBIIIOJIHECHA OIICHKa

HO‘HHCWXW <ac(<e¢), n=N.

TakKe M0JIy4eHO YCA0BHE MAKCHMAIbHOCTH UH/EKCOB JlederTa
(camoconpsizkennoctu) oneparopa Jx o(D).

Teopema 2. Ilycrs Jx o(D) — sixkobmes onmeparop, accommm-
posanublii ¢ marpuneii (1). Ilycrs Takxke oy, < 0 m ker o = {0},
rae o/ — pmaronass marpursl Jx (D). Toraa oneparop Jx (D)
camoconpsxer B 12(No; C™), ecm

1
limsup |||« -1 o < T -
s e o <

BAMEYAHUE. Ilyers {d,}5° € I}(N) u Jx o(D) Buga (1). Co-
MTOCTAaBJSAS PE3YJIBTATHI CJIEACTBUS 1 W TEOPeMBI 2, TPUXOJIUM K
CTIETYIONINM UMILIUKAIUAM mpu m 2> 1:

Amax(‘an‘) <ac, a<l = ni(JX#l(D)) =m,

Amin(Jom]) > 4c = nL(Jx (D)) =0.
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ACUMIITOTKA COBCTBEHHBIX BEKTOPOB
JJEHTOYHBIX TEIIIMITEBBIX MATPUIT
CIIELHIMAJIBHOT'O BUJIA

. B. Boponun
(Poccust, Tonronpynusiii, MOTN),

B. A. Crykonun
(Poccust, Tonronpyausiit, MOTU;
Baaankaskas, OMU BHII PAH)

[Tycts a(t) — unrerpupyemas 1o Jlebery (byHKIUS, OTpe1eeH-
Has Ha eauHU4HON okpyxHoctn T = {t € C : |t| = 1}. Obozna-
anm gepe3 1), (a) marpuny Temmmna T, (a) = (aj_k)zgil, rae n —
HaTypaJabHOE YUCIO0, a a4; — €CThb [-ii ko3 bunment pamga Pypbe
dbyukmun a(t). OTmernM, 9TO TEMIUIEBY MATPHUILY MOYXKHO Pac-
CMaTpPUBATL KAK ONMEPATOP, JEHCTBYIONMI B KOHEYHOMEPHOM BEK-
TopHOM TpocTpancTBe. OyHKINSA a(t) HA3BIBAETCS CHMBOJIOM TeIl-
nneBoit Marpuiibl (Tensniesa oneparopa) T, (a). Mer paccmarpu-
BaeM JIEHTOYHBIE TeIJIMIEBbI MATPHUIIBI, TOPOXKJIEHHBIE CHMBOJIOM
a(z) = (z + 271 — 2)3. Dror cumBoOm — TIPOCTOI TPIMEp cEMBOTA
06PAIIAIOIIETr0Cs B HOJIb BMECTE CO CBOMMM TIPOU3BOIHBIMU JI0 BTO-
POro MmopsijiKa BKJIIOUNTETHHO B Toukax +1. Cremyer Tak:ke oTMe-
TUTh, YTO TEIJIUIEBLI MATPHUIIBI, OMPEIEISTEMBIE STUM CHUMBOJIOM,
SIBJIIOTCS CAMOCOIPSI?KEHHBIME, & CaM CHMBOJI — BeIeCTBEHHBIM.
Jlist cOBCTBEHHBIX 3HAYEHUT TAKMX TEIIUIEBBIX MaTPUI Haiie-
HBI acuMmnrornaeckue dbopmyssl B pabore [1]. Cama 3amaua Ha-
XOXKJIEHNsT COOCTBEHHBIX YUCET M COOCTBEHHBIX BEKTOPOB TEILIU-
IEBBIX MATPHIl OYEHb OOJIBIINX Pa3MEpPOB UMeeT BayKHOEe 3Hade-
HUE, B 9aCTHOCTH, B TEOPUU MHTEIPUPYEMBIX MOJE/Iel CTaTucTIIe-
ckoit Mexauuku. OTMETHM, 9TO JjIsd CUMMETPHYECKUX JIEHTOUHBIX
TEIJIUIEBBIX MATPUI] ACUMITOTHYECKIE (POPMYJIBI JI/IsT KOMIIOHEHT
COOCTBEHHBIX BEKTOPOB MOJIyYeHbl B pabore [2]| jyisi ciydast HEBbI-
POXKJIEHHOTO CUMBOJIA. MBI IIpecTaBIsgeM aHAJOrMYHbIe (DOpMY-
JIaM Jijisi COOCTBEHHBIX 3HaveHuit, HaiijgerubiM B [1], dbopmysisl st
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COOCTBEHHBIX BEKTOPOB, WCIOJIB3Ysl YHOMAHYTHIE (DOPMYJIbI st
cobcTBeHHBbIX 3HaveHUi. JlokazaTeabcTBO X (HOPMYIT s COO-
CTBEHHBIX BEKTOPOB OCHOBaHO Ha KOM6I/IHaL[I/II/I pe3yabTaTa O BbI-
PaYKeHNN KOMITOHEHT COOCTBEHHBIX BEKTOPOB B BUJIE OMPEIE/INTE-
JIeifl HEKOTOPBIX MATPUIT, BEIPAKAIONINX KOMIIOHEHTHI COOCTBEHHBIX
BEKTOPOB 4epe3 KOpHM CUMBOJIa [3], mo3Bosisiiomiero HaiiTu camu
ACHMITOTHIECKIE (DOPMYJIBI, W METOJA MOCTEI0BATETHHBIX MPHU-
OM>KEHWH, TTO3BOSIIONMIET0 HAXOANTEH 3HAYEHUs KOMITOHEHT IPH-
OJIMKEHHO, HO CO CKOJIb YTOTHO BBICOKON TOYHOCTBIO, M JTAIOIIETO
BO3MOXKHOCTBH JJOKa3aThb Ha,I‘/JI,B;eHHI)Ie ACUMIITOTUYECKUE (bOpMy.HbI.

Camu popMy/Ibl, HECMOTPST Ha TPOMOBJIKUIL BU, 1af0T 3 dek-
TUBHBINA METOJ HaXOXKIACHHNA KOMIIOHEHT CO6CTB€HHBIX BEKTOPOB
JUTSL TETITUTEBBIX MATPHI OUEHB DOJIBIIIX Pa3MepOB, B YaCTHOCTH,
JITsT Pa3MepoB, Jjis KOTOPBIX He PabOTal0T CTaHIAPTHBIE METObI
HAXOXKJIEHUS COOCTBEHHBIX BEKTOPOB MATPWII.
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ATIITPOKCHUMATUBHBIE CBOMCTBA CYMM ®YPLE
10 TTOJINHOMAM SIKOBU — COBO.JIEBA!

P. M. TI'amxumup3aeB
(Poccust, Maxaukama, JIOUILL PAH)

ycts a, B8 > —1, p(a, B;2) = (1 —2)*(1+2)%, 1 < p < o0,
LP — mpocrpancrso Jlebera, cocrosimee n3 namepnMbix Ha [—1, 1]
byt f ¢ HOpMOIi

1
HfHLg = / ‘f(x)‘pp(a,ﬂ;x) dz.
21

Yepes Wng 0003HAYNM TTPOCTPAHCTBO AOCOJIIOTHO HEMPEPBIBHBIX

" / P _ 1
ua [—1,1] dyskuuit f, qis koropsix f' € Ly Ilpup =2 8 WLg
MOXKHO BBeCTH CKaJsigpHoe mpom3segaernne CoboJieBa CIIeyoIero

BUIA:

1

Ug%—f@nm;w+/fmwmmmﬁmww 1)

-1
Paccmorpum cucremy mosuaomoB fAxobu — CobosieBa

T

ﬁﬂm—Lpﬁmm—/m%man>m 2)
—1

rie p%’ﬁ (x) — oproHOpMHpOBaHHBI MoaMHOM fKOOM Crenenu n.

Cucrema {p®?

15 (z)} momma B W}, m OpTOHOPMHpOBaHA OTHOCH-
’ b

TeIbHO CKaisspHOro npousseenus (1) [1,2]. Pax @ypoe dyukimm

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro
domma, mpoekt Ne 24-21-00143.
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fe WLlp 110 9TOI CHCTEME M JYaCTUIHAsT CyMMa, TOTO PsA/Ia UMEIOT
3
Bz [1, 2]:

f(x) +ch76 plk z), (3)

(fa = +ZC1 p1k z),

Cxomumocts psiga (3) k f € Wig OblL1a ucceoBaHa B paborax

. 0,0 ,0

[1-4]. Annpoxcumarusuble cpofictsa cymm Sy, (f,x) n Sy, (f, x)

(v — menenoe Yunc/I0) B TEPMUHAX B3BEIIEHHONW BEJIMIMHBI HANUTY -
1rero mpub/IMyKeHns: OBIIN UCCIe0Banbl B paborax [5-7].

B nacrosimeit pabore uccienoBaHbl alpoKCHMaTHBHBIE CBOW-

a,f3 .

cTBa CyMM S, (f,z) B TepMuHax 6E3BECOBON BEJIMIMHBI HAMITY Y-

mero mpub/nkennst npu o, § > 0 jgist GyHKIUH 13 TpoCTpaHCTBA,

WLI}J . O6osuaunm depe3 E,(f) mammyudriee npubsmxkenue (yHK-

mnn f € Wllg aredpanvIecKuMu MOJIMHOMAMHU ¢, CTEIIEHW HEe BbI-
P
1me n:

E(f) = inf .
W) = ok max [7(@) — a(x)]

CrupaBeyInBLI CIEAYIONIIE YTBEPK ICHAS.
Teopema 1. Ilycrp o, > 0 mmm o« = f = 0, z € [—1,1],
fe WLll. Torna mMEIOT MECTO OLIEHKH:
P

|f(@) = ST (f,2)] <

(1n (14n2(1 — 2%))+1 o, Be0,3);
o (L+n?(L—a?)+n"2, ac(0.4).6>;

n®"2

1 T 1
(nv1—z)* 241

=

n-+

1
+nf72, a,>1.
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Teopema 2. IIyctrb >0, 5 =0,z € (—1,1], fe W Torga
|f(2)= ST, (f,2)| <
ln(n\/l x4+ )—i—l, ae((),%),

1 n®~ 2 >1 956[0,1],
<C(Oé)-EJTL(f) nn"‘m’ az3,
In (nvT+2+1) +1, re[-1,0).

W3 3T0it TeopeMbl BHITEKAET
Caencrue 1. Ilycts a = 0, > 0, xz € [-1,1), f € WLll.
P
Torna

Inn + nf2 2, /B>%;

< c(B)En(f) 1n(m/mﬂ)ﬂ Be(0,3).
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7. TI'amxumupzaes P. M. O6 anmpOKCHMMaTUBHBIX CBONCTBax psiioB DPypbe
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CUMMETPUWYHBIE TTOPAJIKOBBIE NIEAJIBI
N3MEPUMBIX OYHKIINIT HA TTOJIYOCH!

I'. d. I'pabapank
(CIIIA, Heio-Vopk, Yuusepcurer um. Cpsitoro Hoanna),

M. A. Myparos
(Poccust, Cumdbeponons, KOV um. B. 1. Bepuajckoro),

FO. C. ITammkoBa
(Poccust, Cumdbeponons, KOV um. B. 1. Bepuajckoro),

B. A. Pyb6mreita
(3pawmnb, Beep-11leBa, Yuusepcurer um. Ben-I'yprona)

Iycrs (I, By, m) usmepumoe npocrpancrso, e I = RT =
[0,00) mmm I = [0,a] ¢ 0 < a < oo, m — oObIYHAZ Mepa
Jlebera wa I, a By, = AB(I)y ABAsETCS M-NONOJIHEHHEM O0pe-
JIeBCKOi o-anrebpel B = FB(I) ornocurenspro mepbl m. Ilyctsb
S = S(I, #,, m) — MHOKECTBO BCEX KJIACCOB 1M-U3MEPHMBIX (paB-
HBIX m-1noutn Beoay) dyukuuii f: I — R = (—o0,+00), f* —
HEBO3PACTAIONIAS MePeCTAaHOBKa (bYHKIUHU |f| OTHOCHTETHHO Me-
pBl M ©

Lo(I, Bp,m) :={f € S(I, Br,m): f*(x) <0}, xe€l.

IIycrn
1 X
£ (@) = 5/f*dm, 2 €1 f €Ly +Lu)(I, B, m)
0

— MaxkopanTHas GYHKIUS Xapan — JIuTtiByma.

s Kaxk0if HEOTpUNATEIbHON u3MepuMoit (MYHKIUM v HA
[0,00) Takoii, uro v* € Lo, onpemesmnm wmuoxkecrBo K(v) =
{g € Lp: ¢* < cv* mnga mexoroporo ¢ > 0}.

! PaBora BBImOTHEHS TIpH (GUHAHCOBOI momAepkKe MUHMCTEPCTBA HAYKH T
BeIcirero obpazosanust Poccuiickoit Pemeparuu, cormamrenne Ne 075-02-2025-
1543.
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Teopema 1. Ilycrs v € Lg. Torzga

1) K(v) — nopszakossrii naear, T. e. ecimn g € Lo, h € K(v) n
g < |h], 10 g € K(v);

2) aK(v) C K(v) ams moboro a € R;

3) maean K(v) saBasercs cummerpuanbiv, T. e. ecm f € Lo,
g€ K(v) u fr=g" 10 f € K(v);

4) Di(K(v)) = K(D¢(v)) aust Bcex t > 0, u Dy(K(v)) C
D (K(v)) miz 0 < s < t, nme Dy — omeparop cxKaTus, OIpeje-
JIAEMBIIT DABEHCTBOM

th(:v):f<%), 0<t<oo, x>0, fe€Ly;

5) Do(K(v)) = K(v) + K(v).

Paccmorpum muoxectso N(v) = (J o Di(K(v)). o onpese-
nenmio, g € N(v) Torga u tonbko Torma, Korma ¢* < aDyv mis
HEKOTOPBIX JOCTATOIHO Dosibiux a > 0 uw b > 0.

Teopema 2. Ilycrs v = v* € Lg. Torma

1) N(v) aBmserca Di-nupapuanrasiv, T. e. D{N(v) = N(v)
st grroboro t > 0;

2) N(v) sBIsIeTcss cCHMMETPHIHBIM TOPSTKOBBIM HJT€AJIOM, DU~
gem eciin gEN(v), h € N(v), o g+ h € N(v);

3) N(v) siBasiercss BeKTOPHOMH perieTkoi, T. e. 3aMKHyT OT-
HocuresnpHO omepanmii max # min: g € N(v), h € N(v) =
max(g,h) € N(v), min(g,h) € N(v);

4) N(v) sBisiercst HOPSAKOBO MOJHOH BEKTOPHOI PEIeTKOI,

T. e. KaxJ0e 1nopsakoBo orpanndentoe mnojmuoxkecrso E C N(v)
nmeer supE € N(v) minf E € N(v).

Teopema 3. /list kaxkzgoro v > 0 rakoro, aro v* € Ly ciaeny-
[OITIHe YCJIOBUST S9KBHBAICHTHBI:

1) K(v) = N(v);

2) Di(K(v)) = K(v) as Bcex t > 0;

3) K(v) + K(v) = K(v);
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4) K(v) siBasiercst Bekroproii pererkoii: max(g,h) € K(v) u
min(g, h) € K(v), ecan g, h € K(v).

ITycrs V' — kBaszu-poruyras dbyukius #a [0,00), T. €. HEOTpH-
narenbhas byukmusg V oua (0,00) Takasg, aro V(0) = 0, u dbyHk-
wn V(z) u Vi(x) = % SIBJIAIOTC HeyObiBaommmu. Hanomuamm
OmpesieIeHne IPOCTPAHCTBA MapIuHKeBIIA:

My = My (I, B, m) =
={f € (L1 4+ Loo)(I, Brn.m): Vi f** € Log(I, B, m) },

1l = Ve £l =

:inf{C>O: /f*dm<CV(x),x>0} ana f€My.
0

Omnpejiesinm mykHuit 1 Bepxanit kiaaccsl Maprunkesuua M
u My :
f*
/

) fEMV

e, = |5

MV_K<VL) ={f€Lo: Vaf* € Lo},

Vlls, = V5l € M.

Teopema 4. 1) M, C My C My;

2) My sB/isiercss CHMMETPHYHBIM KBa3H-HOPMHPOBAHHBIM HPO-
crpancrsom ¢ kpazu-nopmoit | fllyg, = [Vif* e, [ € My;

3) My yzosaersopsier yciaosuio Pary: ecm 0< fr, 1, fn € My,
sup,, || fn”ﬁv <00 CTe/0BaTeILHO CymiecTByeT f = sup,, fn € My
|| fllxz, = supn [|fnllsg,» # o35, = oMy = Vis
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4) My, siBiIsieTcst CHMMETPHYHBIM KBa3H-HOPMHPOBAHHBIM IIPO-

.
crpaHcTBoM ¢ KBasm-HOpMOIi || fllm,, = || o, f € My, npn
yeaosum, uro pyuxnms V' (x) Bospacraer, 1. e. pyHKIIs ﬁ SAB-
JseTcsa KBa3u-BorHyToH. Ilpm stom My, aBIseTCa CHMMETPUIHBIM

KBa31-0aHAXOBBIM NIPOCTPAHCTBOM CO cBoiictBoM Paty m pm,, =

_ 1
SOMV_W'
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MVYJIBTUSAIEPHAS OHJIANH-OIITUMU3AIINI:
JIBOMHON AJITOPUTM BOBKA — A3YPU —
BAPMYTA, OCHOBAHHBII HA HCIIOJIB30OBAHUN
CJIVUAIIHBIX IIPI3HAKOB ®YPBHE

O. B. I'yproBasz
(Poccust, Pocros-na-/Tony, UMMuKH FODYV),

. B. Poxanu
(Poccust, Pocros-na-/Tony, UMMuKH FODY;
PHOMII [O®Y)

[lycTh jama TOCTE0BATETLHOCTE TOUEK (Tg,Yt)lq. 371€ch
z; € RY — npmsmakm, y; € R — mesesas mepemennasi. Paccmarpu-
BaeTCA 3a/a9a PErpeccuu Ha Caydaiiabie mpusnakn Oypbe B pexKn-
Me onjaitH. [To OTHOMIEHMIO K PemIaiouM PaBUIaM U3 THIb0ep-
TOBBIX TIPOCTAHCTB ¢ BocmpousBoasumM sipom (RKHS) mosywemns
OLICHKN COXKAJICHUS IOPSIKA O(Tl/ 2InT) B cpeameM, KOrja 4ncyio
CIIy9alHBIX IPU3AHKOB pacreT Kak T/2.

Ipeoxennrit VAW? npejcrasisier coboii iBYXypPOBHEBYIO
nporeaypy. Pacemorpum N rusibbepTOBBIX TIPOCTPAHCTB € BOCIIPO-
msBogsmmm siapom (RKHS) Hj. Ilycrs sigpa sIBASIOTCS TPAHCIIs-
IUOHHO-uHBapHaHTHBIMEI: kj(2,y) = K;(x — y). Ilo Teopeme Box-
Hepa

i(2) = [ 4y cosle ) do
Rd

rje gj — HeKOTOpasd ILJIOTHOCTH BepoaTHOCTH. [ljIs KaxK/J0ro saapa
CreHepupyeM BeKTOp CjIydaiiHeix npusuakoB Dypoe [1]:

(I>9j(z) = (¢($,9jk))2n:1 = (\/§COS(<(UJ‘;€,CC> + bjk))?:p

e 05 = (Wik,bjk), wjk ~ q;, bjr ~ U(0,2m) — mHe3aBucu-
MBI€ OIMHAKOBO PACIpeIeIeHHbIC CIydaiiHble BeInIuHbl. 11 mpu-
BHAKOB, COOTBETCTBYIOIINX KAaXKIOMY SIJPYy, IPUMEHUM AJTOPUTM
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VAW (Vovk—-Azoury—Warmuth) [2]:

t—1

A 1
wej = Argmin {5 Jews| + 2 ST ((@o, (x1), w5) — i)'+

w;€ i=1

l\DI»—l

2
(@0, (22),0,) }
K monywennsiv npepckazanusm

&t = ((wt,l? (1)91 (xt)>a sy <wt,N7 (I)QN (xt)>)

«IKCIIEPTOBY CHOBa NpuMeHuM ajaropurm VAW.

Teopema 1. Ilycrs wy; € R™ momyvensr npu nomomu ajro-
purvos VAW, npumenennnrx k (Pg, (1), yt), m oy € RN nosyqensr
¢ momoripro agropurma VAW, npumenennoro K (zy,yi), 1ae zy —
BeKTOp npejckazannii sxcneprabix crpareruii. Iycrs |y | < Y.
Torna

A
f] .SCt +§+

l\')l»i
M’ﬂ

T
E Oét, Zt - yt
t=1 t:l

Hf]” +mY2 . HE N
2 by
NY?2 NY?2 2T
+ =5 1n(1+ X (2T(T+1)+2mTln<1+T>)>

g mobeix f; € G, 5 =1,...,N. IIpu T — +o00,

l\')l»i

T 2 1 T ,
Z ay, 2t) < 3 min inf Z(yt—fj(xt)) +

1<GEN fj€BR(J4) P

—|—O((R2 —i—YzlnT)\/T), ecmr m o VT.

L\DI»—~

Bnecs Br(H;) — map B G paguyca R ¢ qeaTpom B Hyite.
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IIpemmosnoxknm, 9T0 n3BeCTHA BepXHsisi oteHKa Y 1ist |y|. O6o-
sHaamM gepes Z; = min(Y,max(z, —Y)), 25 = (wej, Py, (24))
yDE3aHHBIE 3KCIEPTHBIE MpeACKa3aHus. llepBylo OIEHKY Teope-
MBI 1 MOXKHO HECKOJIbKO YJIYUIIUTh, €CJIU UCIIOIb30BATH CBOWCTBO
7)-3KCTIIOHEHIUATBHON BOTHYTOCTH KBPATUIHON (DyHKIUN TOTEPD
cn = 1/(8Y?) u npumMeHnTSH aIrOpPUTM SKCIIOHENMATHLHOTO B3BEIIH-

Banuga (EWA) [2]: oy j = 1/N,

a5 exp(—n(Z; — yi)?)

Zévﬂ Qt—1.k eXP(—U(?t,k —41)?)

Qg = , t=2...T.

IIpu sTOM BTOpas olneHKa TeopeMbl 1 ocTaeTca mpexKHel.
qI/IC.HeHHbIe QKCIIEPUMEHTHI TPOBOJAUJINCH [JIA 9TAJIOHHBIX Ha-
6opos mammbix: Airfoil, Concrete, Naval, Bias, maxomammuxcsa B
ceobogaom pocryme B UCI Machine Learning Repository. Cue-
nys [3], 610 crermepupoBanio 50 caydaitabix npusHakoB Dypbe
T Kaxk10ro u3 76 sijmep, u3 KOTOphiX Sl sapo siBIASIOCH TayCCOB-
CKMM ¥ 25 — JIAIUIACOBCKMM ¢ mapamerpamu o2 € {10%/ 25-2350
u o € {107/-2}24 coorsercrrenmo. Amropurv VAW? moxa-
3aJ1 HAMMEHbIIYI0 cpenHekBaaparunanyio omuOky (MSE) ma yka-
BAHHBIX HAOOpAX JAHHBIX 1O CPABHEHUWIO ¢ OHJIANH-AJITOPUTMAMMU
myabrusiieproii ontumusanuu (Raker, OMKL-GF [3]) u apyru-
MH METOJAMU KOMOWHUPOBAHWSI SKCIEPTHBIX crTpareruii (Arpe-
rupytommii anropurm Boeka, EWA, ML-Prod, ML-Poly, BOA).
Kom mms BOCIpOW3BOACTBA PE3YJIBLTATOB JOCTYIIEH IO CCBLIKE:
https://github.com/0-Gurt/VAW2.
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OCKOJIOYHO KOMITAKTHBIE OPTOTI'OHAJIBHO
AJJJINTUBHBIE OITEPATOPHI B KOMITJIEKCHBIX
BEKTOPHBIX PEHNIETKAX

A. K. I'yraoBa
(Poccnst, Baagnkaskas, COI'Y)

Oproronanpao agaurusabie oneparopbl (OAO) B BEKTOPHBIX
pereTkax Brepsble Oblin nccsenosanbl B [1]. B nasbheitinem unre-
PeCHBIE Pe3yILTATH 0 CTPYKTYPHBIX cBoficTBax OAQ 6bLIH TOTY-
YEeHBI PSIZIOM POCCHICKUX ¥ 3apybexkHBIX MareMaTnkoB [3-5|. Bcee
HEOOXOUMBbIE CBEJEHUS O BEKTOPHBIX PEIeTKax U DaHaXOBBIX pe-
IIeTKAX [PeJICTaBIeHbl B MoHOrpadun [6].

IIyctes X — peficTBuTe/IbHOE BEKTOPHOE IMPOCTPAHCTBO. Bymem
TOBOPHUTH, ITO KOMILJIEKCHOE BEKTOPHOE MMPOCTPAHCTBO X, 33 IaH-
HOE PABEHCTBOM

Xe=X+iX={x+1w: z,ye X},

SIBJIIETCS Komnaekcupurayuet: npocrpancrsa X . Jluneitabie orre-
pamun Ha X 337a10TCd TMPaBUIAMUA:

(x+iy)+ (v+iw) =z+v+i(y + u)

(a+1iB8)(z +iy) = ax — By + i(ay + Px)

Jutst Ti0bbIX o, 8 € Ru x,y,v,u € X.

IIycts E — paBHOMEDPHO TIOJIHAS BEKTOpHAd pemrerka. g jio-
boro smementa z = x + iy € F¢ cymecTByer Ciemyromnmil cympe-
MyM:

2| = |z +iy| ;= sup {(cosp)z + (sinp)y}
0<p<2m

B E, KOTODBII HA3BIBAETCA MOJYIEM Z. 3aMETHM, UTO MOJIYJIb
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06JIaIaeT CIIEYIOMMMI CBORCTBAMM:
1) |z] =0 2 =0;
2) |[Az| = |A| |z| ans mobeix A € C u z € Eg;
3) |z +w| < |2 + |w| mng mobbix z,w € Ec.

Byaem roBoputs, 9to u u v Qudstonkmmub, u nucath u Lc v, ec-
au |u|Alv] = 0. Ilycts E — paBHOMEPHO MOJTHAST BEKTOPHAS PEIIeT-
Ka. DuieMeHT w € E Ha3bIBaeTCs 0ckoakom u, ecan (U — w) L w.
MHOKeCTBO BCEX OCKOJIKOB 3JIEMEHTa 1 0003HATAETCA §y.

IIycte E — paBHOMEPHO TOJHAd BEKTOpHAd perteTka n F —
BekTOpHas perterka. Orobpaxenne T: Ec — F HaszwsiBaercs op-
mozonaavho addumuenvim onepamopom, ecin T(x+y) = Tx+ Ty
JUTsT JTIOOBIX TM3BIOHKTHBIX T,y € K.

IIycte E — paBHOMEPHO TIOJIHAs BEKTODHAsI PEIIETKa U
F — t6anaxoBa pemierka. OpTOrOHAJIBHO aJJIUTUBHBIN OMEpATOp
T: Ec — F maspiBaercs:

1) noaoorcumenvnovim, ecim T(Ec) C Fy;

2) peeyasprvm, ecim T = S; — So, re Sq, Sy — nmonoxuTen-
HbIE OPTOrOHAJIBHO aJIINTUBHBIE Oleparophbl u3 Ec B F

3) ocKoa0uHO KOMNAKMMHbIM, €CT MHOXKeCTBO 1'({§y,) mpeaKkoM-
makTHO B F' st ymroboro w € Eg.

Jluneitnoe mpoctpancTBo Beex peryaspabix OAO uz Ec B F
obosuavarorcsa uepes 0./ .(Fc, F'). Jluneitnoe mpocTpaHCcTBO pery-
JITPHBIX OCKOJIOYHO KOMITAKTHBIX OPTOTOHAIBHO A UTUBHBIX OTe-
paropos u3 Ec B F' oboznauatorcs uepes 6 0. . (Ec, F).

Cdopmynupyem Terepb OCHOBHOM pe3yJibTarT.

Teopema 1. Ilycre E — paBHOMEDHO MOJIHAS BEKTOPHAs Pe-
merka u F' — 6aHaxoBa peIeTka ¢ HOPsIKOBO HEIPEPBIBHOI HOD-
moii. Torga BekTopHOE mpocrpancrBo € 0o . (Ec, F') Bcex pery-
JIIPHBIX OCKOJIOYHO KOMIAKTHBIX OMEPATOPOR SBJISAETCS TTOJ0COH B
04l .(Ec, F) — m0ops1KkoBo MOJIHOI BEKTOPHOI DEIIETKe PEryJisip-
HBIX OPTOrOHAJIBHO aJIATHBHBIX oreparoposB u3 Ec B F.



I'yraosa A. K. 85

Jlureparypa

1. Mazén J. M., Segura de Leén S. Order bounded orthogonally additive
operators // Rev. Roumane Math. Pures Appl.—1990.—Vol. 35, Ne 4.—
P. 329-353.

2. Kpacuoceabckuii A., 3a6petiko II. II., IIycrebaux E. H., Coboses-
cknii I1. E. VlHTerpasibHble OIEpPAaTOPHl B IPOCTPAHCTBAX CYMMUDYEMBIX
dyukmit.—M.: Hayka, 1966.—499 c.

3. Mykhaylyuk V., Pliev M., Popov M. The lateral order on Riesz spaces
and orthogonally additive operators // Positivity.—2021.—Vol. 25, Ne 2.—
P. 291-327.

4. Pliev M., Sukochev F. Orthogonally additive operators on complex vector
lattices // J. Math. Anal. Appl.—2025.—Vol. 541, Ne 2.—128719.

5. Pliev M. Domination problem for narrow orthogonally additive opera-
tors // Positivity.—2017.—Vol. 21, Ne 1.—P. 23-33.

6. Kycpae A. I. Maxopupyewmsbie onepatopsl.—M.: Hayka, 2003.—619 c.



JTIATEPAJIBHO HEITPEPBIBHA S COCTABJISAROIITA ¢
PEI'VJIAPHOT'O OPTOT'OHAJIBHO AJI/ZINTUBHOT O
OITEPATOPA

A. K. I'yraoBa
(Poccust, Bnajukaskas, COT'Y),

. A. Tanxanosn
(Poccust, Bragukaskas, COT'Y)

Oproronanbao ajaurusabie oneparopbl (OAQ) B KoHTekcTe
TEOPUN BEKTOPHBIX PEIIETOK OB BBEIeHBI B pabore [1]. uTepec
K 9THM OIepaTopaM CBsS3aH C 3aJladaMi TEOPUU WHTErPAIbHBIX U
muddepeHnaIbHBIX ypaBHenuii [2]. B mocmennne rogpr pasimd-
wbie acrekThl Teopun OAQ u3ydanch psigoM POCCUICKUX U 3apy-
OekHBIX MaTeMaTnkoB [3-5|. Bce meoOxomuMble cBemeHHS O Bek-
TOPHBIX PEIETKAX W PENTETOYHO-HOPMUPOBAHHBIX MPOCTPAHCTBAX
npejicTaB/iensl B MoHorpadun [6].

[Iycrs (£, E) — pererouyHo-HOPMUPOBAHHOE MTPOCTPAHCTBO U
F — Bekropnast perierka. Orobpaxkenne T: 2 — F HasbiBaeTcs
opmozonasvho addumuehuim onepamopom, ecim T(x +y) = T +
Ty mrst TOOBIX IU3BLIOHKTHBIX L,y € 2 .

OpTrororaabHO 3 IuTHBHLIA onepatop T: 2 — F Ha3bIBaeTCs:

e noaoocumenvhvim, ecan T(Z) C Fy;

o peayaaphoim, ecau T = S1—So, vie S1, So — MOI0KUTE/IbHBIE
OPTOrOHABHO A INTUBHBIE OMepaTopbl u3 2 B F.

MHuozkecTBa BCexX MOJIOKUATETBHBIX U peryaspabix OAO u3 2 B
F obosnagatorcs gepes OAL (2, F) n OA, (2, F) coorBercTBeH-
HO. Bysem rosoputh, Wro cerhb (MOCIEAOBATENBLHOCTD) (Tg)acA
((n)neN) 7EMEHTOB PEIIeTOYHO-HOPMUPOBAHHOTO TPOCTPAHCTBA
& narepalbHO CXOMUTCS K o € 2, ecau ceTh (MOC/IeT0BATE b
HOCTB) (To)acA ((Tn)neN) TOPSZAKOBO CXOMUTCH K & U U3 YCIOBHUSI
a < B (n < m) crenyer, uto T4 & 28 (T, & T4,) A IOOBIX
UHIIEKCOB «, 3 € A (n,m € N).



I'yraoa A. K., Tanxanos /I. A. 87

OproronanpHo aauTuBHbI oneparop 1': 2 — F Ha3biBa-
eTCs AAMEPAALHO HENPEPBISHUM (AAGMEPLALHO T-HENPEPBIEHBIM ),
ecim Jist Kaxk 1ol cetn (Tq)acA (mocienoBaresbHOCTH (T )neN),
JaTepaabHO cxonsimeiics B 2 K smemeHty x € 2 cerhb (mocie-
noBarebHOCTD) (TZq)aca ((TTh)nen) OPAIKOBO cxoauTest B F' K
snementy Tx € F. MuoxkecTBa peryigapHbIX JIaTePaJIbHO HEpe-
PBIBHBIX U JaTepaJbHO o-HenpepblBHBIX OAO w3 Z° B F 0603HAa-
vatorcest yepe3 OA(Z, F) n OAye(Z, F) coorBeTcTBeHHO.

Cdopmynupyem Terepb OCHOBHO# pe3yJibTarT.

Teopema 1. Ilycrs (Z,E) — pasioxkumoe pemeroIHo-
HOPMHPOBAHHOE MPOCTPAHCTBO, F — MOPSIIKOBO TMOJIHAST BEK-
ropHas pemerka. Torma Bekroproe mpocrpanctBo OA (2, F)
(OAse(Z',F)) BCex peryiasipHbIX JIATEPAJIbHO HEIPEPHIBHBIX
(s1aTepajibHO O -HEmpPEPBIBHBIX OMEPATOPOB) SIBJISIETCS TOJIOCOH B
OA,(Z,F) — mopsikoBo MOJHOH BEKTOPHOI DEIIETKe DPEryJIsp-
HBIX OPTOTOHAJIBHO ajaauTuBHBIX oneparopos u3 (£, E) B F.
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OB AJITEBPE I'OJIOMOP®HBIX OYHKITNN
[TOJIMHOMUWAJIBHOT'O POCTA!

O. A. IBanoBa
(Poccust, Pocros-na-/lony, UMMuKH FODY)

IMycre G — orpanwmuennass obiacts B C; G — rpanuma G;
d(z) = infiepq |2 — t|, z € G; H(G) — mpocrpancTBo Beex (hyHK-
nwit, rogoMopdubix B G. st kaxgoro n € N onpegennM baHaxo-
BO TIPOCTPAHCTBO

H™(G) :={f(2) € H(G) : || flln = ilelg\f(Z)\ (d(2))" < +oo}

¢ HOpMOii || - ||,,. BBemem B mpocrpancrse

:UH—n

neN

rosioMopdHBIX B G DYHKIWIT TOJIMHOMUAAJIBEHOTO POCTa BOIM3M T'pa-
uurbl G TOMOJIOTHIO WH/IYKTHBHOTO Mpejesa MOCIeI0BATEeTbHO-
cru npocrparcrs H ™ "(G), n € N, orHOCHTENHHO UX BJIOXKEHUI
B H™°°(G). Hanee npennonaraercs, aro G — orpaHudeHHas 00-
JacTh, 3Be3anas ornocurensuo touku 0. dna f,g € H(G) npo-
nm3Besienne loamenst f % g OmpesenseTcs paBeHCTBOM (HHTErpaJt
Gepercst o orpesky [0, z])

(f*9)(z /f (z—t)dt=g(0 /f "(z—t)dt, z€G.

B H(G) ouo 6bu10 BBegeno u uzydeno H. Yurm [1]. C ymuoxeHn-
em * npocrpancTBo H ~°°(G) sIBisIeTCs: acCOMATUBHON ¥ KOMMY-
TaTUBHOI TomoJiornydeckoit anarebpoii. @yukius 1, TOXKIECTBEHHO

!PaBora Beimossena 3a cuer rpanrta Poccuiickoro Hayunoro domma Ne 25—

21-00062, https://rscf.ru/project/25-21-00062/.
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pasHas 1, sngercs ee eqununeii. Ina g € H*°(G) BBegem ome-
partop Hroamens

Se(f)=F=g, [feH ™(G).

[Iycrs {J} — KOMMyTaHT JIMHEHHOrO HEMPEPBIBHOIO B
H~°°(@) oneparopa MHTErpUpPOBAHMUSI

J(H)(2) :—/f(t) dt, feH"(G), 2€G,
0

B anrebpe Beex JmHEHHBIX Henpepbisabix B H ~°°(G) oneparopos
C YMHOXKEHHEM — KOMIIO3HIUEl OIepaTopoB.

Teopema 1. IIycre G — orpannuennast obacts B C, 3Be31HasT
orHOCHTETbHO TOUKH ().

(i) Ectm A € {J}, 1o cymecrByer enuHCTBeHHAs! (DYHKIHS
g € H=°(Q), amst koropoii A = S,,.

(ii) st moboii pyraxunn g € H™°°(G) omeparop Sy nputaj-
gexnr {J}'.

(ili) Orobpaxenune g+ Sy sBIAETCH M30MOPDUIMOM ATe€OPBI
(H=>°(G), x) ma amreopy {J} .

Hwuxe 6ynyT mcnosib3oBaThcs 00acTh, 00J1aTAIOIIe YCUIeH-
HBIM CBOMcTBOM 3Be3gHOoCcTH. Orpanndentas obaacts G B C siBiisi-
eTCsl CTPOrO 3BE3JIHON OTHOCUTETBLHO TouKE 0, eciau s Jo00ro
q € [0,1) muoxkectBo G conepxurcs B G. Ipu sTrom G — 3aMbI-
kaane G B C. fcHo, uro orpanndennas obsacte G B C, crporo
3Be3/IHAs OTHOCUTEIBHO (), SBJISETCS 3BE3JIHON OTHOCHTENBHO 0.

Teopema 2. Ilycres G — orpaamuennast obiacte B C, crporo
3Be3Hast orHocuTebHO Toukn 0. @yuknus g € H~°°(G) obparn-
ma B (H™*°(G), *) Torma u roabko torga, korga g(0) # 0.

Caencrsue. Ilycrs G — orpaHuwdeHHasr CTPOrO 3BE3HAS OT-
vocureapro toukn 0 obmacte B C, g € H™°(G). Cuexyromime
VTBEPKIEHHS PABHOCHIHHBI:
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(i) Omeparop Sy : H™°(G) — H~*°(G) nmeer amHeiiHbIii
HEIIPEPhIBHBI 0OPATHBII.

(ii) Omeparop Sy : H=*°(G) — H™*°(G) cropbekTuBeH.

(if) 9(0) # 0.

Teopema 3. Ilycres G — orpaamuennast obiacte B C, crporo
3B€3/[HAs] OTHOCUTEJTHHO TOUYKH (.

(1) st mo6oro m € Ny := N U {0} muoxecrso

L= {fe H>G): fH0)=0,0<k<m}

ABJIAETCS  COOCTBEHHBIM — 3aMKHYTBIM — HJ€AJIOM  aJareOpbl
(H(G), ).

(ii) JIro6oii coberBennsrii 3amkHy oI niean (H~°(G), x) cos-
AJIAeT ¢ HEKOTOPBIM MHOXKECTBOM Ipy,.

(iii) CemericrBo {Iy;}meN, COBIaZaeT ¢ MHOMXKECTBOM BCEX
COOCTBEHHBIX 3aMKHYTBIX J-HHBADHAHTHBIX ITOJIPOCTPAHCTE
H~>(G).

N3 reopem 2 u 3 caemyer, uro asrebpa (H™°°(G),x*) Jo-
KaJbHA U €JMHCTBEHHBIM MAKCHMAJbLHBIM HJEAJOM B Heill SBJIsd-
ercst Iy, coBmajaroniee ¢ MHOXKECTBOM BCEX *-HEOOpATHUMBIX 3JjIe-
mentoB H~°(G). Teopema 3 Bieuer, uro dyukmus f € H™°(G)
SIBJIAETCS IMKJIMIECKUM BeKTOpoM oneparopa J 8 H~*°(G) Torga
u TobpKo Torma, korma f(0) # 0.

[IpuBenennbe pe3yiabTars moiayueHsl coMmectno ¢ C. H. Memnnxo-
BBIM.
Jlureparypa

1. Wigley N. The Duhamel product of analytic functions // Duke Math. J.—
1974.—Vol. 41.—P. 211—-217.



OB OIITUMAJIBHOM BOCCTAHOBJIEHUN
JPOBHBIX JIAITJTACUAHOB
10 HETOYHOII UHOOPMAIINN

I'. I'. Marapua-UnbseB
(Poccust, Mocksa, MI'V;
Braankaskas, FOMI BHIL PAH),

E. O. CuskoBa
(Poccust, Bragukaskas, FOMU BHII PAH;
Mocksa, HIIY «M9S9I1»)

IIyctb d € N, « > 0 u F — npeobpazosanne Pypbe B
Ly(RY). IMna dbynxmmit f(-) € Lo(R?), mis xoropeix dyHKums
€ = |E|9F[f](€) makxe npumammexnut Lo(R?), obosmauny depes
(—A)*/2 oneparop u3 Ly(R?) B Ly(R%), meiicryrommuii B 06pasax
Dypbe 10 TPABUITY:

F[(-A)2f](€) = [EI*F[f1(€), mnams. £ €R™

Hasosewm sror oneparop («/2)-% cmenenwio onepamopa Jlanaaca.
I[Iycts o > 0. Paccmorpum cieayrormuit Kjiacc (QyHKIHI B
Ly(R%):

W5 (RY) = {£() € La(RY) ¢ (- F0)|g, e < 1}

IIycrs, mamee, 0 < B < a, A — HemycTOE M3MEPUMOE TTOIMHO-
skectBo R u § > 0. MBI XOTUM BOCCTAHOBHUTH (mo BO3MOXKHOCTH
HamTydmmM obpasomM) 3madenms omeparopa (—A)S/2 B merpuxke
Ly(R%) na kiacce Ws'(R?) no caenyromeit nndopmarmu: o Kax-
noit bynxmum f(-) € W(RY) ussecrna dbymkmua g(-) € Ly(A)
Takas, 4To

1
(2m)?
(ecrm 6 = 0, To dynkuusa F[f]|(-)|a — cyxenne F[f]|(-) ma A —

M3BECTHA TOYHO).

HF[f]() _g(')HLQ(A) <9
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ITocranoBka 3a/1a4n ONTUMAJIBHOIO BOCCTAHOBJIEHUST 3aKIH09a-
erca B craemyiomem. Jlo6oe ortoGpaskenme m: Lo(A) — Lo(R?)
paccMaTpUBAETCs KaK MEeTOJ[ BOCCTAHOBJIEHUSI U €r0 MOIPElTHOCTh
oripejiesisieTcs 1o (hopMyie
8
2

e((-A)

- sup I(=2)2 £) = m@) O 1y ae-
FOEWS (RY), g(-)eL2(A)

o7z IFNO=90) Ly a) <6

W5 (RY), Ly(A),8,m) =

Hac HHTEPECYET No2pewHocmsv onmumaisbH0o20 60CCMAHOBAEHUA,
T. €. BeJINYUHa
B
E((_A)Ev WQa (Rd)7 LQ(A)7 5) =
=infe((—A)

m

ga WQO{(Rd)a L2(A)a 55 m)a

IJle HUDKHsIst Tpaib bepercs 1o Bcem Metogam m: La(A) — Lo(RY),
U Te METOJIbI 71, HA KOTOPBIX HUZKHSS IPaHb JOCTUIAETCs, T. €.

8 B
2 2

E((_A) ) W2a (Rd) ) LQ(A)a 5) :e((_A) ) W2a (Rd) ) LQ(A)v 57 T/fb)
Taxme MeTOIBI MBI HA3BIBAEM ONMUMAALHBLMU MEMOOAMU 60CCMaA-
HOGAEHUA.

Iycrs B(z,7) — 3amkayTsii map B R? ¢ menrpoM B Touke
paguyca r > 0 (B(z,0) = z), a (-,-) — cKajsipHOE TPOU3BEEHNE
B RY. TTomoxmm

ra=sup{r>0: mes(ANB(0,r)) =mesB(0,r)},

e mes obosmagaer Mepy Jlebera B RY.
IIycrs 0 < B8 < a m 6 > 0. Obozmaamm

1
(a—B)
?: ?(065757(1) - (%)2 5_5’ TO:min(TA’?)’



Marapui-Unssies I. T., CusroBa E. O. 93

Teopema. ITycrs A — u3mepumoe muoxecto B R, 0 < B <
ud > 0. Torga

1) Ecimry =0, 1o

E((-A)%, W5 (RY), Ly(A),0) = +oo;
2) Ectu0<rsg<-+ooud=0, 10
1
E((~A)7, W5 (RY), Ly(4),0) = —— .
T'A

Juneiinprii oneparop m: Lo(A) — La(R%), neiicrpyrontmii
ot . B. © € RY o mpasmiry

AENOI) @) = o [ IEPFLE €6 de
l€1<ra

ABJIACTCA ONTHUMAJIBHBIM.

3) Ecim 0 <rsp<+4oowud >0, 10

B
2

E((—A)z, W§(RY), Ly(A),8) =

B
a—pB (B\*F o, 23 1 ~
= i <

5¥, A>T
Jrst kascoit pynxmmi a-) € Loo(RY) Taxoii, uro a(€) = 0,
ecmn € ¢ B(0,79)

@) I - a©)P
N e ST
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st 11.B. § € B(0,7g), smHeiinb oneparop mg: Lo(A) —
Ly(R%), geticrsytomuii g . B. x € RY mo npapmy

Pia(9())(x) = e / a(©)g(E)e" ™ de,

ABJIACTCA OIITHMaJIbHBIM METOJIOM.
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PABHOMEPHAS{ CXOJANMOCTH PI10B ®YPLE
10 COBOJIEBCKON CUCTEME ITOJIMTHOMOB,
ACCOIIMNPOBAHHOI1 C TIOJIMHOMAMU SIKOBI!

M. I'. Maromea-Kacymos
(Poccust, Maxaukama, JIOUILL PAH)

ITycts W£$ = £‘,§ [a, b] — mpocTpancTBo CobosteBa, cocTosImee
u3 7 — 1 pa3 HenpepsIBHO AuddepeHnupyeMbix va [a, b] dyuknuii f
rakux, aro f"~1) aBcomorno menpepesua u f(7) € LPla,b], tae
LY = LPla,b] — BecoBoe mpocrpancTso JleGera ¢ HOpMOt

b :
£l = ( [1r@Po) dx) |

lpu p = 2 B mpocrpancrse W, MOXKHO BBECTH CKAJIAPHOE HPOU3-
P
BeJICHUE:

r—1 b
(fr9) = Zf(k) (a)g® (a) + / F () (2)p(x) dz. (1)
k=0 2
Hopwmy B npocrpancree W/, onpeneanu ciemyronmum o6pasom:
P

P

r—1 b
fwg,,{Zf(’“(a)M / f<r>(t>pp<t)dt] )
p k=0 .

5 [ee)
Yepes P40 = {Pna’ﬂ }o", ODO3HAMM CHCTEMY NOJIMHO-
MOB fK0OWM, OpPTOHOPMHUpPOBaHHBIX Ha oTpe3ke [—1,1] ¢ Becom

Wecenenosanue Boionseno 3a cuer rpanTa Poccuiickoro mayuasoro Gpoa,
mpoexT Ne 24-21-00143.
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pla, B;z) = (1—2)*(14-2)5. Onpenemnv HoByIo cicremy dbyHKImIi
P27 r > 1, ¢ OMOIIBIO PABEHCTB:
(z +1)F

= ool )

PP (x) = ‘/(:L‘—t)Tlﬁ,ﬁf(t) dt, k=rr+1,... (4

-1

Cucrema dynknuit P, B opToHOpMUpOBaHa OTHOCHTETHHO (1)
upu p(x) = p(a, B;x) [1, c. 231]. Mb1 Gyjem Ha3biBaThH PP e
CTEMOi TTOJTMHOMOB, OPTOroHAIbHOM B cMbicjae CobosieBa u acco-
IIMMPOBAHHOI ¢ nomHOMaMu STkobu Py B

Pan ®@ypre byuknun f € Wzg( 5)[_1’ 1] no cucreme P28y
p(a,
YacTUYHAs CyMMa 9TOrO psifia UMeIoT cieryonmit sug [1, c. 227]:

Zf““ “)+Zcﬁf<f>Pﬁ,f<x>, (5)

se(f) =3 f0(y @D

n
S P (@), ne
k=r

rIe
1

S0 = [ 100 B pla i)

-1

Ormernm, uro wactuanas cymma (6) mpw n > r COBIAgaeT r-
KpaTHO ¢ ucxoaHoi dbyuknueii f(z) B Touke z = —1 [1, c. 228]:

(Sﬁ’f)(y)(fa _1) — f(V)(_l)’ o<rvr—1. (7)
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O6oszmaunm uepes U, % MmowxkecTBO dbyHKIH, ONpeIeIeHHBIX
Ha oTpeske [—1, 1], Takmx, 9T0 MaxX,¢c|_1,1) \Sfff’f(f,:c) — f(z)] =0,
n — oo.

Bompocsr morodednoit u paBHOMEPHOI cxogumMocTu psizioB Dy-
pbe Buaa (5) mo cucTeMaMm, OPTOrOHAIBHLIM OTHOCHTENLHO (1) m
ACCOMUMPOBAHHBIM C TaAaKUMU KJIACCUYIECKUMMN CHCTEeMaMHt, KaK CH-
crema nojimaoMOB Zk06u, Jlareppa, cucrema dyukimit Xaapa, Yo-
qima, Jlareppa u cucrema KOCHHYCOB JIOBOJIBHO MTOAPOOHO MCCIE0-
BaJINCh B paborax [2-7|. B wactaocTH, B [6] KOKa3aHa ciemyrommas
TeopeMa.

Teopema A. Ecmr —1 < o, 3 <0, 10 WE;(Q . cUM r>1.

OcraBajicst OTKPBITBIM BOIPOC O TOM, MOXKHO JIA OCJIabUThH
ycaosus Ha «, [ B Teopeme A. OTBer Ha 3TOT BOIPOC JJIs YJib-
Tpacdepruuecknx MOJMHOMOB HoJIydeH B [7].

Teopema B. IIycts o = 8 > —1. Brirouenne W£1( : C Uﬁ”g,
p(a,B

r > 1, mmeer MecTo TOryIa H TOJBKO TOrJa, Korga o < 3/2.

B nannoit pabore paccMoTpeH 00IInii Ciiydaii moJIunHOMOB KO-
O u MOJIyYeHbI JJOCTATOYHBIE YCIOBUST PABHOMEDPHON CXOIUMOCTHU
panos Pypwe 1o cucreme Py Pk bynkmuam ns W/, .
p(e,B)
Teopema C. Ilpn —1 < o, f < 3/2, | — S| < 1 mmeer mecro

BKJIFOUCHUE ng( ) C Ug’ﬁ, r =1
p(e, B

JIuteparypa

1. IMMapamyauaos H. H. Oproronansusie mo CoboseBy cucTeMbl (yHKITHA,
ACCOIMMPOBAHHBIE C OPTOTOHAJIBHON cucremoit dbynkmuit // Wszs. PAH.
Cep. mat.—2018.—T. 82, Ne 1.—C. 225-258.

2. Hlapamyauaos M. M. Oproronansubie mo CoGoseBy cuctemsl (ByHK-
it m HEKOTOpBIEe mx npunokenus // Ycnexm mar. mayk.—2019.—T. 74,
Ne 4 (448).—C. 87-164.

3. Ilapamyaunos H. U. Cucremsr ¢yukimii, oproronaasuse mo Cobosesy,
aCCOMMUPOBAHHBIE ¢ OPTOroHAMLHOH cucremoit // M3s. PAH. Cep. mar.—

2018.—T. 82, Ne 1.—C. 225-258.



98

Maromen-Kacymon M. T

Maromen-KacymoB M. I. Cuctema (dyHKIMII, OpTOrOHAJIbHAS B CMBICTIE
CoGosnesa u nopoxiennas cucremoil Yonma // Mar. 3amerku.—2019.—
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KOHCTPYKTUBHOE PEITEHUE 3AJIAYN
KPATHOI1 UHTEPIIOJIAIINN B ITIPOCTPAHCTBE
OTI'PAHMYEHHBIX OYHKIINN B OJIYILIOCKOCTHI!

K. I'. Manrotun
(Poccust, Kypek, KI'V)

O6ozHaunM vepe3 H° mpocTpaHCTBO OMPAHUYEHHBIX aHAJIATH-
geckux (yHkimii B Bepxueit nmosymiockoctn C4 = {z : Imz > 0}.

OnPEAENEHUE. Jdusuzop D = {an,qn}o>, (T. e. mocienoBa-
TEJIbHOCTh PA3JIMYHBIX KOMILJIEKCHBIX duces {a, = rpetfn > C
C,, npenenbHBIE TOYKN KOTOPOil Ha BemecTBeHHON ocu R u Gec-
KOHEYHOCTH, C UX KparHocTsMu {g,}oo, C N) masbBaercs nv-
TEPNOIANUOHELIM B H, ecam jyia 1000 MOCIEI0BATETEHOCTH
KOMIUTEKCHBIX uncer {by 1}, K =1,2,...,qn, n € N, ynoBnersopsi-

I0IIell YCIOBUIO:

sup max |bn’k|(1man)k_1
neNl<k<gn (kb —1)!

< 00,

cymectByer dyuknus F' € H® | pemraiomas npobdiemy
Fe (@) =byp, k=1,2,...,qn, n€N.

Huemsop D mopoxmaer mepy B nomymtockoctu Cy:

pH(G) = uh(G) == qusiny, pF(r) =pu"(C(0,7)).
an€G

Omnpenenum cemeiicTBO QyHKIHI

B+ () = it (C= al2)) \ {an}),

Wecenenosanue Boionseno 3a cuer rpanrta Poccmiickoro Hayusoro dhonia

Ne 24-21-00006, https://rscf.ru/project/24-21-00006/.
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rje a, — TOouKa, OymKaiimast K 2 (ecjm TaKMX TOYEK HECKOJIBKO,
TO GepeM TOUKY ¢ HAMMEHBIIIMM MPOU3BEIEHUuEM ¢, sin f,). Cmpa-
BE/ITTNBA

Teopema. Crexyroriue yTBEPK/ICHAST IKBUBAJTCHTHBI.

1) dusmzop D sapisercs HHTEPIOJSIMOHHBIM JHBH30POM
B H™;

2) Bbrnossiercst yciaosne Bacronnna — KapJiecona

gn!
(Im an)Qn |B(Qn) (an)‘

sup < 00

3) sup g, < o0,
neN

1

. a) da
sup sinarg z < 00.
2eC ala —i— sin arg z)?2
0

Baecy B(z) — npoussenenne Bigmike quBuzopa D.

DKBUBAJIEHTHOCTh yTBEpKaeHuit 1) m 2) gokazama B pabo-
tax [1-3]. B [1| mokasaHo cymiecTBOBaHWE HHTEPIOINPYIOIIEit
dbyukipn. B [2] noaydeno pererne merogom Dpiia (CABUTOM y3/108B
uaTepnosinun). B 3] monydeno addexruBHoe pererne MeTomoM
ouoproronanmzanun Jxpbamsina. Ycaosue 3) — HOBOE.

M])I IoJIy9aeM KOHCTPYKTHUBHOE DPeIlleHrne B BUAEC MHTEPIIOJIdA-
IIUOHHOTO Ps/IA.

[TepenymepoBaB, ecim eCTh HEOOXOAUMOCTH, TOYKHU JTUBHU30-
pa D, MOXKeM CUYATATh, YTO

Iman41 Ima,
~
1472, = 1472’

n €eN.

ITomoxxum

o — .
1 I I
an(z) = 3 LE @ rilmay) Ima
_nz(ak—z—zlman) L+
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Psan, onpenensiionmii GyHKIUO vy, (2), CXOAUTCH PABHOMEPHO
B KaK0ii obacTn

25: {z: |z| <r,Imz > —Ima, + 9, 5>O}.

Oupegeaum moaIuHOMbI

P(z) = :an . [%(Z)

(m-1)
|
Z— Qn
rIe

()t R
’i_' ’Yn,qn—l—l—m—ibn,i—l—l )

B T )

1 d (2 — ay)in
Tk =10 \ a2 B(2)
k=1,...,qn, n €N,

onl2) = ( ) exp [an(an) — an(2)].

Bamerum, uro ¢, (a,) =1, n € N.
Pan

zZ=an

2Ima,,

Z — Qp

o0
F(2) = B(2) ) Pu(2)
n=1
pemaer ipobsiemy maTepmosisaun u F € H™>.

JIuteparypa

1. Bacrorun B. H. Ba3ucel n3 pannoHa bHBIX GYHKINN U KPATHAS UHTEP-
nonsinus // 3am. Hayd. cem. JIOMI.—1976.—T. 56.—C. 174-176.

2. Bupgenckmii . B. Kparnast unTepnossinus npoussenenusmu Bismke //
Bamn. wHayu. cem. JIOMU.—1977.—T. 73.—C. 195-202.

3. Maprupocsa B. M. 9ddexkruBHoe perieHne MHTEPIOISIIMOHHON 3a/1a49u
¢ y37aMu orpaHudeHHoii kparaoctu 8 H* // Hoxa. AH CCCP.—1982.—
T. 263, Ne 4.—C. 805-808.



PAJIBI ®YPBE 11O MHOT'OYJIEHAM,
OPTOT'OHAJIBHBIM B ITPOCTPAHCTBE
COBOJIEBA!

B. II. Ocunenkep
(Poccusi, Mocksa, HIY MI'CY)

[Tycts p(x) — mosoxkuTenbHAsT GOpeseBCKasg Mepa Ha MpOMe-
xKyTke [—1, 1] u 3aganb! TOUuKM ag, —00 < a < 00, k=1,2,...,m.
Hna dyukmmii f u g u3 Li([—l, 1]) Takux, 9TO CyIIECTBYIOT WX
MTPOM3BOIHBIE B TOYKAX (f, BBEJEM CKAJIAPHOE MPOM3BEICHUE

1 m Nk

(fg) = / F@g@) du() + 303 MesfO(ar)g®(ar), (1)

el k=1 i=0
e
Mp; >0, My, >0 (i=0,1,2,..., Ny —1; k=1,2,...,m).

Jluneiinbie NPOCTPAHCTBA CO CKAIAPHBbIM TpousBegenuem (1)
HA3BIBAIOTCA «KOHTUHYAJILHO-IUCKpeTHBIME npocTpancTeamu Co-
6o.J1eBaY.

O6o3naunm gepe3 Z, (1 < p < 00) MHOKeCTBO (DyHKIIII

( )

1
[ 15@P duta) < o
]

@ (ag) cymecTByoT, — 00 < af < 00
(i=0,Np; k=0,m) |

\

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro
domma, mpoekt Ne 24-21-00143.
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Beegem muorowrensr Cobosesa {G,(z)}52 ;, OPTOHOPMUPOBAHHbIE
B CKaJIsIpHOM mpomsBegernn (1):

Gn(z) = k(@)™ + (@) + ...,
k@) >0 (neZy=1{0,1,2,...}),

1
(s ) = / G (2)Gon() dO () +
1

m Nk
+ 35 Mg (ar)g (ak) = nm  (nm € Zy).
k=1 i=0

CymecrByer mHOrowIeH wy(x) crenenn N Takoii, 4T0 MHOrOYJIe-
HBI () YIOBIETBOPSIIOT PEKYPPEHTHOMY COOTHOIIEHUTO

N N
N (@)Gn (%) = Y it jGnr (®) + D dnjGnj(z),  (2)
=0 j=1
rie
n€Zy; q-j(x) =0, j =1
dnj =0, j>n; xel-11].

Kaxmoit dyuxmun f € #, (1 < p < 00) HOCTaBUM B COOTBET-
crBue psg @ypre — CobosieBa

F@) ~ > en(Pan(@),  alf) = (@), ke

k=0

Pa,CCMOTpI/IM TPEYTrOJBbHYIO MAaTPUILYy BEIIECTBEHHBIX YHCEJI:

A:{A,ﬁ"), k=01, . nn+1; A" =1, Aﬁﬁglzo,neﬁ}.



104 Ocunenkep B. I1.

Kaxnoit dynxumm f € %, (1 < p < 00) 1o ee psagy Pyppe —
CoboseBa, ¢ momommpio peryaapuoii no Témmy marpunsr A 110-
CTaBUM B COOTBETCTBHUE IOC/Ie/I0BATEeILHOCTL A-cpeHux:

A) =Y M Ha) (neZy; xe(-1,1)

Hna dbysxnuit f € %, (1 < p < 00) paccCMOTPHM JIHHETHOe
HopMupoBanHoe npocrpanctso W ([—1,1]) ¢ mopwmoit

m  Ng

HfHWP( [~1,1]) HfH P ([=1,1]) +ZZR;“ f()ak )7 (1<p<o0).

k=1 i=0

[Monyuenst pesynbratel 0 A-cymmmpyemoctu psizioB @ypre — Co-
6osieBa, T. €. IPU KAKWUX YCJIOBUSX Ha IJEMEHTHl MaTpuibl A u
OPTOHOPMUPOBAHHYIO CHCTEMY IOJHHOMOB {{k}72, PAaBHOMEDHO,
IOYTH BCIOLY W MO METPHKe MPOCTpaHcTBa W} BBINOIHAIOTCA CO-
OTHOIIIEHUS

(i=0,1,2,..., Ny k=1,...,m).

JokazaTenbcTBa yTBEPXKAEHUI OCHOBAHBI HA  TOJIYy9IEHHOM
npezcrapiaennn saaep Base-Ilyccena (@eitepa) u mocTpoeHwn
«ropbHaTHIX MAXKOPAHTY IJId A/eP CHHTY/ISIPHBIX WHTEIPAJIOB, C II0-
MOIIBIO KOTOPBIX MOJIYyYaeM OIeHKH JTHHEHHBIX CPEIHUX Yepes3 MaK-
cumasbabie pyamun Xapau — Jlurmasyma. Baxkmyio poas mpum
9TOM UTPAET PEKYPPEHTHOE COOTHOoIIeHue (2).

I[MpumeP. Cummerpuunbie nosmHOMBI Lererbayspa — Cobote-
Ba {Béa) ()} (n € Zy; x € [~1,1]), oproHOPMEpPOBAHHBIE B CKa-
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JIIPHOM TIPOU3BEIEeHUN

1
(f,9)a = /f(iv)g(iv)wa(x)dx +M[f(1)g(1) + f(=1)g(=1)]+
21

+N[f(Dg 1)+ f(-1)g(-1)] (M >0, N>0),

e
I'(2a + 2)

wa(ﬂf) = 22a+1p2(a + 1)

[Tostyuennble pe3y/bTraThl COEPKAT yTBEPXKAeHNs paboThl [1].

(1-2%)% (a>-1).

JIuteparypa

1. Ocunenxkep B. II. O psagax @ypbe 110 06001eHHBIM COOCTBEHHBIM (OYHKIIN-
am auckperroro oneparopa lrypma — Jlnysumna // Oyaknmon. anams
u ero npmir.—2018.—T. 52, Ne 2.—C. 90-93.



O IPOJOJIZKEHIN JIMHENHBIX OIIEPATOPOB
B BEKTOPHBIX PEINIETKAX!

A. A. CaangynaeBa
(Poccust, Biagnkaskas, BHIT PAH)

Opve u3 pyHIaAMEHTAIBHBIX PE3YILTATOB (DYHKIIMOHATHEHOTO
anajm3a — TeopeMa XaHna — baHaxa rjacut, 9To JUHEHHbIH (YHK-
[IMOHAJI, ONpEIeJeHHBI Ha TOAIPOCTPAHCTBE BEKTOPHOTO TIPO-
CTPAHCTBA U MAXKOPUPYEMbIil TaMm CyOuHEHHBIM (DYHKIIMOHATIOM,
OTIPEIE/IEHHBIM HA BCEM TPOCTPAHCTBE, JOMYCKACT TPOIOTKEHIE
Ha BCE MPOCTPAHCTBO C COXPAHEHUEM JUHEHHOCTH U MaXKOPHUpPYe-
MOCTH. AHAJIOTMYHBIN pe3y/IbTaT BEPEH U JIJIsi OlEePaTOpOB, Jeii-
CTBYIOIINX B TIOPSITKOBO TIOJTHYIO0 BEKTOPHYIO PEIIETKY. DTOT (PaKT
NpWHATO HA3bIBaTH Teopemoit Xama — bamaxa — Kantoposu-
qa [1]. BemmosiHgieTcst TakKe n 0OpaTHOE YTBEPKIEHUE, Oy IeH-
Hoe Bownaiicom, Cuibsepmanom u Ty (cm., nanpumep, [2]): ymo-
PSANOYEHHOE BEKTOPHOE MPOCTPAHCTBO, JOTYCKAIONIEe MazKOPHUPO-
BAHHOE IPOJIOJI?KEHNE JIMHEHHBIX OTIEPATOPOB, ABJISETCS MOPSITKO-
BO IIOJIHOM BEKTOPHOH pPeleTKoi.

B HEKOTOPBIX CTydasix BO3MOXKHO OCTabUTh TpeOOBAHUE TTOPSI/I-
KOBO¥ TOJIHOTHI, HAK/IAJbIBaEMOE Ha, 0OJACTH 3HAMEHWI, 3a CIeT
IpeIbABICHUS K 00JIACTU OIpee/ieHnsT HEKOTOPBIX JTOMOJTHUTE b~
HBIX YCJIOBWIi, a UMEHHO MOXXHO TOTPe0OBaTH BBHIMOJHEHUE YCJIO-
BUSI 0-UHTEPIOJSIIHOHHOTO CBOUCTBA B 00/IACTU 3HAYEHUIT U YCJIO-
BUS cenapadebHOCTH B 0DIACTU OIpPEJIeNeHns. DTa Ujles BIePBbIe
OpLTa peanm3oBana B pabore Abpamosnua u Bukcrena [3]. dasib-
Heifflllee ke pasBUTHE HpejCcTaBieno B 0b3ope Jdanera [4].

HamomunM, 9T0 BEKTOPHON PEIIETKON HA3BIBACTCH YIIOPSI0-
YeHHOe BEKTOpHOEe mpocTpancTBo F = (F, <), B KOTOPOM KazKas
napa 371eMeHToB z,y € E umeror cynpemym sup{z,y} u undumvuym
inf{z,y}. [Ipu 3T70M, BeKTOpHAs pelIeTKa HA3BIBAETCS TOPSIKOBO

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro

donga, npoext Ne 24-71-10094, https://rscf.ru/en/project/24-71-10094/.
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[IOJIHOM, eC/u B HeH KaxK/0e HEeIlyCTOe HOPAJIKOBO OIDAHUYCHHOE
muaOKecTBO A € E mmeer cympemym sup(A) € E u uudumuym
inf(A) € E.

ONPEAENEHUE 1. Bekropnas peretka F' obaadaem cusbHbim
O -UNMEPNOAAUUOHHDM CEOTUCMEOM, €CIA TSI TOCIETOBATETBHO-
creit (x,) u (2y,), YIOBIETBOPSIONINUX HEPABEHCTBY Ty < Zp, I
Bcex n,m € N, cymectByer y € F Takoit, 9t0o &, < Y < 2y 4
Bcex n,m € N.

Cdopmynnupyem OCHOBHOI pe3y/brar, yCTaHOB/IEHHBIH B [5].

Teopema 1. Ilyctp F' — CeKBEHIIHAJIBHO ITOJIHOE TOMOJIOTH-
4EeCKOe BEKTOPHOE IPOCTPAHCTBO, YIOPSJOYEHHOE BOCIIPOU3BOIS-
UM, 3aMKHYTBIM H HOpMaJIbHBIM KOHycoM Y.y . Torja paBHOCHIb-
HBI CJIEAYIONIHE YCIOBHSI:

(1) F obmamaer cuabHBIM 0-HHTEPIOISAIHOHHBIM CBOHCTBOM;

(2) F obsagaer c4eTHBIM CBOHCTBOM MaKOPHPOBAHHOI'O IIPO-
JTOJIKEHUST JIMHEHHBIX OTIEPATOPOB.

Hasee cchopmyaupyeM IBa MPUIOKEHUS K YyCTAHOBJIEHHOM TEO-
peme. Ho npexie BBemeM erne HECKOJIBKO OIMPEIeTEeHNUI.

ONPEAEJEHUE 2. YHOOpSIOYEeHHOE BEKTOPHOE MIPOCTPAH-
ctBo X o0baadaem 0ekoMNo3uYuOHHbIM ceoticmseom Pucca, eciu

[0,2] +[0,y] = [0,z +y] (0< z,y € X).

OnpPeEAEJNEHUE 3. Ilycts P : X — Y — cyOauHeitHbI omepa-
Top. Onoprwm mmoocecmeom usu cybougddepenyuanrom (6 nyae)
omeparopa P HaspiBaeTcst

OP:={T € L(X,Y): (Ve € X) Tx < P(z)},

rae L(X,Y) — npocrpancrso JsimHeliHbIx oneparopos u3 X B Y.
Omneparopsl n3 0P Ha3BIBAIOTCA OMOPHLIMA K omepaTopy P.
Caexncrsue 1 (dopmymna Mopo — Pokadenmapa). ITycrs X —
cermapabe/IbHOe U METPH3YeMOe TOHOJIOIHYECKOe BEeKTOPHOE IIPO-
crpaHcTBO W'Y — CEKBEeHIHMATIBHO IIOJHOE TOIOJOTHIECKOEe BEK-
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TOPHOE MPOCTPAHCTBO, YIIOPSA0YEHHOE 3aMKHYTBHIM, BOCIPOH3BO-
JISIIITAM U HOPMaJIbHBIM KOHYcoM Yy . Eciu'Y ob/ataer cuibHbIM O~
HHTEPIOJISIITAOHHBIM CBOMCTBOM, TO JJIsT KOHEYHOTO Habopa Herpe-
DPBIBHBIX cyO/mHerHbix omeparopoB Pi,... . P, : X — Y wnmeer
MeCTO NpeCcTaB/IeHue

6(P1+...+Pn):6P1+...+8Pn.

HamomunM, 910 imHEHHBIN OmTepaTop HA3BIBAECTC PE2YAAPHBIM,
eCJIM OH TIPEJICTAaBUM B BHJIE PA3HOCTHU JBYX IOJIOKUTEJIbHBIX JIN-
Heitubix oneparopos. Cumosiom L (X, Y') Gynem obo3Hadars mpo-
CTPAHCTBO BCEX PErYJIAPHBIX OEPATOpOB, JAeficTytomux u3 X B Y.

CaencrBue 2 (gexommosunuonnoe cBoiictso Pucca). ITycrs
X — merpusyemas u cenapabesbHasI JIOKAJIbHO TeJeCHas TOIOJIO-
rudeckasl BEKTOPHAs pelleTKa, & Y — CeKBEHIHAJIbHO IIOJIHOE TO-
II0JIOTTIEeCKOE BEKTOPHOE MPOCTPAHCTBO, YVIOPAA0IYEHHOE BOCIIPO-
HM3BOJSAIINM, 3aMKHYTHIM U HOpMaJibHbIM KoHycoM Y. Ecin'Y o06-
J1ajaeT CHIBHBIM 0-HHTEePIOJISAHOHHBIM cBoictBoM, To L™ (X,Y)
obs1azaeT JeKOMITO3UIIMOHHBIM cBolcTBoM Pucca.
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CTPOT'O CUHT'VJIAPHBIE OITEPATOPHBI
1 BAHAXOBHI ITPEIEJIBI

E. M. Cemenos
(Poccust, Boponex, BI'Y)

Jluneiinblit oneparop A, meiicTByIONHiT 13 OaHAXOBA IPOCTPAH-
ctBa F B 6aHaXOBO MpPOCTPAHCTBO F', HA3BIBAETCA CTPOTO CHUHTY-
JIIPHBIM, eCJii cyKernrne A Ha Ji060e 6eCKOHETHOMEPHOe TPOCTPAH-
ctBO E He SBJISIETCS U30MOPGPU3MOM. DTO MHOXKECTBO, 00paszyio-
1ee 3aMKHYTHIN OllepaTopHblii uzjeas, o0bu10 BBegeno T. Karo B
1958 r. B cBa3u c Teopwueit BO3MYyIeHUsS (PPEATrOILMOBBIX Oepa-
TopoB. Besikuit cTporo cunrysisipHbiit oneparop kommakTeH. O6-
paTHOe yTBepXKJeHue, BoobIe roBopsi, HeBepHO, U B L, (p # 2)
CYIIIECTBYeT KOMITAKTHBII HE CTPOTrO CUHTYJISPHBIH omepaTop. O
HAaKO B LQ KJIaCChl KOMITAKTHBIX W CTPOr'O CUHIYJIADHBIX OIlEePaTO-
poB coBnagarT. Ecam A cTporo CHHryagpHBIL omepaTop B Ly, To,
KaK jioKazas B. Mmibman, A2 kommaxTes.

[IpocTpaHcTBO OrpaHUYEHHBIX IOC/TIEIOBATEILHOCTEH X =
(x1,22,...) ¢ HopMmoit ||| = sup,cy|zn|, Tme N — mHOXKeCTBO
HaTypaJbHBIX YHCeI, 0003HaYaeTCst depes Lo JIuHelHbIit Hemnpe-
PBIBHBLI dyHKIMOHAT B € £} HasbBaeTcsa OaHAXOBLIM IIPeIeIoM,
ecn

1) B>20, 1 e Bx >0 nsBeex & € loo, © > 0;

2) Bx = BTx nns Beex x € Loy, tie T — omeparop c/sura;

3) Bl =1, e I=(1,1,...).

MuoxKecTBO 0aHAXOBBIX IIPENEIOB — 3aMKHYTOE BBIILYKJIOE
MHOYKECTBO Ha eIWHUYHON cdepe mpoctpancTsa 5, . dna modo-
ro B € B u gast m10060it CXOmAIIeiics mocaea0BaTeTbHOCTH & CITpa-
BeJINBO paBeHCTBO Bx = lim,, oo Tp. CylecrBoBanme HaHAXOBBIX
npejenos O6b10 anoncuposano C. Mazypom B 1929 r., a mokasa-
TeJIBCTBO TPWBEIEHO B KHUre Banaxa. BamaxoBwl mpemensl ObLIN

!PaBora BeinosnHena 3a cuer rpanTa Poccuiickoro Hayunoro domga Ne 24-

21-00220.
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UCHOJIb30BaHbI B [1] [j1s1 HOCTPOEHMSI CTPOro CHHIYJISIDHBIX Ollepa-
TOPOB B Hecemapabe/JbHBIX MPOCTPaHCTBaX. JlOMOTHATeIbHAS WH-
opmarmst 0 6GaHAXOBBIX TIpeesIax CoAepKuTcst B 0630pe [2].

Jlureparypa

1. Flores J., Hernandez F. L., Semenov E. M., Tradacete P. Strictly singular
and power-compact operators on Banach lattices // Israel J. Math.—
2012.—Vol. 188, Ne 1.—P. 323-352.

2. CemenoB E. M., CykoueB ®@. A., Ycaue A. C. Teomerpusi 6GaHaxoBbIX
IpeziesioB U uX mpuioxkenus // Ycmexu mar. Hayk.—2020.—T. 75, Ne 4.—
C. 153-194.



OITUMAJIBHOE BOCCTAHOBJIEHUE JTPOBHBIX
CTEIEHEN PABHOCTHOI'O OIIEPATOPA JIATIJIACA

E. O. Cuskosa

(Poccust, Bragnkaskas, FOMU BHII PAH;
Mocksa, HIIY «M99I1»)

[Iycts d — HaTypajbHOE YHUCIO, Z — MHOXKECTBO IEJIbIX YU-
cer u h > 0. O6o3naunm gepes o (ZZ) MpOCTPaHCTBO (byHKIMA f,
oTpesieIeHHBIX Ha PeIeTKe

Z;ﬁ:{h(k‘l,...,kd)i k:(kla-"vkd)ezd}

C HOPMOI1

|l = 103 £2(hk).

kezd

Yepes ']I‘?ll obo3nagaeM d-MepHBIN TOP, KOTOPbI OyaIeM OTOXK-
necTBasATh ¢ Kybom [—m/h,7/h] x ... x [=7/h,7/h] (d pa3).
IIpeobpazosanue Pypve F: l2(Z4) — Lo(T¢) nefictsyer mno

OpaBUILy
&) =Y f(hk)e &M,
kezd
rae

52(517527”’5561)5 fje[_ﬂ-/h77r/h]’ j:1527"°5d7
u (€, hk) ijhk:

Oneparop Ay : lo(ZE) — 1o(Z), neitcryromuit no npasmty

d
Anf =Y AL f. fel(zf),
j=1
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HA30BEM Pa3Hocmmvim onepamopom Jlanaaca ¢ wazom h.
[Ipeobpazosanme @ypre dyukmun Apf mag m. B. £ =
(&1,. .., &) € TS mveer Bun

FIALf)(E (mz (1- ") )F[f](§)=¢(£)F[f](§),

£=(&,...,64) € TS,

IIycts a = 0. Ilomoxum
(W(©)? = [(©)|* 22 wev®) - —m < argyp(€) < .

2 .
Obo3naunm dgepe3 Az/ oTIepaTop, COMOCTABJAIONINN (DYHKITUN

fe lg(Zﬁ) dbynKIIIO Azﬂf € lg(Zﬁ), npeobpaszosanne Pypne Ko-
TOPOM MMeeT BUJ

FAY?£1(€) = (&) F(11(€).

a/2 .
Omnepatop Ah/ HA30BEM (v/2-10 cmenenvlo pasnocmmuozo one-
pamopa Jlanaaca.
Omnpeenum cemyomuii Kaace pyHKITTii:

WS(Z;ZL) ={fe ZQ(Z%) : HAZ/QJCHZQ(Z;{) <1}

O xaxmoit bynkmmm f € W(ZE) mspectna bynknua g €
15(Z%) raxas, o || f — ngg(Zz) < 0, rme 6 > 0.

ITo sroit mEGOpPMAIU MBI XOTHM BOCCTAHOBUTH (110 BO3MOXKHO-
CTH, HAWJTY IIIM 06pa3oM) [3/2-10 CTeneHb PA3HOCTHOTO OIepaTopa
Jannaca (0 < 8 < «) na knacce W(Z4).

JTio6oe orobpazkenne m: lo(Z%) — 12(Z4) paccmarpusaem xax
METO/] BOCCTAHOBJICHUA U TIOTPEIMTHOCTBHIO 3TOrO0 METO/Ja Ha3bIBa€M
BEJIMYIHY

e(8, W5 (24),6,m) = sup 1232 F = m(9)]],, 20,
FEWS(ZE), gela(Z), h
Hffg”lQ(Z}dl)gls
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Hac unrepecyer Bemmanna
E(B,W$(Z}),0) = inf e(8,Ws (Z%),6,m),
. d d
m: l2(Z5)—12(Z5)

KOTOpas HA3BIBAETCS MO2PEULHOCTIDIO ONMUMAALHO20 80CCMAHOG-
AEHUA T METOJIbI 1M, HA KOTOPBIX HUXKHSsSI TPAaHb JOCTUTAeTCs, Ha-
BBIBAEMBIE ONMUMAALHHMU MEMOOAMU BOCCMAHOBAEHUS.

IMycrs 0 < B < am 0 > 0. TTonoxum

B 2\ @/2
A = a-p §2le Ny = B sHa=Ble e 5> - )
~ o 4d

h2 B h2 a/2
)\1 == <ﬁ> y )\2 == O, ecin 0 < <E> .

Teopema. ITycts § >0 u 0 < 8 < a. Tora

iy K2\ /2
oa— (e} > .
sedie 5z ()

4 B/2 2\ /2
—d 6, 0< h— .
h?2 4d

Ecmr & > (h?/4d)*?, ro pns kamnoii (pymxmmm w(-) €
Loo(T$), mas xoropoit
W@ | [@(€)"? —w(©)

<1,
S G

Meton My 1o(Z3) — 1o(Z8), mefictsytonmii B o6pasax @ypre 1o
¢opmyire

n

E(B,W,6) =

Fii,(9)(€) = w(€)Flg)(€) amam b €Ty,
ABJIACTCA ONTHUMAJIBHBIM.
Ecm § < (h?/4d)*/?, To meron mv: 1o(Z4) — 1o(Z§), neticrsy-
IoIHi 110 1IPaBUAJLY
. 2
i(g) = 8%,

ABJIACTCA ONTHUMAJIBHBIM.
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BUJINMHEVHBLIE HEPABEHCTBA
C UHTET'PAJIbHBIMU OITEPATOPAMU BOJIBTEPPA

B. /1. Crenanos
(Poccust, Mocksa, MUUAH),

I'. 9. IITamb6usioBa
(Poccusi, Mocksa, HIY MI'CY)

[Iycts 9T MHOXKECTBO BCeX HEOTPHUIATETbLHBIX H3MEPUMBIX 110
Jebery dynxmmit na Ry := [0,00), a M+ € M+ u MM ¢ M+ —
KOHYCBHI BCEX HEBO3DACTAIOIINX M HEYOBIBAIOMMX (DYHKIIHIA, COOT-
BercTeenHo. IIpn v € M u 0 < p < 0O OHpeseMM BEeCoBOe PO-
crpancTso Jlebera

If = {f eM: || flly = ( / (@) Po(a) dx> "< oo}.
0

[ycrs aapo k : [0,00)% — [0,00) — Gopenesckas byHKIHA,
yaoBjerBopsiomas yeaosuto Oiinaposa [1]: k(x,y) = 0,0 < z < y;
k(z,y) 20,0<y<amn

D7 (k(x, 2) + k(z,9))

k(z,y) < D(k(z,z) + k(z,v)), )
z 0

<
Zzzy =

)

rie koucraaTa D > 1 He 3aBUCHT OT IEPEMEHHBIX T, 2, Y. He orpa-
HUYUBas OOIHOCTH, OyaeM cuuTaTh, 9To (hyHKIud k(z,y) HEYObI-
BaIOIad 10 I€PEeMEHHOU & U HEeBO3PAaCTAoIasd 110 IIePEeMEeHHOHl Yy,
nockosibky u3 (1) ciemyer, aTo

ko(z,y) := sup [ sup k(z,s)| = k(z,y),
y<s<x ts<z<x
r7le KOHCTAHTHI SKBHBAJEHTHOCTH 3aBHCAT TOJBKO OT D), mosTO-
My Uit Hammx ueseit k(x,y) Bcerja MOMXKHO 3aMEHWTh Ha siji-
po ko(z,y), obmamaromee STEMEH cBoiicTBaMu (cM. |2, 3ameda-
uue 1.18]).
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IIycrs 1 < p1,p2,q < 00 U vy, v, w € M. Paccmarpusaercs
3a/1aMa XapaKTepH3aii ONINHeHOr0 BeCOBOr0 HepaBeHCTBA

|Bif- Raglly <l loll e Foemt, @

e KoHcranTa C He 3aBucuT OoT PYHKOWI f W g W TOJAraercs
HaMMEHbITIel U3 BO3MOXKHBIX, a OlepaTophl Bosbreppa nMeT Bu/I

) = / ki(y,2)f(y)dy, Raglx) == / ka(z, w)g() dy. (3)
x 0

Tak:ke 3a/1a4a UMeeT CMBICT i 000 maphl U3 YeThIpEX Omepa-
TopoB R;, RY,i=1,2, rae

Rif(x) = | ki(z,y)f(y)dy, Rrg(z) = [ ka(y,z)g(y)dy. (4)
/ /

Bununeitable BeCOBble HEPABEHCTBA C WHTEIPAIBHBIMEI OlEPATOPa-
vu Xapau, 1. e. kKorga k; = 1, uzygamuce B [3]. Meromamu nuc-
KpeTHU3al[ii aBTOPAMU MOJIYYeHbl KPUTEPUH JIJIs BCEX MapaMeTpOB
cymmmpoBanng 1 < q,pi,p2 < co. Bosee mpocToe mokazaren-
cTBO pe3yabraros [3] npemioxeno B [4]. s oneparopos Xapan —
CreksoBa 3TOT Cay4aii paccmorper B [5|. Bununeiiabie BecoBbie
HepaBeHCTBa ¢ oreparopamu Bosibreppa Ry u Ro usyuens B [6],
npudeM ciaydait 1 < min(py,p2) < ¢ < 0o HepaBeHcTBa (2) ObLT
peleH B 9IBHOM Buje, a B caydae 1 < ¢ < min(py, p2) pesyabrar
MOJTIYY€H PeTyKIIMOHHBIM METOIOM, UCIIOJIB3YOIIIM BCIIOMOTATE b
HY10 (DyHKIHIO.

ITpu usyvenun OUIMHEHHBIX BECOBBIX HEPABEHCTB OCHOBHBIM
SIBJISIETCA PEIYKIUOHHBIA METOJI, CBOJISIINN NCKOMOE HEPABEHCTBO
K HEpaBeHCTBAM C ONEpaTOpaMU UTEPAIMOHHOIO THIIA, TOITOMY
OT KadeCcTBa XapaKTepU3alyun MOCJCTHUX 3aBUCUT TPO3PATHOCTH
OKOHYATEJLHOrO pe3ysbrata. B ¢BA3M ¢ 3TUM B paboTe MOJIydYeH
ABHBIA KPUTEPUNA OrPAHUYEHHOCTU KBA3U/INHEHHBIX UHTEIPAJIbHBIX
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orepaTopos ¢ sapavn OifHapoBa B BECOBBIX MPOCTPAHCTBAX Jlebe-
ra Ha noJiyocu. OCHOBHOI Pe3y/IbTaT, HHTEIPAJIBHBIN KpUTEpuii B
caydae 1 < min(p1,p2) < ¢ < 00, NPEJICTAB/IEH B SIBHOM BUJIE.

Bcrony B pabore npoussesenus Buga 0 - 0O MOJAra0OTCS paB-
ueivu (. Coornorerne A < B o3nauaer A < ¢B ¢ KOHCTaHTOI ¢,
BaBUCAIIEH TOJBKO OT mapaMerpoB cymmwupoBanus u D; A ~ B
pasaocuibio A S B < A Ecm 1 < p < oo, 10 p' :=p/(p — 1).
Koncranrer C' B HepaseHcTBax Tuna (2) U APYrux MOJIAraloTcst Han-
MEHBITUMU W3 BO3MOYXKHBIX U MOTYT OBITh Pa3/JIMIHBIMUA B PABHBIX
MECTaX.

IIycts u,vi,ve, w € MT. ObozHATIM

t 0
Wi = [ V= [0 -1,
0 t

t
/ 1— /
Ponlt) = / K (8, ok () dy.
0

BAMEUYAHUE. IIycrs ¢ € MMT u ¢ menpepwisra cupasa. Torma,
cymecTByeT Mepa Bopeins 1, Takas, 1ro

t

p(t) = / dng(s) / dn(s)

[0,4] 0

AmnajornvuHoe yTBepKj€HHe CIPABE/JINBO I HEBO3PACTAIO-
mux QYHKITHIA.

Teopema. Ilycts 1 < ¢ < min(p1,p2) < 0o u % = %— %
t = 1,2. Torpa s nanyqireii koucrantsl C' B HepaBeHCTBe (pQ)

BBIIIOJIHEHBI COOTHOIIIECHUA!

(i) i< pil L rorga C ~F +F, rge F, F onpenenenst 5 (5)

q p2’
u (7);
(ii) é > le + p%, rorna C ~ F+F, e F, F onperenensr 5 (6)
u (8).
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(ay) Oycrs L < 2+ L (ne 1<qg<py<ry), Torma
q P1 p2

F%Fl—l-Fg, (5)

1

Frimsup VL ( ( / ( Ji ki a <>dy>qdv_/2< >> T2+

x
T

[e’e] (N 1
q LN T
+supVy <t>(/</k Ok (2, y)w <y>dy> d(—vf;l <x>)> .
>0 /
L/ t ot 2 o a
Fy := sup V3! (¢ </ </kz‘f Y, T dy) dv,? (x)) +
t>0 ’
0

1
7

+§1>157/;§ )</ (/k y) qd<—%§(w))>é-

w\"“

(b1)HpH%>pil+p%(T. e.l<g<mnr <p2)a§2:%—pi2
nmeeM

F) = (7(()] </tk )w(y)dy>72dV_Z( ))Ex

Xd(—‘/i{/l(t)))S + </ <7(/kg(y,t)kf(w,y)w(y)dy>qux
0 t t
xd(—vl‘ii(x)))ﬁdvf <t>)5,

e
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Fy = (7([ </tk§(y,x)w(y) dy>?d”f/2%(x)>é><
0

0 x

(ag) Ipu % < p% + p% (1. e. 1 < ¢ <py <71), HAXOIUM

F ~F; +Fs, (7)

11,1 1.1 _ 1
(bo) Ecmm > -+ .- (re. 1 <qg<ri <pa), 5= — 35, TO

F~F,+F, =F, (8)
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00 t t 2 .
~ ! T_/2 -
Fp = / / / kst y)w(y)dy | dVy>(x) | x

0 N0 =z

1 00 0o T 8}
s s ‘
<a(-xro)) +( [{ [ [#eouwi)
0 t t
s 1
T i/ s
2

xd( — Ki.(z)) de )],
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OJHOPOJHBIE TTOJIMHOMBEI B ITPOCTPAHCTBAX
N3MEPUMBIX BEKTOP-OYHKIINIT!

B. A. TamaeBa
(Poccust, Bnajukaskas, BHIT PAH)

ITosimHOMBI B BEKTOPHBIX permrerkax 00J1aal0T WHTEPECHBIMEU
TMTOPAIKOBBIMHU CBOMCTBAMHU W BBI3BIBAIOT PACTYIINI WHTEPEC WC-
ciaemosareseit. K macrosimeMmy BpeMenu HanOOJIBIIUIT IPOrPECC 0-
CTUTHYT B M3yYeHUN KJIACCA OPTOTOHAJIBHO /IUTUBHBIX TTOJWHO-
MOB.

OnPEAENEHUE 1. IIycts X u Y — BeKTOpHBIE IPOCTPAHCTBA,
n € N:= {1,2,... }. Orobpaxenne P : X — Y nasbiBaior odno-
POOHDBLM TLOAUHOMOM CMENEHY T, €CJU CYIIECTBYET TOJUINHENHOe
orobparkernne @ : X — Y, HazblBaeMoOe NOPOHCIAIOUUM, TAKOE
9TO

P(z) =¢(z,...,2) (x€ X).

[Tycts (2, %, ) — TPOCTPAHCTBO € KOHEUHON Mepoil, E C
L%, %, 1) — npeambroe 6anaxoso mpocrpanctso (em. [1]) m X —
6aHaxoBO TPOCTPAHCTBO. ONpesesnM OPTOrOHATHHYIO A TUTHB-
HOCTH BEIECTBEHHO3HAYHOTO MOJMHOMA HA F.

ONPEAENEHUE 2. Oxmuopoausiii nmojguuaoMm P : E — R Hazwl-
BAETCH 0PMO20HAALHO AIOUMUCHDLM , €CTIU

P(f+g)=P(f)+ Plg)

A moObIX Iu3bIOHKTHBIX f,g € FE. Ilpm stom gse dbyHK-
mun f,g € E Ha3bIBAIOTCS U3BIOHKTHBIME, €C/IH BBIIOJHIETCS
|f] Algl = 0 (8 ciryuae dynkiponabHoil permerk F paBHOCHIBHO

f-9=0).

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro
donga, npoext Ne 24-71-10094, https://rscf.ru/en/project/24-71-10094/.
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ONnPEAEJNEHUE 3. OQHOPOAHBINA OPTOrOHAJILHO AJIUTUBHBII
nonmaOM P, feiicTBytomuiit u3 6anaxosoii pemrerku F B R, Ha3bI-
BAETCS 02PAHUYEHHDIM NO HOPME, €CITH

|P:=sup {|P(f)]: feE |fIl<1}.

[TpocTpaHCTBO BCEX HEMPEPBIBHBIX OPTOTOHATBHO a1 IATHBHBIX
N-OAHOPOAHBIX BEIIECTBEHHO3HAYHBIX ITOJIMHOMOB, OIIPEICJICHHBIX
Ha E, oboznaunm cumBonom Z,("E,R).

Kacc oproronaapbHO agaInTHBHBIX TOJNHOMOB B OaHaXOBOIt
peleTke U3MEPUMBIX C p-ii CTeneHblo (hyHKIMI BIEpBBIE BBEJ
K. Cannapecan B [3]. B sroit pabore GbLI0 yCTAHOBJIEHO, YTO PO~
crpauctBo X, ("LP (1), R) uzomerpuueckn n30MOpdhHO MPOCTPaH-
CTBY L (u). Ipusemem dbopmynuposky pesynbrara Cammapeca-
Ha.

Teopema 1. ITycts P € Z,("LP(u),R) u p > n. Torna cyme-
CTBYeT eJMHCTBEeHHAS (C TOUYHOCTHIO JIO0 SKBUBAJIEHTHOCTH) (DYHK-
st g € Lp%n(u) TakKast, 9T0 UMEET MECTO CJAEIYIOIIEE IPEICTAB-
JICHHE:

P(f) = / @) duw) (f € LP()).
Q

Bosiee Toro, orobpaxxenne P +— g ycranaB/imBaeT H30MeTpHUYe-
CKHIT pelIeToIHblii H30MopHU3M MexK Ty OaHAXOBBIMH DelIeTKaMHA
PO LP (1), R) w L ().

Cmvosom LP(p, X)) obo3HadmM MpOCTPAHCTBO (KJIACCOB 9K-
BUBAJIEHTHOCTH) X-3HAYHBIX M3MEPUMbIX 10 Boxuepy dyHKImit
f:Q — X rakux, 9To

p

= / F@IPdu(w) | < 0.
Q

Cuavasa mpuBe/ieM YaCTHBIN C/Iydail HAIlero OCHOBHOI'O pe-
syaprara npu X = L*(v), apigonmiicss TpsMbIM 00001IeHIeM Teo-
pembr 1.
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Teopema 2. ITycrbp,s € R (1 < p,s < 00). Torga st Kax jio-
ro P € Z,("LP(u, L*(v)),R), cymecrByer equncrBennas (¢ Tod-
HOCTBIO J]0 SKBHBAJEHTHOCTH) BEKTOD-hYHKIHS g : ) — Lﬁ(y)
Takast, 4YTO HMEET MECTO CJEYIOIIEe TTPEICTABICHHE:

P(P) = [ (F@rg@) du(w) (F € 221 L*()).
Q

Bosiee Toro, coorsercrBme P +— ¢ ycranaBimBaer H30MeT-
PHYECKHIT PEeIIeTOYHBIH H30MOP(MUIM MEXKY TPOCTPAHCTBAMHI
Po("LP (1, L*(v)), R) 1 L7 (1, L7 (1)),

Bsenewm eme mexkoropeie nongarus. Ilycts E — umeanpuasa 6a-
HaXoBa pemrerka, comep:kamasca B LO(Q, 3, 1), X — 6amaxosa pe-
IIeTKa u

LO(p, X) := L, 2, p, X).

Ecrm @ € L°(p, X) — K/1acc 3KBUBAIEHTHOCTH H3MEPUMOiT BEKTOP-
dbyuxmpm v : Q — X, To cranapuasg yukmus t — |lu(f)] (t € Q)
M3MepHMa M COOTBETCTBYIOIINi KJIACC SKBUBAJIEHTHOCTH 0DO3HA-
iy cumsosioM |u] € LP(p). Tlomoxkum 1o ompeieenuo

E(X):={ue L X): |u|l € E}.

Temeps MoxkeMm chOPMYIUPOBATH OCHOBHOIN PE3Y/IbTAT.

Teopema 3. Ilycts E — g-BblnykJjas baHaxoBa peIlleTKa C
IIOPSITKOBO HENPEpbIBHOH HOpMOH, X — p-BbIOyKJas OaHaxXOBa
perrretka 1 X én) yaoBJierBopsier yciaosuio Pamona — Hukomgmma
(N > n < q,p). Torma st mo6oro P € Z,("E(X),R) cyme-
CTBYeT eHHCTBEHHAS (C TOYHOCTBIO JI0 SKBHBAJIEHTHOCTH) BEKTOD-

Gyuxmusg g1 Q — X En) TaKas, 4To

mﬁ—/ummmmmmw (f € BX)).
Q

Bosiee Toro, coorsercrBme P +— ¢ ycranaBimBaer H30MeT-
DHYECKHUII PEIEeTOYHBIH H30MOPGPU3M MEXKY HOPOCTPAHCTBAMH

Po("E(X),R) n I, (X/,).
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JlokazareanbcTBO OCHOBAHO Ha IPUMEHEHUM aHAJIOTMYHON Teo-
pPeMBI I JTUHEHHBIX OIIEpATOpPOB, IPEJICTABACHHON, HAIPUMED, B
pabore [2] u Teopembl O JMHEAPU3ALNUU OJHOPOJIHBIX TTOJHHOMOB
u3 [4].
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[HOPAJKOBASA CTPYKTYPA TTPOCTPAHCTBA
YACTUYHO MHTETPAJIBHBIX OITEPATOPOB!

B. B. Tacoes
(Poccust, Bragnkaskas, BHIT PAH)

YacTU9IHO WHTErpajbHbIe ONEpaTOPhl BIIEPBble BOZHUKIIN B pa-
6ore [1]. Pazaudnble acnekThl 9TUX ONEPATOPOB M3y4aIUCh MHO-
ruMu aBropamu (cM., Hampumep, [2, 3|). B macrosimem ucciezmo-
BaHUM HAC Oy/IeT MHTEPECOBATH MOPSIKOBAA CTPYKTYPaA TPOCTPAH-
CTBA YaCTUYHO WHTErPAJIbHBIX orneparopoB. Heobxoaumbie cBeme-
HUSI U3 TEOPUM BEKTOPHBIX PEIIETOK W OMEePATOPOB B HUX MOXKHO
Hafitu B MoHorpadusix [4, 5.

[Iycts (2,3, 1), (S,%,m) — wusMepumble OPOCTPAHCTBA C
O-KOHEYHbIMUW TIOJIHBIMU M€paMu M U 11 COOTBETCTBEHHO, (Q X
S, Y ® F, u ®m) — nNpousBejieHne STUX MpocTpancTs. CUMBOIOM
L) == LO(Q, X, 1) 6yem 0603HAYATE TTPOCTPAHCTBO KIACCOB 3K-
BUBAJIEHTHOCTU U3MEPUMBIX [-TI. B. KOHEYHBIX beHKL[I/Iﬁ I/IBBQCT—
HO, YTO LO(,u) ABJIACTCA MOPAAKOBO MOJHON BEKTOPHO! peIIeTKON
C TOYTHU BCIOAYy TMTOTOYEYHBIMU a,ﬂFe6pa,I/I‘{eCKI/IMI/I " PEImeTOYHbIMN
OIEePAITUSIMH.

Badukcupyem dyHIaMeHTaIBHBIE TpocTpaHcTBa F u F B
LY(Q x S, X ® F,up®m). Jluneiteiit oneparop T : E — F HazwI-
BaeTCs:

1) noaoorcumenvnvim, ecim T f > 0 nnst seex 0 < f € E;

2) peeyaaprvim, ecrm T = Ty — Ty, rne Th, Ty — nonoxuTes s
HBIE ornepaTopbl 3 F B F.

Nssectro, uro npocrpancrso L' (E, F') Bcex peryisipHbIX Ore-
paropos u3 E B F' aBJsieTcs MOPsIKOBO MOJIHO BEKTOPHOI perer-
KOU.

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro

donga, npoext Ne 24-71-10094, https://rscf.ru/en/project/24-71-10094/.
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Jluneituoiit oneparop Ty : £ — F Ha3bIBAETCA “aACMUYHO UH-
mezpabiiM, eCII CyIIecTByeT u3MepuMas bynkmmsa k € £0(Q x
SXSYR®FQF, u®mRm), HazbBaEMOe A0POM, TAKAS, ITO
CIIPaBeJIJINBO TPEJICTAB/IEHUE

(T4 f)(w,1) = / k(w5 [ (w, ) dm(s)

S

st Beex f € E u s @ m-noarn Beex (w,t) € 2 x S.
Yacruuno waTerpasbusiii oneparop 1 : £ — F ¢ aapom k

HA3BIBAETCS PE2YAADHHIM YACTIUYHO UHMEZPAALHOLM OTLEDPETMOPOM,

ecim oneparop Ty : E — L°(pu ® m), onpegensiemsrit o dbopmy.ie

Ty (w, 1) ::/‘k(w,t, s)| fw, s) dm(s)
S

nuist Beex f € E u jyist p®@m-nourn Beex (w,t) € xS, npunumaer
cBom 3HavUeHnd B F.

[TpocTpaHCTBO PErysIsipHbIX 9aCTUIHO WHTErPAJIbHBIX OMepaTo-
pos Gyziem obosnatars cumsosoM L, (E, F).

Teopema. Ilycrs (2, %, ) u (S,.%#,m) — npocrpancTBa ¢ 0-
KOHEYHbIMH 1OJTHbIME Mepamu, ' u F' — ¢yrramenraababie mpo-
crpancrsa B L°(Q x S, ¥ ® .%, u ® m). Torma mpoctpancTBo pery-
JIIPHBIX YACTHIHO HHTETPAJIHLHBIX OMEPATOPOB L;k (E, F) asrsercs
mostocoit B L' (E, F) u cripaBeiuBpl paBeHCTBa

Tk‘l V Tkg = Tkl\/k27 Tkl A Tk‘g = Tk‘l/\kga

e Ty, , Th, € Ly (B, F) ¢ sapamu kq, ks coorBercTBenHo. B gact-
wocru, [Ty| = Tjy ars seex Ty, € L;k(E, F).
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KBAHTOBBIE JINMHAMNYECKUE TTOJIVI'PVIIIIBI
B CTAPIINX IMTOPSIJIKAX TEOPUI BO3MYIIEHUI
BOT'OJIIOBOBA — BAH XOBA!

A. E. Teperéukon
(Poccust, Mocksa, MUAH)

B mokname Oyger paccMaTpuBaThCd JIMHAMHUKA OTKPBITHIX
KBAHTOBBIX CHCTEM C KOHEYHBLIM YHCJIOM ypPOBHEH, CJIa00 B3AMMO-
IEWCTBYIOMMUX CO CBODOTHBIMU OO30HHBIMU TOJIAMHU B TPUOIUKE-
HAY BPAIIAIONIENHCsS BOJIHBI, Ha OOJBIINX BpeMeHaX.

A MMeHHO, pacCMaTpUBaAETCs M'MJILOEPTOBO IPOCTPAHCTBO

N
# = (Cach)a @) s (LR),

i=1
T5(L%(R)) — 6oszomnbie mpocTpancTa Doka, OMUCHIBAIONIHE Pe-
sepsyapsl. Ilycrs |j), j =0,1,..., N, — OpTOHOpMUPOBaHHBII Oa-
suc 8 C @ CV, |0) unrepnperupyercss Kak OCHOBHOE COCTOSIHHE.
[Iycrs |2) — BakyyMHBII BEKTOD /i pe3epByapoB. Bregem Takxke
0030HHBIE OTIEPATOPHI POKIACHUS U YHUITOXKEHUS, YI0BIETBOPSIIO-
e KaHOHUYIECKUM KOMMYTAIlMOHHBIM COOTHOMICHUAM:

[br.is bl ] = 0ij0(k — k'), [brisbrr ] = 0, by|Q) = 0.

Mps1 paccMaTpuBaeM TaMUJIBTOHMAH CUCTEMbI BUIA Hs = 0@
Hg, tne Hg — spmuroa N X N-marpuna. lamunbronnan pe3epsy-
apa mpeJcTaB/iger coboit CyMMY TaMUJIBTOHUAHOB CBOOOIHBIX 0O0-
B0HHBIX TOJIEH (C OMHAKOBBIM JMCIIEPCUOHHBIM COOTHOITEHUEM W)
u dopm-dakropamu g ), a rAMUIBTOHUAH B3auMOJIEHCTBUS 3a/1aH
C yIeTOM TPUOJINYKEHNsT BPAIAIONIENCs BOTHBI:

N
Hp=>" /wkbzyjbk,j dk,
j=1

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro

domma, mpoekt Ne 24-11-00039.
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N
=3 / (g2100i] @ b, + gil7)(0] @ by ) dk.
j=1

Junavmuka obieit MaTpuilbl MJIOTHOCTH CUCTEMbl W PE3epPBYapOB
3a/1aeTCd YHUTAPHOU CUJIbHO-HEIIPEPBIBHOM OJHOIIAPaAMETPUICCKONR
rpymmoit et kak

plt; A) = e O (0) iV,

rie I;T()\) = I;TS QI+I® fIB + )\fII, a HaYaJILHOE COCTOSHIE MMEeT
BU/I

p(0) = (p(f ® Q) Q]+

+ (1= p)[0)(0] ®/dkdk,Qij(kak/)blt,i|Q><Q‘bk’,j>a

rjae 0 — Marpuna mwioraoct, p € [0,1] u
0/ (k, k') = o(k)d;;:6(k — K').
Bsesiem He BakyyMHYIO CIEKTPAIbHYIO MJIOTHOCTH
Tw) = [ ks, - we®)af
Hac 6yaer waTepecoBars pemynupoBaHHAS JIWHAMUKA, MHOTO-

YPOBHEBOII CHCTEMBI B TPECTABJIEHUN B3AUMOIEICTBUsI, KOTOPas
ompeeasgercd mo hopMyJie:

PSI(t§ )\) = rIer (ei(ﬁs®l+1®ﬁ3)tp(t; )\)efi(ﬁs®1+l®f:13)t) )
Teopema 1. Ilycrs unrerpas

G(t) = / dk | gi[2 e~
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cxomuTess s mobbix t € Ry m ompenenser HempephIBHO-
JugpepeHIuIpyeMy0  (DYHKIHIO SKCIIOHEHI[HAJIBHOTO ITOPSIIKA.
Iycrs J,(w) npuragiexunr npocrpancrsy Ilsapma 7 (R). Iycrs

G(p) — mnpeobpazopanme Jlammaca G(t) m HpeAMOIONKHM, €UTO
G(—iHg) — mnonoxurensHo-onpeneieHnas Marpuna. lorma mis
¢urcupoBannoro t u A — +0 BbImoIHEHO:
pst(A7? ) =
_ t
_((=Tr((pst A5 M)ee)  (psr(0))oert (A)eH 2
LVt +0(A%),
e Mir(A)(ps1(0))eo (P (A7t 0))ee

e
L(\) = —G(—iHg) + NG (—iHs)G(—iHy),

r=1-XG (—iHs),

(ps1(A250))ee = X! (r(3) (ps1(0)) e T ON) -

- (p51(+oo))€e>eLT(/\)t + (ps1(+00))ee;

(psi(+9))ee = Ty iy O (Jels) +

+ i)\QJé(HS)M)H()\).

Takum obpazom, JUHAMUKA PEIYIIUPOBAHHON MATPHUIIBI ILIOT-
HOCTHM aCUMITOTHYECKH (IO MAIOMy Mapamerpy A) ONMUCHIBAETCS

Oy I'PYIIIION el e

. Takoro poma pe3yabTaTbl XOPOIIO W3BECT-
HBI 151 (DAKTOPU30BAHHBIX HAYAJBHBIX YCJIOBHUil (HAIpUMED, s
p = 1 B Hameil MojeM) B HYJEBOM IOPSIJIKE TEOPUHM BO3MYIIE-
muit. Ho mam ymasiocs 0b600mmTs nx Ha HeaKTOPU30BAHHBIE Ha-
JaJIbHbIE YCJIOBUS W BTOPOM MOPSAIOK Teopuu Bo3MmyIeHuit. Bosee
TOTO, TIPEIIOKEHHBINT METO MOXKET OBITh TTPUMEHEH ¥ JJIsT TTOCTIe-

JIYIOIIUAX MOPAJIKOB TEOPUU BO3MYIIIEHMUIA.
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O CBOIICTBE BA3MUCHOCTU BO3MYIIIEHN S
CIIEKTPAJIBHOT'O OITEPATOPA

. 1. Ilonauos
(Poccust, Bragnkaskas, BITY)

PaccmarpuBaerca muddepennnaapabii oneparop 1, ompeme-
JIIeMblil paBeHCTBaMU

Ty=—y", 0<z<l, y(0)=0, y(0)=y(1). (1)

Crekrpasibable cBoiicTBa oneparopa (1) msydenst B pabore [1|. B
9aCTHOCTH, yCcTaHOBeHO, uro cnektp o(7T) oneparopa T cocro-
UT U3 TI0C/Ie0BATEILHOCTH COOCTBEHHBIX 3Hauennii \p = (2k7)?
(k = 0,1,2,...), KOTOPOii COOTBETCTBYeT HAOOP COOCTBEHHBIX W
IPUCOEINHEHHBIX (DYHKITHI:

vo(z) =z, pop_1(x) = sin(2mwkx), @or(z) = xcos(2mkx) (k € N).
[Tpuwaem

Tpor—1 = MePor—1, Tpor = Aok + Drpor—1, Dpr = 4k,

T. e. cobcTBeHHOMY 3HadueHUI0 A\g = ( COOTBETCTByeT OIHA COD-
crBeHHas (DYHKIHA g, a KaxKIOMYy HEHYJeBOMY COOCTBEHHOMY
suadennio A\, (k € N) coorsercrByer ojgna cobcrBeHHAsT Qo1 U
OJTHA IPHUCOeTMHEHHAsA (DYHKIUA Po). 1IpH 3TOM yKa3aHHAs CHCTe-
Ma KOPHEBBIX BeKTOPOB obpasdyer 6azuc Pucca [2] B ruanbeproBom
npocrpascTBe Lo(0,1). Dro o3nauaer, uro T’ — CHEKTPATbHBI OTTe-
parop [3].

Jlemma 1. Oneparop T mpencrapisercss B BHJIE CYMMBI JBYX
oneparopoB S u N: T =S5+ N , rne

Sr = Z M [(, Yar—1)par—1 + (2, P2k ) 02k ]
k=1
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oo
Nz = pi(e, vor)pok—1-
k=1

IIpu srom, o(S) = o(T). Oneparop N He sBIs€TCS OrpaHUYIEH-
HBIM, HO, €CJIH PACCMOTPETH MOCAEA0BATEILHOCTH KOHTYPOB

L, ={z€C: |z—\| =dp/2},

rre dy = Ay — A1 = (2m)%(2n — 1), To omeparop NR,(S)
(Vz € I'y)) siBisiercst orpaHHYeHHBIM HHJIBIIOTEHTHBIM OIIEPATOPOM,
OIPE/IEIEHHOM Ha BCEM IIPOCTPAHCTBE.

Teopema 1. /[ns npom3BOJILHOTO OrPAHHYIECHHOTO OIEPATO-
pa B koprepre BekTOpHI oneparopa 1+ B obpasyror 6azuc Pucca
CcO CKOOKaMmm, T. €. KOPHEBbBIE IOJIIPOCTPAHCTBA 00pa3yroT ba3mc
Pucca n3 mognpocrpancts B L2(0,1).

Ucnonmb3yst Merosl paboTer [4], MOKHO 0000IIUTH IPUBE/CH-
HyI0 TeOpeMy Ha BO3MYIIEHHs JUCKPETHBIX CIEKTPAJIbHLIX OIepa-
TOPOB B cemapadebHOM ruib0epToBOM mpocTpancTtee H.

Teopema 2. Ilyctp T — AHUCKPETHBIH CIIEKTPAJIbHBIH OMEpa-
Top [3] B cenapabesbHoMm runsbeproom npocrpancrse H. ITycrs
T mpencraum B Bujge I = S+ N, e S — crnekTpaJibHBIH orepa-
TOp CKaJIsApHOro THIa (3], KOpHEBBIE BeKTOPHI {@k}72 , KOTOpOrO
obpasytor 6a3uc Pucca, a N — KBa3uHUJBIIOTEHTHBIH OIIEpaTOp,
KaXkj[0e OrpaHH9eHre KOTOPOTo Ha KOPHEBOE MTOIIPOCTPAHCTBO SIB-
JIAETCA KOHECYHOMEDHBIM HHUJIBIIOTEHTHBIM OIlepaTopOM. PaSMepHO—
CTH KOPHEBBIX IOJIPOCTPAHCTB OIPAHUIEHBI OJTHOI TIOCTOSHHOM.

IIycrs dyukiua pacnpesesienns criekTpa omeparopa 1 ymosiie-
TBOpSIET YCJIOBHUIO

N
h_mg)

r—oo T

=ce<oo (0O<a<l).

Paccmorpum Bo3MmyIiieHue ormeparopa 1’ MpOW3BOJIBHBIM OTPAaHU-
qeHHBIM omeparopoMm B. Torma mociemoBaTelbHOCTh KOPHEBBIX
BekTOpOB omeparopa 1 + B obpa3yer 6a3uc Pucca co ckobkamu
B H.
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BOUNDED SOLUTIONS FOR DUFFING-TYPE
EQUATIONS WITH PERIODIC COEFFICIENTS
OF INCOMMENSURATE PERIODS!

G. L. Alfimov
(Russia, Moscow, Zelenograd, MIET;
Ufa, IMCC UFRS RAS),

Ya. A. Murenkov
(Russia, Moscow, Zelenograd, MIET)

We consider the Duffing-type equation of the following form
U + Q(z)u + P(x)u® =0, (1)

where @ (x) and P(x) are periodic functions. Equations of this kind
arise in the theory of Bose-Einstein Condensate (BEC). In this
context Q(x) corresponds to optical trap potential that confine
BEC and P(x) is so-called pseudopotential that may arise, for
example, due to the Feshbach resonance. The potential Q(x) and
the pseudopotential P(x) generally are of different physical nature
and can be manipulated independently. In our case, we assume
that Q(z) and P(z) are periodic functions with incommensurate
periods.

The main goal of our research is providing as complete as
posible description of all bounded solutions of equation (1). For
this purpose we use the approach firstly introduced in [1]. The
technique presented in this work involves numerical scanning of
some area € of initial data plane (u(0),u,(0)), which allows to
“filter out” unbounded solutions. After that we can describe “the
rest” of solutions in terms of symbolic dynamics.

In the paper [1] this approach was justified and applied
for the case of periodic functions Q(x) and P(x) of the same

!The research is supported by Russian Science Foundation, grant Ne 23-11-
00009.
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period. Assuming that Q(z) and P(z) are cosine functions with
incommensurate periods we show that it’s possible to extend this
technique for complete description of (1).
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F’EOMETPUYECKUE ITOCTPOEHUA KAK O/IHA 13
SAJTAY MATEMATUYECKOT'O MOJIIEJIMPOBAHU

Anrtumnosa JI. A.
(Poccust, Cankr-IlerepGypr,
PTTIY um. A. U. Teprena),

Bepuep A. JI.
(Poccust, Cankr-IlerepGypr,
PTTIV um. A. U. Teprena)

TeomeTpudeckne TOCTpPOeHNS ABJAIOTCA W IpeBHEHIEN 3a1a-
Yeil MaTeMaTudeCKOro MOJE/JMPOBAHUA, U CAMOU COBPEMEHHOU UX
3ajateil, ecjam IPUMEHITh COBPpEMeHHble KOMITBIOTEPHBIE TEXHOJIO-
run. V3ydenne MHOTOIPAHHUKOB — BOT 00JIACTh TaKOil paboThl B
sToM HampapjeHnu. B 20-M Beke 3TUM 3aHUMAJINCDH IITKOJBI JBYX
Boigaomuxcs reomerpos — A. . Anekcangposa u I. Kokcerepa.
Bazoit sTnx mccmemoBaHmii cTag M HANMWCAHHbBIE UMW KHUTH «BBI-
nyksble Muororpannukus [1] u «Regular Polytopes» [2]. K ce-
pemune 20-ro Beka I. Kokcerepy m ero koJjiieram ymaajgoch 00b-
€JMHUTH B OJHOM OOIIMHUPHOM KJACCE MHOTOI'PAHHUKOB, KOTODBIE
onn mazsasm Uniform Polyhedra (a mo-pycckn ux cranm HasbiBaTh
00HOPOOHBIMU MHO202ZPAHHUKAMY ), W TPABUIBHBIE MHOTOTDAHHU-
ku Iljmarona, w moJiynpaBUJIbHBIE MHOTOTDAHHUKEH Apxumena, u
3Be31uaThie MHOTOrpanuuku Kemnnepa — Ilyanco, u erme 6osee 50-
TH HEBBIMYKJIBIX MHOTOTPAHHUKOB. OObeInHSIET UX BCEX YCJIOBUE
PaBeHCTBA NX MHOTOTPAHHBLIX VIVIOB BO BCEX BEPIIMHAX U MTPABUIb-
HOCTb I'DaHeil.

T'oBops o cTpoennn Takux MHOrOrpaHHUKOB, I'. Kokcerep B cTa-
The 3] onmcas Kak uxX KOMOMHATOPHBIE XapaKTEPUCTUKH, T. €. Xa-
PaKTepUCTUKN, OMPEIEIAIONINe Pa3BepTKy MHOTOTPAHHNKA, TaK U
CBOICTBA CAMOT0 MHOTOTDAHHUKA B TPEXMEPHOM €BKJIUIOBOM TTPO-
CTPAHCTBE, KaK peaju3anuu dTOil pa3sBepTku. K KOMOMHATOPHBIM
XapaKTEePUCTUKAM CJIEyeT OTHECTU — KOJUIECTBO BEPIIUH, pebep,
rpaHeil; WHIUIEHTHOCTh T'PaHeil u pebep OaHOI BEpIUHE; TUIIBI
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rpaHeil U npaBUIIO UX «CKJIeliKuy 110 croponam. CBoiicTBa peaJin-
3alli PA3BEPTKU CJIEIVIONINE: CUMMETPUN MHOTOTPAHHUKA W €ro
wiorHocTh. B crarbe [4] aBrop, ncnosb3yst cuvBosbl Burrodda,
orpeiesna pOPMYJIbl BEIUUCACHUS KOOPJIUHAT BEPIIMH OJHOPO/I-
HBIX MHOTOIPAHHHUKOB, OIMCAJ OCHOBHBIE KOMOWMHATODHBIE M MET-
pUYecKre XapaKTEPUCTUKN OJHOPOIHBIX MHOTOIDAHHUKOB U MHO-
TOT'PAHHUKOB JBOMCTBEHHBIX K HUM.

B 10 ke Bpewms, Hapsmy ¢ OO/IBITNM KOJUYECTBOM KCCJIEI0BA~
HUl B 9TOi 06/1aCTH, MOMIATOBOTO HATJISITHOTO TOCTPOEHUS TAaKUX
MHOTOT'PaHHUKOB C UCITOJIB30BAHUEM COBPEMEHHBIX KOMIIBIOTEPHBIX
TEeXHOJIOTHU{l, 13 KOTOPOTO ObI C/IeI0Ba/I KOMOUHATOPHBIE U METPU-
JeCKUe WX XapaKTePUCTUKHU B HAYUHOW JuTeparype HET. ABTODBI
CTaThU PACCMOTPEB 17 TUIIOB OJHOPOIHBIX MHOTOIDAHHUKOB C BbI-
IyK/IBIMI TpaHsiMu B pabore [5] onmcanam BO3BMOXKHOE IIOIIArOBOE
MOCTPOEHUE BCEX TaKUX MHOTOIPAHHUKOB. B paborax [6, 7| ompee-
JIEHa, TIOJIsIPHAs JBOMCTBEHHOCTH OJHOPOJHBIX MHOI'OTPAHHUKOB U
nX KOMOMHATOPHO-IBONCTBEHHBIX MHOTOTPAHHUKOB, KOTOPAas TPO-
SICHSIET CTPYKTYPY TpaHeil JBOCTBEHHOTO MHOTOTPAHHUKA, U OTIpe-
JIeJISieT aJIPOPUTM TIOCTPOEHUSE [1ap MMOJITPHO-IBOMNCTBEHHBIX MHOI'O-
TPAHHUKOB.

CoBpeMeHHBIE TEXHOJIOTHU BU3YAIU3AINA TEOMETPUICCKUX
¢uryp mo3BoJimsii aBTOpaM, IMO-HOBOMY WUCIIOJIB3Ys CTapblii r'eo-
MeTPpUYECKAN MPUHITUIT «PUCYHKW TOKA3BIBAIOTY, MOJYYUTH CJie-
JIYIOIIN€e pe3yIbTaThl:

1) okTarerpasap ABASETCS MHOTOIPAHHON peasm3anuei mioc-
KOr'0 TOpA;

2) 1151 BCAKOTO HEBBIMYKJIOTO HEOPUEHTUPYEMOTO OJIHOPOIHOTO
MHOTOTpAHHUKA P ¢ BBIMYKJIBIMA TPAHIMU CYIECTBYET OPUEHTU-
pyembIit abCTPAKTHBIN MHOTOIPAHHUK P*, MOBEPXHOCTH KOTOPOTO
SIBJISIETCS JABYJIMCTHON HAKPBIBAIOIIEH MOBEPXHOCTA MHOTOTPAHHM-
ka P. [Ipumepom Taxoit mapbl MHOTOTPDAHHUKOB SBJIAIOTCS HEOPU-
EHTUPYEMbIil OHOPO/IHBIN MHOTOIDAHHUK TEITadap U JABYIUCTHO
HaKPBIBAIONINN €r0 apXuMen0B KyDOOKTa3/Ip;

3) mapsl MHOTOTPAHHUKOB — HMKOCA3P U OOJIBIIONH MKOCAID,
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POMOOKYO00KTa AP U OO0/IBITOH POMOOKYOOOKTAAP — SABISIIOTCS
U3OMETPUIHBIMU TI0 CBOE! BHYTPEHHEH METPUKE;

4) BesKMit OJIHOPOJIHBI MHOTOIPAHHMK MOYKHO NPEJICTABUTH,
KaK 00be/INHEHNE PABHBIX MEXKIY c0o00it DUTYp, SBJSIONIUXCS 00-
smactamu Boponoro — lupuxe ero BepIuH.
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AHAJIN3 BPEMEHHBIX PATOB
COIIMAJIBHO-ITOJINTNYECKUX TTPOITECCOB
C IPUMEHEHUMEM MO/JEJIN IIBETHBIX ITYMOB

E. K. BacaeBa
(Poccust, Bnajukaskas, COT'Y),

E. C. Kamenenkunii
(Poccust, Bnagukaskas, FOMIU BHII PAH)

Anaims BpeMeHHBIX PSIOB IO3BOJISIET BLIIBUTEH CKPLITHIE 3aKO0-
HOMEPHOCTH U POTHO3UPOBATH AUHAMUKY siBjaeHuii. Muorue npu-
POJHBIE U COIUAJIBHBIE MPOIECCHl OMUCHIBAIOTCA BPEMEHHBIMU DI-
laMu, CIIeKTPAJIbHAS IJIOTHOCTH KOTOPBHIX PABHOMEPHO yOBIBAET B
JiorapudMUYeCKOl IIKaIe C YBEJIUIEHNEM 9aCTOThI:

1
~ —.

fa
Takne IIPOIECChI 9aCTO HCCAEAYIOT C HCIIOJb30BaHHEM KOHITCIIITUN

camoopranunzoBannoii kpurnanoctu (COK). Ecam nokazarens o
630K K 1, TO TOBOPAT, YTO MPOIECC UHTEPIPETUPYETCS KAaK PO-

S(f) (1)

BOBBII IITyM, a ero OJM30CTh K HYJII0 — Kak Oesbrit mywm. st
COLAAJIBHO-IIOJIMTUYCCKUX MUCCJICJOBAHUN BaKHO TO, YTO PO30BBbIil
IIIyM XapaKTepu3yeT MPOIecC, Ha KOTOPBI CYIIeCTBeHHOE B/IUSIHIE
OKa3bIBaeT JI0JrOBpeMeHHas namsarhb [1].

B nmammoit pabore paccMaTpUBAIOTCA BPEMEHHBIE PSIIbI CAMO-
youiictB u yOuMiiCTB, TOJOBBIE TEMIIBI POCTA KOTOPBIX OyIem WH-
TEepIPETUPUTAPOBATH KAK UHIUKATOPBI COMMAIBLHOM HAIIPSIXKEHHO-
cru. st JOCTOBEPHOCTH BBIYHUCJIEHUN HEOOXOAMMBI JOCTATOYHO
JUTMHHBIE Psi/Ibl WHIMKATOPOB HAPSKeHHOCTH (He MeHee 20 3Haue-
uwit) [2]|. st mpeaBapuTeibHOrO aHam3a ObLIN BEIOPAHBI YeThIpe
crpanbr FOxuoit Amepukn (Bpasunms, Benecysna, Yuam n Dxk-
BAJIOP), TaK KaK JJIsl 9TUX CTPAH UMEIOTCS JOCTATOYHO JINHHbLIE
PSIIBI MHINKATOPOB HAIPSIKEHHOCTH.
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OcHoBHas 11e1b paboTHl — OMPEEJNTh TapaMeTp & B hOpMy-
e (1) u ¢ ero MOMOIIHIO OIEHUTH XapaKTep N3MEHEHUs COINATHHOM
HaIIPA?KEHHOCTH.

Pacuersl npoBOM/INCH C UCIOTB30BAHUEM $I3bIKA TTPOTPAMMU-
poBanus Python u 6ubsimorek NumPy, Pandas u Scipy. s omen-
KW CIEeKTPaIbHON TJIOTHOCTH MOIIMHOCTU MPUMEHSIIOCH OBICTPOe
npeobpazopanue @ypoe. s paccmarpuBaembix crpan HOxHOI
AMepuku psifibl HHIXKATOPOB HAPSIZKEHHOCTH COZep:KaT mo 28—29
TOYEK, TIO9TOMY OHU pPacCCMATPUBAJIUCHL KaK OJWH mepuoi. B xo-
Jle pacueToB I KayKJI0N M3 PacCMaTPUBAEMBIX CTPAH OTPEIeIs-
JIICH TOKA3aTesb CTEHeHH v, Ko3hdHUIUenT merepmuaanun R u
€ro 3HaAYMMOCTh, cM. Tabsniy 1.

Tabiauma 1

Pesyabrarsl pacderoB no crpanam FOxkuoii Amepukn

Crpana (nepuopn) a R? | p-value
Bpaswms (1991-2019) | 1.41 | 0.28 | 0.06
Oksasop (1991-2019) 0.76 | 0.26 | 0.08
Benecysna (1991-2018) | 0.49 | 0.08 0.36
U (1991-2018) 0.09 | 0.01 | 0.82

[Ipusenennsie B Tabaure 1 pe3ysbTaThl MOKA3BIBAIOT, YTO JIU-
HaMUKa, TEMITOB POCTa HAIPSKEHHOCTH Jiist Bpasuinu u DKea1opa
MOXKeT OBITH OXapaKTepu30BaHa KaK PO30BBI ImiyM, a jisd Bewe-
cyaaabl u Uuam — Kak 6esiblii.

Takum 06pazoM, pO30BBIN IIyM, CBUIETEJLCTBYET 00 Ompejie-
JISTIOIIEH POJIM B U3MEHEHWHH HAIMPSKEHHOCTH HU3KOYACTOTHBIX
KoJiebanuii. B 9TOM C/lyyae CpaBHUTENBHO JJINTE/IbHBIE MEPUOIBI
CTAOMILHOCTH Oy/IyT CMEHSITHCS JIUTEIbHBIMIA TEPUOIaAMU HECTa-
ounbaocT. A yem 6mke o K 0, TeM GOJbINTE B M3MEHEHUN HATIPSI-
JKEHHOCTH POJIb BBICOKOTACTOTHBIX Kojaebanmit. Takmm obpazowm,
MPUMEHEHNEe MOJIE/N IBETHBIX IIYyMOB MMO3BOJISET OIEHUTH Xapak-
Tep U3MEHEHUsT HAPsIKEHHOCTH.



144 Bacaera E. K., Kamenenkunii E. C.

Jlureparypa

1. 2Kykos /I. C., Kanumes B. B., JIamun C. K. UccnenoBanue nHTEHCUBHO-
CTH KPEeCTbAHCKHUX BOJTHEHUI B eBpomelickoit Poccuu Bo BTOpOil mosoBuHe
XIX B. cpemcTBaMu TEOPHH CAMOOPraHMW30BaHHON Kpurmanoctu // Wcro-
puueckaa nadopmarnka.—2017.—Ne 1 (19).—C. 38-51.

2. 2Kyxos /1. C., JIavmuu C. K. IIpobaemsr naeHTrdGUKAINE PO30BOTO MIyMa,
B ucropuveckux manubix // Fractal Simulation.—2015.—Ne 1.—C. 17-23.



YNCJIEHHOE MOJEJINPOBAHUNE
BOJIHOBOT'O PACCEAHUSA B IIJIOCKUX
KAHAJIAX C OCTPBIMU YTJIAMIT!

4. JI. BoromoJsioB
(Poccust, Huzkuuit Hosropoy, NTI® PAH),

A. 1. FOrakoBCcKwmit
(Poccust, Huzkuuit Hosropo, IO PAH)

B psiie busmueckux 3a1a4 (HanpuMep, B ONTHKE) BCTPEIAIOTCS
BOJTHOBOJIBI C OCTpBIMU yryiaMu. [jist pacdera 3/ieKTpoguHAMUYIE-
CKUX CHUCTEM TAKOI'0 BHA TPY/HO 110/100paTh KaKOi-1100 dnc/ieH-
HBIIl MEeTONl BBUY HAJNYUNSA CUHTYAIPHOCTEl B paitone yrios. Uc-
MOJIb30BaHUE CTAHIAPTHBIX YUCAEHHBIX KOIOB (ITAKETOB), KaK mpa-
BUJIO, OTPAHUYEHO 10 TOYHOCTH. XOPOIITNM HHCTPYMEHTOM B TAKUX
CIIy9asix SIBJISETCS MeTON ANCKPeTHHIX ncrounnkos (M/IN) [1].

B M/IV newsBecTHOE peIlieHUE MPEICTABIAECTCA B BUJE JIU-
HeliHo#t KoMOuHarmu (yuknuii ['pusa (MCTOYHUKOB) B HEKOTOPOIA
obbemmomeii (10 OTHOMIEHNIO K paccMaTpuBaeMoit) obracru, s
KOTOPOIt 3T (pYHKITUN MOKHO HAMucaTh sBHO. IlogcTanoBka Tako-
r'0 TIPEJICTABJIEHNS B IPAHUYIHBIE YCJIOBUS MIPUBOJIUT K CUCTEME JIM-
HeitHbIx anrebpandeckux ypasuennii (CJIAY). B ciayuae ocrpbix
yryioB marpurnpl CJIAY wmmeror GoJibiiive pa3Mephbl U, KakK CJIe/-
CTBUWe, WX pacder TpedyeT OOJBIINX BPEMEHHBIX 3aTpaT W 3ada-
CTYIO IPUBOIUT K moTepe TouHocTH. Dhderrurocts MU cuib-
HO 3aBUCUT OT CIIOCODA Pa3MeIeHns NCTOYHUKOB BOIU3U IPAHUIIBI
paccmaTpuBaemoii objiactu. VIHHOBAIMOHHOE pa3MelleHne UCTOu-
HHUKOB JIMIIOJIBHOIO XapaKTepa B OKPECTHOCTH OCTPHIX yIioB [2]
MTO3BOJISIET UCIO0JIB30BATH MATPUIIBI HEOOIBIITUX PA3MEpOB MpHU CY-
IIIECTBEHHO 00Jiee BBICOKON TOYHOCTH IO CPABHEHUIO C JAPYTUMU
METO/TAMHU.

'Yccnemopanve BeImoIHEHO mpu mommepikke Hay<ro-06pa30BaTeInHONO
MATEMAaTUIECKOTO IIEHTPa HI/I}KEFOPO,I[CKOI‘O TOCYyaJapCTBEHHOTIO YHUBEPCUTETaA
nm. H. U. JlobaueBckoro B pamkax corsamenusi ¢ MuUHUCTEPCTBOM HAyKU U
BeICIITero obpasoBanusi Poccumiickoit @emeparmm Ne 075-02-2025-1639.
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B kagecrBe TecToBOIl paccMaTpUBAETCS KJIACCUUIECKAs 3aj1ada
IIOCKOT'O PacCedHus B OECKOHEYHOI MOJI0Ce C IPIMOYTOILHOM BbI-
eMKoil. 3ajjaua ONUChIBAETCS ypaBHEHNEeM | eIbMrobiia ¢ yCIOBU-
gavu HeifiMama Ha IpaHniie W yCIOBHSIME H3/JIydeHHs B OECKOHed-
HocTr. YnCIeHHble pe3yJbTaThl AEeMOHCTPUPYIOT 3 PEKTUBHOCTD
MPEJIOKEHHOIO MeTO/Ia.
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OB OJIHOI1 IOCTAHOBKE OBPATHOI1
KOYOOUIIMEHTHON 3ATAUN
B KJIACCE ITOJIMHOMOB!

A. O. Baryabaun
(Poccust, Pocros-na-/lony, FODY,
Bragukaska3, FOMIU BHIL PAH),

B. O. FOpos
(Poccust, Bnagukaskas, FOMIU BHII PAH)

WccnenoBannsa B 00J1aCTH PEKOHCTPYKINH IIEPEMEHHBIX VIIPY-
TUX CBOICTB BEChMa, aKTyaJbHBI BCJIEJCTBUE aKTUBHOI'O IPUMEHEe-
HIS HA IpaKTHKe PYHKIINOHAILHO IPATUEHTHBIX MaTEPUAIOB, 03~
BOJIOIIUX TPOEKTUPOBATH U M3TOTABJINBATH ONTUMAJIBLHBIE B COOT-
BETCTBUU C HEKOTOPBIM KPHUTEPHEM KadeCTBa 3JIEMEHTHI KOHCTPYK-
muit. TexHOJIOrMYeCKuit TPOIeCC MPOM3BOACTBA HE BCErIa TTO3BO-
JIZeT TOYHO IpPeCcKa3aTh CBOMCTBA rOTOBOTO obpasma. MccaemoBa-
HUS HACTOLAIIEeH paboThl MPU3BaHBI TOMOYb B MIEPBUYHON JTUArHO-
CTUKE, 3 TAKXKE TI03BOJISAT BBIABATH N3MEHEHUE CBOMCTB D/IEMEHTOB
KOHCTPYKIIHI B MPOIECCe KCILIYATAINN. Pa3IMmIHbIe TOIX0IbI I
periennst TOA00HBIX K0P DUIMEHTHBIX 00PATHBIX 33,129 OMUCAHDBI
B [1, 2|.

Paccvorpum kmace KoadPUIMEHTHBIX 00pATHBIX 3a1a9, B KO-
TOPBIX PEKOHCTPYKIINAS IMEPEMEHHBIX YIPYTHX MOJYJIei OCYIIeCTB-
asiercss o uHdopMarmu o nose jedbopmanuii/cvmerenuii, n3me-
PEHHBIX Ha YACTU CBOOOIHOI OT HAIPY2KEHMS BHEIIHEH IpaHuIbl B
pPaMKax HEKOTOPOr'O0 TECTOBOT'O HAIPYKEHWS B KJIACCE IMOJTUHOMOB.
OcHoBHas ujes 7 PelleHnsa OOpaTHON 33Ja4d 3aKJIIOYAIOTCS B
ITOCTPOEHUN YIIPOIEHHBIX MOE/eH Perrennst mPsiMOii 331a491 O J1e-
dbopMuUpOBAHIE UCCIEIYEMOTO 00BHEKTa, IO/, JAeHCTBHEM HEKOTOPOit
CHCTEeMbl TECTOBBIX HarpyzkeHmil. g mpamMoyroanbHOi 001aCTH,

"Meccmenosarme soimommeno 3a caer rpanTta Poccmiickoro HayaHoro dhomnma
Ne 22-11-00265-I1, https://rscf.ru/project/22-11-00265/, B FOxxroMm denepasn-

HOM YHHUBepCHUTeTe.
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HarPpyzKeHHOIl C OJHOr0 TOPLIA U 3aKPEIJIEHHON Ha Apyrom, Ta-
Kasi MOJIeJIb IOCTPOEHA Tpu oMoty Meroga Kanroposuya. Boiss-
JICHBI HEKOTOPBIE 3aKOHOMEPHOCTU B CTPYKTYP€ TOJIA CMeLLLeHI/IfI,
OCyIIecTB/IeHa ajrebpan3arus IpIMOi 33a4u JIJisi HEOTHOPOIHON
npsMoyroJibHOit obactu. Ilpu 3amanHoOM Bujie HATPYKEHUS [0 W3-
MEPEHHBIM KOMIIOHEHTaM II0JIA Ha 9aCTHh BHENIHE TPaHUIbBI YIaeT-
cs TPUOJINKEeHHO BOCCTAHOBUTH T0OJIE BO BCeil 06/IACTHU C MTOMOIIHIO
MIPOEKITMOHHOTO MeToa. Ha ciemyromiem mare perrerus 06paTHON
3a/1a4u 33/[a€TCs IBHBIN BU (PYHKIIUN HEOJHOPOIHOCTHU: TIOTATIIN-
BOCTb WMJIN MOAYJIb YHIPYTOCTU PA3bICKUBAIOTCA B KJIaCCE ITOJIMHO-
MoB. CyxeHue 06/1aCTH TONCKA 3HAYUTETLHO YBeTnInBaeT 3 dek-
TUBHOCTB MPE/JIO?KEHHOTO TOIX0/a TIPU BOCCTAHOBICHUU (DYHKITHI
u3 TOro ke Kjacca. Ha ocHoBe caboif MOCTAHOBKU 3aJadu, afl-
MPOKCUMAIUHU TI0JIg W CACTEMbI TPOOHBIX (DyHKIWiT, BEIOMpaeMOit
crenuaabHBIM 00pa3oM, pOpMUpYyeTcs JuHeiiHas ajredpandecKast
CUCTEMA OTHOCUTETBHO KOI(DMUIMEHTOB HEM3BECTHONH MTOJTUHOMU-
anmpHOl (pymknmm. Tak, [ad HEOJHOPOJSHOTO MPSIMOYTOJTHLHUKA B
paMKax ILJIOCKOW 33a/[a9i B PE3YJIbTATE BBIUUC/IUTETHHBIX SKCIIEPHU-
MEHTOB yJaJIOCh OCYIIECTBATH PEKOHCTPYKIIHUIO JUHEHHBIX 1 KBa/JI-
PATUYHBIX TI0 MPOJIOJBLHON KOOPAUHATE 3aKOHOB HEOTHOPOTHOCTH.

Tak>xe paccMoTpena 3aaxa 00 n3rnde HeOIHOPOTHON KOHCOJIh-
HO-3aKPEILJIEHHON OaJIKu TpU HATrPYKEHWHM pPaCIpee/leHHON Ha-
rPY3KOi, CHJION W MOMEHTOM Ha KOHIIE, & JIOMOJHUTE/IbHAS HHMOP-
MaIys O Mporube m3MepsieTCs B CBODOIHON OT HArPY3KWU 00/IACTH.
VpaBHeHUE 9€TBEPTOrO MOPSIIKA UHTEIPUPYETCH, B PE3YIBTATE Te-
IO TOYHO OIPEJIESIeTCA U3TUOAONINIl MOMEHT BO BCeil OaJjike, KO-
TOPBIil, B CBOIO OYepeib, SIBJISIETCS TPOU3BEIEHUEM HEU3BECTHO
n3rubHOM KECTKOCTH W BTOPOI MPOU3BOILHON OT (DYHKIMHU TPOTH-
6a. Takum 06pa3oM, BBITIOIHSS aJIredpan3aIiuio mporuda u Haxoms
€ro BTOPYIO MPOW3BOIHYIO, OMPEIETUM HEU3BECTHYIO JKECTKOCTh.
BakHo mpaBUIBHO JOOIPEIE/JIUTh BTOPYIO MPOM3BOAHYIO HA, 00-
JIaCTh, Tye nporub He 3aaH. ONTUMATBHBIM CIIOCOOOM OKa3a/I0Ch
[IOCTPOEHNE KBAJPATUIHOTO PA3JIOKEHUs i BTOPOi MPOU3BO/I-
HOM Tpormba B OKPECTHOCTH TOYKHU CheMa JOTOJHUTEILHON WH-
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dopmarmn, HaXOIAIIeHcT Ha PacCTOTHUN [y OT 3a4eakn. Beramc-
JIUTEJIbHBIE SKCIIEPUMEHTHI ToKaszasu, 4ro 10 60% obaactu, 3amHs-
TOM 6aJIKON MOTYT OBITH HEIOCTYITHBI JJIsT ChEMa, JOMOTHUTETEHON
nH(MOPMAIUH, W IPUA STOM PE3yJIbTaThl BOCCTAHOBJIEHUS OCTAIOTCS
npueMjieMbIMU. Pe3yabTarhl peKOHCTPYKITUU 3HAUUTENIBHO YXYII-
IMAFOTCS TTPU HAJIUYIUN 31Ty MJIEHUST BXOIHBIX JTaHHBIX.

Taxke TpeIoKEH BTOPOIi MOAXOM] K PEIeHnI0 00paTHON 3a-
Jaan Ay OaKu. 3ajaBasi MepeMeHHyI0 (DYHKITUIO MOIaTIHBOCTH
B BU/IE TTOJIMHOMA C HEM3BECTHBIMY KO3 DUITUEHTAMHU, YIAETCS 0~
JIyauThb IpocThie popmyibl. KoadduiimenTs: moimaoMa HaX0 s TCst
u3 JuHeHoi anrebpandeckoit cucrembl. OnpeaesuTenb 3TO# cu-
crembl 110106eH onpeeanresnio Baujgepmona [3], n nosromy oby-
CJIOBJIEHHOCTb CHUCTEMBI YIA€TCd TMOBBICUTH, BBIOWpAs TOYKU Ha-
OJttoeHus creruaibHbIM 00pa3om. Tak, HampuMmep, Jjist CUCTEMBI 2
nopanka x1 = 0.666lg, xo = ly, a JJIsI CUCTEMBI TPETHETO MOPSIIKA,
x1 = 0.442[y, xo = 0.808ly, x3 = lp. Pe3yabrarsl BBIYUCIATEIb-
HBIX JKCIIEPUMEHTOB MOKA3aJi BBICOKYIO TOYHOCTH BOCCTAHOBJIE-
HUsT KBQJIPATUYHBIX ¥ KyOMIeCKUX 3aBUCUMOCTEN [IjIsi TIOMATINBO-
cru. [IpoBeieHbl BEIYUCINTEIBHBIE SKCIIEPUMEHTHI C 31Ty MJICHIEM
BXOJHOU MHMOPMAITIH.
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O KOHOOPMHOM YPABHEHUN KNJIJIMHTA
HA 2-CUMMETPNYECKOM HEPASJIOZKIIMOM
JIOPEHIIEBOM MHOT'OOBPA3UUN

M. E. I'meako
(Poccust, Bapuayn, Antl'Y),

. H. Ockopbun
(Poccust, Tonronpyausiii, MOTN),

E. 1. Poounonos
(Poccust, Bapuays, Antl'VY)

[TcesnopumanoBo MHOroOOpasme (M, g) Ha3BIBAETCS CHMMET-
pudeckuM mopsaka k miam k-cummerpudeckum, ecom VFR = 0,
VEDR 40, tne k > 1 u R — rensop xpusususl (M, g), a V —
CBSI3HOCTH JIeBn-UnBuTHI.

BaMeTnM, YTO HETPUBHAILHBIM IIPUMEPOM TaKHUX IPOCTPAHCTB
SIBIISTIOTCsT 0000IIIeHHbIe k-cuMMeTpudeckre mpocTpaHncTBa Kaxe-
"a — Yosuraxa

Jajee, He orpaHIYHBasl OOIIHOCTH PACCYKIACHUI, OyIeM Ipe-
rmoJjiaraTh CONJIAaCHO TeopeMe By Bce paccMaTpuBaeMble JIOPEHIIEBBI
MHOT000pa3us JIOKAJIBHO HEPA3IOKUMBIMHE.

OnPEAENEHUE. Tnaakoe mosHoe sekTopuoe nose K na (nces-
10) pumanoBoM MHOroo6pasuu (M, g) HasbiBaercs KoHEOPMHO
KUAAUHZOBHIM BEKTNOPHLLM NOAEM, €CJU BBITOTHIETCIS PABEHCTBO
Likg = f(p)g, vne Lxg — npoussoanas JIu MeTpuaeckoro TeH3opa
BIosb osist K, p € M, a f(p) — rnankas BerecTBenHas (byHKITHS
Ha, MHOTOOOpa3uu.

B nmammoit pabore wmcciienmoBan KOH(MOPMHBIN aHAJJIOr ypaBHE-
Hus Kujiuara Ha 2-CHMMETPUYECKUX Hepa3IoKUMBIX JIOPEHIIe-
BBIX MHOT000PA3UsIX U CBOWCTBA KOH(DOPMHOIO MHOXKUTE/IsI. YCTa-
HOBJIEHO, 9TO KOH(OPMHBII MHOXKHUTE/Jb KOH(MOPMHOIO aHAJIOra
ypaBHeHns KujaanHra Ha HUX 3aBUCUT OT TTOBe/IeHus TeH3opa Beii-
ssi. Ecu Ttenzop Beitng merpuBuasien, T0 KOH(MOPMHBIH MHOXKM-
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TeJb TOCTOAHEH, W JAHHBIN Caydail MCCae/0BaH paHee B Pabo-
tax |1, 2|. Ecim xe remsop Beitnst TpuBmasien, 7o KOH(MOPMHBII
MHOXKUTEJIb 1 00IIee perrerne KOHMOPMHOTO aHAJIOra YPABHEHUS
Kunmmara Beipazkaiorcs depe3 dyukium itpu. Kpome Toro, B
cllydae paBeHCTBa, HyJIi0 TeH30pa Beiljis, mocTpoeHbl HOBbIe HETPHU-
BUAJIbHBIE TPUMEPHI KOH(MOPMHO KUJIJIUHIOBBIX BEKTOPHBIX IMOJIEH
C TIepeMeHHBIM KOH(MDOPMHBIM MHOKHUTE/IEM.
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O TIOTOKE PUYYN HA TPEXMEPHBIX I'PVIIITAX JIN
C TIOJIVCUMMETPUYECKON SKBUADODOHHON
CBSIBHOCTBIO

. C. I'puropbesn
(Poccust, Bapuayr, Anrl'Y),

. H. Ockopbun
(Poccust, Tonronpyausiii, MOTN),

E. 1. Poounonos
(Poccust, Bapuays, Antl'VY)

[Iycte M — pumanoBo muHOroobpasme pazmepuoctu n. Ompe-
nmeqmM Ha M TOJIyCHMMETPUYECKYI0 CBSI3HOCTH (DOPMYJIOit

VxY =V4Y +9(X,Y)V —g(V,Y)X,

e V — #HekoTopoe (hUKCHPOBAHHOE JIEBOMHBAPUAHTHOE BEKTOPHOE
mose, X n Y — mpom3BOJbHBIE BEKTOPHBIE TOJIA, VI — CBA3HOCTH
Jlesu-Yusnrer, g(X,Y) — merpuueckuit rerzop. Ceaznocrs V siB-
JISIETCST METPUIECKOoil u Brepsbie omucana . Kapranowm B [1].

Tenzop kpuBU3HBI 1 TeH30P Puadn cBsizHOCTH V ONIPEaessiioT-
Cs1 COOTBETCTBEHHO PABEHCTBAMI:

R(X,Y)Z =VyVxZ —-VxVyZ+ Vix,yZ,
Ric (X, Y)=tr(Z - R(X,2)Y).

Ounpegennum Ha M ogHONApaAMETPUYECKOE CEMERCTBO PUMAHO-
BBIX MeTpUK ¢(t) U 3amuineM ypaBHEHHe TOTOKa Puawum

2 (1) = ~Ric(s(1). (1)

Ypasuenne (1) Brmepsele ucciegosasoch P. [avmmiasronom s
cssuoctn Jlesu-Yusurer B [2|. II3BecTro, uro Tenzop Puwun mo-
JIYyCUMMETPUYIECKOH CBSI3HOCTHU, BOOOIIE TOBOPS, HE SIBJIAETCA CHUM-
MerpudeckuM. IlosToMy paccMoTpuM ciIydail, KOTJa IOIyCHMMeT-
pudecKas CBI3HOCTD sABJIsieTCs SKBradGuaHOol, T. €. Ter30p Puyun
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cummverpuden. Torga corsacuo [3] B cayuae rpynn JIn G 1o pas-
HOCHJTBHO:

Vigijcl, =0,

rje ¢i; — KOMIIOHEHTBl MeTPUYeCKOro TeH30pa, Vi — koopiauHa-
ThI BEKTOPA, c}%t — CTPYKTYpHBbIE KOHCTAHTHI aaredps Jlu, ompee-
nsiemble pasnoxkenneM [E;, Ej| = ¢] E; 11s HeKoTOpOro oprobasu-
ca E; B anre6pe JIu L(G).

B pabore, g rpexmepubix rpymn Jlu uccieayercs: morok Puu-
97 C MOJIyCUMMETPUIECKON IKBuaA(DOUHHON CBA3HOCTHIO. Y paBHE-
HUeE TTOTOKA MPUBOIUTCA K cucTeMe ajrebpandeckux u guddepen-
nuaabHbIX ypaBHenuil. Peras mociemoBaTesbHO CHAYAJIA, [MOICH-
creMy u3 ajaredpanvecKux ypaBHEHWI U MOJICTABJIsS MOTYIEHHOE
pertienre B cucreMy auddepeHnuaabHbIX YPABHEHU, Mbl HAXOIMM
pererns moroka Puayan Ha TpexMepHBIX rpynmnax JIu ¢ MeTpukoit
. MuaHopa OTHOCHTEIBHO MOJyCHMMETPUYIecKoi SkBuadduH-
HOIl CBA3HOCTH.
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CTPATET' U NITAKEJIBBEPT'A
[PV MOJEJIMPOBAHNU OITOJI3HEN
C IIOMOIIBIO JINOPEPEHIIMAJIBHBIX UT'P

A. K. 'y
(Poccng, Coun, CI'Y)

B crarbe [1] 66110 nipeiokeno ucnob3osarh Teoputo udde-
PEHITHAJIBHBIX UTD JJI MOJETUPOBAHUS ONo/3Hel. Bbblau HalieHb!
[IBe paBHOBeCHbIE cTparerun Haima, KoTophlie MOKA3bIBAJIN, 9TO IPH
OTIPEEICHHBIX JIEHCTBUAX TOPOJICKUX CJIyKO MOXKHO TOJIE€PIKU-
BaTh OMOJI3HEBbIE MPOIECChl B KOHTPOJUPYEMOM COCTOsTHUHU. PaB-
noBecusi Harmma — 9T0 10CTATOYHO UeAJIM3UPOBAHHBIE CTPATErUN,
KOTODBIE HEsIBHO TI0/IATAI0T HAJUYNE «OCMBICJICHHBIX» JEHCTBU ¥
urpoka, nmeryemoro «lIIpupomoits.

B manmoit pabore MbI HCCIEIyEM BO3MOYKHOCTH (IIPOTPAMMHO-
ro) ympaB/eHusl ONOJ3HEBBIMU IPOIECCAMU B Caydae Gosee pea-
ymuctudeckux crparernit [lltakennbepra, Korja ropojCKuM CJIy K-
O6aM TPUXOAUTCH 1eHCTBOBATH B YCAOBUAX JIMIUPOBAHUSI HUTPOKA
«IIpupomar, KkoTopoe mposBsgeTcsa B popMe TPOJUBHBIX JTOXK/IEM,
SIBJISTFOIIIMXCST OCHOBHOM npuuwnuoii, manpumep B Coun, KaTacTpo-
dbuyeckoit aKTUBU3AIIAN OIMOI3HE.

B wurpe, ocuoBannoit na crpareruu lllTakenwnbepra, omun wr-
POK $IBJISETCS JINIEPOM, OH JUKTYET CBOW yCJIOBHUS JIPYTUM HUTPO-
kaMm. [lommem omrumasnbhyio crpareruto llltakeapbepra st Ha-
et gudpdepeHnnaIbLHON UTPHI

d
d_:tc = f(z,Hr)= -2 —He —r, z(0)=z9, tc0,7], (1)
¢ BBIMIPBINTHON (yHKImeit urpoka «opojckue cayx6b1» [2, c. 115]:
T
Julroe, H,r) = /vH(x,H,r)dt,
0 (2)
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rje ¢ — cmemienne onossnsi, H = H(t) —urpok «[opojckue ciryx-
61>, 1 = r(t) — urpok «IIpuposga», COOTBETCTBYIOIIUI TPOIUB-
HBIM ok asgM. [Ipeamomaraem, 9T0 HaM W3BECTHA CTPATETHsST UTPO-
ka «IIpupoma», T. e. HaM M3BECTEH IMPOTHO3 OCAJKOB, B TOM YHUCJIe
U TPOTHO3 JIMBHEBBIX M0XkKeir r = r*(t). Ormernm, 9T0 COUMH-
ckuii I'mapomer mmeer Takwe TPOTHO3BI, mocTymatomue u3 Mock-
BbI, KAK MUHAMYM 3a CyTKH, & YTOYHEHHbIE — 3, IeCTh 9acoB. M-
pok «lopojckue ciryx6bl», 3Hast 9Ty crpareruio r*(t), Beibupaer
CBOIO CTPATETHIO, CBOE TporpaMMHOe yrnpasienue H*(t) Tak, daro-
Obl MaKCHMU3UPOBATH CBOIO BBIUTIPBIITHYIO (DYHKIIAIO, T. €. UIIEM
dbyuknuio H*(t) Tak, aro

H*(t) = arg rlril?u)( Ju (o, H(t),r*(t)].
t
Onrnvanbuas crparerus [llrakennbepra wurpoka <«Lopogackue

cayx0bl» pasna H*(t) = —1 — z(t)y(t) |2, c. 114-115], rue y(t)
eCTh pellleHne KPaeBol 3a1adu:

d
== =2 +a(l+ye) =1 (1),
é—i:x—l—y[?)ﬁ—l—yx], (3)

z(0) =x9, y(T)=0.

Boumm pacemorpenst crparernn 7*(t) = —t (10K /b yCHIHBAET-
cst) u npu r¥(t) =t (noxap npekpamaercs). JacruaHblie pesysib-
TaThl JaHbl Ha puc. 1. XaoTHYHOE MOBEJEeHNe KPUBBIX CBA3AHO C
TeM, YTO TI0CJI€ HEKOTOPOIO MOMEHTa BPEMEHU BEJIUYHHBI T U Y
CTAHOBATCSI OY€HDb DOJIBIIMMHU (CM. PUC. 2) U UCIOJIBb3YEMbIH MaKeT
Dynasys mjioxo oTpazkaioT 3Ty cuTyanunio. Mbl BujinM, cpaBHUBas
¢ urpoit ¢ mpuasTreM crparernn Hama [1], uto Be6op «Gosee pea-
qmcrnaeckoity crparernu Illtakensbepra B cirydae MOJIEIN OIMOJI3-
HeBoro npotecca (1)—(2) memMoHCTPUPYET JI0CTATOYHO HENPUSATHY IO
KaTacTpopHIecKy0 0OCTAHOBKY Jiisi UrpoKa «lopojckue ciryx-
OBI», & 3HAYUNAT, W JIJIsI HACEJIEHNS.
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i [ Z 32 %»74 N2 3z ?
2 K

2
-4
6.
8]

1=, x(0)=0. y(0)=0 (0=t x(0)=L, y(0)-1 (0=t x(0)=3. y(0)=0

Puc. 1. Ilosenenne cmemenns omosnsag x(t) npm r*(t) = —t
(moxnp ycmymBaerca) u nipu r” () = t (02K ap mpexpamaercs).

> head(nonstiff, n = 2Z4)

time vl va
[1,] ©.0000000C 1.000000e+00 4.000000e+400
[2,] ©.1000000 1.515870e+00 3.731237e+00
[3,] ©.2000000 2.602253e+00 5.058824e+00
[4,] ©0.2722841 2.403528e+71 4.807056e+71
*

Puc. 2. IIpumep pacuera kpusbix z(t) = y1
m y(t) = y2 mpm r*(t) = —t B makere R.

TaxuM 00pa3oM, TEOPETHYECKH 33/1a4a IOMCKA ONTHUMAJBHOIM
crpaTeruu OOpbHOBI ¢ OMOI3HAME CBOJUTCA K PEIICHUIO CHCTe-
mbl (3). OueBugno, 310 npemnosaraer noabop dyukuuii r*(t),
aJIeKBATHO OTPAKAIONINX CATYAIIUIO C JIMBHEBBIMHU JIOXKIAME. 1mC-
JIEHHOE MOJIe/IMPOBaHKe M03BOJIAeT HAXOJAUTh ONTHUMAJILHYIO CTpa-
termio 1ist «[0poacKux Cy:KObI» (IIPOBEIEHNE TPOTHBOOTION3HE-
BBIX MEPOIPULATHUI, YCTAHOBKA 3arPAKACHUI, TUKBUIAIUS TTOCJIE -
CTBUii U TIp.) TIPU PA3JUIHBIX JUBHEBBIX J0XKAX, & TAKKE MO3BO-
JIdeT TIPpeaCKa3bIBaTh OITaCHBIE CI/ITyaL[I/II/I.
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MATEMATHYECKA ST MOJIE/Tb
KOHKYPUPYIOIINX OIS
C MIEAJIBHBIM CBOBOIHBIM PACIIPE/IE/IEHUEM!

I1. A. Benenuyk
(Poccust, Pocros-na-/Tony, UMMuKH FODY)

KoukypenTHbie 0THOIIEHUS — CaMBblii PACIIPOCTPAHEHHBIN THUIT
B3aMMO/IEHCTBYsT MeXK Ty KuBbiMu cymectBamu [1]. [lpu usydennn
KOHKYDPEHIUN ME2KIY HECKOJIBbKUMN B3aHMOﬂeﬁCTByIOH.LHMH BU A~
MU BayKHBIM SIBJISIETCST BOITPOC O WX TPOCTPAHCTBEHHOM PACIIPETE-
JieHuu, 0OYCJOBJIEHHOM CTPATErusiMu MoBejieHus Bui0B. Ocobbrit
MHTEPEC BBI3BIBAIOT 9BOIONMOHHO cTabuibhbie crparernun (DCC),
MIPU KOTOPBIX MOMYJ/ISIA 00eCIeUNBAET CBOE JIOJITOBPEMEHHOE CY-
[IIECTBOBAHNE W HE MOXKET OBITh BBITECHEHA, C apeaJsia MOy Isiiueit
¢ apyroit crparerueii [2]. Onunm u3 BapuanToB peaausaryu JCC
sIBJIsIeTCsl njeanbHoe ceobonHoe pacnpenesnenne (MCP) [3], xorma
0COOY TOMYIANNN PAa3MEIAIOTCA TPOTOPIHOHAIBLHO JOCTYITHOMY
Ha apeasie pecypcy [4].

B pabore paccmarpmBaeTcss MaTeMaTHYecKas MOJENb JIBYX
KOHKYPHUPYIOIIIX 33 obmuit pecypc nomnysinuii ¢ UCP wa HeomHo-
poxnHOoM apeasie. Mojerb TOCTpOeHa Ha OCHOBe cucTeMbl gudde-
PEHIMA/ILHBIX YPABHEHUIT B 9aCTHBIX POU3BOIHBIX (OJHOMEDHAS
Mozesb T dy3un—peakmn):

oVi
G—tl = D1V + a1 Vip(x) — b1 Vi — biaVi Vs,
(1)
8V2—DV” V b1 ViV — boo V2
o oV + asVop(x) — bar ViVa — bao VY,

roe D1, Do — xoaddurnmentsl muddysun, ai, as — Kodhdumm-
enThl pocta nomyssnuit Vi u Vo coorBercrBenno. Koaddunmento:

! PaBora BbinonHena npu nomuepxke Poceuiickoro Hayusoro GpoHa, rpasT

Ne 25-21-00419.
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b11, boo OTBEUAIOT 33 KOHKYPEHIUIO MEXK/Ty OCOOSIMU BHYTPH IOILY-
sty a bio, by — 3a KOHKypeHNUio Mexkj1y mnonyssiusmu. [lo-
noxurenbHag GyHknmst p(r) — HEPABHOMEPHO PaCIpe/e/IeHHbBII
Ha apeajie pecypc, 3a KOTOPbIi BeJeTcss KOHKypeHTHas Oophba.
Koopaunara = npunasgexur orpesky [0,1], Ha KOHIIAX KOTOPOro
3aJIAI0TCs Te WM MHble rpanuyHble ycsosus. Cucrema (1) Takxke
JIOTIOJTHSIETCA HAYAJbHBIMU YCJIOBUSIMU PACIPEIETCHNS oYU

Ha apeadJie.
SamMeHnoit
T D1 D2 al a9
t:_7 klz ’ kZZ_a ‘/l: b Ula ‘/2 b_U27
aj aj aj 11 22
_a _ bio by
Y= /81 — b_7 2 — b_7
ai 22 11

cucrema (1) moxker ObIThH CBeeHa K G0JIee TPOCTOMY BHLY

oU

8—71 = kU{ + Ur[p(z) — Uy — BiyUs],

oU, B2 @
= — /" i i

p k‘QUQ + "}/UQ [p(l‘) 5 Uy U2:| .

YunreiBas manocts kKodddunuentos muddysun (ki, ko < 1)
u nipeanoniaras, aro kg = €kp, e 0 < € < 1, a Tak>Ke cumTas, 9TO
HOMY/ISAIUU OTHOCATCS K OAHOMY BuIy (T. €. mx K03 hUIMEeHTHI
pOCTa PaBHBI a1 = ag, Y = 1), TOJIyIUM

oU-
8—7-1 = kiUy + Ui [p(z) — Uy — p1Us],
(3)
U, — ek U
2, — b + Uz [p(x) — B2U1 — Us].

B orcyrersun quddysun (ki = 0) cucrema (3) mmeer HeyCTOI-
gyusoe rpusnaiabHoe pemenne (Up,Us) = (0,0) u Tpu cranuoHap-
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HBIX perernst, orsedaronux NCP

(p,0), yemotivueo npu 1 <1, fo>1, (4)
0,p), yemotinueo npu B1>1, fo<1, (5)
1-p 1— 5o )
, , yemotinuso npu 51 <1, <1. (6
(1_ﬂ152p 5.5 Y pu S <1, Ba (6)

Hanmawne magoit quddy3uu npuBouT K OTKJIOHEHUSM B CTa-
IIMOHAPHBIX pachpesenenuax (4). B maubosee nHTEpECHOM CITydae
(koria Ha apeajie COCYIIECTBYIOT 00€ TOMYJIAINN) TPUOIKEHHOe
perienre, OrpaHMIEHHOE TEePBBIMU ABYMS 9I€HAMHU ACUMITOTHIE-
CKOT'O PA3JI0YKEeHUs, MOXKET OBITh MPEJCTABIEHO B BUIE

_1-5 1 ep
U1_1—5152p+klp [1—/31 1—/32]7
s , p (7)
1= Ve B
U2_1—/31/32p+klp [1—/32 1—/31].

s amcieHHOrO pereHusl HadaabHO-KpaeBoil 3amaum (3) c
YCJIOBUSIMPA TTEPUOAMTHOCTH B paboTe nmpuMmeHsercs Mmoanduim-
POBAHHBINH WHTETPO-UHTEPTIONALINOHHBIA METO, C ANCKPETH3AIIN-
el Ha OCHOBE CMEINIeHHBIX CeToK. C MOMOIIBI0 peaym30BaAHHOTO B
cpene MATLAB kowmmrekca nmporpamm SPECIES-21, mposenena
ceprsi BBIYUCIUTENBHBIX SKCIIEPUMEHTOB, YCTAHABIUBAIOIIAS CTe-
NEeHb BIMSTHAST TPEX KJIOYEBBIX (haKTOPOB (HAYAILHBIX PACIpe/ie-
JieHuit monysanuii, kodgduiinenToB qud@y3un 1 KOHKYPEHTHOTO
B3aMMO/IEHCTBYsI) HA TOBE/IEHNE CUCTEMBI.

B pabore Takrke mpUBOIATCS YNCIEHHBIE UCCIEIOBAHUSA 110 OT-
KJIOHeHUIO pacupejenenuit nomyssdmiuii or UCP npu masnbix Bapu-
aIusIX TTapaMeTpPoB MOJENH.
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CIHHEHAPUU MVJIBTUCTABUJIBHOCTU
IJI51 CUCTEMBI KOHKYPUPVYIOIINX BUIOB!

I1. A. Benenuyk
(Poccust, Pocros-na-/lony, UMMuKH FODY),

Bb. X. Hryen
(Poccust, Pocros-na-/lony, UMMuKH FODY),

B. I'. [TuGynaun
(Poccust, Pocros-na-/lony, FODY)

JL1st oTiMcaHusT MPOCTPAHCTBEHHO-BPEMEHHOTO B3aNMOIEHCTBHUST
KOHKYPHUPYIONIUX BHUJOB WCIOJb3YIOTCS YDPABHEHUS DPEAKIUH-
nuddy3un-aaBekiun ¢ nmepeMeHabiMu Kodddunuentamu. B ciy-
4ae OJHOMEPHOrO apeasa MaTeMaTHYecKas MOIETh MOXKET ObITh
3alMCaHa B BUJE CHCTEMbl ypaBHEHHUil OTHOCHTENBHO ILIOTHOCTE
ui(z,t), z € Q = [0,a], TOTOKOB ¢; M JIOKAJIbHBIX peakiuii f;,
i=1,...,m[1]. Jamee paccMaTpuBaeTCs CJaydail TPeX IMOMyIATiii
(m=3),i=1,...,m:

U= —q+ fi,  fi=rivig, ¢ = —kiul + uiel, (1)

TR m
gi:l_mzaijuj’ gpl-:al-lnp—l-Zbijln(p—i—uj), (2)
j=1 j=1

re IITPUXOM O0O3HAUEeHa MPOM3BOJHAA IO X, & TOUYKON — maud-
depennmposanve mo Bpemenn t. B GyHKIMAX f;, OMMCHIBAIONIX
JIOKAThHOE B3AaUMOJIENiCTBHUE, 7'; €CTh MapaMeTp JIMHEHHOTO pPOCTa,
a KO3(PDUIMEHTHI (v;; XapaKTePU3yIloT BAMAHUE BUJA j Ha POCT
Buja i, mpudeM «;; = 1. @ynakrus p(z) > 0 onucsBaeT HEpaB-
HOMEPHOE paclpejesieHne pecypca BIOJb apeajia. B BbIpakeHUH
JLId TIOTOKOB @; TIEPBOE cjaraemMoe xapakrepusyer mauddy3uio, a

! PaBora BbinonHena npu nomuepxke Poceuiickoro Hayusoro GpoHa, rpasT

Ne 25-21-00419.
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BTOPOE — OTBEYAET 33 HAPABJIEHHYI0 Murpaimio (rakcuc). Oynk-
Usl ©; COCTOUT U3 JIBYX YaCTell, KOTOPBIE ONPEIe/IAIOT PA3InIHbIe
BUJIbI HAIIPABJIEHHON MUIDALMU, TAKCUC HA Pecypc p(T) u peakiust
Ha HEOTHOPOJHOE pacipe/ienienne BugoB. [Ipu ompegeneHun moTo-
koB (1), (2) koaddunuenter k;, a;, byj (4,7 =1,...,m) apaaiorcs
BEJIMYMHAMY, 3HAYEHUS] KOTOPBIX ONPEJIENSIOTCS U3 SKCIEPUMEH-
TAJIHbHBIX JTAHHBIX.
Cucrema (1)—(2) paccmarpuBaercsi Ha KOJIBIIEBOM apeaJie:

HauanbHble yCaoBus 3aJal0TCs IS IJIOTHOCTEH BUIOB:
ui(x,0) =ud(x); i=1,...,m. (4)

s 3agaqn ¢ gudpdysueit 1 TAKCHCOM MMEET MECTO CJIEIYIO-
Iast JIEMMA.

Jlemma 1. /I cucremsr (1)—(4) mpu BbIIOIHEHHH yCIOBHI:

3

aij=1, ki=a;+» by, i,j=1,23, (5)
j=1

KocuMMerpuedt apiagercs BeKTop Ly = (C1, (o, (3)T ¢ KommomenTamm
G =1 —-v)rgug +vraus, CG=—(1—v)riu, (3=—vruy,

u 3amaqa (1)—(4) umeer gByxmapamMeTpuuecKoe CeMeiCTBO CTaljd-
OHAPHBIX PEIIeHUIl:

ui(z) = 01p(x), wua(z) = Oop(x), (6)

us(z) = (1 =601 —O2)p(x), 0< 6 +6 <1,

JlokazarebCTBO B Caydae HEHy/IeBbiX KoddpdurmenTon k;, a;,

bij n a;; = 1 ucnomssyer Teopuio Kocummerpunu B. H. IO gosu-
qa [2].
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JByxnapamMeTrpuaeckoe CeMeiCTBO CTanmoHapHbIx perrennii (6)
JAeT JUId KarXKJO0ro BHJA paCIpeje/eHne, TpOIopIuOHATBHOE
dbyukipn pecypca p(z). DTO COOTBETCTBYET OIPEJEJEHUIO 16
aJBHOTO cBOOOIHOTO pactpesenenus [3|. Umeer mecto ciemyrommast
JIeMMa.

Jlemma 2. IIpu Bomosnenun yciaosuii Ha napaverpor (5) 3a-
naqa (1)—(4) umeer pemrenne: u;(x,t) = vi(t)p(z), ¢ = 1,2,3, rae
v;(t) HaxomsTCS M3 cucTeMbl OOBIKHOBEHHBIX JH(b(epeHInaIbHbIX
YpaBHEHUH

3
Q}i = T;U; <1 - Z aijv]), 1= 1, 2, 3.
j=1

Mg 3amaan (1)—(4) BO3MOXKHBI TaKKe IPYTHE PEIIEHHUsT, YCI0-
BUS I KOTOPBIX COOPMYTUPOBAHBI B CJIEIYIOIIEH JTeMMe.

Jlemma 3. Jlna cucremsr (1)~(4) mpu oy = 1, kirj = kjry,
a;rj = a;jri, bigr; = bjri, 1,j,k = 1,...,3, Kocummerpueii spJis-
erca BekTop Lo = (C1,(2,(3)T ¢ KommomenTanmm

_e _e
G =01—-v)e Froug +ve Firsus,

_v2 _¥3
G=—-(1-v)e *k2ru, (3=-ve Friu.

IIpu srom (1)—(4) mmeer aByxnapamerpudeckoe ceMeliCTBO Crari-
OHAPHBIX PEIeHUI:

ui(x) = 0w(z), wus(x) = Ow(x),
u;g(iL‘) = (1—91—92)111(1‘), 0<6+60,<1,

e w(x) — perreHne KpaeBoii 3a/1aqm:

/
<k1w —ayw(In p)’ Zbl] (In(p+ O;w)) ) + 7w <1 — E) ,
j=1

p
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HAXOZKJIEHUE OIITUMAJIBHOT'O VITPABJIEHU
B 3AJTAYE OYNCTKN BOJIOEMOB
OT OPTAHUYECKUX OTXO/10B

JI. FO. Kabauiosa
(Poccust, Boponex, BI'Y),

A. N. Ilerpenko
(Poccust, Boponex, BI'Y)

PaccmoTrpuM BOTIpoC 0 MUHUMW3AIINKA CYMMapHBIX 3aTpaT Ha
[IPOBEJ/IEHNE OYUCTHBIX PAOOT M YMEHBIIIEHUN KOHI[EHTPAIINH OTX0-
JIOB 1 JiepUuiiuTa KMUCJI0POa B TEIEHNE PACCMATPUBAEMOTO TIePUOJIa
Bpemenn 1. 3ajada ONTUMAJIBHOTO YIIPABIEHUS OyIeT UMETH BU]

T
Jwy—/aMﬂﬁ+xwﬂ+wa%+mﬁ (1)
0

{531 = —kix1 —u, @)

T = k1x1 — kowa,

{351(0) = Lo, (3)

xT9 (O) = Do,

0 < u(t) < uo, (4)
rme a — KO3 @UIMEHT, XapaKTepU3yIOMnii CTOMMOCTH paboT
B enuHuily Bpemenw; k; — Koddpdumment orbopa KHUCIOPOIA;

ko — xoadbdunment peaspanuu; x1(t) — KOHIEHTPAIUS OTXOOB;
x9(t) — medunmT KUCIOPOAA; Up— MAKCUMATIBHOE KOJUIECTBO OT-
XOJIOB, VIAJEHHBIX U3 €IMHUIIBI 00ebMa B €IMHUIY BPEMEHH.

B namnoit pabore Oy1yT pacCMOTPEHBI MaJIbIe PEKU C OBICTPHIM
teuenneM (kg = 0.802), 3arpsi3usieMble TOKCHIECKIMHA BEIECTBAMHE

(ky = 0.0103).
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Hna zamaan (1)—(4) dynknus [Moarparuna nveer Bug

H(t? x(t)v u(t)a )‘(t)a )‘0) =
= —)\gau(t) — )\1 (t)(]ﬁxl(t) + u(t)) + )\Q(t)(]ﬁxl(t) — kgl‘g(t)).

IMycrs (2(+),a(-)) — J0KATBHO-ONTUMAIBHBIN TPOLIECC B 3a1a9e
(1)—(4). Torma BBIIOIHSETCS YCIOBHE MAKCHMYMA
H(t,f&(t),ﬂ(t),)\(t),)\o) = max H(taj(t)au(t)v)‘(t)v)‘O) =
0<u(t)<uo
= [ -\ (t)k‘lii‘l (t) + )\Q(t)kllﬁl(t) — )\Q(t)k‘g.f?g(t)] +
+ max [ — Aoau(t)—Ai(t)u(t)].

0<u(t)<uo

KpaeBas 3a/1aua npuHIUIa MAKCUMYMa UMEET BUJ

1 = —kix1 — 1, 21(0) = Ly,
o = k1x1 — kowa, x2(0) = Dy,
A= k1A — ki), M(T) = -1,
Ao = koo, Ao (T) = —1,

rje 4(t) 3a12€Tcst COOTHOIEHNEM

ug, eciim — Aga — A (t) > 0,
u(t) =40, ecn — Aga — A (t) <0,
[0,up], ecmum — Aoa — Aq(t) = 0.

Bozbmem a = 0.01; a =1; a = 6.

1) Paccmorpum Bapuant, korga u(t) = ug, t € [0,7], on Bo3MO-
JKeH TIPH BBIMOJTHEHUN Ha BCEM OTPE3Ke HEPABEHCTBA —a > Ai(t).
VcceioBannst noKasaJim, 9To 3T0 HEPABEHCTBO BBINOJIHSIETCS, KO-
rma a = 0.01.

2) Caywait, korma 4(t) = 0, t € [0,7], BO3MOXKeH IpU BHIIO-
HeHnn HepaseHCTBa —a < A1(t). OHO BbImOIHSIETCsI, KOTyIA 6 = 1;
a = 6. DTO CBUIETEIHCTBYET O TOM, ITO IIPU BBICOKON CTOMMOCTH
OYMCTKH, CMBICJIA B [IPOBEJIEHUN PAabOT HET.



Kab6anuosa JI. IO., Ilerpenko A. H. 167

3) Ipu 3navenusix koaddunuenta 0.79 < a < 1 3ama4ga numeer
TOYKY TEPEKTI0IeHUsT

07 07 )
a(t) = 0.7]
uo, [7‘ s T] .
Hns ee ompezenenus GbLIO peleHo ypaBHeHue Ai(T) = —a.

IIpu a = 0.8, 6b110 TONTYy9eno 3uadenne 7 = 7.08062, a mpu a = 0.9
zaadenne 7 = 18.516. VI3 moTyIeHHBIX JaHHBIX CIETYET, UTO C YBe-
JmaerneM K03 UIMEeHTa CTOMMOCTH YBEJIUINBAETCS BPEMST CAMO-
OYUIIEHUS BOOEMA.

Brimu maiiienbl 3HaYeHUsT KOHIEHTPAIUKT OTXOJOB, Jedurinra
KHCJIOPO/Ia, U TEeBOr0 (PYHKITMOHAIA JJIsi C/Iydas C TOCTOAHHBIM
yrpaBJeHneM Ha BceM BpemerHoM mHTepBase (a = 0.01) u ciyvas
¢ nepexmouernem (a = 0.8; a = 0.9). Pesynbrarsr npeacraBieHs
B Tabsmie 1.

Tabiauna 1

Buavennus z1(t), z2(t), J(u) Ipyu pasINYHBIX 3HAYEHHUAX O

Kos¢ppunuenr a | Kounenrpanus | dedpumur DPyHKIIHOHAT
OTX0/0B KHCJIOPOJA

0.01 2.38052 0.0317816 2.4273

0.8 2.65015 0.0352896 3.60222

0.9 3.12936 0.041524 3.68767

Anajm3 3HaveHnit MOKa3aJ/I, 9TO B CJIydae C TOYKOW MepPeKJIio-
JeHnd, MO3/Hee BKIIOUEHNEe YIIPABIEHNS IPUBOIUT K HAKOILIEHITIO
3arps3HeHns, YTO, B CBOIO OYEPeIhb, CIIOCOOCTBYET POCTY IedUIITa,
KHUCI0poIa 1 0bIeit crommocTu. B oTimanme oT 3TOT0, TTOCTOSTHHOE
yIIpaBJIeHNe IIPeI0TBPAINAET JTOCTUKEHNEe KPUTHIECKUX ypOBHEMH
3arpda3Henund, TeM CaMbIM MI/IHI/IMI/I3I/IpyH 3KOJIOTUYECKU U 3DKO-
Hommdaecknii ymepb. Takum 0O6pas3oM, ONTHMAILHBIM IOIXOI0M K
YIPABJIECHUIO BOJHBIMUA PECYPCAMU ABJIACTCA MOCTOAHHOE YIIpaBJIe-
HIe B T€YEHNEe BCEr0 BPEMEHHOI'0 MHTEPBAJIA.



168 Kabanmora JI. FO., Ilerperxo A. N.

Jlureparypa

1. Anzapeea E. A. BapuanuonHoe uCYUCIEHHE U METOIbI ONTUMU3AIANA. —
Tseps: Twep. roc. yu-T, 2001.—576 c.
2. IMTaass JI. JI. CupaBOYHUK 10 OYUCTKE IPUPOJHBIX U CTOYHBIX BOI.—M.:

Hayxa, 1994.—333 c.



OBb OBOBHIEHUAX IM'MITEPBOJINYECKOT'O
AHAJIOTA TEOPEMBI KEIICH!

A. B. Koctuu

(Poccust, Enabyra, E1 KOV;
Hab6epezxkubie Yennsr, HUU KDY)

Teopema Keiicu (B apyrux tpancaureparusax Kesw wim Ka3nm)
obobrmaer Teopemy lltosremes Ha ciydail 9eThIpEX OKPYKHOCTEI,
KACAIOIIUXCsT O/THOM (PUKCUPOBAHHON OKPYKHOCTU HA €BKJINMI0BOiT
TJI0CKOCTH. BMecTo manH CTOpOH n AnaroHaJieil BINCAaHHOTO JeThI-
pexyrojbHuKa B Teopeme Keiicu 6epyTcs JJIMHBI OTPE3KOB 00X
KaCaTeJIbHBIX COOTBETCTBYIONINX Map OKpyzkHocTel. ['umepbosmae-
ckuii anayior Teopembl Keiicu (B apyrux tpanciurepanuax Kesn
nwm Ks3m) nokazam B pabore H. B. Abpocumosa u JI. A. Mu-
KaiiblioBoii [1]. Mnrepnperamun stux reopem Ha cdepax ncesio-
€BKJIUJIOBA U TICEBIOTHIIPEOOTNIECKOTO MPOCTPAHCTB OIHMCAHBI B
pa6ote [2]. B crarbsix [3, 4] nosyuensr Hekoropble 06001eHUs TH-
nepbomyeckux Bepcuit TeopeMm Ilromemes u Keiicu. B nacrosmeit
paboTe paccMaTPUBAIOTCS ODODIIEHNST THTIEPOOJIMIECKOTO aHAIOTa,
Teopembl Keficu Ha caydail OKpyKHOCTeH, KaCAIOIINXCA ABYX BET-
BE€W 9KBUAUCTAHTHI.

Ecu nBe OKpyKHOCTU OJHOTUITHO KACAIOTCS OJIHOW BETBU K-
BAJUCTAHTBI, UJIU MO-PA3HOMY KaCalOTCA Pa3HBIX BETBEH, TO y HUX
bepercs oTpe30K obIeit BHelHel KacaTenbHoil. Kein ke okpyx-
HOCTH OJIMHAKOBBIM 00pa30M KaCalOTCd Pa3HBIX BETBEN 9KBUIU-
CTAHTBI, WJIA [TO-PA3HOMY KaCaTCsS OJHOU BETBU, TO ¥ TAKMUX Iap
OKPY2KHOCTEl Oepercss 0Tpe30k 0oOIeil BHyTPpEHHEH KacaTe/bHOM.
PaccmaTpuBarorcs TOMBKO Takue KOH(MUTYDAIUU OKPYKHOCTEIR,
KODJIa, COOTBETCTBYIOIIME O0IIMe KacaTelbHble onpejesenbl. [1pu-
BeJIEM OIMH W3 BapWaHTOB 000DIIEHMsT.

!PaBora Bemosmena B coorsercrsuu ¢ nporpammoii IPMOPUTET 2030
Kagamckoro denepanpHOro yHIUBEpCHTETA
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Kocrun A. B.

Teopema 1. Ilycrs OKpYy>KHOCTH W1, Wo KACAIOTCS OJHON BET-
BH 9KBUJHCTAHTBI, & OKPYXKHOCTH W3, W4 KacaloTcd APYIrod BeTBH
SKBUJIHCTAHTHI HEKOTOPOIH (bHUKCHPOBAHHON NPsAMOH Ha ruiepbo-

JIMIecKol maockocTu Kpupusabl K = —1. Ilycre t;; = tj; — -
Ha oTpe3Ka obulelf KacaTeJbHOII Iapkl OKpyzKHOCTel w;,w;. Tormaa

nMeer MeCTO PDaBEHCTBO:

sh? t2—1
2
31

h2
S

2

0 sthﬁ

ch?

ch? bﬂ ch? Dﬁ
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2
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2
134
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O MOJAEJINPOBAHUN MHOT'OOBPA3UA OPUCOEP
TPEXMEPHOT'O TTPOCTPAHCTBA JIOBAYEBCKOT'O!

A. B. Koctrun
(Poccust, Enabyra, E1 KOY;
Hab6epezxkubie Yennsr, HUN KDY),

C. 1. ®arraxos
(Poccust, Enabyra, E1 KOY)

C momorpio MpoeKTupoBanusi opucdep Ha (HUKCUPOBAHHYIO
opucdepy MOXKHO TOCTPOUTH MOJIE/Ib MHOr00Opasust opucdep, u3
KOTOPOTO MCKJIIOUEH OJIUH MYY0K opucdep.

IIpoexknmu Bcex cdep Bo BHyTpeHHEl reomeTrpun opucdepsl sB-
JISIIOTCST KPYTaMu, U B OJUH KPYT OTOOPAXKAJIOCh OTHOTIAPAMETPH-
qeckoe ceMeiicTBo cdep [1]. 3amaun TaKOro THIA CBI3AHBI C 373
4eil 0 Tenn B npocrpancree Jlobauesckoro [2-4]. B nacrosiuieit pa-
boTe paccMaTpUBAETCS MPOEKTUPOBaHNE HA (PUKCUPOBAHHYIO OPH-
chepy m3 HEKOTOPOTO KOHIEHTPUTIECKOTO MydKa BCeX opmcdep,
He TMPUHAIEKANUX dTOMY TyduKy. lIpum TakoMm mpoekTupoBaHWUM
y Kaxkoi opucdepsl OyIer CBOd MPOEKIHs, U 10 MPOEKIINNA OPU-
TUHAJ OYIET OTpeiesiaThCa OIHO3HATHO. B MHOTOOOpasue opucdep
€CTECTBEHHBIM 00PA30M MOYKHO BBECTH TIOJTYPUMAHOBY METPUKY.

B kauectBe dpukcupoBanHoii opucdepsl BozbmeM opucdepy o,
3aaBaeMyo ypasmermeM z = 1 B mogenn Ilyankape B BepxHeMm
eBKJIMIOBOM TTOJTYITPOCTPAHCTBE C METPUKOI

2 dx? + dy? + dz?

S
22

Ha opucdepe z = 1 unaynupoBantas METPUKA, TPUMET BU/I

ds® = dx? + dy?.

!PaBora BemmonHena B coorsercrun ¢ nporpammoii IPMOPUTET-2030
Kazamckoro denepanbHOro yHuBepcureTa.
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DTO TO3BOJISET TTPOCTO OTPENETUTh METPUIECKIE XapaKTepH-
cTUKU 00pa3a Mpou3BOJIbHON opucdephl.

st mpuMepa ToKaKeM, Kak 9TO CIeIaTh st OpuCdephl, HAXO0-
nsitmeficst BHe opuriiapa ¢ rpanwuteii (2g. Ilycrs opucdepa Q ynae-
Ha ot opucdepnl (g Ha paccrosHue t. PaccmoTpuM cedernne, mpo-
xozdiee yepes obIryio ock opucdep Qo u ). B ceuenne umeem
€BKJIUJIOBY OKPYXKHOCTb W, KACAIOIIYIOCS MPSIMON U3 ILJIOCKOCTH
z = 0, 6e3 camoii Touku kacauusi. Ceaennem opucdepsl (g, Ha KO-
TOpYI0 TpoekTupyercsa opucdepa 2, 6yaeT mpsamas wg IOCKOCTH
z = 1. I okpy>KHOCTb w, W mpaMasg Wy C TOYKU 3PEHUT reOMEeT-
puu JlobadeBckoro siBjisitorcst opuniukiamu. CamMyro BEPXHIOI TOU-
Ky OKPY’KHOCTH w obo3Ha4yum depe3 IN. Paccrosaue or Touku N ¢
AMMJINKATON z /10 opucdeps! {lyg HAXOMUTCS CJEAYIONIAM 00pa30oM:

1
dz ' -1 —t
t= [ —=I|z|]| =—lnz=Inz"", z=e¢e".
z z
z

CooTBeTCTBEHHO, MaMETD €BKJIUI0BON OKPY>KHOCTU B CEYEHUH, A,
3HauuT, U chepsl, Mogenupyoieit opucdepy 2, 6yaeT paBHATH-
ca el

Opucdepa, ynanernas ot opucdepsl z = 1 Ha paccrosinue t,
[IpY IPOEKTUPOBAHNN Ha 3Ty opucdepy OymeT n300pakaThbCsa KPy-
roM JEaMeTpa e ' BO BHyTpeHHe reoMeTpus opucdeps.

[Ipu paccMOTpeHNN CBA30K TMAPAIETBHBIX MPSIMBIX BO3HIKA-
10T CBSI3M C TUIepboJIMuecKoil Bepcueii 3ajaun 06 oceeriennu [5)].
Hetpymamo ybennThest, 9To mapasie bHbII MTyJ0K OCBEIIaeT Ha BCeX
oprcdepax, HecOOCTBEHHBIE IIEHTPHI KOTOPHIX HE COBIMAIAIOT C IEH-
TPOM 3TOrO IIy4YKa, KPYTH OJUHAKOBOIO Pa3MeEpa.
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MATPULHA KOSOOUIINEHTOB CJIAY,
BOZHUKAIOMIAA ITPU PEITEHUN 3AJIAY
OUJIETPAIINN B AHU30OTPOITHOI CPEJE

METOJ0M JAUCKPETHBIX OCOBEHHOCTEN

. T'. JIekomriieB
(Poccust, Opes, OT'Y um. 1. C. Typrenesa)

Wcmonp3oBarme MeToaa JUCKPETHBIX OCOOEHHOCTEH Mph pac-
CMOTPEHNH 3312491 (PUIBTPAINN K CKBAYKIHE B M30TPOITHOM U HM-
30TPOITHOM TPyHTE TPEOyeT PpelieHus CUCTEeMbI aaredpamdecKux
muueitabix ypasrenuit (CJIAY) [1-2]. Koukpermsle ocobeHHOCTH
zaroHeHns Marpuiibl kKoddgduimenros CJIAY moryT cymecTBeH-
HBIM 00pa30M IOBJHATH HA YHCICHHOE MOIASINPOBAHUE IIPOIIEC-
ca duabrpanuu. [Ipu 5TOM cieqyer yIuThIBATH, 9T0 KOMIOHEHTHI
TEH30pa MPOHUIAEMOCTH AHM30TPOIHON Cpeabl OYIyT BIUITH HA

3JIEMEHThI STON MaTPUIIBI. 9TO BJIINAHNE 6yﬂeM YYIUTBIBATH Y€pe3

K03 PUIUIEHTRI (v = g—ﬁ, 8= %ffﬂ

NsgecrHo [3-6], uro pacmarpuBaemyio 3ajady BO3MOMKHO pe-
IIATH IIyTeM ee CBEeJeHUs K PEeIIeHHI0 CHCTEMBl MHTErPATBHOIO
YPaBHEHUS ¥ MHTETPATBLHOTO COOTHOMIEHH, OT KOTOPHIX BO3MOZKHO
mepeiiTn K cucreMe n + 1 JIUHEHHBIX HEOTHOPOIHBIX ajaredpamde-

CKUX YPaBHEHUA:

fj +2 Z ijjiAlj = Q[Ozi—h - Q(I)Ci]y 1= 1,77,.

=1, j#
31ecn
1 D(K,4) ,
Y=o <V§ Ds) )
D(Ka) > /
+ (W + Ve )05,
(Vo B + Ve o)



Jlekommen /]. T. 175

Vi — §1i — &1
¢ (&1i — €15)% + (s — my)?’
Vn _ s — My

(&1i — €15)% + (s — my)?’
4 b
1 .

D(Ks) = K11 K2 —

D(Kja) =

ij*jAlj =C+ L In (RC\/ 1-— |u0|2).

n

= 21/ D(Kg)
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Vi o §10 — &1
7 (60— £15)2 + (mo — my)?’
o — My

T o P+ o )

Permrenme KOHKpeTHBIX 3a7ad 9TOT0 THIA [3-6] MOXKeT HATOJIK-
HYTbHCA Ha PA3JIMIHbIE TPYJHOCTHU PeaJN3allu YNCJIEHHOTO METO/Ja..
Ha puc. 1 mpencraBien npuMep TemaoBOi KapThl, COCTAB/ICHHON 13
3JIeMEHTOB MATPHUIBI TP KOHKPETHOM 3HaueHHN KO03(hhUINEHTOB
a u . Ha HEM XOPOIIIO BUJIHO, YTO B MATPUIIE XOPOIITO BBIPAYKEHA
JaroHaIbHAS COCTABIAIONIAS, ITO JeIaeT BO3MOKHBIM HCIIO/Ib30-
BaHMe Kjaccuaecknx meroznos pemmenus CJIAY [7].
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Puc. 1. TeroBast kKapTa MaTPUITHl, BOSHUKAIOMIEH TPU PEITeHnn
3a/1a49n O AebuTe CKBaXXUHbl B AHU30TPOITHOM CPEJIe METOI0M
JUCKPETHBIX 0cobeHHocTel mpu o = 10 m 3 = 3.
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HEKJIACCUYECKUNE MOJIEJIN JEGOPMUNPOBAHN
COCTABHBHEIX ITOPUCTHIX TEJI

C. A. Hecrepos
(Poccust, Bragukaskas, FOMU BHII PAH)

HOpI/ICTbIe MaTepuaJjibl MINUPOKO WUCIIOJIB3YIOTCA B PA3JIUYIHBIX
O6.HaCTHX TEXHUKHN, TaK KaK ITO3BOJIAIOT YMEHLIIUTH MaCCy W3-
JIeSInil, YCUJIUTDh WX TEIIOU30/ISIIIUOHHBIE U 3BYKOU3OISIMOHHBIE
CBOIMCTBA MPHW BBICOKMX IPOYHOCTHBIX xapakrepucrukax. s
OMUCAHNS MEXAHWIEeCKOr0 MOBEJIEHUsT MOPUCTBIX MATEPHUAJIOB, B
3aBUCUMOCTH OT HaJINYUA B IMOPaX 2KUAKOCTU CYyHIECTBYET [IB€
rpynmnel Teopwuii. i omumcaHusi moBeieHNME YIPYTHX MAaTepUasoB
C IIyCTOTaMu, CBO60,B;HI)IMI/I OT 2KHUJAKOCTU, TIPUMEHACTCA MHUKPO-
JUTATAIMOHHOI Teopus ynpyrocru Kosuna — Hynsuaro |1, 2|, me-
PEMEHHBIMH B KOTOPO# ABJIAIOTCA BEKTOP CMEIeHUs CPeJibl U ITI0PU-
crocTh. Jig onrcaHus HACHIIIEHHBIX KUIKOCTHIO TIOPUCTHIX TBEP-
JIBIX TeJI IPUMeHsieTcsi Teopusi Mozesin buo [3], nepementbivm B Ko-
TOPOIi ABJSIOTCS BEKTOP CMEITIEHUS CPeJibl U TIOPOBOE JiaB/ieHue. B
HACTOSIINI MOMEHT OIyOJIMKOBAHO OOJIBIIOE YKCI0 paboT 1Mo aHa-
JINTUYECKOMY HKCCJIET0BAHUIO 1ePOPMUPOBAHUSA OIHOPOIHBIX I10-
puctbix Ten Ha ocHoe Mogmeseit Koymna — Hywnswmarto. Onpnako
3a1a49n ,Z[e(bopMI/IpOBaHI/IH COCTaBHBIX YIIPDYTUX TEJ C IIYCThIMU I10-
paMu OCTalOTCs HEuccjeaoBaHHbIMU. Kpome Toro, jjis HaCBIIIEH-
HBIX 2KUJKOCTBHIO MOPUCTHIX MATEPUAJIOB B CIy4da€ BIUAHUA MUK-
POCTPYKTYPBI MOTYT MPOSABIATHCA MacmiTabubie 3¢ dexTsr [4, 5],
TTPOSIBJISTIONINECST B 3aBUCUMOCTH HATIPSI>KEHHO-1e(DOPMUPOBAHHOTO
COCTOSIHUS OT XapPAaKTEPHOTO pa3Mepa CTPYKTyphbl MaTepuaa. s
omucanus MacIITabHBIX 3DPEKTOB HEOOXOIUMO UCIOIH30BATH TEO-
PUI0 T'PAUEHTHO MOPOYIPYTroCTH, 0000IIAI0IILY 0 Moe b buo, my-
TeM ydeTa B (DYHKI[MOHAJE SHEPTUU I'PATUEHTOB BTOPOTO IMTOPS/I-
ka. OJHAKO CYIIECTBYIOIINE TPAIUEHTHBIE MOJEIU TTOPOYIPYTO-
cru 6] comep:kar GOJBINOE UHUCIO HEKTACCHIECKUX MTapaMeTpOB,
KOTOPbIE HEBO3MOXKHO ompeaenTh. [Ipu 3TOoM paccmarpuBaercs,
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KaK IIpaBUJIO, TOJIBKO MEXaHNYIECKOE HarpyzKenne OJHOPOAHBIX T10-
PUCTBIX TEJI.

B noxkstajzie mpencraBiieHbl aHAJIATHIECKUE PENIeHus 3aJa9 O
1eOPMUPOBAHUN COCTABHBIX TIOPUCTHIX TEJ, KAK C IIyCTHIMU ITOPa-
MU Ha ocHOBe Mojien Koynna — Hym3uaro, Tak v HACHIIIEHHBIMI
JKAJKOCTBIO IOPaMU, Ha OCHOBE IPUKJIAJHON MOJIe I IpaJjueHTHOR
mopoynpyroctu. B mepBoii cepuu 3a/1a1 Ha OCHOBE BAPUAITMOHHOTO
npuaruna Jlarpanxka n monenn Koymna — Hymswmaro wucciemy-
ercs eOpPMUPOBAHIE COCTABHBIX YIPYTUX Tes (CTep:KHs, Oaakn
n L[I/I.HI/IH,ZLpa,) C IMyCThIMU TIOpaM¥W TPU HEW/IEa/JIbHOM KOHTAKTE B
obnactu compsizkerus. B xome obe3pazmepuBaHus 33189 BBEIEHBI
TPU MaJbIX [apaMerpa — MapaMeTp CBI3aHHOCTH, MaCIITAOHBII
mapaMerp U MOJyJib TOBEPXHOCTHO# ympyroctu. llosyuensr Tou-
HbIe aHAJIUTHIECKHE (DOPMYJIBb [IJIs HAXOKICHUST PACIPEICICHUST
GYHKIINYM TOPUCTOCTH, CMEIEHUH, K/JTACCUUECKUX U HEKJIACCHYe-
CKUX HAIpsiKeHuu. B pe3ysbraTe pacyeToB BBISCHEHO, UTO: C yBe-
JIMIECHUEM IMapaMeTpa CBA3aHHOCTU IIPOUCXOJUT YBE/JIUICHUE I10-
PUCTOCTH W CMEITEHWIT; C YBeJIMYeHneM MacHITabHOrO MapaMerpa
npoucxoauT DoJiee IIaBHOE n3MeHenne (PyHKIMU TOPUCTOCTU B 00-
JIACTU KOHTAKTa; [pU HEeUJeaJTHbHOM KOHTAaKTe (PYHKIIUS TOPUCTO-
CTHU JOCTHUTra€T MaKCUMaJIbHOT'O 3HAYCHUA B O6.Ha,CTI/I COIIPAKECHN A,
a 3areM OBICTPO yOBIBAeT; K/IacCUYeCKUe HAIMPSKEHus U u3rubda-
IOH_[I/IfI MOMEHT TIPUHUMAIOT OAWHAKOBOE 3HAaYE€HUE, KaK B PDaMKaX
KJIACCUYECKO Teopuu ynpyrocTu, Tak U B MUKDPO-UIATAITMOHHOM
TEOPUM; HEKJIACCUIECKNE HAMPIAXKEHWS OJM3KUA K HYJII0, OITHAKO,
B 00J1aCTH KOHTAKTa JUOO MPUHUMAIT SKCTPEMATHHOE 3HAUEHUE
B CJIydYae UIeAJIbHOIO0 KOHTAKTa JHMOO HUCIBITHIBAIOT CKAYMOK IpU
HEenaeaJIbHOM KOHTaKTeE.

Bo Bropoii cepun 3a/ad Ha OCHOBE BAapUAIMOHHOTO MPUHIIA-
ma JlarpaH:ka ¥ TPaJueHTHON MOJe/J N TOPOYIPYTOCTH HCCIIENy-
ercs 1eOPMUPOBAHNE COCTABHBIX HACHIIEHHBIX YKUIKOCTHIO TIO-
puCTBIX Tes (CTepKHS 1 TPYOBI) MO JIefiCTBUEM MOTOKA MOPOBO-
ro jaBjenus. B BbIpaxKeHusx JIjisi IJIOTHOCTHU MOJTHON BHYTpEHHEN
SHEPTUN YKUIKOCTU W TJIOTHOCTH SHEPTUH AedOPMAIli TBEPIOTO
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KapKaca YIUTHIBAIOTCS I'PAJIAEHTHI TTIOPOBOTO JIABJIEHUST U TIepeMe-
IEHUI BTOPOTO MOPSAIKA COOTBETCTBEHHO, & B OIPEIEJIAIONINE CO-
OTHOIIEHUS JTAHHON MOJIEIN BBOJATCS JBa MACIITAOHBIX TapaMer-
pa — duabTpaInmoHHbIl 1 MexaHnuveckuii. Pernenue 3a1atu HeCBsi-
BaHHOI MOPOYIPYTOCTH CBEJEHO K MOCAEI0BATEIBHOMY PEIIeHUI0
3aJ1a9 rpaJMeHTHON (DUIBTPAIMY W IPAJUEHTHON TEOPUH YIpyro-
CTU C MaCCOBBIMU cujiaMu. BrimosiHeHo obe3pa3MepuBaHue 3a/1ad
U TIOJIy9EeHO UX AHAJUTUYIECKOe pelenne. B pesysibrare pacueTon
obHapyKeHbl 3P DHEKTHI, CBI3aHHBIE C YBeTHIeHeM (DUTBTPAITNOH-
HOTO MAaCIITaDHOTO MapaMeTpa: YMEHbIEHNe 3HAUYEeHUN MOPOBOTO
JTaBJIEHUSI W CMEINeHuii; 6ojiee MIABHOE PAaCIpejiesieHre MOPOBOTO
JIaBeHUsT B 00JIACTH COTPSKEHWS; YBeJIUIeHNe MUKOBOIO 3Hade-
HUsI TPAJUEHTHOTO MOTOKa B 00JIacTU compsizkeHus. Kpome Toro,
obuapyxkenbl 3DPEKTHI, CBI3aHHBIE C YBEIUIEHIEM MEXaHUIECKO-
o MACIITaOHOrO MapaMeTpa: yMEeHBbIIEHUuEe CMEIeHnit u ux 6oJiee
IJTABHOE M3MEHEHVe B 00JIACTH COMPSIYKeHW; YBeJIMIeHNe TTHKOBOTO
3HAYEHUS] MOMEHTHBIX HAIMPSKEHU B 00IACTH COTPSIKEHWSI.
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HEKOTOPBIE MATEMATNYECKUE 1
BBIYNC/INTEJIBHBIE BOITPOCHI UCITOJIB3OBAHU
JAHHBIX MATHUTOMETPUI!

C. E. Hocos
occnuda OCKBa nu M. . . KNUHA
(P , M , PYHul' . M. T'y6 )

B pabore mpeacraBiienbl pe3ysibTATHI 10 OIMPEIETEHUIO TIOJIsT
FEOMATHUTHBIX AHOMAaNI. AKTYaIbHOCTD PAOOTHI TUKTYETCA HEOH-
XOAUMOCTBIO TOYHOIO MTO3UIMOHUPOBAHUS OYPOBOT0 060PYIOBAHUS
B MACCHBE TOPHO# TIOPOJIBI IO PACIETHOMY MATHUTHOMY MO0, Pa-
Hee TaKWe PaCYerhl 3aKa3bIBAINCh B Besukobpuranmu.

lFeomarumTHOE TOJIE B 33/ TAHHOM TOYKE €CTH CyMMa, TPEX COCTAB-
Jstronux: By, — TiraBHOE TI0J1e, pacuauThIBaeMoe 1Mo Mojean Laycca
(mensiercst BO Bpement ), B¢ — MArHeTH3M rOpHBIX TOPOJT (HEM3MeH-
Hoe) u Bq — BO3MymieHHOE nosie (€CTh METOJAMKY €r0 UCKTIOYeHUsT
13 Pe3yJIbTATOB M3MEPEHHil).

CymiecTByomast anmaparypa u3Mepser MOJLyJib MOJIsi MarHuT-
HOIT MHAYKIMH 1], 9T0 He MO3BOJIAET BEIYUCIUTH Be BBIYUTAHUEM.
B [2] cchopmynmpoBanbl OCHOBHBIE YIIPOIIAOIINE TUITOTE3bI U KPAT-
KO OTIMCAHO peIleHue 3aa9n ¢ TIOMOILI0 peodpasoBanns Dypre.
yLII/ITbIBa,ﬂ X COMHUTE/JIBbHOCTH IMPUHATHIX TUIIOTE3 (HOTeHU;HaJIB-
HOCTH MAaHUTHOTO I0JIST), ABTOP TIPOBEJT ACHMITOTUICCKUT aHATN3
" TTOKa3aJI, 9TO TUITOTE3bI BBITTOJIHAIOTCA C BBICOKOI TOYHOCTBIO.

OcHoBHOIT TTPOO/IEMOiT OKa3a/ach CKOPOCTHh BBIYUC/IEHUM, KO-
TOPYIO VAAJ0Ch PEIIUTh UCIOJb30BAHNEM OBICTPBIX AJTOPUTMOB
npeobpasosanus Pypoe [3|. Haubosee ahderTuBHBIMI OKA3ATICH
crangapTHble peaaunsanun oubsmorek [4]. st pacueros ncnosb3o-
BAJINCH JaHHbIe 10 By, [5] 1 [6]. PesynbraTom mposenenHoii paboTo
OBLIIO CO3JAHUE AJTOPUTMA, TTO3BOJIAIOIIEr0 MPOBECTH PACIETH 33,
10-15 mun #Ha HOYTOYKE, KOTOpHIe B Bennkobpuranum mpoBoOIu/n
32 HECKOJIBKO CYTOK Ha KJIACTEpe.

! PaGora BBIMOTHEHA B pAMKAX KOMMEPUECKOrO MPOEKTA.
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METO/I POPMNPOBAHUSA 'MBPUIHBIX
BO3MYIIIEHHBIX MOJEJIEN JUHAMUKIM BOJIH
COVID-19'

A. HO. IlepeBapioxa
(Poccust, Cankr-ITerepoypr, CII6 ®UILL PAH)

B noxirajze npegcraBuM passurue MeToa (GOPMUDPOBAHUS TH-
bpunnoit mozenu BojiH 3apaxenuit COVID-19 ¢ yueTom sBosirorum
BUPYCa U MTOABJICHU Y HOBBIX IMITAMMOB, UMITYJIbCHO MEHATOIINX TN~
JeMudeckuii crienapnii. Havmu mpemoxkes MeTo ] BKIIOYEHUsT B MO-
JIeJTb BOBMYIIEHHOTO PaBHOMEpPHO pactpesesnernoil Ha [0,1] o pe-
NPOJLYKTUBHOTO 3amas3/piBanus & (t —7 X o) Kak cnocob pazHoobpa-
BUTH BAPUAHTEI TOBEIEHUS TPACKTOPUH, HO HE PACIIAPAST CTPYKTY-
py. Bompoc onpejenenust CBA3u BEIWYWHBI T C HEIOCPEICTBEHHOMN
MOMYJISIITUOHHON XapaKTEPUCTUKON OTKPBIT, T — 3TO arperupoBaH-
Hasl XapaKTePUCTUKA, TPOIIECCOB U CJIOYKEHHAs W3 PA3HBIX ABJICHUI.
Momuduranum Momeseli ¢ 3ama3IbIBAHAEM TPEICTABIAIOT 3HAUN-
MOCTb i1 UCCJIEJJOBAHUS PEIKHUX CIleHapUEeB MOMYJIANOHHON -
HAMWKH, KOTOPble OTHOCHM K THITY SKCTpeMaIbHBIX [1].

B npemioxkennoit mamu MO€M TOJIy9€H BapUAHT Pa3pyIire-
HUsT Kojiebanuit 63 HeoOXOUMOCTH JTAJbHENINEr0 yBeJIndeHus 7,

H=1/3K:

ﬂ:TN<1_W>(H_N(t—V)), y<r (1)

dt
Mogesib OblIa OCHOBAHA Ha, HaIel ujee, 9To /s MEXaHU3MOB KOH-
TpoJist uMeeT 3Hadenune nepexo N (t — ) depe3 npejKpuTHIECKuii
mopor H. Bennunna H TpaKTOBaIOCh KaK MATKOE MOPOTOBOE CO-
CTOSTHME «IIPEHACHIIIEHnsT> cpebl, Korma npu N (t) — H+e nomy-
JIATMS BCEJIEHIIA YK€ HAYMHAET Pa3pyIIUTEIHHO BO3/EfCTBOBATD
Ha cpedy [2]. B cuenapun Ha AMHAMWKY WHBA3MOHHOTO IIPOIECCA

Yecenenosanue Bemonseno B pamkax 6rompkerHoit Temsr CII6 ®UIL PAH
FFZF-2025-0006.
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OKa3bIBaeT BiausHue orkyionerue [H — N (t—-)], npurom Beamdnaa
OTKJIOHEHHUS MOYKET OBITH KaK MOJOKUTETLHON, TAK U OTPUITATE b~
voit. B mMmyHO/JIOrMYeCKOl TPAKTOBKE HPU TaKOW BUPYCHOM Ha-
py3Ke OPTaHu3M uepe3 HeOOJBITON WHTEePBAJ 33JIePKKN CTAJIKHI-
BaeTCs OMACHBIMM cUMITOMaMu. Mojens omucasa BBITUCTATE b
HBII CIIEHApWii C BHIOPOCOM TPAEKTOPUM U3 OKPECTHOCTHU IUKJIA.
[Tocte obpazoBanust KoJlebaHWii TIPY MTPEBBITIEHNN 3HAYEHUSA B MO-
MerT max Ny (tmax; 777Y) OpeeasHoro [1] jjist SKocHcTeMbl ypOBHSE
tpaekTopus fganee N(t) — oo ¢ ocTaHOBKOil pacyeros. B momenn
peJIaKCAIMOHHBII UK/ OKA3bIBALTCST TEPEXOTHBIM PEKUMOM CYIIe-
CTBOBAHUS, 8 0OPA30BAHNE HEOTPAHUUIEHHON TPACKTOPUU OIEHEHO
HAMU KaK KaTacTpodudecKas IMHAMUKA.

Ucnonp3yem B HOBOI (popMe MOIe/ M BMECTO KBAIPATHIHON 3a-
BUCHMOCTH JIOTapupMuIecKyo ¢popMy peryaanun. B Takom Bapu-
AHTe YpaBHEHUs C BHEITHUM BO3IEiCTBIEM OHOTHIECKOH Cpebl J0-
MOJTHEHNE MOJIe (DAKTOPOM MTPOTUBOJEHCTBUST C OTJIEIBHBIM 3a-
MA3/ILIBAHNEM MW3MEHUT KaIeCTBEHHBIN XapaKTep peIleHus:

dN H
E:rln <m> — IN(t —v). (2)

Omnpenesmm Takoe 3ama3jiblBaHue aJalTAOHHBIM U U Oy/eM OT-
JIMYIATH ero 0T (PeHOMEHOJIOITIECKOTO PETYIANIOHHOTO T U3 yPaB-
nennit Xaranucona nian Hukoscona. Qs f(N) = rN In(K/N) op-
qmata Toukn nepernba N, na kpuoii pemernns N = f(N) mexut
ke K /2, rak xkak f'(N,) =0, N, = K/e. B nannoii moauduka-
MU MBI UCIIOJIB3yeM B obo3Hadenme % [2], Tak Kak JOCTIZKEHHE
YPOBHS MOXKeT ObITh KPATKOBPEMEHHBIM 1pu 60J1biux 7. B Bhranc-
JITEILHOM CIeHAPHH HAOJII0TaeTCs THOeIb TOMyJISAIN arpecCB-
HOT'O BCEJIEHIIA MTOCJIE ABYX MaKCHMyMOB ocrutsanuit. [Tpu ymens-
IIEHNH 7 TPAEKTOPHs JeMOHCTPUPYET OOBITHBIE TapMOHHYECKHE
kosebanms N, (t;7r). YcosepimercrByeMm (1) ¢ BRIIIOUeHHEM HeJIH-
neitnoctn F(N) = —2N¥(t —v), 7 > v, uro obocHoBano curya-
I7elt, KOTIa TeKyIlee BO3/eifiCTBIe MOKET OIPEIeNsIThCs TIpe/Iie-
CTBYIOIIUM COCTOSTHHEM IIOITYJISIIIHN.
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[Ipumenenne Mosiesin BOBMOXKHO JIjIst aHAJIN3A SIHIEMUYIECKUX
Bosin COVID. Pacmorpum my/ibcupyromuit SIuqeMuIecKii mpo-
1IeCC, KOTOPBIl CBOHCTBEHEH OBICTPO MYTHDPYIOIIEMY KOPOHABH-
pycy. 12 Boam 3abosieBaeMOoCcTH 0O6pa30BajiOCh B XOJ€ SIUIEMUU
B Benpruu. B 2024 r. aktuBHoCcTh Junnm JN.1-KP.3 mapymmia
Tpen 3aryxanud. [Ipu pocre unciia nepebosesminx popMUpyercs
MONYIAIIMOHHBIA UMMYHHUTET, HO CIIy4YalHble MyTaIlUU C HeCaydail-
HBIM 0TOOPOM BeJlyT K 00pa30BaHUIO BETBEH BOJIIOINN KOHKYPH-
pyOmMuX MITaMMOB Bupyca. MOMEHT aKTHUBAIMA HOBOTO IITAMMA
BEpPOSITHOCTHO Bapuarueed |71, 71 +A]. C yuerom croxacTudeckoro
BOBMYIIEHHS T| CJIy9aiiHOil BemanHoi v B quanasone v(w) € [1,2]
OLUIIEeM C BO3MYIIEHHBIM PABHOMEPHOU CJIy4ailHONA BeIUYUHON 3a-
na3apiBanueM (¢ — 717y) BOJIH SMUIEMUN TIPU CMEHe JIOMUHUDPYOIIe-
r0 IMITaMMa;

% = RyY (t) exp(—sY (t —y7)) — /(T — N(t—1))%,
H > _ON*(t-my)

dN
—r =RiN(Hn (N(t_m) (J =Y (1))
0> q, v(w) €[1,2].

v, O

B cucreme (3) yuren apdext 60phObI ITAMMOB TIPU 3BOIIONHUA HA,
YKJIOHEHHe OT CBsi3piBamus ¢ amrTurenamu. Ilpm Y (0) < J < %
N(t) — 0+ € npoucxoauT cMeHa XapaKTePUCTUK OCIU/ISIIIMOHHO-
ro pexkuMma. Ilosoxenne sxcrpemymoB Komebanmit N (1) — Ny (t),
max N, (t) < J, min N,(t) 3aBucur OoT BO3MYIIEHUS 3alla3/blBa-
aug. PopMuUpoBaHHE MMMYHOrO OTBeTa BaKIMHAIWE!H Ha OTIUH
n3 OeIKOB CTaJ0 (HaKTOPOM 3BOIIOIUOHHOTO OTOOOPA IIITAMMOB
U TaK TOJjep:KuBaeT pa3noobpasme. ObOpazoBaHue IOMUHUDYIO-
X IMITaMMOB IIPEACTaB/JIAeT HE ITOJITHOCTBHIO CTOXaCTUYECKU BeT-
Bamuiica nporecc [3|. DBosronus KOPOHABUPYCA HE OUCHLIBAETCS
BEPOATHOCTHBIME MeTomamu. OCHOBHAS po0O/IeMa B HEMpPeICKasy-
€MOM ITOSIBJIEHUU IIITAMMOB C OOJIBIITUM HAOOPOM HOBBIX MYTAITHIA,
HO He BCEe M3 MyTaIiil yIydIIaloT aJalTaluio BUPYCa, TaK KaK BU-
PyCy HEOOXOAUMO YKJIOHATHCS OT HAKOILJIEHHBIX AHTUTE.
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O YNCJIEHHOM MHTETPUPOBAHIN YPABHEHUI
ARPOIMHAMUKMN, PEIIIEHNS KOTOPBIX
COJIEPZKAT TTOIBUZKHYIO OCOBYIO TOUKY

A. A. Paguonos
(Poccust, Bragnkaskas, FOMU BHII PAH)

[Tpu ananam3e 3a71a49 a3pOrUAPOAUHAMUKY 1] mpu momory duc-
JIEHHBIX METO/IOB MOTYT BO3HHUKATH PACXOISAIIAECT PEIIEeHUsI, KO-
TOpBIe B HEKOTOPBIX CIYyUIAdX CBI3AHBI HE C HEIOCTATKAMU UWC-
JIEHHBIX METOOB, & OOYCJIOBINBAIOTCH (DUBUIECKUMU MPUINHAMUI
U HEJUHEHHOCTSIMHU WCXOJHBIX ypaBHeHuil aBuxkenus. B pabore
paccMaTprUBaETCs TPUMEDP TAKOTO CJ1ydasi, BOSHUKAIOIIMI 1TPU pac-
CMOTPEHUM 33J[a49u O PABHOBECUU CTOJI0a CIADOCKUMAEMON aTMO-
ccepsl, st KOTOPOrO B YIPOIIEHHOM CJIy4Yae MOXKHO TIOJIyYHUTh
AHAJIUTUYIECKOE PeIleHne, TO3BOJIAIONee TPOAHATN3NPOBATD PAC-
XOIUMOCTH YHCICHHOTO pelreHunsa. AHAIN3 9TOr0 Caydas TMOKa3bl-
BAET, 9YTO B PEIEHUSX BO3HUKAIOT OCOOBbIE TOYKH, B KOTOPBIX HE
omrpesiesIeHbl TPOW3BO/IHBIE PEITIEHNS TI0 BPEMEHN WJIN MO MTPOCTPAH-
crBy [2, 3|. Pacnosioxkenne n camMo BO3HMUKHOBEHHE THX OCOOBIX
TOYeK 3aBUCUAT OT HAYAJILHBIX W I'PAHUYHBIX YCJAOBHUH, UTO JIe/TaeT
WX TIOJIBUYKHBIMHU OCOOBIME TOYKAMU.

B pabore mpearaercs aJropuTM MpPOBEIEHUS BBIUUCIECHMUIA,
nneHTuUIUPYONi BOSHUKHOBEHNE 0CO00#T TOUKHU, Yy TOIHSIONINI
BBIUUC/IEHUS TIPU MPUOIMAKEHUN K 0COOO0# TOUKe U MCKJIFOIAIOITH I
BOBHUKHOBEHUE HEOIPEIETEHHOCTEH, CBA3aAHHBIX C 0CODOI TOUKOI.
B pesynbrare BbIYUCTIEHWS TPOBOAATCA CKBO3HBIM 00pazoM, 6e3
npepbIBaHusa HA 00pabOTKY 0CODO0#t TOUKU. DTOT AJTOPUTM OCHO-
BBIBAETCA HA AHAJIN3E AHAJUTHIECKOI'O PEIIeHUs, [MOTyIEeHHOTO B
VIPOIIEHHOM CJIyYae, HO YIUTHIBAIONIETO BIANSHIE HETMHENHOCTEN
MCXOJHBIX yPaBHEHUA.
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N3MEHYNBOCTB NHIEKCOB NDVI
JJ11 YPBAHU3UPOBAHHOII TEPPUTOPUN
PECIIVBJINKUN CEBEPHA{ OCETUA-AJIAHN A

A. A. Paguonos
(Poccust, Bragukaskas, FOMI BHI] PAH),

B. IO. Tumuenko
(Poccust, Bragnkaskas, FOMU BHII PAH)

Ha pasuumnoit wactn Pecriybanku Ceseprast Ocernst-Amanns
U B IPEIropbsx PACIOJIOXKEHBI HamboJiee KPYIIHBbIE HACEIeHHBIe
IYHKTBI — TOPOJCKOH Okpyr Biaamkaekas (mmomaas 291 KMZ),
5 ropooB u cBhie 200 Hace/IeHHBIX MYHKTOB TOPOJCKOTO U CEJTb-
cKOro tuma. g KOINIeCTBeHHBIX OIMEHOK CTATHCTUYIECKUX MTapa-
MEeTPOB MHOTOJIETHEH M3MEHUYMBOCTU PACTUTETHLHOTO ITOKPOBA 33
nepuoyi 2000-2023 rr. B 3acesieHHBIX U yPOAHU3UPOBAHHBIX paiio-
nax ¢ nomombio 'MC QGIS orobpano 39 nokanuii, 17 u3 KoTopbix
npuxoaarcs Ha PCO-Ananns.

UccnenoBaiach MHOTOJIETHSIST W3MEHIUBOCTDH WHJIEKCA BErera-
mu NDVI o HaxoggamumMcsa B OTKPBITOM JOCTYITE JAHHBIM MHOTO-
KaHabHOTO criekrpopagnomerpa MODIS gis juneitHOl Mojean
psiZia WHTEerpajbHOi xapakrepuctuku |Kamenerkuit u ap., 2021,
2022; Pajgwonos u ap., 2023; Tumuenko u ap., 2025]. ITokazano,
9TO B 3TWX JIOKaIusix MuOTOoNeTHHe cpename NDVI nmeror mocra-
TOYHO BBICOKHE 3HAUEHNSA, HO MEHBIINEe, YeM 3HAYEHUS /I [IPEe.I-
TOPHBIX JIECHBIX JIAHITAMDTOB.

Vxaousl TpeHioB nHaekca NDVI mag a1ux ke JIoKammit pa3Ho-
Hamnpas/ienbl. /[jig HACE/IEHHBIX TYHKTOB BOJIN3U MPEATOpUil yroJi
HaKJIOHA JIMHEWHOTO TPEHA MOJOKUTEIbHBIN, B peaenax oT 0,01
110 0,120. st . Annarup u r. Mo310k Habr05aercst arpoK/IuMaTy-
Jeckas KapTuHa (PUTOIEHO3a JIECHBIX JIAHITa(TOB.
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OIITUMUNSBALINA
OYHKIINMOHAJIBHO-I'PAJIMEHTHOT'O
[TBE3OSJIEKTPTYECKOT'O BUMOP®A'!

A. H. ConoBnéB
(Poccust, Cumdepononas, KUITY, CHIT PAO;
Pocros-na-Tony, UMMuKH O®Y),
B. A. Yebanenko
(Poccust, Pocros-na-/Tony, FOHIL PAH)

IIne300mekTpraecke mMpeodpa30BaTEN TPEACTABISIOT COOOit
ycTpoiicTBa, obecneduBaiomye TPAHC(HOPMAIAIO MEXAHUIECKON
SHEPIUN, TAKOM KaK BUOPAINHU WX JTaBJICHNE, B 9JIEKTPHIECKYIO HA
OCHOBE MHE303JIEKTPUIECKOT0 P deKrTa. ITU yCTPOCTBA HAXOIAT
IIIPOKOE IIPUMEHEHNe B CEHCOPAX /ISl N3MEPEHN IapaMeTPOB, Ta-
KUX KaK YCKODEHWeE, JIaBjeHue Wian JaedOpMalinsi, a TaKXkKe B CH-
cTeMax MeHepaIlui SHEPTUN Il MUTAHUA JeKTPOHHBIX YCTPOMRCTB
C HU3KUM 3HepFOHOTpe6.HeHI/IeM. I/IX HNCIIOJIB30BaHUE OXBATbhIBAET
pazauunbie cdephbl, BKIOYAA MEIUIMNHCKYIO IUATHOCTHUKY, IIPO-
MBITITJIEHHbBI T KOHTPOJIb M HOCHUMBIE TEXHOJIOTUU, T'Je OHU ITO3BO-
JIAIOT TIPeoOPa30BLIBATE SHEPIUIO JIBUKEHUI YeI0BEKa B 3JIEKTPU-
9ecTBO. Biraromapst KOMITAKTHBIM pa3MepaM W BBICOKOH 3ddek-
TUBHOCTH, IMHE303JICKTPUYIECCKUE HpeO6paBOBa,Te.HI/I AKTUBHO IIpUMe-
HAIOTCS B aBTOHOMHBIX CHCTeMaX. B remeparopax SHEpPrum TaKne
YCTPOHCTBA 9aCTO MPOEKTUPYIOTCS KAK MHOTOCJOWHBIE CTPYKTY-
PBI, BKJIIOYAIONINE MMHE303IeKTpuYIecKne 3jeMeHTsl. Jas pacdera
U ONTHUMU3AIMUN UX XAPAKTEPUCTUK Pa3pabaThIBAIOTCS TEOPETH-
JecKre MOJENIH, KOTOPBIE B YCIOBUSIX CTAIIMOHAPHBIX KOJIeOaHMIA,
MOXKHO CBECTH 33J[ady K CHCTeMe OOBIKHOBEHHBIX mquddepentim-
AJIbHBIX yPaBHEHWI ¢ MOCTOsiHHBIMU Kodddurmerntamu. OCHOBOI
ITUX MO,B;e.HeI‘/JI ABJIAIOTCA TUIMOTE3bl O PaCupege/ieHnn MeXaHude-

"Meccmenosarme soimommeno 3a caer rpanTta Poccmiickoro HayaHoro dhomnma
Ne 22-11-00265-1I1, https: //rscf.ru/project/22-11-00265/, B FOxuoM denepasn-

HOM YHHUBepCHUTeTe.
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CKUX U 3JIEKTPUYeCKuX moJieit. B pajge ciaydaes, npu anaan3e KO-
JiebaHUil MHOTOCTIOMHBIX THE303IEKTPUIECKUX CHUCTEM, Tpedyercs
YUYUTBIBATH HEJIMHENHbIE CBOUCTBA 3JICKTPUYCCKOI'O IOTEHIIMAJIA.

st guceHHO ONTUMU3AIUN XapPaKTEPUCTUK peodpas3oBa-
Tejiell YAaCTO TPUMEHSETCS peIlleHre TPAMONl 3a/atuu, peasn3ye-
MO€, HaIpUMep, C WCIOJb30BAHUEM METO/a KOHEYHBIX DJIEMEHTOB
B CITEIUAJIM3UPOBAHHBIX TPOrpaMMHBIX cpemax. OqHako paspabor-
Ka MPUKJIATHBIX TEOPETUIECKUX TOXO/IOB MO3BOJIAET CYIIECTBEH-
HO TIOBBICUTh BBIYNCAUTEIbHYIO ddderTusHocTh. B padore [1] 6b1-
Jia TpeJICTaBeHa MPUK/IaHAsS TEOPUs, OMUCHIBAIOIIAA KOJTeOaHUST
KOHCOJIBHOTO TThE303/IEKTPUIeCcKoro bumopda ¢ dyHKIIMOHAIHHO-
CPA/IMEHTHBIMY CBOWCTBAMU, IJIe IOPUCTOCTH N3MEHSIIACH 110 KBa/I-
PaTUIHOMY 3aKOHY BJIOJIb TOJIIIUHBI ILJIACTUHBI. Pacdersl, BITOJI-
HEHHbIE HA OCHOBE JIAHHOW TEOPHUHU, MPOJEMOHCTPUPOBAJIU BHICO-
KYIO CTEIIeHb COOTBETCTBUA C PE3Y/IbTATAMMU, MMOJTYIEHHBIMEU C WC-
nosib3oBanueM nporpammuoro komriekca COMSOL Multiphysics.
B wuccaenosannu [2] 6buin onpejenens adbdexTuBHbIe CBOHCTBA
MIOPUCTON MHE30KEPAMUKHU C MPUMEHEHUEM MPOrPaMMHOIO TaKeTa
ACELAN-COMPOS.

Hacrosimee ncciegoBanme moCBIEHO ONTUMU3ANUANA OUMOPDd-
HBIX TbE309JIEKTPUIECKUX MTPeodpa3oBaTe e, n3rOTOBJIEHHBIX W3
MOPHUCTOr0 (PYHKITMOHATBHO-TPAJMEHTHOTO Mhe30AKTUBHOIO Ma-
TepuaJia, IMyTeM YIPaBJIEHUS PACIPEIETeHNEeM TTOPUCTOCTH TI0
TOJIIIIUHE AKTWBHBIX CJI0€B. B pamMKax mOCTaBIEHHON 3a1adu
Obputa paszpaboTaHa NPUKJIAIHAS TEOpud s (DYHKIMOHAIHHO-
rpasieHTHOro O6mMmopda, a TaK)Ke PEIeHbl 3aJa9l MaKCHMU3a-
WY TIePBOil PE3OHAHCHOM YACTOTHI U TPOTHOa B KBA3UCTATUIECKOM
pexnmMe. DTH 33Ja49u PEIIaIuCh C UCIOTb30BAHUEM T€HETUIECKO-
ro ajaropurMma g nogdopa mapamerpoB (YHKIHN pacipesese-
HUsI TOPUCTOCTH, TIPEICTABJICHHBIX B K/IACCAX JTUHEINHBIX, KyCOUHO-
JIMHEWHBIX W KBaapaTudHbiX yHkiwnit. Kpome Toro, ObLia mpes-
JIOXKEHA, IPUKJIAHAS TEOPHUsi, YINTHIBAIOIIAs IBYMEPHOE PaCIpe-
JleJIeHne MaTepHUaAIbHBIX XapaKTEePUCTUK, Ha, OCHOBE KOTOPOU OblLTa
BBIIIOJIHEHA OLNTUMU3AIUA IIePBOM PE30HAHCHONM 4aCTOTHI.
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O CYIIECTBOBAHIN HEKOTOPBIX
MHOTI'OI'PAHHUKOB C POMBUYECKVMU
BEPIHIMHAMNI

B. 1. Cy66oTun

(Poccust, Hoouepkacck, FOPTTIY (HIII);
noc. [lepcuanosekwuii, Tonckoii TAY)

B usBecrHoii pabore [1] gan nepedenb 3aMKHYTHIX TIPABHJILHO-
IPaHHLIX MHOTOIDAHHHKOB B F°, a B [2| J0Ka3ama TOJHOTA STOTO
CITHCKa. B CBA3U C 9TUM IIPECTABIAET UHTEPEC N3YyUICHNA TaK Ha-
3bIBaeMbIX R R-MHOTMOIDaHHUKOB, BBEJIEHHBIX aBTOPOM B pabore |[3].

ONPEAEIEHUE. 3aMKHYTBIfl BBITYK/IbIH MHOTOIPAHHUK B B3
Ha3piBaeTCs RR-mmuozozpannurom (0T cioB «rombicy n «regulars),
€CJ/I MHOYKECTBO I'DaHell MHOIOIDAHHUKA siBJIeTCs 00beHeHneM
JIBYX HeIlepeceKaloIINX sl HeMyCTHIX MHOYKEeCTB: MHOYKEeCTBa TI'Da-
Heit (poMOOB, HE KBaJpaTOB), 00PA3yIOMIUX 3BE3/BI CHMMETPUY-
HBIX POMOMYECKUX BEDPIINH W MHOXKECTBA NPABUILHBIX I'DaHEl.
Ecin yka3zaHHble NpaBuibHbIE I'DAHM — Pa3/IMYHOrO BHA, TO
MHOTOTPaHHWK Ha3bIBaeTCst RIR-MHOTO-TPAHHUKOM 6MOop020 MUNG;
€CTM TPaBWJIbHBIE TPaHU OJHOTO BHUAa — [ R-MHOTOTDaHHUKOM
nepeo2o muna.

IToce mosmmoro mepeuncienns R R-MHOTOTPDAHHUKOB IIEPBOTO
THIIAa BO3HMKAET BOIPOC O MOJHOTE cnucka [RR-MHOrOrpaHHNKOB
BTOporo tumna. Cpenn HalIEHHBIX aBTOPOM paHee MHOTOTDAHHU-
KOB BTOPOI'O THIIA IPEJCTAB/ISAET MHTEPEC [0KA3aTEILCTBO CyIIle-
CTBOBaHUS TPEX M3 HUX; TO JI0KA3ATEJHCTBO U U3JI0KEHO B HACTO-
qameM nokaae. VIMeHnHo, ciipaBeInBa CJIeIyIONasd

Teopema. CymecrByror tpu RR-MHOrOrpanauka — 28-rpaH-
HUK, 54-rpaHHuK u 132-rpaHHuK TeTpasApaJJbHOH, OKTa3IpaJIbHOM
H UKOCA3APaJIbHOH TDYIITBI CAMMETPHH COOTBETCTBEHHO.

SAMEYAHUE. J[oKa3aTebCTBO TEOPEMBI SBJSETCA KOHCTPYK-
TUBHBIM, W HAXOJSITCS YHUCJICHHBIE 3HAYEHWS YIJIOB POMOOB pac-



194 Cy66orna B. .

CMaTPUBAEMbBIX MHOTOTPAHHUKOB. B wmrore crpogrca 3D-momenn
714 KasKJ0TO U3 MHOTOTPAHHUKOB.
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MOJEJINPOBAHUE CIIEKTPOB KOMILJIEKCHOIT
SJIEKTPOITPOBOIHOCTI!

FO. 1. FOpacos
(Poccust, Pocros-na-/Tony, FOHIL PAH)

Beegenune. CoBpeMeHHbIe UCCIEIOBAHUS /IS BBISB/IEHUS HO-
BBIX KOPPEJTATMOHHBIX CBﬂBeﬁ, B TOM 4YuUCJIE€ TIPU MCCJIeIO0BaAHUAX
MOBEJICHNS SJIEKTPOIPOBOIHOCTH ¥ JUIJIEKTPUIECKON MPOHUIIAE-
MOCTH B CHEKTPOCKOIINN, Tpe6y}0T HOBBIX TTOXOA0B IIPU U3YyYECHUN
U MOJIETMPOBAHUU WX CBOWCTB. /[aBHO M3BECTHBIE METOJBI, TAKUE
Kak annpokcumarmonubie moaenu Jebas, Koyra — Koyna, lesum-
couna — Koysa, lappunbsaka — Heramu ucnosb3yrorcs 6e3 uzme-
Henuit yxke 6osiee 50 jier. B GosibimHCTBE Cilyyasix yKazaHHBIMEU
AMMPOKCAMAITMOHHBIMU MOJIE/ISIMU TTPOU3BOMIAT MOJATOHKY C PEaJihb-
HBIMU SKCIIEPpUMEHTaMW IIPU IIOMOIIN CTAaHJAaPTHBIX MaTeMaThu4e-
ckux makeros (manpumep MatLab).

Matrepuasibl 1 MeTonpl. [l BLIABIEHNS HOBBIX KOpPPEJs-
L[I/Iﬁ npu anmIpPOKCUMalUW TIOJIYyYEHHBIX 3IKCIIEPUMEHTAJIBHBIX 3a-
BHCHMOCTEH Hamu B paborax [1]| ucnosnb3oBamuch paspaboTaHHast
nporpamma #Ha 9BM Ha a3wike Delphi ¢ mpumenenmem meTo oM
HaJIO?KEHUA PACCIUTBIBACMBIX KPUBBIX C IKCIIEPUMEHTOM B JIWHA-
MUYECKOM PEXUME MPU U3MEHEHUe PACUeTHBIX MapaMeTpOoB.

Pesynbrarsl ucciaemoBanusi. [locsie npoBeieHns MHOKECTBA
urepanuii Hamu Oblaa MosydeHa HoBas Mojenab (1,2) Ha ocHoBe
mogenn appunbsika — Heramu, 3anucannoil Jyist 3/1eKTPOIPOBOT-
HOCTH, B KOTODOIl, KaK pa3 ObLIO MOKA3aHO, UTO SMIUPUYECKUE
napaMerpbl & U 3 MOKHO TOJIYIUTh PACUETHBIM IIyTEM:

x
A, .
T = Yoo + E s (in:)l—a)b + e weg + iel wep, (1)
n=1

"Ty6nukanus nogrorosnena B pamkax peamsanuu I'3 FOHIT PAH, Ne rp.
ITpoexTon 122020100352-6 u 122020100254-3.
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kT
a=—In(Qux), (2)

Eq
rae v = v +iy” — nonmas KOMIUIEKCHAs 37€KTPOIPOBOJHOCTD;
Ego — 3HAYCHUdA MHUMOU YaCTU JAUDJIEKTPUYECKOU MHPOHUIIAEMO-

cru €’ npn w — 00; €l wWey — CUHTYJIAPHBIN WIEH, TTOKA3BIBAIO-
Uil BKJIAJ, CKBO3BHON mpoBogmMocTH B 75 €L — 3HaveHns meii-
CTBUTEILHON YacTu & mpu w — 00; €L wey — MOMOJTHUTETHHbII
YjleH; (@ — rapamMerp TeMIepaTypHO-4aCTOTHOIO PacHpeeaeHus
JIA3JIEKTPHYECKIX OTEPh B HEMHEHHDBIX TU3IeKTpuKax, 3 = 1—«
0<a<1,0<B<1); Ay = 950 — Yoon; M — HOMEp Desiax-
CAIMOHHOTO TIPOIECCa, MPUIEM YSn = Yoon—1; Qoo = Ehy/Ehg —
ITOOPOTHOCTD MPH W — OO.

Pazpaborarntroe mporpaMmmiuoe obecriedernne 0OCHOBAHO Ha HOBOIt
mozemu (1,2). IlpuMensgercs OJHOBPEMEHHOE CPABHEHHUE AIIPOK-
cuManumii ¢ m3MepeHHbIME JaHHbIMEU Ha 3asucumoctsx € (f), e”(f),
(&), tg0(f), 7 (), +'(f) m s sozymets M'(f), M (f), A" (M"),
KOTOPOE TI03BOJISIET JI0OCTUTATh TOYHBIX 3HAYEHUI armpoKcuMarii
6e3 pacXoXK/IeHUS JaHHBIX.

3akJirouenune. B ganbpHeiieM moryYeHHas anmpoKCIMAaIlnOH-
Has MOJIEJIb C Pa3pabOTaHHBIMU AJTOPUTMAMHY ILIAHUPYETCS BCTPaA-
MBATh B pa3pabaTbiBaeMble IPOrPAMMHbBIE O0ECIIEUEHUS IIsI M3Me-
PUTEIBLHON aIllapaTyphbl, KOTOPOE MO3BOJIUT IPOU3BOINTE IOAOOPD
IapaMeTpOB B aBTOMATUYECKOM DeKMMe BO BpeMd IMPOBEJCHUA NC-
CJIeJIOBAHUIA.

JIureparypa
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10.1142/52010135X20600061.
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O POJIN YUUTEJIA MATEMATUKU B
OOPMUVPOBAHNN HAYVYHHOT'O CTUJIA
MBIIIJIEHNA YVHAIIUXCA TTTKOJIBI

B. C. AbaryposBa

(Poccust, Bragnkaskas, FOMU BHII PAH;
CKIIMU BHII PAH)

BBenenme. lecaruierne nayku u texuosornii B Poccuiickoii
Qeneparuu #Ha mepuon ¢ 2022 no 2031 rr., 0b6baBIeHHOE YKA30M
[Ipesumenta PO 25 anpera 2022 roga, HAIPABIEHO HA YCUICHUE
PO/ HAYKW U TEXHOJOTUIl B PEIIeHWN BaKHEHIMUX 3a1ad 00Ire-
CTBA W CTPAHBI, IEJBI0 KOTOPOTO ABJIAETCA JOCTUKEHNe TEeXHOJIO-
TUYECKOT'0 CYBEpEHUTETA POCCI/II/I. HpI/IBJ'[eLIeHI/Ie TAJIQHTJIMBOM MO-
Jofieyku B cpepy HAyKU U TEXHOJOrHUil, BOBJIEUEHNE HAYIHBIX Op-
raHun3annii B 06pa3oBaTebHYIO JIesdTeJIbHOCTh Ha yPOBHE BBICIIIE-
ro o6pa3oBaHUs MO MPOrpAMMAaM CIEIUAJIATETa, UHTEPAIAs Ha-
VKW, OPraHu3amuil BBICIIEr0 W CPEIHEro OOpa30BAHWST W PHIHKA
TPy/a, OTKPBITAE B CTpaHe WHXKEHEPHBIX IIKOJI, 00pa30BaTeIbHO-
IITPOU3BOACTBEHHBIX KJIaCTEPOB, HpO(bI/I.HI)HbIX aKaJEeMUYEeCKUX U
TEXHOJIOTUYECKUX KJIACCOB B 00IIE00pa30BATENHHBIX IITKOJIAX CTa-
BUT 3a/[a49y MNOATOTOBKUN IMKOJIbHUKOB K aKTUBHOMY U YCIIEITHO-
MY BOBJIEUEHUIO B HAYYHO-TEXHOIOTUYECKYIO cepy TedaTebHOCTH,
Pa3BUTHUIO TIEHHOCTHOTO OTHOINEHNUS K HAYIHO-TEXHOJOTUIECKOMY
mporteccy, (POPMUPOBAHUIO HAYIHOTO CTUJIA MBIIMLIEHUST KAK KJIFO-
YEBOT'0 MMO3HABATEIHLHOTO CTUJISI YUIAIUXCS B yUeOHOI JIesiTeIbHO-
CTH.

Marepuanbl u Merozabl. VccrnenoBanus cruieil ydeHus u
X BJIMAHUYA Ha aKaJEeMNWYIECKYIO YCIIEUIHOCTH O6y‘{afOU_LI/IXCﬂ Ipo-
Boguuck mcuxonoramu B. Jly Jlusep, C. Puuman, E. I'peiim,
H. Dursaiicta, 1. A. Komaba, I1. Xamu, A. Mamdopm, A. P. I'pe-
ropc, . Peituepr, P. Hawu, K. Hawn, T Ilpaiic, JI. Kappmn,
E. JI. I'puropenko, P. Crepubepra, M. A. Xomomuoit u n1p. B kuure
poccniickoro mcuxoora M. A. Xomoguoit [1, c. 252] cruib yuenns
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OTIPeIeIIeTCd KaK «WHIUBUIYaIbHO-CBOEOOPA3HbBIE CIIOCODBI YCBO-
enng uaOpMAIMU B yIeOHOI mearebHOCTH (B 60Jiee MUPOKOM
TTOHUMAaHUU — TPUCYIIUE JaHHOMY YYICHUKY yCTOfI“II/IBI)Ie CHOCO6I)I
B3aMMO/IEHCTBHSI CO CBOUM 0OPa30BATEIHHBIM OKPYKeHneM )». Tam
JK€ aBTOp THIIET, YTO «CTUJb YUEHUT — DTO MPOABJICHUE MIEPCO-
HAJIBHOT'O TMO3HABATE/IbHOT'O CTUJIA YIYCHUKA Ha JJAHHOM YPOBHE €TI0
chOpMHUPOBAHHOCTH B KOHKPETHOI y4eOHOIl cuTyarum, cBOeobpa-
3Ue KOTOPOTO, B CBOIO OYEPE/Ib, 3aBUCUT OT 0COOEHHOCTE OpraHu-
3alUy UHIUBUIYAJBHOTO MEHTAJBHOTO OMBITA JAHHOTO YIEHUKA»
[1, c. 261]. Tam ke ormMedaercsi, YTO «CTHJIM YUEHUsI HE SIBJISIFOTCS
CTAOUIHHBIMU TICUXUIECKUMU KAYeCTBAMU JTUIHOCTU U HEMOCPE/I-
CTBEHHO 3aBUCAT OT OCOOEHHOCTEHl 00pa30BaATE/ILHON TEXHOJIOTHUH,
MeTO/I0B 00yUeHwsl, THMa yueOHuKa, mo3unun yuureasy |1, c. 267].

Pesynbprarsl ucciemoBaHusi. Ha ocHOBe aHa/m3a WCCIEI0-
BAaHUil MICUXOJIOTOB, MOYKHO CYUTATH, UYTO OPTAHUBANUS yIUTEIEM
yIe0HOU JeATeJbHOCTH YYaIlUXCd, MPUMEHEHUe WM B XO0Je 00y-
YeHUs] MAaTEMATHKEe CIEIUAJIBHO MOM0OPAHHBIX 00pa30BaATETBHBIX
TEXHOJIOTUH, METOI0B O0ydYeHWs, MPEIMETHOTO COIEPKAHWUSA SIB-
JISTIOTCST HEOOXOUMBIMU TTeTarOTHIeCKUMU yCJIOBUIMU it (HOp-
MUDPOBaHUA U PA3BUTUA HAYIHOTO CTHUJIA MBINLJICHUA YYIalllUXCHd,
107, KOTOPBIM MBI IIOHHMAaeM <« UHIuUsUdYaabHo-c80e06pa3HbviLii
CNOCOb BHIABAEHUSA, HOPMYAUPOBAHUS, NOUCKA Ccpedcms
peuweHus U cobcmeernHo pewerHus npobaemHoli cumya-
yuu (3adavu), OoCHOBAHHBLT HA HAYYHOM memode peue-
Hus npobaemy [2]. IIod nayunvim memodom pewenHus
npobAeM Mbl NOHUMAEM HOPMAAUOBAHHBIT NPOYECC PACCYIHC-
denus (anzopumm), UCNOAL3YEMBIT OA% NOAYUECHUA HOB020 3HA-
nusa (pewenua npobaem), cocmoAawul u3 CACOYIOUUT IMANO0S
(uccaedosamenvcrux deticmeud):

Otan 1. [ToctanoBka mpobeMbl.

Oran 2. Habironenust, 3KCIIepUMEHTbl U aHAJIN3 JTaHHbBIX.

Oran 3. BuiaBu:KeHne rumoTesml.

Oram 4. Ilocrpoenune Mojeu, TEOPUH /it TPOBEPKU TUITOTE3bI.

Oramn 5. [IpoBepka TUIIOTE3BI, MOJIyUEHNE PEIIEHUS, TTPOBEPKaA
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AJIEKBATHOCTHU PEIEHUsI, IPUHATHAE TUMTOTE3bI WK €€ OTKJIOHEHWUE.

Oramn 6. BeiBObI, TOCTAHOBKA HOBOM TTPOOIEMBI.

B xome opranmzaruu o0ydyeHusi MaTeMATHKE yIAITUXCA yIUTE-
JII0O OTBOJIUTCS BakKHasi POJib B (DOPMUPOBAHUY HAYIHOTO CTUJIS
MBIILJIGHUS YIaIUXCs, KaK HA YPOKAaX, TAK W BO BHEYPOUIHO Jes-
TEJTBHOCTH.

JlessTeJIbHOCTb YUYUTEJIsI HA YPOKE IIPEJIIo/araeT Co3IaHne
YCJIOBUM [I/Td aKTUBU3ALUU ITO3HABATEJIbHON 1eATEeIbHOCTU y4a-
IAXCS B XOJIe MPUMEHEHUsT HAYyJIHOTO METOa PelieHus mpodsiemM
[IpY OTKPBITHH U MIPUMEHEHNN HOBOI'O 3HAHHA Uepe3 (POPMUPOBA-
Hre y4ueOHOU Cpejbl, CIIOCOOCTBYIONIEH MPUHATUIO HOBBIX 3HAHUMN
KaK JUIHOCTHBIX ITO3HABATEILHBIX MPOOJIEM YUAIMIXCS: OPraHn3a-
[Ug JUAJIora C yYalluMUCA 110 PeaM3aluyd KarkKJ0ro dTalla Hay4-
HOT'O METOa PeIleHus MpobJeM; Oprann3aiius paboThl 10 pa3BH-
THUIO Y YYaIUXCA YMEHUA CTABUTh KJIIOUEBbIC BOIIPOCHI HA KaKI0M
9Tame NpUMEeHEHNs HaydIHOTrO METOa PelleHnd mIpobdyeM; oTpadboT-
K& KaKJIOTO JTald HAyIHOTO METO/a PerneHus npobjem Ha cre-
IUAJbHO MOJO00PAHHBIX 33JAHNAX; PA3BUTHE Y YUAIINXCA YMEHUN
IOJIb30BAaTHCA NPU3HAKAMU PACIO3HABAHUA 3aBEPIICHHOCTH KarK-
JTOT0 JTAITa, HAYIHOIO METO/1a PerieHus: TpobieM — OT MOCTAHOBKHU
IpobIeMbI 0 aHAJIN3a Pe3yJIbTATOB U BBIBOJOB O PEIIeHHH IIPO-
OJ1eMBI; TIOOIIPEHNE YIAMNUXCA 3a KAXKIbIH TPABUJIHHO MOCTAB/ICH-
HBII KJIIOYEBOU BOIPOC B XO/le IPUMEHEHUdA HAYy4IHOI'O METOHA pe-
MITeHNsT TPO0JIEM; OPTAHM3AINS B3ANMOIIPOBEPKNA M CAMOITPOBEPKM
VUIAIIXC Ha KaXKI0M dTalle HayIHOO METO/Ia PEeIleHns IPO0IeM.

esresibHOCTH y4duTeJisi BHE ypoKa (HA KPY»KKe) MpeJi-
noJjaraeT Co3ZaHue U MOA00pP OJMMMITUATHBIX W HCCIEA0BATEIBCKAX
3aja4 (MEemOYKN 3a/ad) JJis YUAIInXCsl, PEeIeHne KOTOPBIX OCY-
MIECTBIACTCA YYIalllUMUCA HAYYHBIM METOJ0M DPeIIeHnA HpO6HeM;
OPraHU3alnio yIaCTUsl YUAIUXCS B IPOEKTHON W MCCIII0BATE -
CKOIl JIeITEIbHOCTH TI0 PEIIEHUI0 HAy IHBIM METOIOM PelleHus Ipo-
O1eM crenuanbHO MOJOOPAHHBIX 3aJaHuil (BK/IIOYAs MPAKTUKO-
OPMEHTHDOBAHHBIE U MEXKIUCIUIINHAPHBIE 3aJIAHWs); OPTraHu-
3aruio paboThl yYAIIUXCA 110 TPUMEHEHUIO WHQOPMAIUMOHHO-
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KOMMYHUKAITMOHHBIX TEXHOJIOTHI, B TOM ducjae paboTbl C mpo-
rpaMMHBIMEU cpencTBamu  «l'eorebpay, «Maremarwdeckuit KOH-
CTPYKTOP» W JAPYTUMHU KOMIBIOTEPHBIMU MTPOTPAMMaMMU, TO3BOJIS-
IOITUMU OCYIIECTBIALITH BU3YAJIU3AINI0 U KOMIBIOTEPHOE MOJesIu-
pOBaHMe MPOOJEMHON CUTYaIlUd, AHAJIU3 JaHHBIX U IIPOBEIEHUE
9KCIIEPUMEHTA; OPraHU3AIMIO0 YIACTUS yIAIIUXCs (JIMIHOTO W KO-
MAaHJIHOTO0) B KOHKYPCAX, TYPHUPAX U OJIUMITHAIAX TI0 MATEMATHKE.

3ak/0ueHue. JKCIepuMeHTaIbHas PaboTa C yIUTEIIMU Ma-
temaTukn B Pecriybsimke Ceseprast Ocerns-Anannst mokazasia 5d-
GEeKTUBHOCTh TPUMEHEHWS HAYIHOTO METOa PEelleHus: mpodiemM
KaK WHCTPYMEHTa CbOpMI/IpOBaHI/IH HQY9IHOTO CTHJIA MBIIIJIEHUA
y4Yalluxcsgd OCHOBHON U CTapllleil IMIKOJAbl B YPOUYHOU U BHEYPOUYHONR
e TeTHHOCTH.
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NCITOJIBBOBAHUE
[MPAKTUKO-OPUEHTPOBAHHOTI'O
[MHOAXOJA ITPU1 OBYUYEHUN MATEMATUKE
NHZKEHEPOB-ITPOI'PAMMUCTOB

B. A. Bagak
(Bemrapych, Munck, BHTY),

P. A. Moceiiko
(Besapych, Munck, BHTY)

Beengenune. CoepeMenHOe MHXKEHEPHOE 0Dpas3oBaHue Tpedyer
YCUJIEHUSI CBSI3M MEXKJIy TEOPETUYECKOi IIOArOTOBKON U MpaKTH-
qeckuMU HaBbiKaMu. OCOOEHHO 9TO aKTyaJbHO TPHU OOYyUIECHUH Ma-
TeMaTHuKe OYIyIINX WHIKEHEPOB-IIPOrpaMMUCTOB. MaTeMaTuKa sB-
JISIETCsT OCHOBOI aJITOPUTMOB, MAITUHHOTO 00yYeHUsT, KOMIIBIOTEP-
HOIl rpadUKu U JPYTrUX KJIOUEBLIX HAIPaBJIEHU MPOrpaMMUPO-
Banug [1|. B mamem uccieqoBaHnn paccMaTpUBAETCs OIEHKA -
deKTUBHOCTH TPAKTUKO-OPUEHTUPOBAHHOTO TOIX0a B O0yUIeHUN
MaTeMaTuKe OyAyIUX WHKEHEPOB-TIPOrPAMMHUCTOB.

Marepuanbl 1 Meronbl. B Hameit obpa3oBaTebHON Tpak-
TUKE MMPAKTUKO-OPUEHTUPOBAHHBIN TMOAX0 TpU ODydIeHUN MaTe-
MaTuKe OyIyIuX WHYKEHEPOB-TPOIPAMMUCTOB IPE/INOIAraeT aK-
OEHT Ha HTPUMEHEHUN MaTeMaTHYeCKUX METOJ0B IIPU DPEIIeHun
npodeccrnonabHO-0OPUEHTUPOBAHHBIX 33/a4. B mpoBomuMoM Hamu
WCC/IEIOBAHUN YYACTBOBAJIN CTYJAEHTHI 2-T0 KypCa CHENUaTbHOCTH
«Mudopmalinonabie CUCTEMbI 1 TEXHOJIOTANY (DaKyabTeTa NHMOP-
MaIMOHHBIX TEXHOJIOTUl U POOOTOTEeXHUKN BesopyccKoro Harmo-
HAJIBHOTO TEXHUYECKoro yHuBepcutTera. CTyaIeHTaM SKCIEPUMEH-
TAJBbHONU I'PYNIIBI B TEYEHUE BTOPOrO-TPETHEr0 CEeMeCTPOB P U3Y-
YEeHUU MATEMATUKN OBLITHU PEJJIOZKEHBI K BHITIOJTHEHUIO SBPUCTUAYIE-
CKUe 33/]a9¥ TPAKTUKO-OPUEHTUPOBAHHOTO XapaKTepa, BK/II0Yai0-
mme: pa3paboTKy aJropuTMOB ¢ UCHOb30BaHueM rpados (3agsaqa
KOMMUBOSIZKEPA), ONTHUMU3AINI0 KOJA C MOMOIIBIO METOIOB JHC-
KPeTHOI MareMaTuku u Apyrue. K OCHOBHBIM KPUTEPHUSM OIEHKU
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HaMu OBLIM OTHECEHBI PE3y/IbTAThl TECTOBBIX W KOHTPOJIBHBIX Pa-
60T, a TakxKe aHKeTHpoBaHwue 1o 1kaje Jlukepra.

Pezynbrarsr ucciemoBanus. [1o pesynbraraM, moryaeHHbIM
[IpU TIPOBEJIEHUN UCCJIEIOBAHUS, OTMETUM, UTO CPEeJTHU OasII CTy-
JIEHTOB KCIIEPUMEHTAIBHON rpynmbl Beipoc Ha 18 % (p < 0.05, t-
kpurepuii CteionenTa), a y 68 % o0ydaronumxcs SKCIepuMeHTa b-
HOM TPYIIIbI TTOBBICUJICA MHTEPEC K M3YyYCHUIO MATEMATUKUA.

3akJjouenue. [IpakTrko-opueHTHPOBAHHDBIN T0IX0/T TTpU 00y-
YEeHUU MAaTEeMaTUKe WHYKEHePOB-TIPOrPAMMUCTOB TIOMOTAET CTY/IEeH-
TaM HE TOJIBKO YCBOUTH TEOPETUYIECKNE OCHOBBI, HO U PA3BUTH Ha-
BBIKM, HEOOXOIMMBIE JIJis PEIIeHus] MPAKTUKO-OPUEHTHUPOBAHHBIX
3aja4 B ux Oymymieit mpodecCuoHaIbHON IeATeIbHOCTH, YTO CII0-
cobcTByeT Hosiee TIyOOKOMY MOHUMAHWIO MATEPHUAJIA U TOBBIIIAET
MOTHBAIUIO CTYIEHTOB K 00ydeHuio [2].
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OBPABOBATEJILHBIN IIOTEHIINAJI KYPCA
F'EOMETPUN 7 KJIACCA

B. H. IarmoB
(Poccust, Hoocubupck, HI'Y;
Braaukaska3, FOMIU BHIL PAH),

. E. MamnoBa
(Poccust, Bragnkaskas, FOMU BHII PAH;
Bpstack, BI'Y um. 1. T'. ITerposckoro)

BBenenune. Cpean KOMIIOHEHTOB, BAUSIONIAX HA YCBOSCHUE Ma-
Tepuasia yaeOHOU IUCIUIINHBI, BaXKHYIO POJIb UTPAET yIeOHUK.
[TosTomy B paMkax BiaankaBKa3CKOro MmeIarornvaecKoro MaTeMa-
TUIECKOTO MapadOHa COCTOSIJICS IUKJ Oecer, COmeprKallnX KOM-
MeHTapun K y4deOHuKy maanumerpun [1], Ha Koropeix 6bLIO0 06-
paIeHO BHHMAaHNE Ha BO3MOXKHOCTH MOBBIMIEHHT 3()HEKTUBHOCTH
y4ueOHOTO MPOIecca PU U3JI0KEHUN OTAEIbHBIX BONpocoB. OcHO-
BBl M3YUYEHHS BCEro Kypca 3aKJ/IaILIBAIOTCA B CEIbMOM KJjacce, W
Ha, MaTepuaJie 3TOr0 K1acca obcyaum mpobsiembl 00pa30BaTEIbHOMN
COCTABJIAIONIEH TIpH U3YyYEeHUN M€OMETPHUL.

B |2] u3moxkenb coOGCTBEHHO KOMMEHTApWH, 371eCh PacCMaT-
PUBAIOTCST BOITPOCHI METOIOJIOMMYECKOT0 XapaKTepa, CBI3aHHBIE C
OCODEHHOCTSIMY HM3JI0KEHHSI MATEpPHaJIa B yIEOHHKE C TOUKHU 3Pe-
HUS YHUBEPCAJTHHOCTU yIe€OHBIX AeficTBuil n hopMuUpOBaHUS 0OIIe-
KYJIBTYPHBIX KOMIIETEHITHIA.

Marepuanbt 1 MmeToabl. OCHOBHBIM MaTepPUAIOM UCCIIE0BA-
Hust 6611 yaebnuk [1]. OCHOBHBIM METOIOM HCC/IeA0BaHNs ObLT aHa-
JIN3 COOTBETCTBHUS TEKCTa ydIeOHUKA CIOCOOHOCTH yUAIIUXCA BOC-
HPUHUMATh U BOCCO3/1aBaTh U3ydaeMblil MaTepHall.

Pesynbprarsl ucciaemoBanus. ComepKarebHas COCTABIISIO-
1Masl TOHITUN «yHUBEpCAJIbHbIE yaeOHbIe JEHCTBUSIY, «KOMIETEH-
UMy MPUMEHUTEIHLHO K YIeOHbIM MPeIMeTaM OTCYTCTByeT. Takast
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CUTyalus BbI3BAJIA HEOOXOIUMOCTD UCCIEIOBAHUS TOHITHA «00Pa-
30BaTe/IbHBIN TOTeHIMA yaeOHoro mpeameras. [Ipobiema KyabTy-
pocosumaoneil yHKINT MAaTEMATHIECKOT0 00Pa30BaHNST SIBJISIET-
cs 00JTACTBIO WCCJIEIOBAHNN B paMKax CyMaHUTapU3anuun obpazo-
Bauus. B wactaoctn, T. A. Banosa B [3| mpoBoanT anain3 BBISB-
JICHUA TYMAHUTAPHOI'O 3HAHUA B MaTEMATUKE.

O6cymum obpasoBarebHbIe (B 4aCTHOCTH, IYMaHUTAPHbIE) CO-
CTaBJIAONME Kypca reomerpuu 7 kiacca. OHU CBA3aHBI C PSIIOM
BOIIPOCOB.

Bornipoc 1. 3atem n3yvarh MIaHAMETPHIO?

OnHUM U3 MEeHTPAJbHBIX BOMPOCOB MPU U3YUYEHUN T'€OMETPUN
SIBJISIETCST BOTIPOC TIETECOO0OPAZHOCTH: 3aT€M M3Y9IaTh STH TMOHITHSI,
YUIUTHCS JOKA3bIBATH TEOPEMbBI, 3ATIOMUHATH Maccy (paKTOB, B XKU3-
HU Bpsj, Jin morpedyomumxcsi! leficTBUTEIbHO i TIpejIaraeMble
B yuebHUKe (DOPMYIUPOBKY YTBEPXKIEHUN U OCOOEHHO UX JTOKA3a-
TEIBCTBA POPMUPYIOT JTOTUIECKYIO KYJbTYPY WJIN, HATPOTHB, OT-
BPAIAIOT OT PACCYKIEHUN 3a CUYET UX WM3JIUMIHETO (hOpMaTI3IMa
U UCKYCCTBEHHOCTH! B KOMMEHTapuaX mpejaraloTcs OTBEThI Ha
TTOCTABJIEHHBIE BOTIPOCHT.

Bormpoc 2. Kak mpeBparuth 00pa3oBaTEIbHBIN MOTEHITHAT
IJTAHUMETPUU B UHCTPYMEHTAPUI YIAITAXCS ]

JleaTenbHBII HHTEPEC Y YUIAIUXCS MOYKET MPOSIBJIATHCA K TOMY
MaTepuasy, B KOTOPOM OHU MOTYT JinOO CAMOCTOSTE/HHO, JIMOO C
HEDOIBITION TO/IEPKKOI YIUTE/IsT COBEPIAThH KAKMe-TO JIelCTBHS,
CO3/IaBaTh YTO-TO HOBOE, CBOE.

O6pazoBarTe/ibHBIN TTOTEHIINA MPOABJISIETCS, €CJU YUallnecs
NPUHUMAIOT yIacThe B CO3MaHnun (DOPMYIUPOBOK TEOPEM, B OTKPbI-
THU WJIeU T0KA3aTeIbCTBA, B PA3BUTUU UJIEU KAK BHYTPU TEOPEMBI,
TaK W [pU ee [ePEeHOCe Ha MHbIE J0Ka3aTeabCcTBa. B jjokazaresb-
CTBaX JIOJIKHBI TIPOCMATPUBATHCS T1€/Th, TPU3HAK €€ JOCTUKEHUS,
00CyK/TaThCs TPU3HAKU TPUMEHUMOCTH TeX WU WHBIX HHCTPYMEH-
TOB I BOBMOXKHOT'O JOCTUXKEHUA eI, BOSMO?KHOCTH ITPOBEPKN
NPU3HAKOB JOCTUKEeHus u T. 1. JloKka3aTe pCcTBa HAJA0 U3/1araTh B
JUHAMWYHOM CTHJIC.
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Bormroc 3. B gem moxker cocrodTh 00pa30BaTe/IbHBIN TOTEH-
nuaj Kypca mjaanuMerpuu 7 Kjaacca?

B npoBemenun anasmorum CTPYKTYpPhl T€OMETpUHM #  OOIIHX
IPUHIUIIOB YCTPOUCTBA 3HAHUSA, PACKPBITUNA COCTABA JAEHCTBUIA IO
IPUMEHEHUIO OIpe/ejIeHUil pa3audHOro BUJA, OCO3HAHUU Iiejieit
TEOPEM-CBOMCTB, TEOPEM-IIPU3HAKOB, OCBOEHHH CIIOCODOB JI0Ka3a-
TeJIbCTBA TeopeM B 7 KJjacce, (POPMUPOBAHUU AJTOPUTMHUIECKOIN
KYJIbTYPBI IIPU U3Yy4YE€HUU I'eOMEeTPUN.

[Ipemraraembie anHaorun ¢ OOIIEKYIBTYPHON JI€ATEIBHOCTHIO,
BbIPDAKCHHbIC B IPUMEHACMON TEPMHUHOJIOIUHU, PEKOMEHJAIUAX
IpeAcTaBIeHUd U3y4YaeMOro Marepuajia B BAJIE MOC/IeI0BATe/ILHO-
CTH 3JIEMEHTAaPHBIX HCIIOJTHACMBIX J:LQfICTBI/IfI, IIOCTAHOBKH IIEJICIIO-
JIATaHWS U TPU3HAKOB JOCTHKEHUs TeJIM OTHOCATCA K 00pa3oBa-
TEJBHOMY HOTEHIMAJIy U3y4aeMOoro Iipeamera.

Ob6cyxenne u 3akjodenue. KojiekTup yaureseii, yaacT-
BOBABIIIUX BO B.Ha,[[I/IKaBKaBCKOM neJarorudeCKoOM MaTeMaTu4de-
cKOM MapadoHe, TPHIIES K BBIBOAY 00 3(hdeKTUBHOCTH MpO/Ie-
JIAHHON PabOTHI 110 aHa n3y y4eOHWKa TJIAHUMETPUM U TOYKeJias
ee MPOJIOJIKEHUSI.
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MEZKIIPEIMETHBIE CBA3U11 MATEMATUKN
1 MTHOOPMATUKU B OBYYEHNN [MIKOJIBHNKOB
MOJIEJINPOBAHUIO

M. B. ErynoBa
(Poccust, Mocksa, MIIT'VY)

BBenenne. ObmexkynpbTypHas COCTABIAIONIAS IPEICTABICHNIA
0 MaTeMaTU4IeCKOM MOJEIUPOBAHUU COCTOUT B TOM, YTO 9TO Bey-
Ui METOJ U3y4eHUd OKPY2Kalollell JefiCTBUTEe/IbHOCTU, KOTOPbII
nrpaer QyHIAMEHTAJILHYIO POJIb B MHOMOYHCACHHBIX TPUIOXKEHIN-
AX MaTEMaTUKU, BbICTylad I'eHepaTOPOM Pa3BUTUA HAYKHU, TEXHU-
K 1 TexHojoruit. ITosToMy 3HAKOMCTBO IMKOJILHUKOB C IIPUMEHE-
HUEM 5TOr0 MEeTOa CIOCOOCTBYET BOCIPUATHAIO OKPYKAIOIIEr0 M-
pa depe3 Mpu3My MATEeMATHIECKHAX 3aKOHOB, (DOPMUPOBAHMIIO yMe-
HU BEJIEHUsT PAITMOHAIBHBIX PACCY KIEHU 1 TPO(ECCUOHATLHOMY
CaMOOIIPEeIeJCHNI0, TaK KaK MO/IEJUPOBAaHNE IPUCYTCTBYET IpPaK-
TUYECKN BO BCeX cdepax OedaTeJhHOCTH, B TOM YHCJIE W TBOPUe-
CKOIA.

Marepuanbl u meroabl. Ha ypokax maremaruku u uHdOp-
maruku B 7-9 kmaccax corimacao @OOIT OO0 mkosbHUKE 3HA-
KOMSATCSI C METOJI0OM MaTeMaTUIecKOro MojenupoBanusda. B kypce
nadopmarukn tema «MomesmpoBanre Kak MeTO] TIO3HAHUSIY U3Y-
qaercd B 9 Kmacce B pazmene «Teopermyeckme OCHOBBI HHMOPMAa-
TUKW» W BKJIIOYAET CBeIeHWST 00 WHAMOPMAIIMOHHOM MOIETHPOBa-
HUU, B TOM YUCJIE U O MATEMATHIECKOM, PACCMATPUBAIOTCA 3a/1a4H,
peraembie ¢ MOMOIIBI0 MATEMATHIECKOTO (KOMITBIOTEPHOIO) MOJIE-
JIUpOBaHus, (POPMUPYETCS MOHUMAHNE 00 3TANAX KOMIBIOTEPHOTO
MOJIE/TUPOBAHNS, O COOTBETCTBUM MOJIEJN HUCCIEyEeMOMY OOBEKTY.
Ha m3ydenne 3T0#1 TeMBI OTBOAUTCA 8 UacoB.

B kypce maremMaTuku moxoxKasi TeMa, OTJAEIbHO HEe BBIJE/IeHA.
OHako cpeu MPUOPHUTETHBIX IeJieit 00yueHusl MareMaTnke B 5—9
kimaccax B @OOII OO0 ormedena HeoOXOAUMOCTH (OPMUPOBA-
Hug (PYHKIMOHAIBHON MATEMATHIECKON IPAMOTHOCTHU, BKJIIOYA0-
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el paj YMEHU# COIVIaCHO 3TallaM IIOCTPOCHUdA MaTeMaTU4YeCKOHl
MOJIeJIN, KOTOPbIe HECKOJIBKO OTJINYAIOTCA OT 3TAIlOB MaTeMaTu4e-
CKOTO (KOMIIBIOTEPHOTO) MOJIETMPOBAHMS.

Tax mpm TOCTPOEHNN MATEMATUYIECKONW MOJIE/N BBIIETAIOT Ue-
TBIpE dTAla: MareMaTu3aius, (GOpMATU3AIKd, BHYTPUMOIEILHOE
perierrie u waTepperaus, xapakrepuzyembie B @OOIT OO0 ria-
roJiaMu: pacrio3HaBaTh, (POPMYIUPOBATH, MPUMEHSITh, HUHTEPIIPE-
TUPOBATH U OneHWBaTh. Maremarnaeckoe (KOMIIBIOTEPHOE) MOJIE-
JIIpOBaHUe MIpernosaraeT IIOCTAHOBKY 3a/1a4d, IOCTPOEHUe MaTe-
MaTUYeCKONM MOJE/N, MPOrpaMMHYIO peaan3alinio, TeCTUpOoBaHue,
IpOBe/eHre KOMIILIOTEPHOI'0 9KCIEepUMEHTa, aHaJInu3 ero pesysbra-
TOB, yTOYHEHUE MOje/u. BCero ceMb 3TamoB, psij u3 KOTOPBIX MO-
TyT MUKJIAIHO MOBTOPATHCA. Ha 3T0 yKaspiBaeT 3Tam, CBA3aHHBIN
C YTOYHEHUEM MOJIC/IN.

PesynbraTsl ucciienoBanusi. JIerko 3aMeTUTh, UTO ITAITHI,
BBIJEIIEMbIE B ITKOJBHBIX KyPCaX MaTeMATHKN U UHAOPMATUKU
KOPPEIUPYIOT MeXK/Iy coDOoil: MaTeMaTu3arus 1 MOCTAHOBKA 3a/a-
qm; popMaInu3aIusd U MOCTPOEHWE MOJIE/IN; BHY TPUMOEIBHOE Pe-
IIIeHNe U MPOrpaMMHas peain3alins, KOMIbIOTEPHbBIN SKCIIEePUMEHT,
TECTUPOBAHWE; MHTEPIIPETAINA U aHAJIN3, YTOYHEHNE MOJIE/IH.

3akiouenne. Hammaue Takoit Koppeadiun 03HAYAET, 9TO Ha,
YPOKaX MaTeMaTUKU B H—9 Kjaccax MOKET BECTHCHh Pe3YIbTaTUB-
Hasl TOATOTOBKA K HU3YYEHWIO MOJIEINPOBAHUs B Kypce WHMOpMa-
THKY B 9 KJIacce: BbIJIEJIEHBI COIepKATe/IbHbIE MOJE/N PeaTbHOCTH,
IIOCTPOEHBI UX MATEeMATHIECKUe MOJIE/N, KOTOPbIE B JajbHENIeM
MOTYT OBITH TIOJBEPTHYTHI KOMITBIOTEPHOMY MOJIEINPOBAHUIO.



NCKYCCTBEHHBIN MHTEJ/IJIEKT
B ITIEJJATOTMTHYECKOM OBPA3BOBAHNN:
BUPTVYAJILHBIIT ACCUCTEHT ITPEIIOJABATE/JIS
KAK NHCTPYMEHT ITOBBIIIEHN A KAYECTBA
[NOATI'OTOBKU ITEJATOI'MYECKUX KA/IPOB

0. 3. Kekunanu
(Poccust, Bragukaskas, COTY)

B cucreme coBpeMeHHOTO TIEArOrHIeCKOTO 00pa30BaAHMS IPE/I-
METOM WM3yUeHUsI CTAHOBUTCS HEOOXOIMMOCTH IU(pPOBU3AIIAU Me-
TofmYeckoii paborsl negarora. CoBpeMeHHbIe TTPOGECCHOHATBHBIE
CTaHIAPTHI TPEOYIOT OT meJarora He TOJIHKO MPEeIMeTHONH KOMITe-
TEHTHOCTH, HO W PA3BUTHIX KOMMYHHUKATUBHBIX HABBIKOB, U;I/I(i)po-
BOil TPAMOTHOCTH ¥ yM€HHUs PabOTATh B WHKJIIO3UBHOI Cpeje, U4To
COBJAET CJIOKHOCTU JIIsT CTAHIAPTU3NPOBAHHON OIEHKU KAa4ecTBa
paboter egarora. IIpobaembr coBpeMeHHOr0 00pa30BaHUs HE Or'Pa-
HUYIHUBAIOTCS Te(UITNTOM KaIPOB, TTOTPEOHOCTHIO B ABTOMATH3AIIAN
PYTUHHBIX 33/1a9 U POCTOM CIIPOCA HA TEPCOHATN3UPOBAHHY O aHA-
JINTUKY yPOKOB. B cBsi3u ¢ Tem, uTo OymyIue meJaroru mpuxoaar
¢ pas3uoii 6a30ii, mprobperaer 0coOyIO 3HAIUMOCTH TIPUHITUI TUd-
depeHIUAIIIT 00y IeHH.

B macrositiiee Bpemsi akTUBHO BesieTCa pPas3paboTKa 1mudpoBBIX
HHCTPYMEHTOB JIJIsl 1earoros, cM. wampumep, [1-4]|. Takxe mm-
POKO M3BeCTHBI IM(pPOBbIe 00pa3oBaTe/NIbHBIE TLIATMOPMBI, TAKNE
kak «CoepKiacey, «fumexc.YyeOHUK», KOTOPble AKTUBHO MIpUMe-
HSIOT TEXHOJIOIMU UCKyccTBeHHOro naTemnekta () mua remepa-
Uy y4eOHBIX MATepUajoB, aBTOMATU3AINN TPOBEPKU 33 aHWi U
nposejenns oHaiin-sansaruii. Ouuako norennuan VMU we orpann-
YUBAETCS ITUMU (DYHKITUSIMHU — €TI0 MOYKHO UCIIOJIB30BATD IS TUTY-
BOKOTO aHA/IM3a MeJArOTMIeCKON JeITEeTbHOCTH C TEIhI0 TOBBIIIIE-
HUA Ka9eCTBa IMOJATOTOBKH IIE€JaroroB M Ka4deCTBa IMPEIogaBaHMA.

Bak#HbIM IIaroM B 3TOM HAIpPaBICHWN CTAJIa mporpaMmma «Ac-
cucrenT npenojgasarensy or CoepObpazosanue, KoTopas Ipeji-
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crasisieT coboit -cepsuc, pa3zpaboTaHHBIN 71T aHAIN3a, TTeJaro-
rudeckoii Jgesrenbaoctr [5]. OCHOBHOl (DyHKITMOHAT TPOrPAMMEBL:
aHa I3 Pedr MPEenoJaBaTeisi, TeHEPALlUsl OTIETOB, PEKOMEHIAIINN
[0 YIYYIIEHUI0 YPOKOB, CO3/IaHNe KOHCIIEKTOB, OIEHKA BOBJIEUEH-
HOCTHU yYEHUKOB U dMONMOHAJbHOTO (ora. CepBUC HE COXpaHsIeT
3alUCy 3aHATHUil, 4T0 obecrnednBaer KOHPUIEHIINAIBHOCTE. «Acch-
creHT npenogaBaresisy or CoepObpazoBaHue MO3BOISET UCIOIb-
30BaTh I/II/I JJIA @aBTOMATU3ANN PYTUHHBIX 3a/1a9, BBIABJIEHUA «TO-
YeK POCTay MPENOJAaBaTe s, aIaNTAIINNA MEeTO0B 00y YeHUsT O/ 0~
TPeOHOCTH KJIACCA.

Buenpenune N-accucrenToB, Takux Kak mporpamma ot Cobep-
Ob6paszoBaHnue, CIIOCOOHO CTaTh KJIOYEBLIM 3JIEMEHTOM LHU(POBOii
Tpaucdopmanuu 06pa3oBaHusd. JTH UHCTPYMEHTHI He TOJIHKO aB-
TOMATU3UPYIOT MPOIECCHI, HO ¥ TPEJIOCTABISAIOT MearoramMm 00bek-
TUBHYIO OOPATHYIO CBsI3b, TO3BOJIA CTPOUTH ITEPCOHATU3UPOBAH-
HbIE TpaeKTopuu mpodeccuonabHOTo pocta. Hayduno obocHOBaH-
HbIe PEKOMEHIAINHA W aHAJIN3 JAHHBIX TOBBITAT 3O @HEKTHUBHOCTH
06pPa30BaTEHLHOIO MPOIIECCA, UTO B TOJITOCPOYHON TEPCIIEKTUBE Be-
JIeT K Ka9eCTBEHHOMY POCTY TEAArOTHIECKOTO MaCTePCTBA.
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OB OIIBITE TIO TTPUBJIEHEHNIO YYAIIINXCA
CPEJHEI'O I CTAPHIEI'O 3BEHA
K ICCJIEJOBATEJILCKOIT PABOTE

JI. H. Kpaksunua
(Poccust, Pocro-na-/Tony, MAOY «IlIkoma Ne 605 )

BBenenwne. VccienoBarenbckass pabora B 001aCTH MaTeMaTH-
KU TIPEJICTAB/ISIET CODOI BasKHBIN aclekT 0O0pa30BaTEIbHOTO TPO-
1mecca, OCODEHHO [IJIsl YUalllUXCsl CPEIHEro W CTapIero 3BeHa. B
9TOM BO3pPACTe yUaIHecs HAYUHAIOT OCO3HABATL 3HAUYNMOCTH Ma-
TEMATUKU HE TOJIBKO KaK IIpeaMeTa, HO U KaK MHCTDYMEHTa JId
pelleHns 33034 IPUKJIAIHOTO XapaKTepa.

OCHOBHBIE TIE/IN UCCJIETOBATETHCKON PAbOThI BKIIFOUIAIOT:

[ ] q)OpMI/IpOBa,HI/Ie HABBIKOB CaMOCTOATE/IBHOTI'O MBIIIJICHUA.
Vuamuecs y9arcs aHaJIu3nupoBaTh nHMOPMAIIio, (DOPMYyIMPOBATH
TUTIOTE3BI U IPOBEPSTH UX.

e PasBurne ncciaegoBaTeIbCKUX YMEHHUI U OCBOEHNE HAyIHOIO
MeTOIa.

e [loBpimenne mHTEpeca K MaTeMaTnke. VcciemoBaresbCKast
pabora moMOTaeT ydJalluMCs yBUIETb MPAKTUYIECKOE MPUMEHEHUE
MaTEeMAaTUYCeCKNX 3HAHWM.

e Iloaroroka k OymyIeit npodecCHOHAIBHON 1eATeTbHOCTH.
Vyamumecs MOJIydaioT ONBIT PAabOTHI HAJ, MPOEKTAMH, 9TO MOXKET
OBITH TI0JIE3HO B JaJIbHEeleM 00yIeHnn U Kapbepe.

Marepuasabl u meroabl. OnbIT MOKa3a/a, 9TO HCCIEI0BA-
TeJIbCKas paboTa MOXKeT MPUHUMATH Pa3IudHble (POPMBI, BKJIIO-
Jasd, HaIpuUMep, MPOEKTHBIE PADOTHI, BBICTYILICHUS HA HAYIHO-
IPaKTUIeCKUX KOH(bEpeHIusIX pas3jndHoro yposug [1, 2|. f pa-
60oTar0 B OOBIYHBIX KJIACCAX C CAMBIMHI OOBIYHBIME JeTbMu. Ilosm
MOUM HEMOCPEACTBEHHBIM PYKOBOICTBOM 3aWMHTEPECOBAHHBIE YyYa-
muecst 8-11 KJj1accoB BBIOUPAIOT TEMY, He BXOJAINIYIO B IITKOTbHBII
KypC MaTeMaTUKW U Pa3padaThIBAIOT yIeOHO-UCCIEI0BATEIbCKIIT
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MIPOEKT, KOTOPBIN BKJIIOYAET CAMOCTOATEILHOE HU3yYeHUe MPeio-
JKEHHOHN 3a/1aun, UccaeoBaHne OU3KUX 3a/a9, aHAJIN3 U TPE3eH-
TAIUIO Pe3y/JIbTaTOB. 3a9acTyi0 TeMbI JIJIst 3a7a4 OepyTCsi U3 Bbi-
MIyCKOB KypHaJa «KBaHT» MPOILIBIX JIET, PENIAIOTCA 33 a9u, 0-
CTaBJIEHHBIE B CTAThAX KypHaJja. Bojee Toro, Tema pacimpsieTcs,
BO3HUKAIOT JOIIOJTHUTEJIbHBIC 1 6JIH3KI/I€ 3ala9, UCTUHHOCTH KO-
TOPBIX HEM3BECTHA. B TedeHme MHOTUX JIET MOUW yYEHWKH BBICTY-
MafoT C JOKJIAJIaMU, COJEPKAIUMI UX WCCICJOBAHUSI, HA HAYIHO-
MPAKTUIECKNX KOH(MEPEHINIX PEernoHabHOTO ypoBH: npu JloH-
cKOl AkaJieMun I0HBIX HCCIeI0BaTeseil B ropojge Pocros-ua- oy,
T/l OHU HEOJHOKPATHO 3aHUMAJIA TPU30BbIE MECTA. DTU MEPOIIPHU-
ATUA OY€HDb TTOJIE3HbI, TOCKOJIbKY CHOCO6CTByIOT O6MeHy OIIBITOM "
UJTeSIMU.

[Momxo/1b1, KOTOPBIE MBI UCIIOJIB3YEM B HaIeil yaebHO-uCCae10-
BaTEe/IbCKOI paboTe, BKJOYAIOT 00S3aTe/NTbHO JIMTEPATYPHBIH 00-
30p, T.e. aHAJIN3 CYIIECTBYOIMINUX UCCIETOBAHNM W MyOJUKAIH TT0
BeIOpanuOil Teme. Tak, HampuMmep, UPU BBIMOJHEHUN HCCIEI0BA~
TeJIbCKO# paboThl 0 Tpeyrobuuke Mopiiesi, HaM TPHUIILIOCH TPO-
CMOTPEeTh HECKOJIbKO crareit m3 xypuaiaa «Ksanrs. Wcmosb3o-
BaHUE COBPEMEHHBIX TEXHOJOIUil U BHeJApeHue MHMOOPMAITMOHHBIX
TEXHOJIOTUH B mporecce paboThl 3HAYUTETHHO OOJIETYUIIO TTOJLY e~
HUE CJ0KHBIX XapaKTepUCTHK B CIydasX, KOTJa HaM OblLaa Heus-
BECTHA MCTUHHOCTH PACCMATPUBAEMOro yTBepKaeHnusi. OcobeHHO
BaYKHO 3TO, KOTJ]A YTBEPKJIEHUE JIOXKHO, U BBIYUCJIEHUS TTOITBED-
KTaJIn 9TO. Ha,l_[I/IcaHI/Ie TporpaMMbl Ha aJITOPUTMHUYICCKOM A3BIKE
JIUTsT HAXOXK/IEHUsT TIJIOMIAIeN TeOMETPUIecKuX (BUTYp MOATBEPIU-
JIO pe3yJIbTAThl, TOJyUeHHbIe B paboTax O CBOHCTBE BEPIIUH BbI-
MyKJIOTO MHOTOYTOJIbHUKA, Ha MapadoJie U O CBONCTBE TPUCCEKTPUC
TpeyroJyibHUKa. Kpome Toro, Takue mcc/ieoBaHusi CTAHOBUJINUCH 0O-
Jiee MHTEPECHBIMU [JId COBPEMEHHBIX IMIKOJIHBHUKOB. CO cTapiIre-
KJIACCHUKAMU MHOIO OBLIT C/Ie/IaH HAYIHO-UCC/IEI0BATETLCKUI TPO-
eKT Ha BITOJIHE TPUK/IQJHYIO TEeMY, B KOTOPOM OBLIO TIPOAHATU3UPO-
BAHO CTATUCTUYIECKUMU METOJAMU COCTOSHUE 3arpsi3HEHUsS BOJI0€-
MoB Pocrorckoit ob1actn. Belin HalieHbl CTATHCTUYECKTE XapaK-
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TEPUCTUKY, B TOM JHUCJE W KOIDDUINEHT KOPEJIAIUN MEXKIY T0-
IIyCTUMOI HOPMOl 3arpA3HEHUs U TEKYIIUM COCTOSTHUEM HECKOJIh-
KX BOmoeMoB PoCTOBCKO# 001aCTH B TeUeHNE TTOCAETHIX TPEX JIET.
WNudopmarus aia anaan3a 6paiach U3 BBITYCKOB KypHAJIa, « DKO-
HOMUYECKNiI BECTHUK» ITHUX JieT. BbLI0 0UeHb MPUATHO CMOTPETH
Ha TOBEAEHNE YYaAIIUXCA, TMOJTYyIUBIINX CaMOCTOATEILHO Hay‘{HbeI
Pe3yIbTAT.

PesynbraTrbl ucciaemoBaHusi. KoHewHo, yduTenb Wrpaer
KJIIOUEBYIO POJIb B OPTAHU3AIMY UCCJIEI0BATETHCKON pabdorsr. Ilo-
9TOMY KaXKJIblii pa3, MPUCTYIas K yIeOHO-UCCIeI0BATEHCKOM pa-
6oTe, cTaparoch CO3JaTh MOTHBAIMIO: TIOMOTAI0 C BHIOOPOM TEMBI,
TOI00PKOit MOAXOAAIIEH JTUTEPATYPhI, TOCTEIEHHO BBOXKY yUallle-
rocs B HMCCAE0BATEbCKMIT mporiecc. B 3ToMm jese Bcerja BaKHA
MOJIIEPXKKA, U HACTaBHUYIECTBO. 1109TOMY BCETIa OKa3bIBAIO IO-
MOIIIb YYaIUMCsS B BBIOOpE METOOB PaboThl U O(DOPMJIEHUN pe-
3ysbTaToB. 4l cTapaoch co31aBaTh KOMMOPTHYIO cpeay, T. €. hop-
MHEPYIO aTMocdepy, CIIOCOOCTBYIOILYIO CBODOIHOMY OOMEHY Wesd-
MU U COTpyAHIYIeCTBY. Hanmpumep, ¢ y9armmMucs cpeiHero u crap-
IIIero 3BEHA BBIMOJIHEH Psi padoT, B KOTOPBIX aaredpanmdecKuMu
METO/IAMU Y/IABAJIOCh PENIUTh TeOMETPUYECKUe 33 adu, W Haobo-
POT. TaKI/Ie HUCCJICJOBaHUA TTPUHOCAT MHOXKECTBO ITOJIO?KUTEJIBHBIX
pPe3yabTAaTOB, yrayO/isds 3HAHUS, pa3BUBas KPUTUUECKOE MBIIILIE-
HUE W HAyYHBII TOAXOM,.

3aksouenue. VccaemoBarenbckast paboTa ABISETCs BaXKHBIM
UHCTPYMEHTOM /[ijId Pa3BUTUA MAaTEMATUYCCKUX HABBIKOB Yy y4a-
IIIUXCA CPeTHETO W CTApINero 3BeHa. BoBievenne meteit B mccaemo-
BATEIbCKYIO JIeATEIbHOCTh HE TOJIBKO yIyiybJideT uxX 3HAHUs, HO U
pPa3BUBAET K/IIOUYEBbIE KOMIIETEHITNH, HEOOXOMUMbIE [I/Isi YCIEeITHON
yuebbl 1 Oy yeit npodeccnoHaIbHON JeATeIbHOCTH. Y YUTeIh Ma-
TeMaTuKu, 00/1a/1asi BEICOKUM yPOBHEM KBaJU(PUKAIIANA U TIeTaro-
TUYIECKOTO MACTepCTBa, CIOCOOEH CO3/1aTh YCIOBUA JIJIsl YCIEITHON
WCCJIEIOBATE/IHCKON PA0OTHI, PA3BUTH HAYIHBIN MMOAXO0 U HAY IHBIT
METOJI, YTO B CBOIO OYepeah CIIOCOOCTBYeT (DOPMUPOBAHUIO MHTE-
peca K MaTreMaTuKe U HAYYHOU JIeATEe/IbHOCTU B [EJIOM.
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NCITIOJIBBOBAHUE CPEZICTB IIU®POBU3AIINN
[P NUSYYEHUN KYPCA «INOOEPEHIINAJIBHBIE
YPABHEHU A »

H. U. JIobanosa
(Poccust, Bemenokymck, MYJIO «IIBP»),

H. II. Ilyukos
(Poccust, Tambos, TT'TY)

BBenenne. B Poccun mudposusarus 06pa30BaHus IpU3BaHa
ONITUMU3UPOBATH IIPOIECC O6y‘{eHI/Iﬂ 1 TIOBBICUTH Ka4eCTBO IIOJI-
rOTOBKM crenuancToB. Vcnosib3oBanue MudpPOBBIX TEXHOJIOTHUI
I03BOJIIET WHTEHCUMUIMPOBATEL 00ydeHue, CIeaarTh ero Oosee Ha-
IATHBIM U YCKOPUTH yCBOeHWe mH(poOpMaIrun. Anamms nudpoBo-
ro cjega oOydJaroIerocs W WHAWBHUIyaJIn3anysa o0pa30BaTeIbHOM
TPAaCKTOPUU ITO3BOJIAIOT aJallTUPOBATH O6yLIeHI/Ie K HOTpe6HOCTHM
KAYKJOTO YUIAIIerocs.

Marepuasbl 1 MeToabl. UTOOBI yCHIENIHO WHTEIPUPOBATH
1 poBble TEXHOJIOTUN B OOyUeHUEe MATEeMATHKe, BaXKHO JIOHECTH
JI0 O0YYAaIOIUXCA, YTO MATEeMATUKa — 9TO HE HADOP NOTOBBIX pe-
TITEeHUIt, a CIIOCO0 MBITILIEHNS, TTO3BOISIONINI aHAIN3MPOBATE W 10~
HUMATD sIBJIEHUST PEATHHOIO MUPA.

Takwne TPEITOMOKEHNST TTPEIOTPEETNIN METOTOJTOTHIO Tefi-
CTBUIT TPU MPOEKTUPOBAHUH yIEOHBIX TPOrPAMM MATEMATHIECKUX
JMUCTIATIIAH: COATAHCUPOBATH CJIOYKHBIE 33a91, PA3BUBAIOIINE JTO-
UKy, MaTeMaTUIeCKOe MOJIeTMPOBAaHUE W aHAJINU3, C IPEUMYTIie-
cTBaMU IU(PPOBBIX WHCTPYMEHTOB. DTH WHCTPYMEHTHI MTO3BOJISIIOT
COKPATUTH BPEMsI Ha CJIOXKHBIE BBIYUC/IEHNUS, BU3YATU3UPOBATH Pe-
3yJIbTaThl, UCIIOJIB30BaATH MyJ'[bTHMe,ZLHfIHbIe MaTepuaJibl 1 6I)ICTpO
HAXOJIUTh ONTUMAJIbHBIE PEIIEHUsT U MOJIEJIN.

Hannas rexuosiorug Hanbosiee 3PEeKTUBHA TTPU PEITEHUT KOM-
TIJIEKCHBIX 3a/Ja4, Tpe6y}OH_H/IX UHTEerpanumn MaTeMaTUYIeCKNUX 3Ha-
HUW U3 pa3HBIX PA3/EJO0B Kypca U MPUMEHEHUs UX JIJId aHAIU3a
PeabHBIX CATYaIuil, OJIU3KUX U MOHITHBIX 00y IAIOIMIMMCS.
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Db PeKTUBHOCT UCIMOIB30BAHUS TIPUMEPOB OIMITHUMAJIBHOTO CO-
YeTaHWsd METO/[0OB AHAJUTUYECKUX U IU(POBLIX UCCJIEIO0BAHUN B
paMKax KOMILJIEKCHBIX 3aJaHUil HANPAMYIO 3aBUCUT OT COJEpIKa-
HUsI BBIOPAHHOTO pa3jena Kypca mMaremarnku. Ha ocHoBe Halero
OTIBITA, TAKUM PA3/IEJIOM MOXKET CJIYKUTH Kypc «Aunddepenimaib-
HBIE YPABHEHUAY, KOTOPbI CI0COOCTBYET (DOPMUPOBAHUIO HAY THO-
0 MUPOBO33PEHUs], CTUJIsI MBIILICHUS, UCC/IEI0OBATETHCKIX HABbI-
KOB 1 yMeHI/IfI MATEMATUYIECCKOTO MOJCJINPOBAHUA PEAJIBHBIX IIPO-
meccoB. OH Tak»Ke pacCMaTPUBAETCS KAaK ILIOMIAIKA /IS PA3BUTHUS
MTOHMMAHUsI €MHCTBA W B3aMMOCBSI3aHHOCTH BCEX 3JIEMEHTOB OKPY-
JKAIOIIEero MUpa.

Pezynbrarer ucciemoBanus. [Ipuanvas BoO BHUMAHUE BbI-
meyka3anabie (haKTOPhl, HEOOX0anMO (GOPMHUPOBATH Yy 00yUar0-
IUXCS HABBIKM PAIMOHAJBHOIO WCIOAb30BAHNSA KaK TPAJIUIIN-
OHHBIX AHAJUTUYECKUX, TAK U KOMIBIOTEPHBIX METOJOB pelle-
nug puddepennmanbabix ypaBaeruit. urerpaiust 3Tux MeTo0B
JTOJTI?KHA OCYIIECTBASITHCS TOCPEICTBOM KOMILTIEKCHBIX 3a/IaHMUIA.

3akJjirouenune. Baenpenne cucTeMbl KOMILTEKCHBIX 3aTaHNN B
00pa30BaTeIbHBIN TPOIECC TPECIeAyeT BAKHYIO MeIArOTHIeCKyT0
1eJib — TIOBBITIIEHNE MOTUBAIUN CTYAEHTOB K M3YYEHWIO MaTeMa-
TUKW, 9TO OBLIO SMIUPUIECKN TTOITBEPKIEHO.



MATEMATUKA CPEJHEBEKOBOI'O BOCTOKA:
OCHOBHBIE PE3VJIETATHI, UCTOPUSI
NCCJIEJOBAHNA, MECTO B YHEBHBIX KYPCAX

1O. C. Hanbauaau
(Poccust, Pocros-na-/lony, FODY)

BBenenne. Maremaruka CpemreBekoBoro BocToka chirpasia
Ba2KHYIO POJIb U B CTAHOBJICHUU DPA3JIMYHBIX HAYYHBIX HaIIPpaBJIC-
HUli, U B UCTOPUU Yej0BevdecTBa B 1ejoM. Bompoc 06 ucmnos3oBa-
HUW HAKOILJIEHHON mHMOPMAINK B MIPOIECCE MPEOJABAHNS MaTe-
MAaTUYIECKUX JUCHUIINH KaK B IIKOJIE, TAK U B BBICHINX YI€OHBIX
3aBeJICHUAX, CTAHOBUTCA CEroaHd OJHUM U3 CaMbIX aKTYyaJIbHbIX.

Marepuasbr u Mmeroabl. OCyIIecTBIeH aHAIN3 TMEIOIIEHCs
JIATEPATYPbl, BKJ/IOYasd HAay4YHbIE TPYAbl, METOAUYCCKUEC U3LAHUSI,
KAHIUIATCKIAE U JOKTOPCKUE TUCCEPTAITHH.

Pezynbrarnl ucciaegoBauusi. BeisgBienb! o01ine TeHICHITIN,
PACCMOTPEHBI BO3MOXKHOCTH HCTIOIH30BAHUST MCTOPHIECKOTO KOM-
MOHEHTa (& MMEHHO HUCTOPUU apabCKOW MaTeMATHKH) B yueOHOM
nporiecce. ITorom craju c/ieyroIiie yTBepKAHUS U PEKOMEH Ta-
[IWU.

1. Pe3ynbraTsl, moyueHHbIe TAKUME yIeHbIMI Kak Aj-Karmm,
An-Xopesmu, Aby-1 Bada, Aby Kamuia, An-Bupyuau, Uou-Cusbr,
Non-Koppwr, 6n an-Xaiicama, Am-Kapamku, Omapa Xaiigma,
Ar-Tycu (CmcoK MOXKHO MPOJOJIKUTE), MO3BOJSIIOT TOBOPUTH O
BKJIFOUEHUY COOTBETCTBYIOIINX PA3/IEIOB U B IITKOJIbHBIE KYPCHI aJi-
rebphl ¥ TEOMETPUHN, W B KYPChl MATEMATHIECKOTO aHAIN3A, aared-
PbI, aHAJTUTUIECKONU Te€OMETPUU, JIOTUKHU, TEOPUU UUCEJI, KOTOPHIE
YUTAIOTCA B BBICIIAX YIeOHBIX 3aBEICHUSIX.

2. KoHKpeTHble PEKOMEHAINNA B METOJUYECKON JINTEepaType
CYIIECTBYIOT, HO B OPPAHUYEHHOM KOJUYECTBe (MpUMEpaMi MOTYT
CIIY’KUTH W3BECTHOE, BBIJEPIKABITEE HECKOTHKO M3JAHUI B COBET-
CKHe TOJibl, mocobue mjist yuuress «Vcropus MaTeMaTwuKu B ITKO-
ne» I'. U. Tneiizepa u yaebuoe nocobue [1]).
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3. IlpemcraBuTes COBETCKOMN TITKOIBI MCTOPUN HAYKW CHITDA-
JIA BayKHEHUIITYIO POJIb B CIIPABEJJIUBO OIEHKE MEPUO/Ia «apabCKoit
MaTeMaTHKI», 9T0 JeTajabHo obocHOBaHO B crarhe [2]. Ocoboe me-
CTO B 9TUX HUCCJEJOBAHUSAX 3aHUMAIOT TPY/bI JTOKTOPa (DU3UKO-
MAaTeMaTHIeCKUX HAYK, aKaJeMuKa AKaJeMun HayK Y30eKHCTaHa
Panuubt [Tasnosusr Marsuesckoit (1930-2025) [3]. Muorue u3 nux
MOTYT KCIIO/Ib30BATHCSI UMEHHO TPU BBEJECHUU COOTBETCTBYIOIIErO
KOMIIOHEHTA, B y9IeOHbIE KYPCHI.

4. Muorme n3 y4ueHbIXx BocToka ABASINCH TOIMHHBIMA SHITUK-
JIOTEIUCTAMM, ITO MOMOTaeT (B PaMKaX BBIXOASIIEH CErojHs Ha
MEPBBI TTAH MYJIbTHAUCIUTINHAPHOCTH) CBSI3aTh MAaTeMATHKY C
bUBUKOI, TEXHUIECKUMU JUCIUTIIMHAMHA, XYI0KECTBEHHON KYJih-
typoii. Hayunoe u ureparypuoe nacieaue 16u-Cunbl (ABuriensr)
n Omapa XaiisiMa MO3BOJISIeT YCTAHOBUTH CBI3h MEKJY MaTeMaTH-
KO# 1 JiuTeparypoi.

3akoueHue. VcTopnko-MmaTeMaTndecKass COCTABISIONIAS, B
YaCTHOCTH, CBA3AHHAA C JTOCTUKEHUAME YIeHbIX cTpaH CpeaneBe-
KOBOT'O BOCTOK&, MOZKET U JOJI2KHa UT'PATh Ba,)KHyIO POJIb B TIOCTU-
JKEHUHW CaMOU MATEeMAaTUKH.
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JEATE/IBHOCTB AKOBA 1 NOT'AHHA BEPHYJLJIN
B HEJIAX PACITPOCTPAHEHI A
MATEMATUYECKOTI'O AHAJIN3A

I'. 1. CuakeBuyu
(Poccusi, Cankr-Ilerepbypr, CIIGIACY)

Beenenue. B reuenue XVII B. B paborax eBpormeiickux yde-
HBIX (POPMUPOBAJIUCH AHAJIUTUIECKNE METOJbI, MPUXOIAIINE Ha
CMEHY TeOMEeTPUYECKUM U CHUHTETHUIECKUM, TJ/e /I KaXKJI0i 3a-
a9 CO3/aBaJICs COOCTBEHHBIN YHUKAJIbHBIN KOHKPETHBIM METO[I,
He IOImyCKarommii 0600menns Ha IMHpOKUil Kiaacc 3amad. Ha 6a-
3e 0000IIeHNsT aHAJINTUIECKUX METOI0B CO3JaBaji CBOW TEOPUHN
N. Hetoron u I'. B. Jleitbuun. Vx uznoxenue ObLIO 3aTPyIHUTE -
HO Juutsi ocBoeHust. IIpsMbix yuennkoB He Ob110 HU Yy HbloroHa, Hu
y Jleitbunma. B Aurmum mponaramgy ydenns HbioToHa B3N Ha
cebs K. Maksiopen, 9. Tamneit, A. ge Myasp u /I. Crupysuar. B
EBpore pacnpocrpanenuem yuenusi JleitOHUIA 3aHSINCH OpaThs
Bepuysim.

Marepuanbl u Meroabl. llepeBesien ¢ JaTbIHU 3HAYUTETH-
eIl KOpryc pabor Jleiibuuma u O6parbeB Bepmysin, omybuko-
BauHBIX B Acta Eruditorum, mpuBieuena mx mepemnmcka; mepe-
BeJeHa U OMyO/JIMKOBaHA, HA PYCCKOM s3bike pedb . [epmana
De ortu et progressu Geometriae (1726). Ompenenena TemmeH-
VST TIEPEX0/Ia, OT KOHKPETHO-TEOMETPUIECKIX METOMOB K 0000IIeH-
HBIM aHAJUTUYECKUM MeTogaM. /laHa xapakTepucTuka 6a3e/1bCKOoit
MaTeMaTHIECKON IIKOJbI. B pabore MCIo/b30BaJICT PO IeMHO-
XPOHOJIOTUYIECKUI MO/IX0/] KAK C AHTHKBAPUCTCKOI, TaK U C Ipe-
3CGHTUCTCKOUA CTOPOHBI.

PesynbraTbl uccaenoBanms. BoigeneHbl rpymnnbl yIeHBIX,
obyuaBiuxcst u00 KOHCyJIbTUpOBaBmnxca y Axoba Bepuymiu u
Noranna Beprymmm Kak JUYHO, TAK W B TEPETNCKE, KaK PEryJIap-
HO, TaK ¥ SIU30INIECKN, OXaPAKTEPU30BAHA, UX HAYIHAS JIEATETb-
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HocTh. Zlko6 u Morann Bepuy/iin ObLIu JIydIIUMU yUUTEISAMA Ma-
Temaruku B EBpore, Takoro obbema 3HAHUI He JaBaj HU OJUH
yuupepcuter. Kak B Bazesne, tak u B [lapuxe, y Hux 0b170 MHO-
ro yueHuKOB u nocjenoBaresneii. Tak, y fkoba yumnuch ero 6pat
WNorann, nnemauaank Hukomaii 1, I1. Qitrep, . I'epman; y Moran-
na — ero ceraoBba Hurkomait 1T u Hauuw, I. @. ge Jlonurams, 'ab-
pmas Kpawmep, JI. Ditnep, 1. JI. ne Moneprion, H. 1e Berenen. B
[Tapuxe U. Bepuysmm obyuann meroay Jlelibauma 9ieHOB KPyKKa
Masbbpanma: ceamennuka Jlyun Buzanca u maremarukos [laps
Pene Peiino, ITbepa ne Moumopa u IIbepa Bapunbona. Obpucosan
KPYT YUeHBbIX, COCTOSBIINX B Tepenucke ¢ bparbamu beprymiim, a
TakKe uuTareseil ux crareit B xxypuaie Acta Eruditorum.

Ob6cyxnenne um 3akjao4deHue. PaccmarpuBaembiii  3Tam
MpEJICTaBIsgeT cOOO0i TTEPEXOIHBIN MEPUO/] OT STOXHU KJIACCUIECKUX
FeOMEeTPUIECKUX METO0B K YHUBEPCAJbHBIM anaauTndeckum. llo-
Ka3aHO ﬂaﬂbHeﬁLﬂee Pa3BUTHE aHAJIUTUYICCKUX METOJ0B 1 UX POJIb
B U3MEHEHWN APXUTEKTYPbl MATEeMATUKU, 3aPOK/I€HNE HOBBIX Pa3-
nenoB Omaromapst KaacCMPUKAINN 33039 aHAIN3a W aHAJIUTHIe-
CKOIl MEXaHWKW, BOILIOIIEHHBIX yxKe K cepenuae X VIII B paborax
JI. Ditnepa u K. JI. Jlarpanxa.
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PABOYA{ TETPA/Ib 110 CTEPEOMETPUN
KAK CPEJCTBO JOCTU?KEHUA COBPEMEHHBIX
[EJIET MATEMATUYECKOT'O OBPA3OBAHIS

M. C. ®pososa

(Poccust, Bpsirck, BpsHckas KaJerckas MKOJIA)

Beeaenne. Cospementbie TpeOOBAHUS, TPEbSIBISIEMBIE K Ma-
TEeMATHIeCKOMY 00pa30BaHMIO, HAXOMAT CBoe orpaxkenne B Deme-
panpHOIT pabodeit mporpaMme cpeaHero o0Imero od6pasoBaAHUS IO
maremaruke [1]. B Heil ykazano o HeoOGXOAUMOCTH MPEIOCTAB/IATH
KasKJIOMY ODYYaloIeMycss BOSMOXKHOCTb JOCTUXKEHUSI YPOBHS Ma-
TEeMATHIEeCKAX 3HAHNN, HEOOXOINMOr0 /I JaIbHEHIIei yemenHom
KU3HHU B OOIIIECTBE.

IMesn coBpeMeHHOTO MaTEMATHIECKOTO 00pa30BaHUS Peain3y-
FOTCA HE TOJBKO 9epe3 BOOPYKEHNEe 00y IAIOIIUXCS OIIPe e IEHHBIMI
3HAHUAMMA, HO 1 (bOpMI/IpOBaHI/IH Yy Hux MeTallpeIMEeTHbBIX yMeHI/IfI

Marepuajbl U MeToabl. Pabora B KaaeTCKoi IMIKOJIE TepeT
YUHUTEJEeM CTaBUT BONPOCHI OPraHU3AINN 3aHATAN W CAMOIOATO-
TOBKH C KaJeTaMHu B YCJOBHAX 0COO0OTO pexmma PaboThI KO-
JIBI JTAHHOTO THUIIA, & TaKKe OOJIBIION O MEPOIpPUITUAN BOEHHO-
MaTPUOTHIECKON HAIPABIEHHOCTH, B KOTOPBIX 00yJaionnecs npu-
HUMAIOT y4JacTue.

UccenoBanus mo npobieMaM opraHu3anuu 00yIeHus B KaIeT-
CKOI MIKOJIe U 00yYeHrns CTEPEOMETPUN, AHAJIN3 UMEIOIINXCA PAb0-
quX TeTpajieil modynuin K CO3JaHUI0 TaKoit pabotueil Terpaan mo
CTepeoMeTpuu, KOTOPasd IMO3BOJISIET PACKPHITH 00pa3Ibl BeIeHUs
JINAJIOTOB Tpu paboTe ¢ YIeOHUKOM, C UE€PTERKOM, C JOKA3ATETh-
CTBOM, C 33/la9aM¥ HA NOCTPOCHUE.

Pesynbprarer uccaemoBanus. Cozgapaevasi pabodasi Ter-
pajb MO CTEPEOMETPUHU MMeeT Psif OTJIMUWil OT JAPYTuX TeTpajieit
0 JTAHHOMY Pa3/Iey T€OMETPHH.
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Conmepkanme MarTepmajga pa3aeNeHO Ha, TYHKTHI, KOTOPHIE
npeBapser 1eieBoit 6;0k. OH MoTUBUpYyeT HA paboTy U OpUeH-
TUPYET HA TO, 4TO Oy/er n3ydarThcs.

B komIIe Kaxk10# TEMbI IMEIOTCS UTOTOBBIE BOITPOCKHI, KOTOPHIE
OpraHu3yioT pedJIeKCHI0 U3YUeHHOTO MaTepuaJia.

B Terpasib BKIIOUEHBI 3aIaHUsI, KOTOPBIE PACKPBIBAIOT paboTy
[0 aJICOPUTMY W 06pasily (HAIpUMep, TTOCTPOEHUE YIyIa MKy
MPSAMO# M TJIOCKOCTBIO WJIM OTPEJEIeHIe B3ANMHOTO PACTIOIOKE-
HUS IPSIMBIX U TIJIOCKOCTEl COOTBETCTBEHHO).

HokazaTempCTBa TEOPEM B TETPAIN UMEIOT CAETYIONYIO CTPYK-
Typy: HOpMyIUpPOBKAa — m300pakeHne — KpaTKasl 3aIluch yCJ0-
BUA — BOIIPOCHI TI0 AO0Ka3aTEJIbCTBY TEOPEMBI B yLIe6HI/IKe, KOTO-
pbleé OPMEHTHUPYIOT Ha €ro Imarm — CaMmo JoKaz3areJbcTBo. OTme-
THAM, 9YTO HNOCTPOEHUE PUCYHKOB K TeOpeMaM TaKxKe OPUEHTUPYyeT
Ha IIard J0Ka3aTeTbCTBA.

B noknane npesamosiaraercs anagn3 pparMeHTOB 3aJIaHUil pa-
6odeit TeTpaan MO0 CTEPEOMETPUH.

3akiouenne. [1oaBojas uror, MOXKHO CKa3aTh O TOM, 4TO pa-
6ouas TeTpaab IO CTEPEOMETPHUH SIBJIAETCA IUIAKTHICCKUM IIOCO-
Orem, KOTOpPOE MOMOTAeT U yUYUTE/II0, W 0DYyJaroneMycsa B JTOCTH-
JKEHNHU TieJieli COBPEMEHHOI0 MAaTeMATHIEeCKOr0 00pa30BaHMA.

JIuteparypa
1. ®exepanbuas pabodas mporpaMma 1o ydebHOMy mpeamery «Maremarn-

kxa» 6a30BbIl ypoBeHb [dimexkTporusiii pecypc|.—URL: https://edsoo.ru/
rabochie-programmy/ (mara obpamenus: 05.04.2025).



HATJIIHOE OCBOEHUE ITPOU3BOIHOIT
B MATEMATNYECKOM AHAJIN3E:
UTPAEM C MATPEINIKAMIN

O. A. XoJmmeBHIKOBA
(Poccust, Bpsiuck, BI'TY)

CoBpeMenHoe 06pa30BaHUe CTAIKUBACTCS C BHI30BAMU, CBSI3aH-
HBbIMU C yCBOEHUEM CJIOXKHBIX a,6CTpaKTHI)IX HOHS{TI/IfI, OCO6€HHO B
TaKWX IUCIIHATIINHAX, KaK MaTeMaTHIeCKWil aHaan3. Tpagauiinon-
HBIE METO/IbI MTPENOJABAHNS 33a9aCTYI0 HE 0DECIEeINBAIOT OJIKHO-
r'0 YPOBHS BOBJIEYEHHOCTH CTY/IEHTOB U MOHUMAaHUA MaTepuasa. B
OTBET Ha 3THU BBI3OBBI B MOCJIEIHUE [0/IbI 00pa30BaTEIbHBIE TEXHO-
JIOTUM CTPEMUTETHHO DPA3BUBAIOTCS, U HA MEPBBIA TIJIAH BBIXOIUT
HEOOXOMMOCTh C/eaTh Obydenne 00jiee MHTEPAKTUBHBIM U J0-
CTYTIIHBIM.

[IpousBoHas — OJHO W3 OCHOBOIIOJATAOIIUX MOHATUN B Ma-
TeMaTUIeCKOM aHAJ/IM3e, KOTOPOE UMEET KPUTHUUIECKOe 3HAUEeHUE B
TeXHUYECKUX U eCTECTBEHHBIX HAyKaX.

CTy,D;eHTbI TEXHUYIECKUX BY30B YaCTO BOCIPHUHUMAIOT TPOU3-
BOJHYIO KaK aDCTPAKTHOE MATEeMATHIECKOE MOHSATHUE, UYTO 3ATPY/I-
HSIET WX CIIOCODHOCTH TMPUMEHSATH ee Ha npakTtuke. [Ipobema 3a-
KJTIOUAETCA B HEJOCTATOYHON BU3YAU3AINN U TPAKTUIECKOM MPHU-
MEHEHUU TTPOU3BOIHO, YTO MPUBOIUT K HU3KOMY YPOBHIO IOHUMa~
HUd U uHTEepeca K maremaruke. ljisg 6osiee riaybOKOro moHnMaHMs
MPOU3BOIHON TPeOyeTcs HATISAIHBIN TOIX0, KOTOPBI TOMOYXKET
CTy/IEHTAM YBHUIETh B3aMMOCBA3b MeXKJy (PYHKIIUEH U ee Tpou3-
BOJTHOIA.

Ucnonp3oBanne MaTperiek Kak 00pa30BaTeIbHOT0 WHCTPYMEH-
Ta TO3BOJISIET CO3/AaTh HATJISTHBIE MOJIEIN, ULIIOCTPUPYIOIIUE W3-
MeHenns (DYHKINNE U UX TPOU3BOIHBIX.

Matpeniku — 3TO He MPOCTO TPATUINUOHHAS PYCCKAT UTPYIII-
Ka, HO W MOIIHBII WHCTPYMEHT [I/Isi BU3yaJU3AIANA MaTeMaTude-
CKUX TOHsATHii. MaTrpernku ciy)ar MeTadopoil Ijis MHOTOC/TONHO-
¢t PYHKIWI ¥ WX MPOU3BOIHBIX. DTa MHOTOCIOWHAS CTPYKTypa
MTO3BOJISIET CTYAEHTaM YBUIETh, KaK W3MEHEHUs B OAHOM (DyHKIINN
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BJIMAIOT HA €€ IIPOU3BOJHBIC, CO3/1aBad HAIVIAJHYIO CBA3b MEXKIY
Pa3INYHBIMY YPOBHAME aHAJM3a. Hanpumep, BHEMTHAST MATPEIKA,
MOXKET TPEJICTABIATH caMy (PYHKIIHNIO, a KayK/as BHYTDEHHAT —
ee pou3Bo/HbIe. Korja «pacrmakoBbIBaeM» MATPEIIKY, BUINM, KaK
dyHKIIMST TPAHCHOPMUPYETCS B CBOIO TPOU3BOIHYO0, IYTO IIOMOTAET
0CO3HATH, KAK M3MEHEHUS B (PYHKIUU OTPAKAIOTCI HA €€ IPOU3-
BO/IHBIE.

OpmanM n3 cmocoO0B BHEIPEHNS 3TOi KOHIENITHH B y4YeOHbI
MPOTIECC SABJISIETCSl OpraHm3alldsl WHTEPAKTUBHBIX 3anaTtuii. Cry-
JIEHTBI MOTYT PabOTaTh B IPYIIIax, CO3/1aBas CBOU COOCTBEHHbBIE Ha-
OOPBI MATPEITEK, KaXKJasd U3 KOTOPBIX OYIAET MPeACTaBIsITh (PyHK-
M0 U €€ TPOU3BOJIHBIE. DTO HE TOJBKO CIIOCODOCTBYET JIydIleMy
MOHMMAHUI0 MATEPHA/Id, HO W PA3BUBAET KOMAaH/HbIE HABBIKU U
KPEATUBHOE MBbIIIIEHNE.

Haryisimnoe obydeHume ¢ WCIOIB30BAHUEM MATPEIEK Jie/1aeT
nporiece uzydennst 6oJiee yBjIeKaTe bHbIM. VIrpOBbIE 9IeMEeHTHI 10~
MOTaIOT CHATH HallPpAXKEeHWe W CTpaX nepena CJIO2KHBIMA TeMaMH.
CrymenTsl cTaHOBATCA H0JIee BOBJIEUEHHBIMU B TIPOIIECC 00y IeHM,
9TO CIIOCOOCTBYET JIYUIIEMY YCBOEHUIO MAaTepUaja U TMOBBIIIEHUIO
yCIIEBAEMOCTH.

Wcmonp3oBadme WTPOBBIX METOIOB W HATJSIHBIX MOIEIeH B
o0yJeHnr MaTeMaTHIeCKOMY AaHAJIN3y JIEeMOHCTPUPYET ITOI0KU-
TeJibHbIe pe3yabTaThl. CTYAEHTH OTMEYAIOT MOBBIIIEHNE HHTEPECA
K MPEJIMeTy W YaydllleHne MOHUMAHUs CJIOXKHBIX KouIemnuit. O6-
paTHAas CBSI3b OT CTYIEHTOB IMOKA3BIBAET, ITO OHU IyBCTBYIOT CeDsI
6oJiee YBepEHHO TIPU pEIeHnr 3aJad U MPUMEHEHUU TeOpeTHde-
CKUX 3HAHUN Ha IIPAKTUKE.

Takum 06pazom, urpoBoe 0O6ydeHme C UCIIOIL30BAHNEM HATJISI -
HBIX MOJeJieil, TAKUX KaK MATPEeIIKW, TpeicTaB/isieT coboil mep-
CIIEKTHBHBIN MTOAXOM K OOyUEHMIO MPOM3BOIHON, KOTOPBIA MOXKET
3HAYUTE/JIbHO TMOBBICUTH YyPOBEHDL IMOHMMaHWYA W MHTEpPECa CTYICH-
TOB K MareMaruke. J[aHHBI METOJ] HE TOJIBKO CIIOCOOCTBYET JIyd-
IeMy YCBOEGHUIO MaTepuaJia, HO U PA3BUBAET HABBIKU AHAJIUTUYIE-
CKOT'O MBIIJIEHUsI, UTO SIBJIETCS BAaXKHBIM aCIMEKTOM IOJTOTOBKM
CIEIMAINCTOB B TEXHUIECKUX 00IACTSIX.



OBYUYEHUE PEHIEHIIO 3AJIAY C ITAPAMETPOM
CTYJIEHTOB ®U3NKO-MATEMATUYECKNX
[TPOPUJIEN ITEJATOTNMYECKUX HAIIPABJIEHUIT

I'. H. IIIumoBa
(Poccust, Bosorma, Bol'VY)

BBenenmne. 3ajaun ¢ mapaMeTrpoM B TOCTEIHEE BPEMsT BCe
IyO2Ke MPOHUKAIT B KypC IIKOJBHONW MaTeMAaTWKW, OHU BKJIIO-
geHbl Kak B Marepuabl OI'D, rak u B marepuassl KI'9. Ilpu sTom
peIlieHre 33,129 TaKOr0 POJA BhI3BIBAET OOJIbININE 3ATPY/IHEHUS KaK
y IIKOJBHUKOB, TaK U CTymeHToB. [loaTromy Bompoc obydenust pe-
IMIEHNTO 33729 ¢ TApAMeTPOM CTYAEHTOB (DPU3MKO-MATEMATHIECKIX
npoduieil meJarornIecKuX HAINPAB/IEHUN sIBJIAETCSI OYEeHb aKTy-
AJTBHBIM.

Marepuasbl u Mmeroabl. OCyIecTBIeH aHAIN3 TMEIOIIENHCs
JIATEPATYPbl, BKJIIOYad HAYy4YHbIC TPYAbl U METOAUICCKUC U3aHUS.

Pezynbprarsr ucciegoBanusi. Pa3zpaboTanbl METOIUYECKHUE
MTOTXO/TBI U METOINYECKIE PEKOMEHIAIINN TPU O0YIEeHUN PEITeHITO
3aJ1aT C TTAPAMETPOM:

1. Obyuenue pereHuio 3a/a4 TaKOr0 THUMA JIyUIlle HAYUHATH
CeIIne B OCHOBHOM IITIKOJIE npu N3y4YeHuun JIMHENHBIX U KBa/JIPaTHBIX
ypasuenuii. [Ipu 9TOM, Tpy perreHnn KBAJIPATHBIX YpPaBHEHUH C
mapaMeTpoM MOXKHO PacCMATPUBATH 33Ja4u CAEAYIOMIUX THUIIOB:
pellenre KBaIPATHBIX YPABHEHUN ¢ ITapaMeTpPOM C MCHOJIb30BaHU-
eM opMyJT KOpHEIT KBaIPATHOIO YPABHEHUS, PEIIeHne 3a/1a4 C UC-
MOJTE30BAHNEM TEOpeMbl Bueta, perenne 33134 0 PACTIOTIOKEHITO
KOpHeil KBajpaTHoit mapabosbl. CiieayronmM 3TanoM MOXKHO pPac-
CMOTpPEeTh YPaBHEHUS C MapaMeTPOM, CBOAAMIMECd K KBaJPATHBIM.

2. g bosiee TiiyOOKOTO M3ydeHWs 33a< C [TapaMeTpPOM CJjie-
JIyeT paccMaTpuBaTh (DYHKIIMOHAJbHBIE METO/bI PEIeHus 33734
¢ mapamerpom. [Ipm TOM, MCHOTB3YIOTCA CAEMYIONE CBONCTBA
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dbynknumit u ciemyromme MeToap: METO OneHKH (CBOHCTBO Orpa-
HUYEHHOCTH (DYHKIMIA); CBOICTBO HEMTPEPBIBHOCTH (hYHKITHIA; CBOIi-
CTBO YETHOCTH W HEYETHOCTU (PYHKIUIT; CBOHCTBO MOHOTOHHOCTH
dyHKIIN; UCTIO/Ib30BaHNE TPOU3BO/IHOI; Tpaduyeckuii meros. Ha-
MI pa3paboTaHo yIeOHO-METOANIECKOe IOCObre MO pacCMATPUBa-
embIM MeroaM [1].

3. U3ydenme 3a7a4 ¢ mapaMeTpoOM MOYKHO PacCMaTpWBATL HE
TOJIBKO Ha DJIEMEHTAPHON MaTeMaTuKe, HO W Ha y4eOHO# mparTu-
Ke Mo MaTeMmaruke. [loaTomMy, KpoMe IMmemarornvecKnx MPaKTUK B
y4ebHbIil 1y1aH Halero yHusepcurera 1o nanpassiennio 44.03.05,
npoduan «Maremarndeckoe u pusndeckoe obpaszopBannes n «Ma-
TemaTudeckoe obpaszoBanue n HHGOPMATHKAY, BKIIOUEHA yaeOHAsd
mpakTuKa mo Maremaruke (6 u 7 ceMecTpsr), Ha KOTOPOii MBI pac-
CMaTpUBaeM pelleHrne 3a/ia9 C [apaMeTPOM.

BeiBogpi. Obytuenue pemreHnio 3ajad C mapaMerpoM HUrpaeT
Ba2KHYIO POJIb B MOATOTOBKE CTYJICHTOB CbI/IBI/IKO—MaTeMaTI/IquKI/IX
npoduieil meIarornyecKnx HaIpaB/IeHTI.

Jlureparypa

1. HIunosa I'. H., IlTyapman E. B. ®yuKkimonaabHbIE METOIBI PENIEHUS 33039
C TTapaMeTpoM: yueOHO-MeToandeckoe mocobue.—Bostorma: Bostoroa. mH-T
pa3B. 06p., 2020.—88 c.



XPOHOJIOT A PABBUTUA MATEMATNYECKUX
METO/10B PEHTEHU S 3AJIAYM O BPAIITEHNU
TBEPIOTO TEJIA BOKPYT' HEIIOJIBUZKHO!
TOYKU B XVIII-XIX BB.

A. O. Oauna
(Poccust, Cankr-Ilerepbypr, CIIGIACY)

BBenenue. B ocroBe Teopmu rupoCKOINOB — WM3y4UEHHME BCEX
AHAJIUTUYIECKUX DeIleHnil 332N O BPAIEHNN TBEPAOTO TeIa BO-
KpyT HEmomBuKHOU Toukwu. [lebi0 paboThl ABJISIETCST BOCCTAHOB-
JIeHre MCTOPUYIECKNUX STAMOB PA3BUTUS AHATUTUIECKOTO M TeOMeT-
PUYECKOTO METOJ/OB PeIlieHusi TPO0IeMbl BPAIEHU TBEPIOTO TeIa
B TEOPETUIECKON MeXaHWKe W MATeMAaTUIeCKOM aHAJIM3e J0 cepe-
mmabl XIX Bexka.

MarepuaJjibl 1 MeTObl. B CBsI31 ¢ MOCTaBIEHHOMN MEIHIO Pe-
IIIEHBI CEYIONINE 33, TaYNn:

— aHAJIN3 WCTOPUU aHAJUTUIECKOrO perreHust B paborax Oii-
sepa, Jlarpamxka, Ilyanco; a Takyke peayKIusa TEOPUN SJITUITAYE-
ckuxX (PyHKIUH B JUHAMUKE TBEPIOrO TEJA;

— MOAPOOHBIN pa300p OCHOBHBIX MPOOJIEM B PEIIeHUN U MOCTa-
HOBKe 331a91 O BpaIleHnn BO BTOPOit mososuHe XIX Beka B pa-
6orax H. X. Abens, O. . Comosa, K. dxobu, K. Beitepmrrpacca;
CpaBHEHIE UX PAadOT B MCTOPHIECKOM KOHTEKCTe, MX MCTOIHHKI.

Pe3ynabpraTrhbl XpOHOJIOTUYECKOTO uccjemaoBauus. /o Ha-
et paboThl UCTOPHUS IOCTAHOBKYU U PEIIeHHsI K/JIACCHIECKON 3a,1a-
9" O BPalllEeHNN TBEPAOTO TEJjla BOKPYT HeHO;LBI/I)KHOfI TOYKUN UMeEJIa
CJTEJTYTOIITHE STAII ( «C/Iydan PEeIIeHus» ):

1758. JI. Ditnep. ITocranoBKa U 1epBOE PEIIeHUE 3a4a491 O BPa-
IIIEHUU TBEPJOrO Tejia.

IIpomio 15 set.

1773. K. JI. Jlarpamxk. Bropoit srtam perenust 3aadu.
Jlarpam:x mokazaji, uTo aHAJUTUIECKOe DeIlleHne CBOIUTCA K 3JI-
JIMIITUYICCKUM WHTErpaJiaM.
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IIpomwio 114 ser.

1887. C. B. KosaJjieBckas.

Harmmra pabora 3amosaser Jjiakyabl 114-71eTHEro mpoMexKyTKa.
BI)I,ZLQ.HQHO JABa MOIIMHBIX HAITPABJICHWA MCCJIECJOBAHUA W ITPUMEHE-
HUA 3371297 O BPAIEHNN TBEPJOTO Teja: MaTeEMATUIECKOe U MHIKe-
HEPHOeE.

WUccnenoBanusi wunkenepos. 1817. Uoanun Bonenbeprep
(Johannvon Bohnenberger, 1765-1831) nz06pen, a 3arem u omy6-
JITKOBAJI OMUCAHIE TUPOCKOIA.

UccnenoBanmss mareMaTwukoB. VcTropus aHAIATHIECKOTO
PEITeHNs B SJIIUITUIECKUX (DYHKITUIX.

1827. H. A6enn. «Recherches sur les fonctions elliptiques»
(>kypuan Kpemne, 2 1.). Jlokazan meHTPaIbHYIO TEOPEMY TEOPUH
SJTATITUIECKUX (DYHKITHI.

1829. K. {dxobu. IIpomokun riaybokoe uzydeHwe 3/LIANTH-
qeckux Gyt B pabore «HoBble ocHOBaHUS SIUNTUIECKUX
dyHKIITY, B KOTOPO#l BBOAUT 3HAMEHUTHIE TeTa (DYHKIIUN, C TOMO-
IbI0 KOTOPBIX OJIHO3HAYHO OIPEJEISIIOTCS OCHOBHBIE TTAPAMETPBI
JBUYKEHUS B 3a/la4e O BPAIEHUN.

1849. K. dkobu. «HoBasg Teopus 0 BpallieHnn TBEPIOTO TEJIA Y,
«O Bparmenun TBepaoro tenay. OyHnmameHTaIbHOE UCCIEIOBAHUE
110 UCITO/Ib30BAHUIO JLIUNTHICCKUX (DYHKITUN B TUHAMUKE TBEP/IO0-
ro Teja 66110 BeITOIHEHO B 1849 1., a omy6/IMKOBAHO yIKe TTOCMEPT-
HO B €ro BTOPOM ToMme coumHenuit B 1882 r.

1840 u masee, K. Beitepmrpacc. «Ueber die Entwickelung der
Modular-Functionens. Yupocrusn cucremy tera dynknuii fAxobwu,
HaIlle/T MpEeJCTaB/IeHNe MOAYISIPHON (DYHKIUU B BHUJE YACTHOTO
IBYX Psi/IoB, 0000IIMI 3TO MpECTABICHUE HA APYTrUe€ W3BECTHBHIE
SJLIUITIYecKne (PyHKITUN.

1853. K. Jlortrep. «Reduction der Bewegung eines schweren,
um einen festen Punctrotirenden Revolutionskorpers auf die
elliptischen Transcendentens. IIpeacraBun wH2KeHepHOE pereHne
3a/1a4K O BPAIIEHUU TBEPJOTO TE/1a BOKPYT HEIOJABUYKHOI TOYKH C
romoIpio unnrrndeckux Gyukiuit K. dkobn.
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1850. O. U. Comos. «OcHOBaHWSI TEOPUHU JLIUNTHIECKUX
dyukmmits. O606mmIT 1 cucreMaTu3upoaa paborsr Abessa, Axo-
6u, Beitepmrrpacca mo teopun ssmunrudeckux pyHrmit. B aTom
ke (PYyHIAMEHTATHLHOM TPY/E MPEICTABU OCHOBHBIE MPUIOKEHUS
9TOil TEOpUU B T€OMETPUU U MEXAHUKE.

1855. O. . Comos. «Solution rigoureuse du probleme de la
rotation autour d’un point fixe d’un corps solide pesant, lorsque ce
corps a deux moments d’inertie principaux égaux et que le point
fixe estsitue sur ’axe, auquelrepond le troisieme moment; par J.
Somoff. (Lule 8 avril 1855)».

C moMOIIBI0 AU TUYeCKUX (DYHKITH TEPBOTO, BTOPOTO U TPe-
THEr0 POJOB OOBICHUI THPOCKOTHYIecKuii 3HdeKT, KOTOPBIH HA
npakTuke npumensica ¢ 1817 r., vo mo ComoBa He UMeT Teope-
TUIEeCKOT0 o0bsicHenms. [IpemcTaBui cTporoe a0Ka3aTeIhCTBO CO-
OTHOIIIEHUST MOMEHTOB WHEPINH, HEOOXOUMOTO i THPOCKOIU e~
CKOT'O SIBJIEHUSI.

1853 u nanee. B. Puman. B mukie pador 1850-x rr. mpumeHut
TEOMEeTPUIECKU TOAX0/T K CTPOTOMY U3JI0KEHUI0 TPOO/IeMbl Bpa-
[IIEHUST TBEPIOTO Tejia. VICmoIb30BaHne « PUMAHOBOI MOBEPXHOCTH »
U COOTBETCTBYIOIIUX SIIUNTAYECKUX (DYHKIUI UMeI0 3HAUUTE b
HOe MPEuMYIIEeCTBO MPU UCCIEIOBAHUN BCEX 3aJa4, CBSI3AHHBIX C
JIBU2KEHUEM TBEP/IOTO Teja BOKPYT HEMOBUXKHON TOYUKH.

Taxum 06pa3oM, OCHOBHAsT XPOHOJIOTUS PEIeHns 33341 O BPa-
IIIEHUU TBEPOrO TeJia CBOIUTCA K CJIEIYIONIEMY:

1. Jleonapy Ditnep — 1758 1.

2. ZKozed Jlyu Jlarpamxk — 1773 r.

3. Kapn Axobu, O. U. ComoB — 1850 1.

Ob6cyxenne u 3akiadeHue. OTMmerum, 4TO JIjisi COBpE-
MEHHBIX TTPUJIOYKEHNI PEIeHns 3aa9U O BPAIleHUN, B 9aCTHOCTH,
JIJIsT HEOOXOIMMOCTHU TIOJTYI€HUs YUCIEHHOTO MPUOIMKEHHOTO pe-
MEHUST, CTIeNUaIUCTaM HeOOX0INMO UMEeTh [EJTOCTHOE aHAIUTHIE-
CKO€ pellIeHne ¢ 00eCIedyeHneM ero CyIeCTBOBaHUs U € IUHCTBEHHO-
cru. menno Takoe pemenue u Ob110 npeinoxkeno O. M. ComoBbiM

B 1855 .



Cekmuga IV

JlndpdepennuaabHbIe
11 MHTerpaJjibHble YpaBHEeHUd






BOCCTAHOBJIEHUE PEIIEHU A
VHTETPAJIBHOT'O YPABHEHU A OPE/IT'OJIBMA

E. B. A6bpamosa
(Poccust, Mocksa, HIIY «M3»),

C. A. Yuayuek
(Poccust, Mocksa, HIIY «MBI»)

PaccmarpuBaerca 3ajada ONTHMAJIBHOTO BOCCTAHOBJICHUS pe-
menns mHTerpaabHoro ypaBuenus ®pexronsma II poma ¢ aapom
K(x,t) = |z — t| no npubanzkenHo 3aganHbM KodbduUIMEHTaAM
Oypbe mpaBoit gactu. HaiiieHa morperHocTs ONTHMAJIBHOTO BOC-
CTAHOBJICHUSI, YKA3AHO CEMENCTBO ONTUMAIbHBIX METOIOB.

O6o3znauum uepes T orpe3ok [—m, 7] ¢ uueHTHhUIMPOBAHHBI-
Mu KoHIamu. Paccmorpum muTerpasibHoe ypasuenue @penroibma
IT poga:

y(z) + / & — ) y(t) dt = f(x).

Mgl cTaBuM 3a7ady O HAXOXKIEHUU PEIIeHWs ITOT0 YpPABHEHUS
110 puOJIMKEHHO 33 [aHHOMY KOHEIHOMY HAOOPY K0ddduimerTon

®ypoe bysxiwm f(-).
Tounas mocranoBka 3aa4un TakosBa. llycTs r — HaTypasbHOE
9rCI0. 3a1auM KIace pyHKITIi

WH(T) = {£() € La(T) : f77D() —

abcosoTHO HenpepwieHa, Ha, T, Hf(r)(-)HM(T) < 1}.

[Ipencrasnenue psgom @ypbe dyukuuu f(-) € W3 (T) nveer Bu:

—+00

f(l') = Z Cn(f)einz’ rie Cn(f) = %/f(x)elnx de.

n=—oo
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IIycrs nam wu3BecTHbl npubanzkennbie 3HadveHus 2N + 1 Koad-
dbunuenro pama Pypwe dynkrmun f(-), T. €. W3BECTHBI YUC/IA

g-N,.--,90,91,...,gN TaKHe, ITO
N
Z len(f) — gnl? < 6%, 6> 0.
n=—N

Mpgr xoTuM 110 3T0# mHMOPMAIUKT BOCCTAHOBUTH PEITIEHNE UCXOTHOM
3a/1a9n (110 BOBMOKHOCTHI) HAMJIYUIINM 00Pa30M.

B kadecrBe MeroJi0B BOCCTaHOBJIEHHs OyjeM paccMaTpuBaTh
npomsBosbEBIe oTobpaykerns m: C2N T — Lo(T). Bermamma

Eont1 (WQT(T),(S) = inf sup Hy() _m(g)()HQ
" F()EW(T), geCN L,

Sonn len(f)—gnl?<s?

Ha3bIBACTCA IIOTPEIMTHOCTBIO OIITHMAJIBHOT'O BOCCTAHOBJIEHHA a MeE-
TOJ, ﬁb, Ha KOTOPOM JOCTHUTACTCA HUKHAA 'PaHb, HA3bIBACTCA OIITU-
MaJIBHBIM METOJ0M BOCCTAHOBJICHUA. Tounoe penienne YypaBHEHUA
MOZKHO 3alliuCaThb TaK:

y(x) = Z Uncn(f)eim,

e
1
T2 n =20,
M =< 1, n — gerHoe, n # 0,
n2
———, 1N — HEYETHOE.
n? —4’
[ycTs pyn, = 12, v, = n?". ObozHaumM \ = max Pu
n>N "

M = co{{(vn, tn) }nez. } + {(n, vA)| v > 0},

rie co () — BeImyKjIast obosouka MaOKecTBa 2. Onpenennm HyHK-
o 0(+) Ha [0, +00) rak: 6(v) = max{p|(v,u) € M}. Buecs 6(v) —
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BOrHyTad jJoMaHad. [lycTh ¢ — KO/JIMIecTBO TOYEK U3I0MA IOMAHOMN
0(v), 0 =1y < g, <V, <...< UV, — UX apIyMEHTEHL

Teopewma 1. IIpu Bcex § > 0 MOrpenIHOCTH OMTHMAIBEHOTO BOC-
CTaHOBJIEHUS

Eon1 (W3 (T),8) = 567 (572).

Eciu §~2 npunasiexnt Tomy npomexyTky wa Ry, rae 0(-) 3az1a-
ercss ypapaeaueM 0(v) = A\ + AV, TO I g = 7)o H BCEX iy,
1 < n < N, ya0BIeTBOPSIONNX YCJIOBHIO

|1 _O‘nP ‘O‘n|2

<1,
TZ2T>\2 + )\1

CJIEQYIOITHE METOAbI ABJIAIOTCA ONTHMAJIbHBIMH:

W) ) = 3 angae™.

[n|<N
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MTOJIMTHOMMAJIBHBIE MHTETPAJIBI BEICOKOT
CTEMNEHN IBYMEPHBIX TEOIE3NYECKIX
MTOTOKOB 1 OBOBINEHHBIIT METO/I TOTOTPADA

C. B. Aranos
(Poccust, Hosocubupck, M CO PAH)

Vccaeayrorcst HHTErpUpyeMble Teo/Ie3ndecKie MOTOKH Ha JIBY-
MEPHBIX TIOBEPXHOCTSIX, 00JIa/Iaf0IIne JIOMOJIHUTEJIbHBIM TT0JIMHO-
MUAJIbHBIM [0 MMITYJIbCaM [epBbIM HHTErpasoM. IIpu mowcke Ta-
KIUX MHTErPAIOB BO3HUKAIOT KBas3ujMHeiiHble cucrembl jnddepen-
[MATBHBIX YPABHEHWH B 9aCTHBIX TIPOM3BOHBIX, KOTOPHIE, KaK J0-
KazaHo B [l|, aBmisrorcs noayzamusvmonosvimu [2|. Dror dakt
[O3BOJISIET IPUMEHNUTH 0600uwenhvili memod 2odoepadga [2] nsi To-
ro, 9T0ObI CTPOUTH peleHusi Takux cucreM. OJHAKO HEIOCpPe/-
CTBEHHAsl peasin3alisi TOr0 MeToja CBs3aHa CO 3HAYMTEJbHBIMU
TpynHocTamE |3, 4], cm. Takke [5)].

B mokstaze Oymer onmcan OCHOBAHHBIN Ha, 000OIIEHHOM METO-
1e roorpada aaropuT™, KOTOPHIl MO3BOJISIET CTPOUTH MHOXKECTBO
JACTHBIX PeNIenuit Takux cucreM. Takske OyayT MPUBEIEHBI sIBHBIE
IpPUMEpBl METPUK ¥ TEPBBIX WHTErPAJIOB BBICOKHUX creneHeil [6].
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SKBUOCHWIJINPYEMOCTD PEIIEHUN
CUCTEM JUOOEPEHIINAJILHBIX VPABHEHNIN
1O YACTU ITEPEMEHHBIX

B. A. Apsxos
(Poccust, Capanck, MI'TTY um. M. E. EBcebesa),

K. . Kucrenen
(Poccust, Capaunck, MI'TTY um. M. E. Escesnena),

K. C. Jlatuun
(Poccust, Capanck, MI'TTY um. M. E. Escesnena)

IIycre 3amama mpowsBosibHasg cucrema guddepeHna bHbIX
ypaBHeHui

dzr

o = F(t,z), F(t,z)=(F(t,z),...,Etz)T, n>1, (1)

npaBasi 9acTh KOTOPOil 3ajana W HenpepbiBHa B RT x R™ Tre
RT = {t € R|t > 0}. [Tasmee GyneMm mpejnogaraTh, 4To BCE periie-
Hust cucrembl (1) TIPOJOJIPKUMBI Ha, BCIO BPEMEHHYIO mojyoch RT.
Kpowme Toro, mycrsb cucrema ypaBHEHUH

dg

5 =100, f1.0=(hto,.... /)", @

e menpepoiBaas BekTop-byukmus f : RT x R — R yrosmerso-
psIeT YCIOBUIO BasKeBCKOTO, SIBISETCS CHCTEMON CpaBHEHUS JIJIst
cucremsr (1) ¢ Bekrop-dbynxmueit Jsamyrosa V : RT x R? — R
T. e. BRImOsHEHO yesoue V(t,x) < f(t, V(t, z)).

Hng pemmenns x = z(t) cucremsr (1), TPOXOASIIEro Yepe3 Tou-
Ky (to,z0) € Rt xR", 6yaem ucnonbzosars 3amuch © = x(t, tg, Tg).
Jla moboro tg € R muokecTBO [to; +00) Gynem 06o3HaIaTh Ue-
pes RT(tg). JTiobyto HeoTpunaTe/bHy0 BO3PACTAIONLYIO YUCIOBYIO
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MOCJIEIOBATENHLHOCTD T = (7;)jeN TaKylo, 9To lim;_, o 7; = 400, Oy-
JIeM Ha3bIBaTh J2-II0CJIe0BATENLHOCTRIO. [ Kaxkmoit &2-mociie-
nosarenbrocT T = {7;};i>1 Oyaem uepes M (T) o6o3HAUATH MHO-
xkectBo |2 [T2i—1; T2i]-

Hamee gepes a(t,r), b(r), s(r) n c¢(r) dymem o6o3HAYIATH TIPO-
m3BoabHbIe yHKINH, e t,r € RT, obmagaromue ciaegyonmvm
ceoiticrBamu: a(t, r) > 0 — Bo3pacTaiomasa no r HyHKIHs TPU Kazk-
nom dukcuposannoM 3nadennn t € RY; b(r) > 0 — neybbisatomast
dbyukmusa u b(r) — +oo mpu r — +00; $(r) > 0 — Bo3pacTaIast
dbyukiyst; ¢(r) — neybpiBaomast Gynkuus u ¢(r) > 0 upu 06om
r > 0.

Jlastee j/1st Kazk0r0 saeMenta & = (21, ...,T,)" € R™ u mobo-
ro mesioro uncia 1 < k < n 6yaeMm UCHOB30BATH 0O03HAUEHUE Y =
(z1,...,2%)" € R¥. s kasoro snementa & = (&1,...,&)7 € R!
u jioboro uynciaa 1 < p < [ manee GymeM uCIONIB30BaTH 0DO3HA-
wenme 1 = (&1,...,&)T. Kpome roro, mua moboit &-mocenosa-
TeMbHOCTH T = (7;)jeN HaAPALY C YKQ3aHHBIM BBIIIE MHOXKECTBOM
M(r) = U;’il[Tgi,l; Toi] Masee 6yaeT pacCMaTPUBATHCS MHOYKECTBO
N(7) = U2 [72i5 T2ia]-

ONPEAEJEHUE 1. Bymem roBoputs, 9To perenus cucremsr (1)
Y-IKEUOCUUAAUPYIOM, ecr st cucTeMbl (1) maiigercss rakas -
MOCJIeIOBATEIBHOCTE T = (T;)ieN, U JIs JIOObIX uncesn o > 0 u
to € M(7) cymecrByer takoe unciao 3 = [B(tg,a) > 0, aro st
Kazk10r0 pemenus x(t, to, To), ||zol| < a, cucremsr (1), BBITONHEHO
yenosue ||y(t, to, zo)|| < B npu Beex t € RT(tg) N M(7), u kpome
TOTO0, KAXK/10€ perienne cucreMbl (1) SBageTcs y-HeOrpaHuIeHHBIM.

Teopema 1. Ilycre guisi cucrembr (1) cymecrByror &P-no-
cre10BaTe/IbHOCTh T = (T;)ieN, BeKTOp-byHKIus Jlamyroa V :
Rt x R® — R ¢ cucremoii cpasnennsa (2), ¢yuxmun a(t,r), b(r),
s(r), ¢(r), uncno 1 < p < | u HenpeppBHO quhdepennupyemast
monoxkurensaas pyaknms L : RT x R® — R, 118 KOTOPBIX BBI-
MTOJTHEHBI CJICYIOIHE YVCIOBHS:

1) Vi(t,xz) 2 0,...,Vi(t,x) > 0 ara Beex (t,z) € R x R™;
2) b(llyll) < 227y Vi(t, ) ama seex (t,x) € M(7) x R™;

1=
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3) Z Vit z) <alt,||z||) gs Beex (t,x) € M(1) x R™;
4) L(t,z) < s(||y||) mns Beex (t,x) € N(1) x R™;
5) L(t,z) > c(L(t,x)) mus Beex (t,x) € RT x R™.

Kpowme roro, mycrs pemenusi cucrempl cpaBaenust (2) st cucre-

~— ~—

mbr (1) p-skBuorpanndennl no Ilyaccony orHocurennHo &P-mocie-
gpoBaresbHOCTH T = (T;)ien. Torma pemrennst cucremsr (1) y-sxBu-
OCIHLTUPYIOT.

CaencrBue 1. Ilycrb suisi cucrembr (1) cyiecrByror rakme
P-nocen0BarebHOCTh T = (T;)ieN, HEOTPHLATE/IHHAS] HEIIPEPHIB-
Ho jguppepennupyemas pynakmua V @ RT x R® — R (¢pyuxnus
Jlanynosa), ¢yakaun a(t,r), b(r), s(r), c(r), HenpeprsiBHO JHD-
¢epennmpyemas ¢pyaxmma L : RT x R® — R m mempeproiBHas
d)yHKHHH f: Rt x R = R, 9T0 BBITOJHEHBI CIEAYIONIHE YCIO0-

1) blliyll) < V(t ) < alt, [|z]]) ana seex (t,z) € M(r) x R™;
2) ( z) < f(t,V(t,x)) ans Beex (t,z) € RT x R™;
3) 0 < L(t,z) < s(||yll) mma Beex (t,xz) € N(T) x R™;

4) L(t,x) > e(L(t,z)) guz Beex (t,xz) € RT x R™.

Kpowme Ttoro, mycrs pemenwmsi ypasmenuss & = f(t,€) sxBu-
orpaxmdeHbl 110 ITyaccoHy OTHOCHTEILHO SP-I0C/IEI0BATEIBHOCTH
T = (74)ien. Torga pemrenns cucrempr (1) y-5KBHOCIIHIIHPYIOT.

OMNPEAEJEHUE 2. Bymem roBoputh, 9To perenus cucremsr (1)
Y-3KBUOCHUJLIUPYIOT B TIpejeste, ecan st cucrembl (1) madimgyres
Takoe uncao B > 0 u takag JP-TOCAEI0BATEIBHOCTE T = (T;)ieN,
u jyist o6bix uuncesn o > 0 u tg € M(7T) cymecTByer Takoe 9mc-
no T =T(tp,a) =0, uro st Kaxkoro perennsi x(t,ty, ) cu-
cremsl (1), e ||zo]| < «, Bemmosneno ycaosme ||y(t,to, z0)| < B
npu Beex t € RY(tg+T) N M(T), u Kpome TOro, Kaxji0e perieHue
cucrems! (1) aBJIsIETCS Y-HEOTPAHUYIEHHDBIM.

Teopema 2. Ilycrs st cucrembr (1) BbIOJIHEHBI  yC/10-

Bust 1)—5) reopemsr 1. Kpome Toro, mycTh perieHns: CHCTEMbI CPaB-
wernsi (2) mst cucrembr (1) p-sksuorpanmdenst no IlyaccoHy B
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npeJjiesie OTHOCHTE/ILHO PP-niocaenoBaresbHoctn T = (T;)ien. To-
rya permennst cucreMbl (1) y-3KBHOCIIHLIUDYIOT B IIPEJIeETIe.

Caencrsue 2. Ilycre jist cucrembr (1) BBIIOJTHEHBI yCiio-
Bust 1)—4) caencreus 1. Kpome T0Oro, mycrb perieHnst ypaBHEHHS
£ = f(t, &) sxBuorpanmuens: mo Ilyaccomy B npegese OTHOCHTEIb-
HO P-mocaenoBarenbHocTH T = (T;)ien. Torma pemrenmsi cucre-
Mbr (1) y-9KBHOCHH/LIMDYIOT B NIPEJEIe.

OrmernMm, 9TO eC/ii B ONPENEJeHUusIX U TeopeMax MOJIOKWUThH
Yy = x, ¥ p = l, TO MOJYyINM COOTBETCBYIOIIHE OIPEIETCHUS U
TEOPEMBI JIjId CIydasl BCeX MepeMeHHbIX.



HEJIMHENHBIE YPABHEHIUST C UHTEIPAJIAMU
PUMAHA — JINYBUNJLJIA B ITIPOCTPAHCTBAX
JIEBETA C OBIIIMM BECOM!

C. H. Acxabos

(Poccust, I'posuprit, YTV,
YUY um. A. A. Kazapiposa)

[Tycts p(x) ecthb sr0basi HEOTPHUIATETBHAS MOYTH BCIOLY KO-
HEYHad W MMOYTU BCIOAY OT/IMYHAYA OT HYJIA M3MEPpUMasd Ha [0, OO)
dbyuknusa. Obosuaunm depes Ly(p), p > 1, BecoBoe IpoCTPaHCTBO
JlebGera, 1. e. MHOXKeCTBO Beex n3MepuMbix Ha [0, 00) dyrkmit u(z)
C KOHEYHOI HOPMOWA

Jull = ( [ pla) o d:c>p,

0

+ o o

a wepes L (p) MHOXKECTBO BCeX HEOTPUIATETbHBIX (DYHKITHT

u3 L,(p). 3Bectno, uto Ly(p) ects pedrexcuBHOe 6aHAXOBO IPO-

/

CTPAHCTBO U CONPSXKEHHBIM C HUM SBJISA€TCS Lp/(plfp ), P =

p/(p—1).
(03

Beegem B paccmoTpenue onepaTopbl Jieoctoponuero [, u

npaBocToponnero If* apobuoro (B cMbicie Pumana — Jlmysui-

JIST) MHTErpupoBaHus nopsiaka « > 0 Ha JeHCTBUTEIBHONW MOJTy-
ocn [0, 00):

(5@ = a5 | e

a)

)0 = 17 | o 220

xT

! PaBora Beinommena npu noyiepxKke MuHICTEPCTBA HAYKH U BBICIIENO 06-
pasoBanust Poccmiickoit @enepanum, mpoekt FEGS-2023-0003.
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rie I'(a) ecrb ramma-dyHKIps Jitsiepa.

JIemma 1. ITycrs 0 < a < 1, p > 2/(1 + «) u Bec p(x) yuo-
BJIETBOPSIET YCJIOBHUIO

o0
/ P g < 0. (1)
0

Torna omeparoprr 1§, m If neiictByror orpanmdeno u3 L,(p) B

/
Ly (p'™P) u stpstioTest cTpOro mosioxKHTeIbHBIMA.

HokazaTe/bcTBO orpanudeHHoCTd oneparTopos [, u [ onn-
paeTcd Ha HaJIMINe HEMPEPLIBHBIX BJIOKEHUN

Lp(p) € Lyja1a)(0,00),  Laj_a)(0,00) C Ly (p*77")

U WCHOJB3YeT CJIEeICTBUE TeopeMbl Xapan — JIUTTaByga C mpe-
JeIbHBIM TI0Ka3aTesIeM, COTJIACHO KOTOpoMy omeparopwt I, u I}
TefiCTBYIOT HempephiBHO U3 Lo j(114)(0,00) B La/(1-q)(0, oo) I/IX
cTporasi MOJIOXKHUTEILHOCTH JoKa3biBaercst Kak B [1, Jlemma 5.3].
Beegem Temepnr B paccMmorpenme omeparop Hewmbinkoro F,
HOPOXK/IEHHBIN BellecTBeHHO3HAUHON dyHKimed F(x,t), koropast
onpezenena npu € [0,00), ¢ € R u ymoBieTBopsier yCIOBHAM
Kapareomopn: ora m3mepnma mo x mpu a10060M (UKCHPOBAHHOM t
1 HeNpepbIBHA TI0 ¢ MOYTH T BCeX T. ByaeMm mpesmosaraTs, 9To
quist novTn Beex x € [0,00) u Vi, t1,te € R BbimoaHsIroTCS YCA0BUS:

1) |F(z,1)] < e(z)+dip(@) [t~ rae e(x) € L (o), dy > 0;
2) F(:L‘,tl) F(l‘,tg), ecnn t1 < io;
3)F(x,t)t > dap(z)|t|P — D(x), tne D(x) € LT (0,1), dy > 0.

Ucnons3ys slemmy 1, Merozom MoHOTOHHBIX (10 Bpaymepy —
MunTH) ONEPATOPOB JTOKA3BIBAETCS

NN

Teopema 1. ITycts 0 < o < 1, 2/(1+ ) < p < 00 Hu BbI-
mosaero yeaosne (1). Ecan nemnneiinocrs F(x,t) yzoBrnerBopsier
ycaoBusim 1)-3), To mpu mobom A > 0 u smo6om f € Ly (p"),
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p =p/(p—1), ypaBuenne

A Flz, u(x / x—tl azf(:v)

0

nMmeer equHCTBeHHOe perrernne u* € Ly(p).
Crenyromiast ieMMa, sSIBJIS€TCsT JBOMCTBEHHOI Jiemme 1.

JIemma 2. IIycts 0 < o < 1,1 < p < 2/(1 — ) m Bec p(x)
V/IOBJIETBOPSIET YCJIOBUIO

o
/ 2 =p(i=a) dx < 0. (2)
0

a a - 1-p’
Torya oneparopst I, u ;" npefictByror orpanudeHo u3 Ly (p7P)
B L,(p) H ABIAIOTCS CTPOrO MOJOKHTEIHHBIMH.

Bamernm, 9TO 1mpu ycaosuu (2) MMEIOT MECTO HempPepPBbIBHBIE
BJIO’KEHUS

Loj-a)(0,00) € Lp(p) 1 Ly (p'™) C Lyj(144)(0,00).

Ucnos3ys gemmy 2 u reopemy 3 (Bpesuca — Bpayepa) us [2],
JIOKA3bIBAETCST

Teopema 2. ITycts 0 < a < 1,1 < p < 2/(1—«) u BbIIOTHEHO
yeaosue (2). Ecian wenmnneiinocrs F(x,t) yzqoBiersopsier ycaoBu-
am 1) u 2), To npu qrobom A > 0 u mobom f € Ly,(p) ypaBrenne

N[ Fltu()]dt i
o) + 57 0/ e @)

nmeer eguHcTBeHHOE perrenne u* € Ly(p).

QopmynupoBku Teopem 1 u 2 ocrtatorcs 6€3 M3MEHEHWt U B
CIydae MepEeMEeHHOr0 HUYKHEr0 MPeesia WHTEIPUPOBAHUS, T. €. B
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caydae ypaBHCHUN

A Flx,u(x)] + L /(tu_(tgi;?a = f(),

A [ Fltu()dt i
I'a) ) (t—x)-@ = f(@),

u(x) +

COOTBETCTBEHHO.
Ucnonb3yst MmeTomasr paboTsb [3] MOYKHO IOJIYYUTH OILIEHKU HOPM
pellennii paCCMOTPEHHBIX YPaBHEHUN.

JIuteparypa

1. Acxabos C. H. Hesnmueiinble ypaBHeHus tumna cBeprku.—M.: @usmarianr,
2009.—304 c.

2. Brezis H., Browder F. E. Some new results about Hammerstein equati-
ons // Bull. Amer. Math. Soc.—1974.—Vol. 80.—P. 567-572.

3. Acxabos C. H. HeyimHeiiHble ypaBHEHNsI THUIA CBEPTKHU B IIPOCTPAHCTBAX
Jle6era // Mar. 3amerku.—2015.—T. 97, Ne 5.—C. 643-654.



O PASHOCTHOM PEHIEHUN
JNOOEPEHIIMAJIBHBEIX YPABHEHUIT
JPOBHOT'O TTOPAJIKA C HEKJTACCUYECKNMIN
KPAEBBIMI YCJIOBUSIMI!

A. K. Baz3zaeB
(Poccust, Bragukaskas, COT'Y; BIIY),
A. M. Ilyxaes
(Poccust, Bragnkaskas, COT'Y)

Jlanuas pabora MOCBIEHA UCC/IEIOBAHUIO CEMENCTBA PA3HOCT-
HBIX CXEM C Becamu Jjist quddepeHnuaibHbIX ypaBHeHU ! JPpOOHOTO
MOPSIJIKA, C HEKJIACCUIECKUME KPaeBbiMU YCa0BUAME. C TOMOIIBIO
OPUHIATA MAKCHMyMa JJisl CeTOYHOTO ypaBHeHus [1| mosydeHs!
AIPUOPHbBIE OIEHKW, U3 KOTOPBIX CJIEIyeT YCTOWYMBOCTH PA3HOCT-
HBIX CXeM U CXOAMMOCTD UHCJIEHHOTO PeIeHus K TOYHOMY B HOpP-

me C.

1. ITocranoBKa 3aga4u

B mpamoyromsauke Qr = {(z,t),0 < z < 1,0 < ¢t < T}
paccMaTpUBACTCS 3a/1a9a

Dyu = % (k) g—Z) —qla,u+t @ t), (@) eQr, (1)
u(0,8) = u(L,t), g—z (Lt)=0, 0<t<T, (2)
U(iL‘,O) = (P(x)v O<sz<l, (3)

e

(&4 —
80tu =

1 Un(l”ﬂ?) d77
(1l —a) O/ (t —n)*

— npobuas mpoussoanas KamyTo mo Bpemenu nopsaka o, 0 <a<1.

! PaBora BBImOTHEHS TIpH (GUHAHCOBOI momAepkKe MUHMCTEPCTBA HAYKH T
BeIcirero obpazosanust Poccuiickoit Pemeparuu, cormamrenne Ne 075-02-2025-
1530.
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Byzaem npeanonarars, aro dyukunu ¢(z,t), f(x,t) Henpepbis-
Hbl, k(z,t) HenpepbiBHO auddepernupyemMa, ug(z) yI0BIeTBOPIET
kpaesbiM ycaoBusMm (2), 0 < ¢ < k(x,t) < ¢g, 0 < q(x,t) < cs, 1,
Co, €3 — TOJIOKUTETbHbBIE TIOCTOSHHBIE.

2. PasnocTtHasa cxema
Beenem na orpeske [0, 1] cerky
wp ={z;=1ih:i=0,1,...,N}
¢ marom h = 1/N no nepemennoit x u ua orpeske [0, 7] cerky
wy={x;=j7:5=0,1,...,50}

c marom 7 = T'/jo o nepementoii t. Ha muOXKecTBe (Qp paccMor-
pUM CeTKy

Whr = 0p X Wr = {(z3,t;),1=0,1,2,...,N; 5 =0,1,2,...,jo}.

B pabore [2] nonyden auckperHblii aHasIor ApOOHO TPON3BO/I-
HOH II0 BpeMeHU

e, u = Ay, u+ 0(7'2_0‘), (4)
J s+1 S
1— uTt—u
D (o g TR
s=0

Huddepenmuansuoii 3amade (1)-(3) mocTraBum B COOTBETCTBHIE
oxuomnapamerpudeckoe 1mo o, 0 < o < 1, cemeiicTBO pa3HOCTHBIX
cxeMm

Ay =AMy —dy™ 4 fi, i=12... . N-1, (5
(anyzn)) = —0.50(AG yn + (dxyn)' ) — fn), (6)

yg:y%?j:()avaa"'ijv yi:gpi,izo,l,Q,...,N, (7)
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rae
(@) _ 1 Ay = _
y; =0+ (1 —0)y;, Ay=(ayz)a,
a; = 05(kl—1 + kl)v kl = k(ZL‘Z,E), d'L = q(xu{)a
fi= fzj = f(xl,t_), i = cp(:cl), t= t]’ + 0.57,
N j+1 i . ji—1 YN —YN-1
g=v" y=yl i=y " wn=T—
CupaseinBa

Teopema 1. IlycTs BBITIOJTHEHB! YCJIOBHS

(2 —217*)h?
['(2—a)(2ca + cgh?)’

71 —0) < 0<o <. (8)

Torna pasmocrras cxema (5)—(7) paBHOMepHO ycroiiumBa mo Ha-
JaJIbHOMY YCJIOBHIO W IPAaBOI 9aCTH YPaBHEHHS, U3 9ero CJAeIyeT
PABHOMEDHAsI CXOJUMOCTH HMPUOIHKEHHOTO DEIICHHs K PELIeHHIO
nupdepennnanbrori 3agaan (1)—(3) ¢ Tounocrbio, coBnajarorer
¢ MOPSIJIKOM HOTPEITHOCTH AIIIPOKCHMAIIHH.

BAMEYAHUE. Ciemyer ormeruTs, uro npu « — 1 (8) mepexo-
JIAT B XOPOIIIO M3BECTHOE YCJIOBHE Ha mmar 7 [3]:

h2

. 0<o<l
(23 + c3h?)’ ’

(1—-0)T <

OTmenpbHO OYIyT MCCIeI0BAHBI PA3HOCTHBIE CXEMBI st Jud-
depeHImabHOTO ypaBHEeHW JAPOOHOTO MOPsAIKa C APOOHOM TTPO-
U3BOJHOM II0 IPOCTPAHCTBEHHON MepeMeHHON B MJIAJIINX YjIeHax

Ogu = % (k(x,t)?—i) +

(e, )0 u — qla, tyu + f(a,t), (z,t) € Qr,

9)
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C KpaeBbIMU ycsioBusiMu (2)  HadasIbHBIM ycaoBueM (3), re

T

&) w= 1 Ug(f,t) df
% ‘m—mo/ (e 0P

— npobHag Mpou3BoaHad KamyTo mo mpoCTpaHCTBEHHON mepeMeH-
noit nopsizka 3, 0 < 8 < 1.

JIuteparypa

1. Camapckmii A. A., I'ymua A. B. YcTOWYNBOCTD PA3HOCTHBIX cxeM.—M.:
Hayxa, 1973.—415 c.

2. Taykenoa @. I., IlIxanykos-Jla¢gpumen M. X. PaznocTHble METOIBI pe-
IIeHWsT KPAeBbIX 331a4 i Aud depeHnaIbHbIX yYPABHeHnH Ipo6HOTO
nopsaaka // ZKypn. Beramci. marem. u mar. ¢pu3.—2006.—T. 46, Ne 10.—
C. 1871-1881.

3. Camapckmii A. A. Teopus pasnoctubix cxem.—M.: Hayka, 1989.—616 c.



TOIIOJIOTUYECKA{ COITPAZKEHHOCTbD
[IPSIMBIX TTPOU3BEAEHUN TUODPEOMOPO®U3MOB
C AHOCOBCKUMMN COMHOYKNTEJISAMI!

M. K. BapunoBa
(Poccust, Huzkuuit Hosropog, HIIY BIIID),

C. A. Ky3pMmun
(Poccust, Huzkuuit Hosropoy, HITY BIIID)

Pabora mocssimena Tomo10rndeckoit KyracCuuKaum JuCKpeT-
HBIX JUHAMIYECKHX cucTeM. PaccmarpuBatorcs anddeomopdms-
MBI, ABJISIIONINECS MPSIMBIMU MPOU3BEICHUAMHI JIBYMEPHOTO Tud-
deovopdusma Arocosa n muddeomopduamMa, w- U q-TpeIeTbHbIe
MHO2KECTBa KOTOPOT'O ABJIAIOTCA KOHCYHBIMW IJIdA Ka,)K;LOI‘/JI TOYKHU.

Bostee neranbno, mycthb fa,g4 : T? — T2 — muddeomopdus-
Mbl ArocoBa, a mguddeomopduzmbr f,g : M" — M"™, 3amaHHbIe
Ha [JIAJKOM CBSI3HOM 3aMKHYTOM MHOroobpasuu M"™, TaKOBBI, UTO

oast Bcex x € M"™ MHOXKecTBa w-TIPEIETbHBIX TOYEK w,{f n wy

U Q-TIpeJIeTbHBIX TOYEK ag u of xomeunnl. Juddeomopdusmpl
F.G: M — M, rne M = T? x M"™, aBAsioTCsl IPAMBIME IIPO-

W3BEAEHUSIMU COOTBETCTBYONMX guddeomopdusmos, T. €.

F(x,y) = (fa(z), f(y)) n G(z,y) = ga(x),9(y)).

OcrOBHBIM PE3YIBbTATOM ABJIACTCA CJACAYIOIIasd TeopeMa.

Teopema 1. Ilycrs F' u G TonoIorndecKn CONPSI>KEHBI, TOTAA
conpsiraforuii romeomoppuzm H : M — M, Ho FF = Go H
SIBJISIETCST KOCBIM IIPOHU3BEICHUEM BHJIA

H(z,y) = (ha(z),ha(y)), z€T? yeM"

! PaBora BBITIONTHEHA B paMKax mpoekTa «MexXayHapomaHoe aKaJeMUIecKoe
COpr,ZLHI/I‘IeCTBO» HaHHOHaJ’IbHOI‘O HCCJIe0BaTEe/IbCKOIrO yHI/IBepCI/ITeTa «BLIC-
Irad MIKOJIa 9KOHOMUKHW .
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JlaHHBIT BUI COMPATAIONIETO rOMEOMOPMU3Ma, MTO3BOJISIET BbI-
ABUTH CJICAYIONNNA KPUTEPUA TOMOJIOTUYECKON COIPAKEHHOCTH
paccMaTpuBaeMbIX IIPAMBIX [IPOU3BEICHUNA.

Teopema 2. /lu¢pcpeomopdpusmpr F' u G TOMOJIOrHIECKH CO-
IPS>KEHBI TONa U TOJIBKO TOTJA, Korja f4 TOMOJOrHYeCKH COIpsI-
JKEH C g4 U [ TOIOJIOTHYeCKH COIPSIAKEH C (.



METO/I ITOJIOBHBIX OITEPATOPOB
B UCCJIEJOBAHNN BOSMYIIEHHBIX
CAMOCOITPAZKEHHBIX OITEPATOPOB

A. T. BackakoB
(Poccust, Boponex, BI'Y),

I'. B. 'apkaBenko
(Poccust, Boponex, BI'Y),

H. B. YckoBa
Poccusga, Boponex, BI'TY
(

IMycrs # — rtuasbeprosBo mpocrpanctso, A : D(A) C
H — HC — TUHEHHDIH 3aMKHYTBI CAMOCOTIPSIZKEHHBIN OMepaTop,
nmerornuii obracts onpeenennst D(A) u cnekrp o(A). Boamyue-
Hue B mpuHAIIEKAT OaHAXOBON ajredpe OrpaHWYeHHBIX JIHHEe-
HbIX omeparopoB End S, neiicrBytomux B 2. Paccmarpusaer-
sl IPUMEHEHNe MeTo/a TMO00HBIX omeparopos |[1-5] K omeparopy
A — B. B cranzaprroit Bapuanuu merona (cM., Hanpumep, [1-4])
MPEJITIOJIAraeTcst, 94To crekTp o(A) omeparopa A COCTOUT W3 TOJTY-
[IPOCTHIX CODCTBEHHBIX 3HAYEHUN A;, ¢ € Zy, IPUYEM BbHIITOJIHEHO
YCJIOBHE Pa3eJIEHHOCTH CIIEKTPa

d:%%‘)\i—Aj‘>O. (1)

MOKHO IPUMEHHUTH JPYIYIO CXeMy METOJIa TIOJI00HBIX OIIepaToOpPOB,
He TPeOYIOIIYIO BHIMOTHeHNs yeaoBus (1).

Ilycts { Py, k € Z} — nu3bIOHKTHAS CHCTEMa IPOEKTOPOB [5.
Marpurieit oneparopa X € End 7 Ha3biBaercst onepaTopHast MaT-
puna (P, XP;j), i,j € Z.

U3 [5] cremyer Teopema.

Teopema 1. Ilycrs BbIIIOJIHEHO yCJIOBHE

10.8V3||B|| < 1. (2)
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Torma oneparop A — B mnogober omneparopy

A= "P.ByP, By€Endz,
keZ
KOTOPBIIT UMEET JUATOHAJIHHYIO MATDHILY.

Ormernwm, 9T0 B CTaHaPTHON cxeme 00braHo - = lo(7Z) w npo-
ekTopel Py, k € Z, crposgrces mo MHOXKecTBaM o = {A\x}, k € Z.
Torga ycioue, Ipu KOTOPOM BO3MOXKHA JUaroHajm3arys, (op-
MyJIUpyeTcst B cyefyromnieii Teopeme (cm. [1-4]).

Teopema 2. Ilycrs Bbliiosneno ycaosue (1) u
2rd~'||B|| < 1. (3)

Torma oneparop A — B 10100€eH orepaTopy ¢ JuaroHaJbHOH MaT-
puiei
A— Z P.ByP,, r1ae Bye .
keZ

Yenosue (2) (wim (3)) siBasiercss orpaHUYUTEIBHBIM U TPely-
eT MaJIoCTh HOPMbI BO3MYIIEHUsI. BO3MOXKHO cHsATHE yCaoBmii (2),
(3), Ho B ycaoBusix Teopemsl 1 oneparop A — B Gyer npuBoauTh-
cda mpeobpazoBaHUEeM MOA00MT K KOHEYHOIMATOHAJILHOMY, & HE K
JIUATOHAJIBHOMY BHLY.

Teopema 3 [5]. Oneparop A — B nogoben oneparopy ¢ KoHed-
HO-JHaronaJjbHoit marpuieii A — By.

[Tpu BeImOHEHUN ycaoBus (1) BO3MOMXKHO JBa IyTH CHSITHS
yenosust (3). Eciau cobcrBernble 3HaUeHust \; pa3beraiwTcs, T. e.

Jim A=y = oo, (4)
i#]

TO MMeeT MecTO cieiyiomuii pesyibrar (eum. [1, 2, 4]).

Teopema 4. Ilycrs Bbiiosneno ycaosue (4) mw B € End 2.
Torzma cymecrByer takoe k > 0, uro A — B mogober omneparopy

A= " PuBoPpn— QrBoQr, Qr=)Y_ P (5)

|m|>k li|<k
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Ecmm ke ycnosue (4) mHe BBINOAHEHO, HO omeparop B mpu-
HaJIeXKUT uaeaty omneparopos ['misbepra — Ilvmara So(H#) C
End 57, ro npeobpazosanue nomobus oneparopa A — B B onepa-
Top (5) BO3MOXKHO C UCIIOTH30BAHUEM BECOBOTO OMEPATOPHOTO ITPO-
CTPAHCTBA TIPU yUeTe CKOPOCTH YOBLIBAHUST MATPUIHBIX JJIEMEHTOB
omeparopa B 1o cTpokam m cToJIbmaMm.

OrmernM, 9TO BOZMOXKHO ociabsenne yeiaosust B € End 7 wa
yCJIOBHE TO9MHEHHOCTH oreparopa B oneparopy A. Torna B 3Tom
cydae HeoOXOAWMO MPUMEHWTH MPEIBAPUTENTHHOE MPeodpa3oBa-
Hue nofobust oneparopa A— B B oneparop A— By, rue By € End 57
(cm. [1-4]).

JIuteparypa

1. Baskakov A. G., Krishtal I. A., Uskova N. B. Similarity techniques in the
spectral analysis of perturbed operator matrices // J. Math. Anal. Appl.—
2019.—Vol. 477, Ne 2.—P. 930-960.

2. Backakos A. I, ITossixkoB JI. M. Meroj 1moi00HBIX OMEPATOPOB B CIIEK-
TpaJIbHOM aHAJIM3€e OlepaTopa Xujula ¢ HEII3JKUM morennuaiom // Mar.
¢6.—2017.—T. 208, Ne 1.—C. 3-47.

3. Backakos A. I, Jlepbymes A. B., Illepbakos A. O. MeTox mogoOHBIX Omie-
PATOPOBB CIIEKTPAJIBLHOM aHAJIN3e HECAMOCOIPSIKEHHOro oreparopa Jlu-
paka ¢ mernaakum norennmasom // M3s. PAH. Cep. mar.—2011.—T. 75,
Ne 3.—C. 3-28.

4. Backakos A. I., Kpumran . A., YckoBa H. B. Meron ogo0ubIx one-
PATOPOB B CHEKTPAIHLHOM AHAJIN3E ONEPATOPHBIX OECKOHEUHBIX MATPHIL //
IIpuksa. marem. n puz.—2020.—T. 52, Ne 2.—C. 71-85.

5. Baskakov A. G., Krishtal I. A., Uskova N. B. Method of similar operators
in harmonious Banach spaces.—arXiv: 2404.01227.



O CIHHEKTPE OIIEPATOPA BTOPOTO ITOPSJIKA
CO CJIBUT'OM 1 KPAEBHIMU YCJIOBUSIMU
JVPUXJIE 1 HEMIMAHA®

. 1. Bopucos
(Poccust, Yda, IMBIL YOUIT PAH),

. M. Ilonakos
(Poccust, Bragnkaskas, FOMU BHII PAH;
Yda, IMBIL YOUIT PAH)

B macrostmem I0KJIae MBI pacCMaTPUBAaeM OJHOMEPHBIH Orre-
parop IIpémunarepa, KOTOPBIi BO3MYIIEH oneparopoM casura. Oc-
HOBHAsI 11€/Tb PAOOTHI — TOJIYYUTh ACUMITOTHKY COOCTBEHHBIX 3HA-
deHwuit i1 OOJIBIITUX HOMEPOB, KOTOPas OyIeT PaBHOMEPHA, 110 IMa-
paMeTpy caBura. BenmuuHa CABUra MPENo/iaraercs IPOU3BOJIb-
HBIM 9YncsIoM u3 npomexyTka [0, 1]. B Tom uncie yaursisaercs ciry-
Yail JOCTATOYHO MAaJIOTO CABHUTrA. 3aJa4u MOJI00HOTO PO C MaJIBIM
apaMerpoM Hadasn M3y4aThCs CPaBHUTENLHO HeaaBHO (cM. [1] u
UCIIOIB3YEeMYI0 TaM JiuTeparypy). B aroii pabore mccienoBasach
npob/ieMa TOBeIeHUs CIIeKTPa /I OTAEIBHBIX MOJEIbBHBIX CIyda-
eB OIIepaTOpPOB, KOTOPbIE COEPZKAIN MAaJblil IapaMerp MpH CTap-
et npousBoAHOil. B crarse [2] m3ydanuch crekrpasbHble CBO-
crBa U depeHIatbHO-PA3HOCTHLIX OIEPATOPOB Y€THOIO MOPS/I-
Ka B MPOU3BOJILHOM 00/IACTH ¢ MAJILIMK TTIEPEMEHHBIMEU CIIBUTAMU B
MJIAIIUX 9IeHaX W O0IIMME KPACBBIMH YCJIOBUAMEI, KOTOPHIE TaK-
JKe coliepKaT MaJblii mapamerp. /lanHas paboTa MpPOJOIKAET UC-
CJIEZIOBAHUS B 3TOM HANPABJICHUN I OJHOTO KJIACCA OJHOMEPHBIX
MOJIETTBHBIX OTIEPATOPOB.

Jagum  1onpobHYI0 TOCTAaHOBKY 3ajadu. B mpocrpaHcrse
L2(0,1) paccmorpum omeparop &7 Buga /'y = —y” | KOTOPBIH MbI

Wecenenosanue Boionseno 3a cuer rpanrta Poccmiickoro Hayusoro dhonia

Ne 23-11-00009, https://rscf.ru/project/23-11-00009/.
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Oyzem cumTaTh HEBO3MYyIEeHHBIM. B KadecTBe objacTu ompeesie-
HUS oTepaTopa & OyaeT BBICTYIATH TPOCTPAHCTBO W22(O, 1) ¢ kpa-
esbiMu ycmosusimu Jdupuxiie win Hetimana. [lpu aTom oneparop o
CaMOCOTIPSIZKEH.

BBeegem B paccMOTpeHMEe JBa BCIOMOTATE/bHBIX OIEepaTopa.
Yepes £ 0603HAUNUM OLEPATOP MPOJOIKEHNs HYJIeM BHE HHTEPBa-
na (0,1), koropslii paccmarpuBaeM Kak jgeiicrBytomuii n3 La(0, 1)
B L2(R), a uepes # — oneparop cyxenuns Ha (0, 1), geiicrByronrumii
u3 Lo(R) B L2(0,1). Takum 06pazom, 3Tu onepaTopbl 3aatoTcst
crepytommMm obpasom: Ly = y B (0,1) u Ly = 0 sue (0,1), a
rakxke Zy = y na (0,1). Janee B Lo(R) onpemennm oneparop 7 ¢
casura (7 %y)(z) = y(xr + o), rme « € [0, 1].

[Tycts V 1 S — KOMILIEKCHO3HAYHBIE (DYHKITUH U3 ITPOCTPAH-
crea WL[0,1]. Torna as npowssoabnoit dbynkmmm y € Lo(0,1)
OCHOBHOII Bo3MyImaomuii oneparop A% B npocrpancrse Lo (0, 1)
JeHCTBYeT CJIeayIonmM 00pa3om:

(By)(2) = =V (2)y(x) = S(2)(y(z + a) - y(z)),

rie (YHKIUST Y CUYUTAETCS MPOJOJIKEHHON HyJeM BHE OTpe3Ka,
[0, 1], a pe3ysbTaT AEHCTBUS CyXKAETCS HA TAHHBIH OTPE30K. XOpo-
110 BUAHO, 4ro upu o = 0 oneparop A% nupespaiiaerca B 00bIYHbI
OTIepaTop YMHOXKEHWS Ha ToTeHInaa —V, a mpu o = 1 — B omepa-
TOp yMHOXKeHus Ha norennuan —V + 5. Takum o6pazom, OCHOB-
HBIM 00bEKTOM M3yUeHUs B HACTOsIIEH paboTe SIBIIETCS OIepaTop
H = of — B, neiicrytommii B Lo (0, 1) na obactu onpepenenns
W2(0,1) ¢ xpaessivm yeaosmamu lupuxiae mmn Heitvama.

Hecmoxu0 ycTaHOBUTE, 9TO omeparop % uMeeT KOMIAKTHY IO
PE30JIBBEHTY U €r0 CIEKTP COCTOUT U3 CYETHOIO YHUCJa COOCTBEH-
HBIX 3HAYEHHUI C e JUHCTBEHHOI TOYKOM HAKOILIEHNS B OECKOHEUHO-
cru. O603HAYNM COOCTBEHHBIE 3HAYEHUS Uepe3 Ay, 1 € N, 1 IpoHy-
MepyeM uX B [Opsijike Bo3pacranust ux mojyseit. Yepes x1 = xz(z)
OyaeM 00603HAYATH XapaKTEPUCTUIECKYI0 (DYHKINIO oTpe3ka I Ha
BEIIECTBEHHON IIPAMOMN.

Harr ocHoBHOIT pe3ysibTar MOCBAIIEH aCUMIITOTHKE COOCTBEH-
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HBIX 3HaUYeHUil omeparopa S < npu OOJIBIIIX HOMEpPAX 7.

Teopema 1. [l cobcTBeHHBIX 3HAUYEHUH A, omeparopa %
CIpaBEITHBA CJAEAYIONIAas aCAMITOTHKA MPH 1 — —+00:

1
Ap = 1202 42 /(V(x) — S(z)) sin? mnx dz +
0

1
+2/S T) X[0,1—q] (%) sin mna sin mn(z 4 o) dr +
0
+ K+ KP4+ 0(n7?),

B cIydae KpaeBbIX ycjopuii /lupuxie n
1
Ap = 721 +2/ (z)) cos® mnzx dx +
0

1
—|—2/S ) X[0,1—q] (%) cos mnx cos mn(z + ) dr +
0
+ K + K3? + 0(n7?),

B ciaydae KpaeBbix ycaosmii Hetivana. Ilpu sTom

2mn

1
ot = Smmna / (S(x) — V() x
0

x j S(t)dt—al/aS(t)dt da,

max{0,z—a} 0
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l-a
KS’Z:SIHQWHO[ /S(x)x
2mn
0
T l-a
o
X S(t)dt—g/S(t)dt dz,
max{0,z—a} 0

o OIleHKa OCTATOYHOIO WIeHa paBHOMepHa 1o o € [0, 1].
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O BAJAYAX OIITUMAJIBHOI'O ITPOEKTUPOBAHU A
VIIPYTUX U BA3KOYIIPYTUIX CBONCTB
SJIEMEHTOB KOHCTPYKIINIT!

A. O. Barynabpsan
(Poccust, Pocros-na-/lony, FODY;
Braankaskas, FOMI BHIL PAH),

O. B. dspyan
(Poccust, Pocros-na-/lony, FODY,
Baaankaskas, FOMU BHII PAH)

AKTya pHOCTD 3329 ONTUMAILHOTO TTPOEKTUPOBAHUS CBOMCTB
9JIEMEHTOB KOHCTPYKIUI OOYC/IOB/IEHA HECKOJIBKUMU KJIIOUEBHIMU
dakTOpaMu, KOTOpbIe UMEIOT OOJBINOe 3HAYMEHUE KAK B HAYIHO-
TEeXHUYIECKON, TaK W B MPAKTUIECKON cdepax u MO3BOJIAIOT I10-
BBIIATH 3P HEKTUBHOCTH UCIIOIH30BAHUS MATEPUAJIOB P COXPa-
HEHUW NI YJIYHHICHUN SKCILIYaTAIIMOHHBIX XapPaKTEPUCTUK KOH-
crpykiuii. [IpaBuibHbIi TOA00pP U ONITUMU3AIUS CBONCTB J/I€MEH-
TOB KOHCTPYKIUHU (HAIIPIMED, MPOYHOCTH, KECTKOCTH, YCTONIHBO-
cTi) 06EeCIeYnBalOT HAJEKHOCTH W JIOJTOBEYHOCTh M3JEnil, 9TO
0CODEHHO BAXKHO JIj1sT KOHCTPYKIINY OTBETCTBEHHOI'O HA3HAYUEHUS B
aBUAlN, MallTMHOCTPOEHUN, CTPOUTEJIHLCTBE.

Wurerpanns HOBBIX MaTEPUAJIOB W TEXHOJOTHil (KOMIIO3HUTHI,
b YHKIMOHAIHHO- DA TUEHTHBIE M&TepI/IaJ'[I)I) TpPeOyIOT HOBBIX MO/
XOMOB K IPOEKTHPOBAHUIO C YYETOM WX YHUKAJBbHBIX CBOINCTB
n obecriednBaloIIe ONTUMAJIbHOE ITOBEJEHIEe COOTBETCTBYIOIIErO
00beKTa KOHCTPYKIUUA COTJIACHO PACCMaTPUBAEMOl 3aJiade OMTH-
MU3aIN B 3aBUCUMOCTH OT UX MTPEAHA3HAYCHUA. HpI/I 9TOM 3aKOHBI
HEOTHOPOJHOCTH JIOJI2KHBI IMETh JJOCTATOYHO MPOCTHIE 3aKOHBI W3-
MEeHEHNd 10 KOOpaInHATaM, obecrednBatoriue 3(heKTUBHOE YIIPaB-
JIEHNE TeXHOJIOTUYICCKUMMU IIPOIECCaMM IIPU NX M3TOTOBJICHUN. 9TO

"Meccmenosarme soimommeno 3a caer rpanTta Poccmiickoro HayaHoro dhomnma
Ne 22-11-00265-I1, https://rscf.ru/project/22-11-00265/, B FOxxroMm denepasn-

HOM YHHUBepCHUTeTe.
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MPUBOIUAT K HOBBIM (DOPMYJIUPOBKAM 33189 ONTUMAJJIHHOTO TPOEK-
TUPOBAHUS CBOICTB MaTepHaJIOB HA KOHEYHOMEPHBIX MHOXKECTBAX
TPOCTON CTPYKTYPHI, HAIPUMED, CPEN TTOJIMHOMHUATIBHBIX, KCITO-
HEHITHAJIBHBIX, KYCOYHO-TIOCTOSHHBIX U KyCOUHO-JTHHEHHBIX (DYHK-

AL

B pamkax uccemoBanus ObLIM pACCMOTPEHBI HECKOJIBKO MTO/IXO0-
JIOB K PEITEeHNIO CITEKTPAIBHBIX 3307 MaKCUMU3AINN TTEPBOit cOO-
CTBEHHOI YaCTOTHI IPOCTEUINNX SJIEMEHTOB KOHCTPYKITHiI — OaKu
u KpyTJioil miracTuibl. B kavecTBe ynpasisiomux OyHKINHA BHICTY-
majad MexXaHW4YeCKue yIpyrue Uil BA3KOYIPYTUe CBOMCTBA MaTe-
puasa. st permerHnst ONTUMU3AMMOHHBIX 339 MCITOJIb30BAINCH
KaK aHAJUTHIECKUe, ACHMITOTHIeCKHe MeTojabl [1|, Tak wmcsen-
HBbIE€ CXeMbI, B TOM YHUCJI€ W 3IBOJIIOIIMOHHBIEC AJTOPUTMBI. BS[BKO—
yupyrue CBOIICTBa YYIUTBIBAJINCH B PaMKaX KOHIIETIIUN KOMILJIEKC-
HBIX MOJYJIeil.

B moenpHBIX 3a/1auax i KOHCOBHOM OaIKu U KPYTUIOi Ta-
CTHUHKH, MAPHUPHO OMEPTOil M0 KPaio, YAAJI0Ch MOJIYINThH aHAIU-
THYECKOE DPEeIlleHre — ONTHMAJIbHOE pAaCIpe/esieHne BI3KOYIIPY-
IUX MOAyJe#d — JJIMTEeJbHOIO W MTHOBEHHOI'O MOJYJIeH, C y4de-
TOM JIOTIOJIHUTEJILHOTO YCJIOBHUSI, KOTOPOE OIPeJIe/isieT OrpaHude-
HUS Ha CPeJIHee PaCpeiesieHne COOTBETCTBYIONTNX XaPAKTEPUCTHK
o obbemy. [Toctpoeno coornomrenne Peses, a Tak:xe 00001eHHbIH
dyuknmuonaa Ha 6a3ze Meroma muOKHUTeeH Jlarpanxka. lanee u3
BapuanynOHHOT'O IIPUWHITAITA Ha,I‘/JI,B;eHO ycCjioBrue ONTUMAJIbHOCTHU, KO-
TOpPOE COCTOUT B MOCTOSTHCTBE TOTEHINaIbHOM sHepruu. PaccmoT-
PEHBI aCUMIITOTUYECKHNE COOTHOIICHUA JIJIAd MaJIbIX 3HAUYEHN Bpe-
MEHU PeJIAKCAIIIH.

CrouT OTMETUTD, YTO AHATUTUIECKOE PEIeHne TTOCTPOUTD YIa-
€TCd He BCerja, Kak, HalpuMep, B cjaydae KPyLJIOH IIJIaCTUHKU,
JKECTKO 3aKpeIIeHHON mo Kparo. [lad sToii 3amadm, a TakXKe u
171 BCEX OCTAJBbHBIX MOJEJBHBIX 3a/ad, MIPEII0XKEeHa YNCICeHHAS
CXeMa ONTUMAJIBHOT'O YIIPDABJJIEHUYA XaPAKTEPUCTUKAMU MaTepUuaJiad
B KJIACCE€ IIOJMHOMOB, C yYeTOM HX CBONHCTB IOJIOXKUTETHHOCTH.
[Tpemraraemasi cxema COCTOWT B KOMOmHammm mMeroma [amepkmHa
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i pertenns guddepeHnnaabHOr0 YPaBHEHUS, TTPEICTABIIAIONIE-
r'0 yCJIOBUE ONTUMAJBLHOCTA OTHOCUTEIHHO COOCTBEHHON (pyHKIUN
(nepBoit hbOpMBbI), U METOJA HAMMEHBIINX KBAJPATOB, JIJIS MOCJIE-
JIYIOITIET0 OTpe/ieerus Ko3(pOUIUeHTOB TOJTMHOMUATBHBIX PA3/I0-
JKEHUH yIpaB/sonmx QyHKITHA.

IIpoBenen cpaBHUTENBHBIN aHAIN3 AHAJIUTAYECKOTO U IPUO/IH-
JKEHHOTO PeIeHns ONTUMU3AINOHHBIX 3aa4. [Ipemmoxkena Takxke
9HUCEHHAs CXEMa, PENeHNs CIIEKTPAJIHLHON 33/1a91 Ha KOHEYHOMED-
HOM MHOXKECTBE MOUCKa KO3(DPUITMEHTOB PA3JIOKEHUS YIIPABJISIO-
mux pyHKIW, KOTOPas He ONUPAETCI HA YCJIOBHUE ONTUMAJIHLHOCTH,
a 3aIyCKaeT SBPUCTUYECKUl TOUCK TmapaMmeTpoB. B kauectse dur-
vecc pyHKIMU 3a1aHa DYHKIN, BOZBPAIIAIOINIAS 3HAUEHNUE I1E€p-
BOit COOCTBEHHOI YaCTOTHI OT 33AHHBIX IBPUCTUIECKUM AJITOPUT-
MoM mapamerpos. IIpeioxkennas cxema nMeeT P TPENMYIIECTB,
B UHCJIE KOTOPBIX TUOKOCTH W YHUBEPCAJBHOCTH CXEMBI JIJIsI IITHPO-
KOTO KJaCCa BO3MOXKHBIX CIIEKTPAJTBHBIX TOCTAHOBOK ONMTHMU3a-
IIMOHHBIX 33134, a TaKyKe BO3MOXKHOCTH 33/[aHUs OIPAaHUYEeHUi HA
yrpasJsroriye pyHKINN, HATPUMED, MAKCUMAJIbHOE 1 MUHUMATh-
HOe 3HadeHWs (DYHKIWI WM IPyrhe XapaKTepPHBIE JJIsi PAacCMaT-
pUBaeMoli TTOCTAHOBKY CBoO#icTBa. IIpoBejieHbl pacyeTsl Mo KaxK 0
73 TPEJIaraeMbIX CXeM PeIleHrd 33,139 ONTUMU3ANNU. BhigB/1eHb
TPaHUIBI TPUMEHNMOCTH, HEJOCTATKN W MPENMYIIEeCTBa KayKI0TO
noaxoa. IIpoBesier cpaBHUTE/IBHBIN aHAIN3 PE3YJIHTATOB HA MIPU-
Mepe MOJEeTbHBIX 331a.

JIuteparypa
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Ba3koynpyrux koucrpyknuii // Uss. Capar. yn-ra. Hos. cep. Cep. Marem.
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O ITPOBJIEME CTABUJIN3ATINN ITEPMOJINYECKNX
BO3MVYIIIEHUI [TOJIOYKEHN S PABHOBECU S
JJId IBYMEPHOI'O KUHETNTYECKOI'O
YPABHEHUI 4 BPO/IBEJIJIA

O. A. BacunbeBa
(Poccust, Mocksa, HIIY MI'CY),

E. B. PagkeBuu
(Poccust, Mocksa, MI'Y),

I A. Puaunmnos
(Poccust, Mocksa, HIY MI'CY)

Xopomo U3BeCTHO, 0COOCHHO IIPU YUCJICHHBIX SKCIEPUMEHTAX,
paccorysiacoBanue IIpaBod U JIeBOI 4aCTell KMHETUYeCKOI'0 ypaBHe-
Hua Bonbnvanma. B 3TOM CMBICTIE MHTEpECHBI PE3YIbTATHI, IIOJLY-
vyennble K. C. Ilnaronopoit, A. B. Boposckux [1|. Hecosepruen-
CTBO KHHETHYECKOIO ypaBHEHHS DBoJbIMaHa OPUBOIUT K HEOO-
XOAWMMOCTHU TTOCTPOECHUA TaK HA3bIBACMbBIX JUCKPETHbBIX KHHETHUYIe-
ckux ypasrenuii [2-7]. B noksane Gyuer ucciegopana npobsema
cTabUIN3anuy TePUOAMICCKIX BO3MYIICHUI IOI0KEHIS PABHOBE-
cus i BYMEPHOIO0 KMHETUYeCKOro ypaBHeHusi bpoasesia:

1
8{01 + 83;711 = g (n3n4 — 77,177,2),

1
8{02 — 83;77,2 = — (n3n4 — 77,177,2),

: (1)
8tn3 =+ 6yn3 = g (711712 — n3n4),

1

Btn4 - Gyn4 = g (711712 — n3n4).

Meron @ypbe perienuii TPUBOAAT K MPENATCTBUIM K 0-
KazaTeabCTBy crabunausaiun koddduimentor @ypbe HA KpecTe

(K2 —12)1=0.
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Cucrema ypasrenuit st kKo3ddunuenros Oyphe Ha Kpecre
OTMHAKOBA C CUCTEeMOU /I OHOMepHO! Momenn Bpoasenna:

Oufs+0ufi = = (fofi = i),
Ot~ Bufa = = (fof1— fif2)
(Fifo — o)
0ufs = Bufi = = (fif2 = fofo)

B 4em npobiiemarnanocts 31oii mogean? st ogHoOMepHO Mojeun
YACTHUIIBI ¢ PABHBIME CKOPOCTSIMHU PA3HECEHBI 10 PA3HBIM I'PYIIIaM
(mapwer f1, fs u fa, fi). [IpaBasg xe 9acTh MOAEIMPYET MHTErPAJ
CTOJIKHOBEHHI1, TIOCTPOEHHBIN JIJIsl YETBIPEX TPYII YACTHUIL C JKECT-
KUM YCIOBHEM PA3HOCMU UL 2pynnosvix ckopocmeti. Takum oOpa-
30M, MBI UMEEM pACCOZAACOBAHUE NPaAGol U Ae80U wacmel Mode-
au (2). Ho 9T0 cripaBeiyinBo u it MHOTO CKOPOCTHBIX MHOTOMEP-
HBIX JINCKPETHBIX MOJIEJIell KUHETHKH, TpaBas YaCTh KOTOPBIX I10-
CTPOEHa Ha OCHOBE Pa30MeHMs YaCTUILL 110 TPYTIIAM, C PA3IUTHBIMA
IPYIIOBBIME CKOPOCTAMHU. KakK MBI OKA3aJi BBIIIE, s JIBYMep-
Hoit Mozmerm Bpoasenta mpobiema paccozaacosanue npasoti u jAe-
601 wacmeti BOSHAKAET Ha «KpecTe». ECTecTBeHHo, Ta e mpobiie-
Ma Pacco2Aaco8aHue npasoti u Ae6otl wacmel BOSHUKHET JIJIsi MHO-

O fs + 0z f3 =

M=o =0
—
[\
~—

T'O CKOPOCTHBIX MHOTOMEPHBIX JUCKPETHBIX MO’D;Q.HQI‘/’I KNUHETUKU Ha
aHajore «Kpecre» Mojeau bpojBesa, KOTOpbIit Ha30BeM «00600-
MEHHBIM KpecToMy. OTMernM, 9T0 ypaBHEHHE BosbIiMaHa MOXK-
HO PacCMaTPUBAThL KaK <«KOHTUHYAJBHYIO CYMMY» MOJEJIel THUIa
Bpoaysara. PaccorsiacoBanme mpaBoit u j1eBoit gacreil ypaBHEHUS
Boasnmana ormedeno B [1].

PaccorsiacoBanmne npapoil u JieBoit wacreit B (2) npusoauT B
Metosie Pypbe K MPernsiTCTBUSM TOCTPOEHHS aHYIATOPOB CEKYIAp-
HBIX 9JIEHOB COOTBETCTBYIOIIEil nmpoeknuu. s oqaoMepHoit Moie-
qu (2) mpengarcrBus (HATIPUMED, U TPOEKITIHN):

V0 ) +Ze2) =0, Vwowh + VJueu) =0, ke Zy. (3)
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Takue NpensiTcTBUsl He MO3BOJISIIOT MOCTPOUTH PeIlleHne 3a/1a4u
JUTst JTIOOBIX HAYAJBHBIX JIAHHBIX, ITEPHOJMYECKUX BO3MYIIEHMUIT
[OJIOKEHUS] PABHOBECHs (BKJIIOYAsl PACIpEJe/IeHNsT MaKCBeJLIa-
Deryrmue BOJIHBI):

fi=fa=1+e%0(t—xz), fi=fs=1+ecp(t+x).

Ormerny, aTo y Mozerm Kapiemana [7] (Tak e u 1715t Mozesteit
Topyrnosa — Cyaranrasuna [2, 3|)

™ | =

Of1+ 0.1 =~ (f3 - f1),

1 (4)
Oifo — Oufo = —= (f3 = 17),

Her pacopenerenuii Maxcsemna: (f1(t — ), fa(t + x)), mosTomy
[IEPUOIUIECKIE BO3MYIIEHUST JIOOBIX MOJI0KEHUN PABHOBECHUS CTa~
OHIM3UPYIOTCST SKCIOHEHITHAIBHO ObicTpo [8-10].

JToka1 6y/IeT MOCBAIIEH UCCIIeIOBAHUIO TIPUPO/BI CTAbIIIN3a-
MU TEPUOTUIECKUX BO3MYIIEHUH TTOJIOYKEHNST PABHOBECUS K pPac-
npenesrennio Makcpesuta (berymmy BoHAM).
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O HOBBIX PEHIEHNAX YPABHEHI A NITTNMMOPN

P. H. l'apudyninu
(Poccust, Yda, IMBIL YOUIT PAH)

B noxsazte obcy ) 1aeTcs mocTpoeHne HOBBIX YACTHBIX PEIeHu i
ypasuenns Wmmnmopn [1]

a
STZ_§S(SYY—€25XX)+80XSY+§0YSX’ =1, (1)

oyy +epxx = %aS(Sx x Sy),

saech S = (S1,5%,53) € C? — nemssecrnas BekTOp-bDYHKIHSA, © —
Hem3BecTHas (yHKIWS, a, £ — napamerpsl, 1, X, Y — He3aBu-
CHMBIE TIEPEMEHHBIE. DTO YPABHEHUE ABJIAETCSA MPOCTPAHCTBEHHO-
IBYMEPHBIM MHTErpupyembiM 06001iennem ypasaenus laiizendep-
ra.

Ha ocnose cszu ypasuenns Vnmmopn (1) ¢ nenoukoit Pepa-
nonrosa — [lTabara — fvmrosa |2, 3|

1 1
Up, gy = Un,zUn,y < - > 3 (2)

Up — Un—1 Up4+1 — Un

MOJIyY€HO TPUHIMITUAIBLHO HOBOE pertenne ypapaenus Vmmmopn,
cozepzKaliiee HeCKOJIBLKO TPOU3BOILHBIX (byHKIHit. Bosee moapo6-
HO Pe3yJIbTaThl ONNUCAHBI B cTarhe [4].
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O BU®YPKAIINAX IBYMEPHBIX
TNOPEOMOP®UBMOB C TOMOKJINHNYECKOI
TPAEKTOPUEI CJIO2KHOTO CEJIJIA!

C. B. I'oruenko
(Poccust, Huzkuuit Hosropop,
Yuusepcurer Jlobauesckoro),

O. B. I'opaeeBa
(Poccust, Huzkuuit Hosropop,
Yuusepcurer Jlo6aueBCKOro)

O;[HI/IM us3 beH;[a,MeHTa.HBHI)IX pe3yarTaTOB B TEOPpUU JAUHAMMN-
YECKOT'O Xa0Ca 10 MPAaBY CUMTAETCH OTKPBITUE CJI0KHON CTPYKTY-
pbt MHOXKECTBA [N TPAEKTOPHUiA, IEIUKOM JIEKAIIUX B OKPECTHOCTH
rpy00it TOMOKJINHUIECKOH TPAEKTOPHUH, TI0 KOTOPOil TPAHCBEpPCaIh-
HO MMepeCeKaroTCd NHBaPpUaHTHBIE yCTOﬁLII/IBOQ n HeyCTOﬁLII/IBOQ MHO-
roobpasus Tpyboit ceToBoll mepuoandeckoit opouTel. CyinecTBo-
BaHMe TOMOKJIMHUIECKUX TPAeKTOpwit Obl10 ycramosaeno A. Ily-
aHkKape eme B KoHie 19-ro Beka. OaHako caMa 3ajada OMUCAHUS
CTPYKTypbl MHOXkeCTBa N, ObLia perena Jnmb B 60-x rogax B pa-
borax Cwmeitna [1| mw Hlmnsaukosa [2]. IIpudem B [2]| 6p110 1aHO
[IOJTHOE OITUCAHUE TOTO MHOXKECTBA.

Teopema (IMwibaukosa [2]). Muoxecrso N sBisiercss Jio-
KaJIbHO MAaKCHMAJIbHBIM DAaBHOMEDHO TIHIEeDOOTIHIECKHM MHOXKE-
CTBOM, TPAEKTOPHH KOTOPOI'O HAXOJSTCSI BO B3aUMHO OJHO3HAY-
HOM COOTBETCTBHH C TPaeKTOPHIMHU TOIOJOrHIecKod cxembl Bep-
Hys1mH By U3 ABYX CHMBOJIOB.

B macrosmeit pabore Mbl n3ydaem OndypKAIEH JIBYMEPHOTO
muddeomopduzma, UMEIOIEro TPAHCBEPCAIBHYI0 TOMOK/IMHIIE-
ckyio Tpaekropuio [' k merpy6oit HermompukHON Touke (O TwHITa
ca0XkHOe ceyto. MBI TOKa3biBaeM, 9TO 3/1eCh, TaK YKe KaK U B CJIy-
qae rpy0oit TOMOK/IMHMYIECKON OPOUTHI, MHOYKECTBO N TpaeKTOpHit

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro

domma, mpoekt Ne 24-11-00339.



268 TI'onuernko C. B., I'opneea O. B.

u3 okpecrroct U(OUT') sjomyckaer 1o/iHoe onmcatmne, 9To MOxKHO
paccMaTpuBaTh Kak 06001enue Teopembl uapHUKOBa HA HETPY-
Opiit cyvait. OjHaxo, Npyu n3MeHeHnn napameTpos, bsarojaps 6u-
dypKanusaM HENOIBUXKHON TOUKM, MHOKECTBO N MOXKET IeTUKOM
U Cpa3y MepeMecTUThCS Ha KOHEYHOEe PACCTOSHUE (sBJIeHHne, KOTO-
PBIE MBI HA3BAIU «CKAYKOM T'MIEPOOJTUIHOCTHY ).

Paccmorpum nBymepnbiii C-rmagkuit (r > 3) muddeomop-
dusm fy, KOTOPBI WMeeT HEMOABMXKHYIO TOUKYy () THUIA HEBBI-
POXKJIEHHOE CJIOXKHOE CeljI0 ¢ MyabTuminkaropamu 0 < A < 1
n vy = 1, ycToiiunBoe U HEYCTONYMBOE MHOI00Opa3us KOTOPOIO
MIEPECEKAIOTCA TPAHCBEPCAIBHO B TOYKAX TOMOKJIUHUYECKON Tpa-
exropun I'. Bioxum fo B aByxmapamerpmdaeckoe ceMmeiicTso f,
rae p = (p1, f2) — TapaMerTpsl, ylpas/gomme oudypKarusayMu
caoxkHOrO cemta O, KOTOPBIE JIETKO WCCIEAYIOTCs OJiaromapst Ciie-
Ayoueit jemme.

Jlemma. B jgocrarouno magoii okpecraocru Uy Touku O cyiie-
crBytor takue C" 1 -koopaunatsl, uro orobpakenne To(1) = fulu,
uMeer CJIeJyIOLUHA BUJI:

T = Az + h(z,y, p)e,

- 3 (1)
y=p1+ 1+ pu)y+y° +gy),

riae
)‘(O) = A h(OaOaM) =0 u g(y) = 0(y3)'

Budypkanmonnas grarpamMma i HEMOIBUKHBIX TOUEK -
dbeomopdmsma f, nmokazana wa puc. 1(a). OHa comepKuT TOJIB-
KO ONIHY OU(DyPKAITMOHHYIO0 KPUBYIO — TMOJTYKYOUUIECKYI0 mapabosry
L =L1ULyU(0,0) Buma 27u3 = —4u3(1+ O(uz)), KoTopast gemmt
IJIOCKOCTD TTapaMeTpoB (i1, i2) Ha aBe obgactu Fyp u Ey rakue,
410 f, UMeeT onHy HemoaBuKHYIO Touky O npu p € Ey u 3 Herno-
nekabie ToukE O, Oo, O3 ipu p € Fo, ipu arom O, O1 u O3 —
runepbosmaeckue cepga, a Oo — ycroiiuueiit y3ea. Kpusbie L
u Lo OTBEYAIOT HEBBIPOKJIEHHBIM CE/IJIO-Y3/I0BBIM OUdypPKAITHIM.
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(a) (b)

Puc. 1. Budypkanuonnabsie 1marpaMMbl Ha, TIIOCKOCTH MApaMeTpoB (L1, (42):
(a) mya memogBmkHBIX ToYeK nuddeomopdusma f;
(b) nnst HeOmy ) maromero MHOXkecTBa Auddeomopdusma f.

OcHoBHasi TeopeMa. [Ipu Bcex JOCTATOYHO MAJIBIX fi MHOXKE-
crBo N, conep:KnT HeTpHBHAIbLHOE ITOAMHOXKeCTBO ), Takoe, 4TO
fule, romeomopdpno %s. Kpome Toro, cm. puc. 1(b),

(i) N, =Q, npu pu € Ey;

(i) Ny =Q,UO2U O3 mpu p € Ey;

(ili) Ny = Q, U Og3 mpu p € Lo,

1 MHOKecTBO §);, B 9THX CJIy4asX sBJISAETCS PaBHOMEPHO I'HIrepbo-
JINYECKHUM. QM ABJIACTCA HEPABHOMEDHO I’I/IHep60.}TI/IquKI/IM TOJIBKO
mpu p € Ly, tak Kak cogep:kut cepno-ysea O1q, JesKaluii Ha pac-
CTOSTHHU TIOPSIIKA £/ |p2| or cemma O.

Jlureparypa

1. Smale S. Diffeomorphisms with many periodic points // Differential and
Combinatorial Topology.—Princeton Univ., 1965.—P. 63-80.

2. IIumpaukos JI. II. O6 onmmoii 3amage Ilyamkape — Bupxroda // Mar.
¢6.—1967.—T. 74 (110), Ne 3.—C. 378-397.



K BOITPOCY OB APUOMETUYECKON
[TPON3BO/JIHOI

E. 1. He3a
(Poccust, Mocksa, MIIT'VY)

T. H. Kazapuxuna
(Poccust, Mocksa, MIIT'VY)

1. OcHOBHBIE TOHATNA

[Tousarre npouseodHoti 3aHIMAET MEHTPATHLHOE MECTO B TEOPUN
muddepeHImaIbHOr0 U MHTEPATHLHOTO UCIUCTIEHNST U UMEET MHO-
TOYUCJ/JIEHHBIC IPDUMEHEHUA KaK B MaTEeMaTUKe, TaK 1 3a ee IIpejae-
JIAMU.

Xopomo u3BECTHO, ITO MPOM3BOAHAS JIIOOOTO «YUCIa», B TOM
YUCe HATYPAJHHOTO, TEJ0TO WA PAIMOHAJLHOTO, paBHA HY-
0. OHAKO, OMuIpasch Ha (PAKTOPU3ANNI0 HATYPAJBLHBIX UHCE],
MOXKHO BBECTHU TIOHSITHE GPUPMEMUYECKOT NPou3sodHot, HeTpu-
BUAJILHOTO OTEpPATOpa, MEHCTBYIOMIEr0 HAa MHOXKECTBE HATYPAJIb-
HBIX (IIE/IBIX, PAIMOHAIBHBIX ) YUCEN M COXPAHSAIONIETO Psifl BAKHBIX
CBOMCTB KJIACCUYECKOI IIPOU3BOJHOM, NEeCTBYIOIICH Ha MHOXKECTBE
dbyukmmit (em. [1, 2]).

Onpenenum apupmemuueckyro npoussodnyo n' HaTypPaJIbHOIO
YUCJIA N TaK:

e p/ =1 g moO6Oro MPOCTOro YUCIA P

o (ab) = d'b + ab’ nng MOOBIX HATYPATBHBIX 4HCET @ U b
(npasuso Jletibnuya).

Ompesieierne JIerKO pacIiipruTh HA MHOYKECTBA MTEIBIX U PAIlU-
OHAJIBHBIX YUCEJI:

/ /b_ b/
(—n) = —-n/, neN; (%):%’ a€Z, beN.

Herpyamo y6eaurbea B8 ToM, uro 1/ =0, 0 =0 n

a)l a1, 02 as)/ Q9 o (061 (6% a5>
=] =(p; Py ...0°) =p1 Py P —F+—+.. .+ —
(b (iP5 ) =, S \p P Ps
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Juist JIF0DOr0O  MOJIOKUTEILHOTO  PAlMOHAIBHOrO dnciaa a/b =
p1tpy? ... pSe, NPECTABIEHHOrO B BUJE IPOU3BE/EHNUSI [ENIbIX CTe-
meHell Pa3JMYHBIX MPOCTHIX dYncesa. Kak BHUIHO, OmpejeeHue
apndMeTHIecKoi MPOM3BOAHON KOPPEKTHO, T. €. HEe 3aBUCUT OT
KOHKDEHOTO MpejicTaBienus auddepeHnmpyeMoro HaTypaabHOTro
(parMoHaIBLHOTO) YMC/IA B BHJE MPOM3BEIEHUs (YaCTHOIO) JBYX
HATYPATbHBIX YUCE].

Takum obpazom, Ha MHOXKecTBe (Q BBeeH omepaTop, aHAJO-
TUYHBIN orrepaTopy auddepeHnupoBansa Ha MHOKeCTBE (DyHKITHI
JeHiCTBUTEIHHOTO MEPEMEHHOT0 U COXPAHSIIONIUI Npasuia npousse-
deHua U 4acmmozo:

/ Y

(ry) = 2y + 23/, (%) = 562272562’ z,y,z€Q, z#0.
[Ipu sTom npasuso cymmu (x + y)' = 2’ + ¢, cymecrsennoe nc-
MOIB3YeMOe B KJIACCHIECKOM CJIydae, MPH TTOCTPOCHUH apudMeTn-
YEeCKOl TPOM3BOIHOM JOIKHO ObITH oTOpoIIeHo. Ero coxpanenne
npuBesio OBl HAC K TpuBMaabHOi curyammm: n' = (14+1+...+1) =
+1 4+ ---4+1 = 0 gna moboro n € N. OgHako /g HEKOTO-
PBIX Tap HATYPAJbHBIX YUCET CBOMCTBO BCe JKe BBIMOTHAETCS: TaK,
(244)" =2/ +4'. TIpn 3T0M ecim CBOHCTBO MMEET MECTO JIJTst TAPhI
(a,b), a,b € N, To ono nmeer mecto u 1 Beex nap (ka, kb), k € N.

IIpasuno ewvimecenus Koncmanmor k 30 3HaK NPouseooHol
(kz)’ = ka’ MOXHO COXpaHWTB, €C/iM, OPMEHTUPYSACH Ha KJIaC-
CHYECKYIO CUTYAIUIO, OMPEIEINTD apUPMEMUBECKY10 KOHCMAHMY
KaK pPaluoHAILHOE 9HCI0, apudMeTndeckas MPOU3BOAHAA KOTO-
poro pasna Hymo. B sTom ciayuae csoiictso (kx) = ki’ memesn-
JIEHHO cjejgyerT w3 mpasuia Jleiinouuma. CyiecTByer BCero Jse
HEHYJIEBBIX IEJIbIX apUMMETUIeCKNX KOHCTAHTHI: 3TO uncia +1.
C npyroit cTOpoHBI, panuoHaNbHOE WnCao +piPpoF? L pgePt)
a; € Z, p; € P, p; # pj, apngerca apudMeTndeckoil KOHCTaHTOI,
ecan a1 +ag+. .. +as = 0. Tak, apudmerndeckumMy KOHCTAHTAMEI
spsiiorcs aucaa pP/q?, p,q € P, p # q. Ucnonssys apudmernyae-
CKHE€ KOHCTAHTBI, MO?KHO ITOJIy9IUTH 6eCKOHeqHO MHOTO TIap pamnu-
OHAIBHBIX 9HCEJI, yJI0BJAeTBOpsommx ycaosnio (x 4+ y) = o’ + y':
ecin (a+b) =d +b', a,b € Z, vo (ka+ kb) = (ka)’ + (kb)" nna
JII000# aprdMeTnIeckoil KOHCTAHTHI k.
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2. IuddepeHnuanbHbie yPpaBHEHUS
B apudMeTnIecKoil npou3BOIHOI’

Apudmernueckast Tpou3BOAHAS 0DJATAET PATOM WHTEPEC-
HBIX U TOJIE3HBIX CBOMCTB. B 9acTHOCTH, MOYXKHO MOCTPOUTH TEO-
PHIO COOTBETCTBYIONUX Jupdepenuyuarvnvs ypasruenud. IIpuse-
JIeM HeCKOJIbKO HeCsIoKHBIX (hakToB (cM. [1, 2]) u pesyabraros.

1. ducddepenimanbioe ypapHenne ' = a uMeeT eJMHCTBEeHHOe
HaTypaJjbHoe perrenne 1, eciim a = (; MHOXKECTBO HATYPAJIbHBIX
pemiennii {p|p € P}, eciin a = 1; koHeyHoe (BO3MOXKHO, IIyCTOE)
MHOKECTBO HATYPAIbHBIX PEIIeHNUil, ec/ii ¢ — HATYPaJbHOE YHCIIO,
bosbiiee 1; MHOXKECTBO TaKUX pEIeHWit mycTo fiasd a = 2, 3, 11,
17,23, 29, 35 (1 MHOrMX JPYTUX HEYETHBIX HATYPAJIbHBIX YHUCE) 1
HEIYCTO JIJIsI JITOOOTO YeTHOTO YUCTa ¢, OOJIBIIEro ABYX, €CJIN BepHA
bunapras 2unomesa Ioavdbaxa: B 3TOM Caydae a = p+q U T = pq.

2. Vpasnenne ' = r umeer HarypaJjbHble pemenus pP, p € P.
Pemrernsavu ypaBHeHUS = ax, a € N, a > 1, apagiorca 9aucia
p®, p € P. Ecim ypasuenus x’ = a;x, ¢ = 1,2, ..., k, pa3penmmbl
B Q, T0 paspemumvo B Q u ypasnenue x’ = (Zle ai)x; BCE €ro
pEeIlieHrst UMEIOT BUJ & = Hle Ti, Tlle T; — PelleHne ypaBHEHUs
1’ = a;x. Takum o6pasoM, pemrenuaMu ypasHenus x’' = ax, a € N,
a > 1, aeasmorcs, manpumep, wucaa pyiph? ... pht, pi € P, p; # p;.

3. BBomst mousiTHE YacTHOM npou3BoIHOI dncaa r € (Q mo dhuk-

CHPOBAHHOMY HPOCTOMY wHCTy p, T, = (p*pi"...pg*)" = (a/p)x

(m 2’ =0, ptx), MOKHO pacCMATPUBATL YPABHEHUS B YACTHBIX

npousponubix. Tax, pentenuavu ypapuenns zj, = ar, a € N, sb-

astrorest aucaa pPpt L opds, pi#Ep, i =1,2,...,s.
JIuteparypa
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VCJIOBUS PA3BPEIIINMOCTU 3AJAYN KOIIN
J1JI51 OJJTHOM CUCTEMBI KBA3UJIMHEIHBIX
TINOPEPEHIINAJTBHBIX YVPABHEHUIT
[IEPBOT'O ITOPSIKA

M. B. Houmnosa

(Poccust, Huzkuuiit Hosropoy,
Yuusepcurer JlobaueBckoro)

B nmammoit pabore ompesesisieM yCiIOBUs HEJOKAJIBLHON pas3pe-
IMIAMOCTH 337349 Komm 1ig cucreMbl BAIa

Ou(t,z) + (a(t)u(t,x) +b(t)v(t,z)+

+h1(t))8 u(t,x) = fi(t,z),
Apu(t,x) + (c(tyult,z) + g(t)v(t, x) +

—i—hg(t))@ v(t,z) = fo(t, x),

(1)

rie u(t, z), v(t,x) — nenspecrunie byukuuu, fi(t,x), fo(t, x), a(t),
b(t), c(t), g(t), h1(t), ha(t) — m3BecTHBIE DYHKIWN, C HATATHHBIMHE
YCJIOBUSIMHU:

u(0,2) = p1(x), v(0,7) = p2(), (2)

B obmactu Qp = {(t,2) |0 <t < T, z € [0,+00), T > 0}.

[Mosyuena cucrema MHTErpaJbHBIX ypaBHeHuii [1-4]:

wy (s, t,z) = 1 <x - / (a(v)wy + b(v)ws + h(v)) du) +
! 3)

+ / fi <I/, T — / (a(m)wy + b(T)ws + hi (1)) dT) dv,
0 v
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wa(s,t, ) = o <x - / (c(v)ws + g(v)wa + ha(v)) du) +
s . )

+ / f2 (I/, x — / (c(T)ws + g(T)wa + ha(1)) d7'> dv,

0 v
t

ws(s,t,x) = wo <5, S, x — / (a(v)wy + b(v)ws + b (v)) dl/) , (5)

S

t

wy(s,t,x) = wy (s, S, — / (c(v)ws + g(v)wa + ha(v)) du) . (6)

O06mMM UTOrOM WCCAEHOBAHUS SBJISIETCS CAEAYIOIIasi Teope-
ma [1-4].
Teopema 1. Ilycrs

01(2), a(x) € T2([0,400)), fi(t ), folt,z) € T2 (Qr),
a(t),b(t), c(t), g(t), hi (t), ha(t) € C([0,T])

¥ BBITOJIHSIIOTCST YCIOBHST
a(t) >0, b(t) <0, c(t) >0, g(t) <0,
hi(t) <0, ho(t) <0, t €[0,T],
01(z) <0, pa(z) 20, ¢i(z) 20, Yh(z) <O ma [0,+00),
filt,z) <0, fot,x) 20, Oufi(t, @) 20, Opfo(t,x) <O ma Qr.

Torna mist mo6oro T > 0 zanaua Komm (1), (2) umeer exquncrsen-

HOE perreHue

ult,z),o(t,z) € T2 (Qr),

KOTopoe oIlpejesisdeTcsd Hu3 CHCTeMbl HHTerpaJjbHBIX VpaBHe-

auii (3)—(6).
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OB OJHOM ITO/IXO/IE K PEIITEHWIO
KOOPUIINEHTHBIX OBPATHBIX 3AJTAY
TEOPUU VIIPYT'OCTU N TEPMOVYIIPYT'OCTU
B KJIACCE ITOJIMHOMMAJIbHBIX OYHKIINIT!

B. B. lynapeB
(Poccust, Pocros-na-/lony, FODY)

C. A. Hecrepos
(Poccust, Bnagukaskas, FOMU BHII PAH)

UccenoBanne MeXaHUIEeCKOrO MOBEJIEHUS BYHAIIPABJIEHHBIX
dbynknmonansao-rpaauenTabix Marepuanos (PT'M) B macrosmiee
BpeMs ABJISETCs aKTya bHBIM HAIIPaBJIEHUEM MeXaHUKu J1eopMu-
pyemoro tBepgoro teia. ®I'M — 310 KOMIIOBUIIMOHHBIE MATEPUA-
JIbI, CO3JIAHHBIE /I ONTHMU3AINN MATEPUAIbHBIX CBOWCTB W3JIe-
qmit. B aeynanpasiennsix @®T'M marepuaibabie XapaKTEPUCTHKI
SBJIAIOTCSA (DYHKITUSIMEU HECKOJBKUX KOODIUHAT BCJIEJCTBUE M3Me-
HEHWS TPOIEHTHOTO COOTHOIIEHWS O0bEMHBIX (PPAKIMiI BCEX CO-
CTABJIAIOIINX OJHOBPEMEHHO 10 JBYM Hampasiaerusm. Co3manue
KOHTPOJIUPYEMOT'O PACIpe/IeeHns 00beMHbIX (hpaKkinuii — CJI0XK-
HBIT MHOTOSTAIMHBIN TEXHOJIOTHIeCKuii porecc. BemencTeue mepe-
MEHHOCTH MAaTEPHUAJbHBIX XaPAKTEPUCTUK OHU MOTYT OBITH OIpe-
JTeJIEHBI TOJIBKO HA OCHOBE TEXHOJIOTMHU HEPA3PYIIAIOIIEr0 KOHTPO-
Jisl, TEOPETUYIECKHU OMUPAOIIErocs Ha ammapar KodpUIneHTHBIX
obparabix 3aga4 (KO3) Teopun ynpyroctn n reépMOynpyrocTu.

B cnyuae eciin monosiauTe/ibHAsST nHAGOPMAITHS U3BECTHA HA, Ya-
CTH TPAHUIBI Teja, Tae JefictByer Harpyska, To KO3 smisrorcs
HEKOPPEKTHBIMU U HEJTUHEHHBIMY 33/[a9aMi. JTUM U OObICHIETCS
CJIOZKHOCTH TOCTPOEHUs OMEPATOPHBIX YPABHEHUH, YCTAHABINBAIO-
X CBsA3b MKy Kodddurmenramu quddepeHrnajibHbIX Omepa-
TOPOB W JIOTIOJIHUTENIbHON nHpOpMaIueit. BosbImmHCTBOM HUccIe-

"Meccenenosarme Buimonmeno 3a cuer rpanta Poccmiickoro mayaHOTo (BOH-
na, mpoext Ne 22-11-00265-I1, https:/ /rscf.ru/project/22-11-00265/, B FOxuOM
demepasbHOM yHUBEPCHUTETE.
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nmosareseit pernerre KO3 cBOIWTCS K PEIIEHUI0 COOTBETCTBYIO-
MUX 337249 B 9KCTpeMasbHOil moctanoBke |1, 2|. ABropamu panee
OBLT pa3paboTaH aIbTEPHATHUBHBIN TTOAXOM] K PENIeHn0 HeInHei-
ueix KO3, B ToM umcne 3amad remmonposoguoctu |3, 4], Tepmo-
yrnpyrocru [5] u repmossiekTpoympyroctu [6]. st sT0oro Ha 0CcHO-
Be C1a00if MOCTAHOBKM W METOa JMHEAPU3AINN ObLIN TOJTy I€HbI
uHTerpasbibe ypapuenns @pearonsma (YD) 1-ro poga st Ha-
XOKJeHUd TTONIPABOK XapPaKTEePUCTUK B UTEPAITMOHHOM IIPOIIeCcCe.
JlaHHBI TOAXO/ TIO3BOJIAI BOCCTAHABIUBATL 3HAUEHUs (DYHKIHH
HEOJHOPOJHOCTH B TOYKAX CETKW 3HAYEHWN TPOMOJHHON WM pa-
JAUaJbHOU KOOPAUHAT.

B wmacrosimem moksaze TpencTaBiieHa MOAMUKAINS paHee
Pa3paboOTAHHOTO aBTOPAMU METO/IA PEIeHnst 0OOPATHBIX 3a/1aT TEO-
pHUU yIIPYIOCTH M MEXaHUKU CBsi3aHHBIX noJeil. B pabore [5] auc-
kperu3ainusg UYD 1-ro poja oCyIecTBASIACH ¢ TTOMOIIHLI0 METOIa,
KOJLJIOKAIWH, 9TO MO3BOIMIIO BOCCTAHABINBATE 3HAMEHUS (DYHKITUI
HEOJHOPOJHOCTH B TOYKAX CETKM 3HAYEHWH MPOIOILHON WIH pa-
MUATBHOM KoopawHAT. B maHHOM [OKJIaje OmepaTOpHBIE ypaBHe-
HUA PEIIEHBI C MOMOIIBI0 MPOEKITMOHHOTO MeTOAa, MPU KOTOPOM
MTOTTPABKY TIPEICTABIEHBI B BUJIE PA3JIOKEHUI 10 CHCTEMe TTOJTHHO-
MoB. KoaddunmenTsl nommaoMuaIbubIX MYHKIUNE OMPEIe/IsInCh
13 peIeHns TI0X0 0OYCIOBIEHHON CHCTEeMBI THHEHHBIX aJrebpan-
vecknx ypasuennii (CJIAY). Perymspusanuu mioxo o6ycaoBien-
woit CJIAY mpomssenena ¢ momombio Meroma Twuxomosa A. H.
Hauasbroe npubinikenne MCKaJoCh CPEAW KOHCTAHT KaK CPEe-
Hee 3HAYEHNE MAKCUMAJHHOTO W MUHUMAJIHHOTO 3HAYEHUN MaTe-
PUAJBHBIX XapakKTepucTrk. Jlamee MpOMCXOAUI0 TTOCIEN0BATE Th-
HOE YTOUYHEHWE XapaKTepPUCTUK B WTEPAIMOHHOM Mporecce. Ma-
TepUATbHBIE XapPaKTEePUCTUKN Ha MTEPBOM 3Talle MCKAINCH B BHIE
KOHCTQHT, Ha BTOPOM dTare — JWHEHHbIX (DYHKIHUH, HA TPEThEM
sTaIe — KBAAPATHIHBIX (DYHKINH. BBIXOT 13 UTEPAIHOHHOTO TTPO-
IeCca OCYIIECTRIIAICA TpK cTabnnn3anuy (PyHKINOHAIA, HEBAZKH.

B pa6orax [5, 6] u maHHOM IOKJIa/€ OTIUIAIOTCA U METOIbI
periennst NpsMbIX 3a1ad. Tak, B [5] npsiMble 3aja4n permainch B
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npocrpancTBe Tpancdopmant Jlamaca, 1ub0 ¢ TOMOIIBIO METOIA
OPUCTPEKU (3a7a9a it TPYObI), JUbO0 MyTeM CBEJIeHUS K CHCTe-
me UV® 2-ro poma (3amaua ayst crepxkus). O6pamienne TpaHc-
GOpPMAHT OCYIIECTB/ISI/IOCH JINOO HA OCHOBE TEOPUU BBIYETOB, JTUOO
YHICJIEHHO C IMOMOINBIo0 MeToaa ypbuna. B mamnom mokjame mps-
MbI€ 3aJa491 OJId CTePZKHA U pr6I)I7 IPAMOYTOJIbHUKA M KOHETHOT'O
IIMHIPA PEIIaInCch Ha OCHOBE METOIa KOHEUHBIX 9JIEMEHTOB, pe-
asmm3oBannoro B makere FlexPDE.

[IpoBeaeHbl BEIYNCINTEIbHBIE SKCIEPUMEHTHI II0 BOCCTAHOBJIE-
HUIO, KaK OJIHOMEPHBIX 3aKOHOB HEOJHOPOIHOCTHU JIJisl CTEPXKHSI U
TpyOBI, TAK U ABYMEPHBIX 3aKOHOB — I IPAMOYTOJIbLHIKA U KO-
HEYHOTO NWINHIPA. BhISBIEHB Hanbo1ee mHPOPMATHBHBIE C TOU-
KN 3pEeHHs PEKOHCTPYKIIMU THUILI HATPY3KH W HHTEPBAJILI ChEeMa
JIOTIOTHUTEIHHOM nHMOpMaIuu. BeigCHEHO, 9TO NP UCIO/IH30BA~
HAY MOMM(DUIMPOBAHHOIO IIOIX0a PEKOHCTPYKIINA MaTepHaIb-
HBIX XApaKTEPUCTUK IIPOMUCXOANIa OBICTpee, IPH 3TOM IIOTPeIll-
HOCTH PEKOHCTPYKIUHU ObLIa MEHBIIIE.
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TUITOTE3A KATIPAHOBA U1 CKPHITASI TPAHUITA
TJIOBAJIBHOU YCTOMYMBOCTU CUCTEMBI
®A30BOI ABTOIIOJICTPONKIT!

E. B. KyapsamioBa
(Poccust, Cankr-ITerepGypr, CIIGLY),

H. B. Ky3uenos
(Poccust, Cankr-Ilerepbypr, CIIGIY; UITMam PAH),

M. HO. JIobaues
(Poccust, Cankr-Ilerep6ypr, CIIGIY)

Cxemnr dazoBoii aBromogcrpoiikn gvacrorer (PATTY, phase-
locked loops, PLL) siBjgtoTcsl HEJMHEHHBIMI CHCTEMAMH YIIPAB-
JIEHUS U TIUPOKO MPUMEHSIIOTCS B CUCTEMaX OECIPOBOIHOM CBSI3H,
KOMITLIOTEPHBIX apxuTeKkTypax, cucremax Hasuranmuu (GPS, T'JIO-
HACCQ), sueprocucremax [1-3]. OHOli U3 KTIOYEBBIX NHKEHEPHBIX
3a/a4 HEJIUHEHHOTO aHAIN3a CUCTeM (Pa30BOI ABTOMOICTPONKY U~
crorel (PAITY) aBiserca 3a7ada ONpeIeIeHNS NOAOCH, 34TEAMG
JJIA 3HAYEHUIT ITapaMeTpa 9aCTOTHhI BXOJHOT'O CUTHAJIa B 3aBUCUMO-
cTu OT mapamerpoB dbusmueckoii peamm3arnuu cucremsl |4, 5|. lpu
3a/aHHBIX TapaMeTrpax (PU3UIECKON PeAJTN3aIud U JACTOTHI BXOJI-
HOT'O CHUTHAJIa, COOTBETCTBYIONINX MoJIoce 3axBara, cucrema GAITY
BXOIWT B CHHXPOHW3M, a COOTBETCTBYIONIYIO MATEMATHIECKYIO MO-
JIeJTb HA3BIBAIOT IVIOOAIBHO YCTOWIMBOIA.

Hns cucrempr @AY ¢ mponoprioHAIBHO-UHTEIPUPY FOIIAM
dunsrpom M. B. Kampanos, ciemyss KadeCTBEeHHBIM pe3yJibTa-
tam @. JIx. Tpukomu [6], BBIABUHYJI TUIOTE3Y, COTJIACHO KOTO-
poii 1oji0ca 3axBaTa OIPEeJIe/sieTcs MO0 MCYEe3HOBEHUEM COCTOs-
HUl paBHOBeCHs, MO0 caMoBO30Y K teHneM Kojiebannit npu budyp-
KAITIHU POXKIEHUS TeTEPOKTNHIIECKON TPACKTOPUN U3 CEJIA B Ce/l-
70 (eunomesa Kanpanosa) [7]. Iloznuee B paborax H. A. I'y6aps,

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro

domma, mpoekt Ne 25-21-00307.
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B. U. Taxrapuna n B. M. Cadonopa [8-10] ¢ ucnonbzosannem
METOJ[a TOYeUHBIX oTobOpaxkenuii A. A. AugporoBa OBLIO TIOKa3a-
HO, 4yTO runore3a KampanoBa HeBepHa u 4TO 110J10Ca 3aXBaTa CH-
crembl DATTY ¢ mpomopIoOHATBEHO-HHTETPUPYIOMIAM (DUIBTPOM 1
KYCOYHO-JTUHEIHON XapaKTepUCTUKON (pa30BOTO JTETEKTOPA MOYKET
OIIPEJIEIATHCS POKJIEHUEM TI0JIYyCTORYNBOIO IIMKJIA BTOPOr'O POJIa.
OHako pe3ynbTaThl JAHHBIX MyOJUKAIUI B BUIY CJIOXKHOCTU W3-
JIOXKEHUS U CCHLJIOK Ha, CTOPOHHUE PAOOTHI HE OBLIN OTPAYXKEHBI B I0-
CJTETYTOIUX KJIACCHIeCKNX MOHOTpaduax u ydebunkax [4, 11-13|
o wenuneiinomy anaauzy @AY, a B 3amagabix MoHOTpadUsIX
MOSIBJIS/IUCH 3aMeYaHusi 00 OTCYTCTBUU yIOB/IETBOPUTENIHHOTO pe-
mennst 3aga49u (cMm., Hanpumep, [14, c. 123; 15, ¢ 508]).

B nannoit pabore s pelieHusi OMMCAHHON BBITIE 339U MbI
passuBaem 3ddexTuBHbIi 1104x0/ [16] onpeenenust TouHOI rpa-
HUTIBI TVIOOATBHOW YCTOWYUBOCTUA, OCHOBAHHBIN HA CIEIUAIbHOMI
3aMeHe TePEeMEHHBIX U TOCJeAYIONINX WHTErPUPOBAHUN U CIITUB-
KU TPAEKTOPHUil B TepMUHAX (PA30BBIX MEPEMEHHBIX. DTO MO3BOJIsI-
€T TIPOBECTH HAIVISIHBIN 3aMKHYTHIN BBIBOJ aHAJIUTUIECKUX (HOP-
myd [17-19] ayist pacdera 1mosiockl 3axBara.
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O KPAEBBIX 3AJTAYAX
C BAMOPOKEHHBIMI APTYMEHTAMI!

M. A. Ky3uemosa

(Poccust, Caparos,
CI'Y um. H. I'. YepHbiimeBckoro)

Paccmorpum kpaesyto 3ajgaay [rypma — JInysuis ¢ aByms
3aMOPOXKEHHBIMHU apT'yMeHTaMU:

—y"(x) + p(@)y(a) + q(x)y(b) = Ay, = € (0,m), (1)

y(0) = y(m) =0, (2)

rae p,q € Lo(0,7) KOMILIEKCHO3HAYHBI, a mapaMerpbl a,b €
(0,7) durcupoBaHbl M HA3LIBAIOTCS 3aMOPOYKEHHBIME apryMeH-
ramu. Obo3naunm kpaesyio 3amaqy (1), (2) depes Z(p,q), a ee
criekTp 4epe3 {Apo fn>1-

Kpaesble 331249l ¢ 3aMOPOXKEHHBIMH apryMEHTaMU XOPOIIIO
U3y9YeHbl B CIy4ae OJHOrO 3aMOPOKEHHOro aprymenta (T. e. mpwm
g = 0), mpuYeM pacCMATPUBAJUCH PA3IUIHBIE KPAEBBIE YCIOBHUS
(em. cebuikn B [1, 2]). Mbr nccsepyem 6osiee CIOKHBINR Corydait
JBYX 3aMOPOYKEHHBIX aprymeHToB. Ocobo ormernm, uto B (1) KO-
sbdunmenter npu y(a) u y(b) — pazauunble QyHKIWMH p U ¢, U
KakKasi-Jinb0 CBsI3b MeKJy HUMHU He Mpejnoiaraercd. Ilpn Haauanu
JIMHEIHO 3aBUCUMOCTH ¢ = «p ¢ uzBecTHbiM @ € C HeT npuHIHN-
MUATBHBIX OTJMYUI OT CIydasi OJHOTO 3aMOPOKEHHOTO apryMeHTa,
(cm. pabory [3], rme o = 1).

[Tosnyuena Qopmyna st XapaKTepUCTUYECKOH  (DyHKIUH
Ap(A) — rakoit memoi (byHKIMM, HyaM KOTOPOH COBHAJAIOT CO
CIIEKTPOM KpaeBoii 3amaun .Zy(p,q) (cm. [4]). C momompio 3roii
opMyIIBl TOKa3aHA CJIEIYIONAs TEOPEMA.

!PaBora BbinONHEHA npU (BUHAHCOBON MO EpxKKe POCCUICKOro HayIHOro

donga, npoexr Ne 24-71-10003, https://rscf.ru/project/24-71-10003/.
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Teopema 1. BbimoiHeHBI ACHMITOTHIECKHE (DOPMYJIBI
2
Ano = 1"+ 30,  {n0}nz1 € Lo

ITosnyuena dopmysia peryigapu30BaHHOIO CJI€Ia i CIEKTPa
KpaeBoit 3ajgaun £y(p,q). PopMy/Ibl peryaspru30BaHHBIX CJIEI0OB
AJIg KPA€BbIX 3a/a9 C OJHUM 3aMOPOZKEHHBIM apPryMEHTOM H3y4a-
JICEH B paborax [5—8| mpu abCcoTIOTHO HEMpepbIBHOM KO3(hhUIIeH-
te p. Ipu yenosusx p € W0, 7] u ¢ = 0 66110 goxazano (cwm. [5]),
9TO0

Z n0 — n?) = p(a). (3)

3rech opMmyna peryaspu30BaHHOIO Cjiefia TMoaydeHa mpu OoJiee
obiux ycaosusix p,q € L1[0,7]. IIpu srom npejmonaraercs: cxozu-
MOCTB OTIPEJIEJIEHHOTO Psijia, YTO MO3BOIAeT n36eKaTh TpebOBaHMS
DIQIKOCTH KOI(MDDUIMEHTOB.
IIpu n > 1 DOm0KUM Sy = Ang + bpo, T
K ™

2 2
app = —sin na/sin ntp(t)dt, by = — sin nb/sinntq(t) dt.
7r 7r

0 0
Teopema 2. IIycts p,q € L1[0,7]. Pag > o0 (Ayo — n?) cxo-

JUITCS TOLJIA M TOJIBKO TOLA, KOIJ[A CXOAUTCS PSIL Y o Spo- B city-
Yyae CXOMUMOCTH BBIIOJIHEHa (pOPMYJIa PErYISPH30BAHHOTO CJIETA

Z ( n0 — n Z Sno- (4)
n=1

Ecm p € Wila—¢,a+¢] u ¢ € Wi[b—¢,b+ €] npu mekoTopom
e >0, To u3 (4) crexyer

> (Ao —n?) = pla) + q(b),

n=1
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u umeer mecto o6o6menune dopmynsr (3). B To xe Bpemsi cxo-
IUMOCTD Psiia, MOXKET OLITH 0obeclieueHa HEKOTOPOl CBS3bI0 MeK-
ny p u q 6e3 mpeanosoxkenus: 00 ux raaakoctu. Hampuwmep, ecin

q(t)

= —p(mr —t) u b= 7 — a, To moTyIUM

[e.e]
Z ()\nO — 712) =0.
n=1
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KJTACCUPUKALINS JUHAMNYECKNX CUCTEM C
OBPATMOIT KOCUMMETPUEI B OKPECTHOCTU
KOCUMMETPUYHOTO PABHOBECHUS B CJIVUAE
JIBYX BBIPOYKJIEHUIT!

JI. I. Kypakun (Poccusi, Mocksa, IBIT PAH;
Bragnkaskas, KOMI BHIL PAH;
Pocros-na-/lony, FODY),

A. B. Kypnorusau
(Poccust, Bragnkaskas, FOMU BHII PAH;
CKIIMU BHII PAH)

Jok a1 MOCBAIIEH UCCIETOBAHUIO B OOJACTH TEOPUH KOCHM-
verpun FOmosuua. B macrosiiuit MomenT Hanbosiee TiiybOKO pas-
BHUTA O0IIas TEOPUS JOKAJBHBIX OuypKAIUil B TMHAMAYIECKUX CHU-
cTeMax ¢ KOCUMMETPHEl B OKPECTHOCTH HEKOCUMMETPUIHOTO PaB-
HOBecus. BaXXHYIO POJIb B 9TOH TEOPUM UIPaia KOCHMMETPUIHAS
Bepcust reopembl 0 HesiBHOW dyukiun B. 1. FOnosuua [1]. Asro-
paMu ¥Ke WCCIeIOBaH Caydail [2|, Korjga HApyIIeHO ycjoBue 3Toii
TEOPEMBI, TO €CTh KOIJla PaBHOBECUE KOCUMMETPHUIHO.

PaccmarpuBaercs 9eTHOMEPHAS IMHAMUYECKAST CUCTEMA C MHO-
FOMEPHBIM MaJjIbIM MapaMerpoM, a TaKyKe C 0OpaTmMoil KocnM-
MeTpHell B OKPECTHOCTH KOCHMMETPUYHOTO paBHOBecwsa. CIeKTp
YCTOHYMBOCTU 3TOI CHCTEMBI Ha 33JaHHOM PABHOBECHW JIEXKWUT B
3aMbBIKAHUU JIEBOI KOMIIJIEKCHOU ITOJIYIJIOCKOCTH, & €ro HefdTpaJb-
Hasg 9aCTh COCTOWT M3 JABYKPATHOTO HYJEBOrO COOCTBEHHOIO 3HA-
geHud. [IpuMeHerre K TAKOMY YpPaBHEHHIO METOIa TEHTPAIHHO-
ro MHOrOOOpa3msi MPUBOANT K JABYMEPHOH CUCTeMe Ha HelTpasib-
HOW TIOBEPXHOCTH, KOTOPasi HACTIEIYeT 00PATUMYIO KOCHMMETPHIO.

'Pagora JI. I. Kypakuna BbioiHeHa 1pu (hUHAHCOBON IOIEPAKKE TOCY-
nmapcrenHoro 3ananus VIBIT PAH, npoexkt Ne FMWZ-2022-0001.
Pagora A. B. Kypaorusua Beimosnaena B CeBepo-KaBka3cKoM IIEHTpe Ma-
remarnaecknx ucciaenopanmnii BHIT PAH npm nognepxke MuaucrepcTBo Ha-
yku u BbIcurero obpasosanusi Poccun, cormamenne Ne 075-02-2025-1633.
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Kpowme Toro, mpapasi 9acTb MOJIy9€HHON CHCTEMBI JOMYCKAET 00-
MUl MHOXKUTETh. Korjga 9Yucio BBIPOXKJIEHU MCXOTHONW CHCTEMBI
HE IIPEBBIITAeT OTHOr0, STOT MHOXKUTEJIb ITIOPOXKIAET CIIPAMIIAEMOe
CeMeiCTBO HEKOCUMMETPUIHBIX PABHOBECHI BOIN3U KOCUMMETPUY-
HOTO. B cityuae ke JIBYX BBIPOXKJIEHUIT, 3TO CEMeiCcTBO JinbO mcUe-
3aeT, Jub0 CIpIMJIZEMO, JTU0O UMEeT BUJ OKPYKHOCTHU WJIU THUIIEP-
6osbr. Ciiyuait ncue3HOBeHUsl ceMeiicTBa TpuBHasieH. JIokaabHas
KyIaccuduKaIus B C/Iydae PABHOBECHOU MPSIMOIl M3JI0KEHA aBTO-
pamu paHee Ha 9T0it Kordepernun [3]. dra KaaccuduKamnus mo cy-
IIeCTBY BBIIIOJIHEHA 110 CJICAYIOIIUM CBOMCTBAM PacCMaTrpuBaeMoil
JBYMEPHOI CUCTEMBI: TUII KOCUMMETPUYHOI'0O PaBHOBECHUL; THUII Ce-
MeHCTBa HEKOCUMMETPUYHBIX PaBHOBECUI; B3aUMHOE PaCIOJIOXKe-
HUEe KOCUMMETPUYHOI'0 PABHOBECUA U OKPECTHOI'0 CeMelcTBa; Yuc-
JIO PABHOBECUN Ha CeMeilCTBe, OTAC/IAI0IUX yCTORYUBbIC YT OT
HEYCTONYUBBIX.

B nokmane ommcana JiOKajbHAS KaacCU(pUKANNS YKA3AHHOMN
BBIIIE JIBYMEPHOIl CUCTeMbl Ha HEATPAJIbHOU IIOBEPXHOCTU B CJLy-
Jae, KOrja CeMeicTBO HeKOCUMMEeTPUYHBIX PaBHOBECHUI IIpeJIcTaB-
Jisier cob0il OKPYKHOCTH WK TUIIEPOOITY.
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OB YCTONYNBOCTU IMPABIJILHOT'O BUXPEBOT'O
MHOTI'OYTI'OJIBHUKA B KBABUTEOCTPO®UNYECKOIT
MOJIEJI TOUYEYHKIX BUXPEI B JIBYXCJIOIHOIT
KNJIKOCTI!

JI. I. Kypakun (Poccusi, Mocksa, IBIT PAH;
Braankaskas, KOMI BHIL PAH;
Pocros-na-/lony, FODY),

. B. Ocrposckasa
(Poccust, Pocros-na-lony, FODY),

M. A. CoxkoJjioBckuii
(Poccust, Mocksa, IBIT PAH; 10 PAH)

Paccmorpena kBazureocrpodudaeckas MOAETb IBYXCJIONHOM
xunkoctu. [lpencraBien amaan3 yCTOWYUBOCTUA CTAIMOHAPHOTO
BpaIenns: cucreMbl [N OJIMHAKOBBIX TOYEUHBIX BUXPEi, paBHOMED-
HO PACIIOJIOKEHHBIX HA OKPYKHOCTHU pajuyca R B OJHOM U3 CJIOEB.
Buxpu nmeror oquHAKOBYI0 MHTEHCUBHOCTD. 33/a49a YCTOWINBOCTH
uMeer Tpu nmapamverpa: N, R u 3, rie § — oTHOIIEHNE TOJIIINAH CJI0-
€B XKUJKOCTU. YCTONINBOCTDH CTAIIMOHAPHOTO BPAIEHUsT HHTEPIIPe-
TUPYETCs KaK OpOUTa/IbHAS YCTONYMBOCTD, HEYCTONYMBOCTD CTAIN-
OHAPHOT'O BPAIEHUS — 3TO HEYCTOWYUBOCTH PABHOBECUSI PEJIyIH-
poBanHO# cuctembl. VccmemoBanbl KBAIPATUIHAS TACTh TAMUJIh-
TOHUAHA ¥ COOCTBEHHBIE 3HAYEHUST MATPUIIBI JTUHEAPU3AIIUN.

ITpocrpancreo napaverpos 3axaqn (N, R, 3) pesnrcs Ha Tpu
qactu: A — 06j1acTh OpOUTAIBHON YCTOWYUBOCTHA B TOYHOW HEJIU-
HeliHoit mocTanoBke; B — obJiacTh JuHENHHON ycToiauBOCTH, T/IE
TpebyeTrcs JTOTOHUTE/IbHBIN HeuHeiHbli anaan3; u C — objacTh
uveycroitunBoctu. Caydait A nmeer mecto ipu N = 2, 3,4 1715 BCex
BO3MOXKHBIX 3HadeHuit mapamerpoB R u §. [Ipu N = 5 cymectBy-
ot jBe obnactu: A u B. B ciiyuae N = 6 wacts B — 310 KpuBasg,

lPaGora BhImOIHEHA mpu (PUHAHCOBOM TOJIEPIKKE TOCYTAPCTBEHHOTO 3 1a-
uus VIBII PAH, npoekt Ne FMWZ-2022-0001, u rocyaapCTBEHHOrO 3ajaHusi
1O PAH, npoekr Ne. FMWE-2023-0002.
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pasjensionas TpoCTPaHCTBO napamerpos R, 5 Ha ase obJacTu:
A u C. Ilpu N = 7 npucyrcrytor Bce Tpu obsnactu: A, B, u C.
Obnacts HeycroirausocTr C npu BCex 3HAUEHUSIX TAPAMETPOB, €C-
qu N =2n > 8, aBcayuae N =20+ 1 > 9 ects aBe obactu: B
u C.

Pesyabrarhl TEOpETHUECKOrO aHAIN3a TOATBEPKIEHBI THCJIEH-
HBIM PaCuYeTOM BUXPEBBIX TPAEKTOPHUIA.

B zaksouennn, ciemyer OTMETHTH, YTO HEJIUHEHHBIN aHAIN3
ycroiiunBoctu B obsactu B Tpebyer mpuMmeHeHWS TEOPUH Pe30-
HAaHCOB B MAMUJIBTOHOBBIX CHCTEMAaX MOJ00HO TOMY, KaK 3TO OBLIO
ClleJIaHO B CIydae BUXPEBOTO [N-yTroJbHUKA BHE KPYTOBOil 00/1acTh
B Mozesin Kupxroda [1].

OcHOBHBIE PE3YIBTATHI UCCEIOBAHUS OITyOJUKOBAHBI B Pabo-
Tax [2, 3.

Jlureparypa

1. Kurakin L. G., Ostrovskaya I. V. Nonlinear stability analysis of a regular
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2. Kurakin L. G., Ostrovskaya I. V. On stability of the Thomson’s vortex N-
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3. Kurakin L., Lysenko I., Ostrovskaya I., Sokolovskiy M. On stability of the
Thomson’s vortex N-gon in the geostrophic model of the point vortices in
two-layer fluid // J. Nonlinear Sci.—2019.—Vol. 29, Ne 4.—P. 1659-1700.



OB YCTONYNBOCTU IMPABIJILHOT'O BUXPEBOT'O
MVYJIBTUIIOJISI B KBABUTEOCTPO®NMYECKON
MOJIEJIT TOUYEYHKIX BUXPEIT B IBYXCJIOIHOIT
KNJIKOCTI!

JI. I. Kypakun (Poccusi, Mocksa, IBIT PAH;
Bragnkaskas, KOMI BHIL PAH;
Pocros-na-/Tony, FODVY),

. B. OcrpoBckas
(Poccust, Pocros-ua-/lony, FODY),

M. A. CokomoBckuii
(Poccust, Mocksa, IBIT PAH; 10O PAH)

Paccvorpena kBazureoctpoduyueckas MOMEIb JABYXCIOWHOM
xugkoctu. VlccieqoBana yCTORYMBOCTE JUCKPETHOW OCECHMMET-
PUYHOM BUXPEBO#l KOH(MUTYPAIUHU, KOTOPAs COCTOUT U3 TOUETHOTO
BUXPsI TPOU3BOIbHON naTencusnoctu ' u N Buxpeit (N = 2,...,6)
OJTMHAKOBOW WHTEHCUBHOCTH. OIMHAKOBBIE BUXPHU, PACIOJIOKEHBI
B OJIHOM CJIO€, JIJId OIIPEJIeJICHHOCTH B HUKHEM, Ha OKPY?KHOCTH
paauyca R, BOKDPYT IEHTPAJIBHOIO HEIOIBUKHOIO BUXPSA ITPOU3-
BOJIBHOII MHTEHCUBHOCTH, KOTOPBLI MOXKeT HaXOAUTLCA KaK B TOM
JKe Ccj0e, Tak W B japyrom. BuxpeBas kondurypamms BpaIiaercs
BOKPYT IIEHTPAJIBHOIO BUXPHA C IIOCTOAHHON YIJIOBOU CKOPOCTBIO.
Basaua ycroitunBoctu nmeer tpu napamerpa (R, a), tue a —
Pa3HOCTb MKy 6e3pa3zMEepHBIMU TOJIIUHAMEI CJIOEB KUIKOCTH.

ITox HEyCTOWYIMBOCTHIO PEIIEHUsT TOHUMALTCS HEYCTOWIMBOCTD
pelllenns TUHeapu30BAHHON YpaBHEHWI Bo3MyInenns. Paccmarpn-
BAIOTCH [IBA, ONPEEJIEHUS YCTOWIUBOCTU: OPOUTAIBHAA YCTOWYIM-
BOCTB ¥ ¢-yCTOWINBOCT. VICIOMB3YIOTCS METOIBI TEOPHH YCTONIN-

!Pabora BEIOIHEHA mpu (HDUHAHCOBOM mommep:kKe [OCYTapCTBEHHOrO 3a-
manug VIBII PAH, mpoekt Ne FMWZ-2022-0001 (perucTparmoHHbIii HOMED
122041100222-7), u rocynapcrsennoro 3anaausa 110 PAH, npoekr Ne FMWE-
2023-0002.
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BOCTH CTAIIMOHAPHBIX JABUKCHUNA NUHAMWYECKUX CUCTEM C Hempe-
poIBHON Tpymmoit cumverpun &. Tlog opOuTambHOM yCTONIMBO-
CTHIO TIOHMMAETCHA YCTONYIUBOCTH OJIHO-TIAPAMETPUIECKON OPOUTHI
CTAIMOHAPHOTO BPAIIEHUA, & MOJ ¥-yCTONINBOCTHIO — YCTOWYHN-
BOCTbH TPEXITapaMeTpUIecKoro NHBApUAHTHOTO MHOXKecTBa Oy, 06-
Pa30BaHHOIO OpOWTAMN HEIPEPHIBHOIO CEMENCTBA CTAIMOHAPHBIX
BpAIlleHnil JIBYCJOWHON BuXpepoil koudurypamun. Jlokazarennb-
CTBO OpOUTAIBHONW yCTOWIMBOCTH MPOBOAUTCA B 1Ba 3ramna. CHa-
qaJIa, UCCAEIyeTCs YCTONYNBOCTh TpeXIapaMeTPUIeCcKOro NHBAPH-
AHTHOTO MHOXKECTBa, a 3aTeM METOJ0M CBA3KHW MHTETrPaJIOB quae—
Ba, TOKA3BIBAETCS, UTO B JAHHOM CJIyYae U3 &-yCTONIMBOCTH CITETY-
er opbuTasibHAA yCTOWIMBOCTE. KBapaTuvdHbie 9acTv HHTErPAJIOB
U COOCTBEHHBbIE 3HAYEHUS MATPUITHI JTHHEAPU3AIUN KUCCIETOBAHBI
AHAJIMTUYIECKH.

ITpocrpancreo napamerpos (R, «) aenurcest Ha Tpu gacTu:
1) obmacte HeycToitumBoCcTH; 2) 067aCTH OPOUTATIBHON yCTONIH-
BOCTHM B TOYHOI HEJWHEHHOW MOCTaHOBKe; U 3) 00sacThb JInHEf-
HO¥1 yCTOMYUBOCTH, T/ie TpebyeTcs HeanHeiitnblil anaan3. [loryaensb:
AHAJUTUYECKUE YPABHEHUS KPUBBIX, PA3IEISIONIUX 9TH 00JIaCTH.

Pesyabrarsl TEOpETHYECKOIO aHAIN3a O TBEPK/IEHBI YICJIEeH-
HBIMU DaCYeTaMu.

OcHoOBHBIE PE3YIBTATHI UCCIEIOBAHUS OIYOJUKOBAHBI B Pabo-
tax [1-3].

B zakJsiodenne orMeTnM, 4TO HEJUHEHHBIN aHAIN3 yCTOWYNBO-
cTr TpedyeT UCI0JIb30BAHNS TEOPUN PE30OHAHCOB B MAMUJIBTOHOBBIX
cuctemax. Taxkoe mccieoBaHme MPOBEIEHO I BUXPEBOTO KBAI-
pynosst (34 1) B mozmesn Kupxroda [1].

Jlureparypa
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ACUMIITOTUKA PEHIEHUS 3AIAYUN
C «/IEHNIEBBIM» VIIPABJIEHUEM J1J1¢I
JINHEAPM30OBAHHOIT MOJIEJIN SIRC

I'. A. Kypuna
(Poccust, Boponex, BI'Y)

OpHolt w3 TOMYAAPHBIX WHQEKINOHHBIX MOJIEIel SIBJIsIeTCS
SIRC, B KOTOPOIi HACeIeHHE JEeTUTCS Ha YeThIpe YacTH B 3aBUCHMO-
CTM OT CTaTyca: BOCIPUMMYMBBIE K 3aboseBannio S (susceptible),
sapaxkennbie | (infected), Beizmoposesmme R (recovered) m ¢ me-
pekpectabiM uMMmyHuTeToM C (cross-immune). B [1] cdopmynn-
POBaHa 3a/Ja9a MUHUMU3alIUN KBaJAPATUIHOTO KPUTEPUA KaveCTBa
Ha TpaekTopusx HejmHeiiHol Momenun SIRC ¢ mepeMeHHBIME CO-
crostaust S, I, R, C. Tam ke paccmMaTpuBaercsi JUHEAPU30BAHHAS
mozenb SIRC Ha beckoreunom mpomexyTke. IIpu sTom onTuMaib-
HOE yTIpaBJIeHre HAXOAUTCA B (hopMme 00paTHOI CBA3U C MMOMOIILIO
pelennst aarebpandeckoro MaTpuIHoOro ypapuenus Pukkaru. Or-
MeTHM, 9TO B POPMY/IMPOBKE JINHEAPU30BaHHON 3aja4n B [1] nme-
IOTCSI HETOYHOCTH.

Ba)KHoe 3HaYEHNE B TEOPUUN ONITUMAJIBHOTO YIIPDABJICHUA UMEIOT
3a/1a91 C TAK HA3BIBAEMBIMH «JICIIEBBLIMA» YIIPABICHUSAME, IACTICH-
HOE pellleHne KOTOPBIX 3aTPYAHEHO. ACHUMITOTHYECKOE PEIIeHrne
JIMHEHO-KBA[PATUYHBIX 33129 TAKOr0 THIA IOCTPOEHO B [2].

31ech, B ominane or |1], paccmarpuBaeTcs 3a1ada Ha KOHETHOM
WHTEPBaJIEe, 3aK/II0YAIONIAACT B MUHIMU3ANY PYHKITHOHAIA

t1
1
5 / (wlxl (t)2 + 211)1561(75)36 + 'LUQCCQ(t)Q +
to
+ Qwamy (8)1° + 2 (ur ()2 + g (t)2)> dt
Ha TPaeKTOpuAX JjuHeapu3oBanuoit mojeaun SIRC
dx(t)
dt

= Az(t) + Bu(t)
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C 3aKPEeIJIEHHBIM JIEBBIM KOHIIOM, TJie
w(t) = (21(t), 22(t), 23(t), 24 (1)) =
— (5(t) — 5, 1(t) — I°, R(t) — R*,C(t) — C°) ",
S¢, I¢, R¢, C¢ — pelienne CUCTEMbI

p(1—8)—BSI+~C =0, BSI+vBCI— (u+a)l =0,
(1-v)BCI+al — (u+8)R=0, 6R—BCI— (u+~)C =0,

obecreunBaoliee MOJHYI0 YIPABIAEMOCTh JUNHEAPU30BAHHON MO-
JleJTi TIPU HEHYJIEBBIX 3HAYEHUAX 0, p1, p2, S, 1€,

—p—pI —BS 0 Y
A BI BS+vBC —pu—« 0 vBI
N 0 1-v)BC+a —p—-90 (A—-v)pI
0 —-pC 1) —BI —p—~

s_(-mS 0 ps 0\
S\ 0 —pal pol O

mpu S = S¢, [ = 1° C = C° u(t) = (u1(t),u2(t)’, e > 0 —
Maviblil TTapamMeTp. 3HAUeHnsl BCeX apaMeTpoB 00bsiCHATCs B [1].
[Tocsie 3aMeHbl IEPEMEHHBIX

yi(t) = 1 (t) +xo(t) +23(t),  y2(t) = za(t),

_ m(t) ()
vall) == g wl) ="

+ $4(t),

B TIpeOOpPa30BaHHOM YPABHEHHH COCTOAHHSA IIEPEJ yIIPABICHIEM
Bymer CTosATh MaTpuna B = (0, )T, tme 0 — mynesas maTpuia,
FE — equHnYHasg MaTpwuiia.

13 npunnuna MmMakcuMyMma IIOHTpATMHA CJIeyer, 9TO ONTH-
MaJTbHOE yIpaB/IeHne B TpeobpasoBaHHoll 3a1atue nveet BuT u(t) =
BTp(t)/e?, tne o(t) = (p1(t), p2(t), 3(t), pa(t))” — compsmen-
Has TIEPEMEeHHAS.
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Bgogsa obosnavenus

21(t) = (y1(), 32(1)", 22(t) = (ys(t),9a(®)),
Gut) = (p1(t), p2())T, Ca(t) = (w3(t), pa ()7,

JBYXTOYCYHYIO KPAEBYIO 3a/1a9y, BBITCKAIONLYIO U3 IIPUHIIATIA MaK-

cumyMma [louTparnna, MOXKHO 3alMCcaTh B BUIE

dz
d—tl = Anz + Aieze, 21(to) = z?,
62d22 2 2 0
praiats Aoz + €7 Agazg + (2, 22(t0) = 25,
d
% = Wiiz1 + Wigzo — AF{1C1 - AglCQ + b1, Cl(tl) =0,
d
% = Wizt + Waszo — AlyG1 — AJyCo + ba, (a(t1) = 0.

Ilocnenusisi cucrema SBJSIETCS CHHIYJISPHO BO3MYIIEHHOW B KPH-
THYECKOM CJIydae, TaK KaK ObICTpas IepeMeHHas z(t) He MOXKeT
OBITH OHO3HAYHO OMPEeIeHa W3 BBHIPOKICHHOTO YPABHEHUS JIJIst
9T0it mepemennoit mpu € = 0 (cu. [3]). YaursBasg Bux K03bdwITH-
eHTOB, HETPY/HO YCTAHOBHUTD, ITO MMEET MeCTO CIydail 1 B Tepmu-
HoJtoruwu [2].

Jlist TOJTy9eHHON ABYXTOYEYHON KPAEBOil 3a/a49u MOCTPOEHA,
ACHMIITOTHKA PEIIeHNs] BUIA

v(t,e) =Y & (v;(t) + u(r) + Qju(0)),

=0

e

U_(ZlaZQaC1aC2)a T = y 0= )
€ €
ILv(7) m Qjv(0) ABAAIOTCS MOTPAHMIHBIME (DYHKI[HSIMHE, 3HATE-
HIsI KOTOPBIX CYIIECTBEHHBI TOIBKO B OKPECTHOCTSX TOUEK ¢ = f

n t = t{ COOTBETCTBEHHO.
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ITocnemoBaTeIbHOCTH OMPEIE/IEHUsT TTEPBBIX WIEHOB ACHMITTO-
TUKU CJIETYIOTIAsT:

Coo(t) = Ca1(t) =0, Moz (1) = o () = Mola(r) = 0,
Qoz1(0) = Qo¢i(0) = Qola(o) =0, Z10(to), Cro(t1),
Q1C2(0) = Qozz(0) = Q121(0) =0, (Z10(£), C10(t)), Z20(t), Ca2(t),
Hoze(7), H1Ca(7), Miz1(7), M1C1(7), z11(t0), Q1C1(o) =0,
Cii(t) =0, (Z11(t),Cua (1)), zaa (1),

M122(7), TaCa(T), Q2(2(0), Q122(0).

Haﬁ;geHHme 3HAYCHU TTO3BOJIAIOT 3aUCATh aCUMIITOTUKY OII-
TUMAJIBHOI'O YIIPpaBJI€CHUA HCXO,I[HOfI 3a/la4d B BHUJIE

u(t) = T2 4 Gaft) + Tata(r) + Qatalo) + O,
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BHYTPEHHEKPAEBASA 3AJTAYA JIJTA
JNOPEPEHIIMAIBHOT'O YPABHEHIA JIPOBHOT'O
[TOPSIIKA C 3ATTA3IBIBAIOIINM APTYMEHTOM!

M. I'. MaxkrunxoBa
(Poccust, Hampunk, ITIMA KBHIIT PAH)

B pabore paccmarpuBaercs JinHeliHOe 00BIKHOBEHHOE g de-
PEeHIMaIbHOE YPABHEHNE

DY) = Mut) — pH(t—)u(t—7) = f(£), 0<t<1, (1)

¢ apobuoit mpom3Boamoil JIxxkpbamsana — Hepcecsana D
A, |t — TIPOU3BOJIbHBIE TTOCTOSIHHBIE, T — (PUKCUPOBAHHOE ITOJIOYKU-
resibHOe uncio, H(t) — byukunsa Xesucaiija.

o

Pezyaapuvim pewenuem ypasuernsa (1) mazoeM GbyHKIHIO
u = u(t) Takyto, ITO

Doy t) € AC[0,1], k=0,n—1,

U yJI0BJIeTBOpsIONIyo ypasuenuio (1) masa secex 0 < t < 1.
B nacrosimeit pabore s ypasuenus (1) mccmemyercst coiemy-
oIad 33,144,

BAJIAYA. Haiitu peryasiproe pemenne ypasuernns (1), yaosme-
TBOPAIOIIEe KPAEBBIM YCIOBUAM

rlim D{'Yo,---v'Yifl}u(t) - i a;, lim D{Wo,---mfl}u(t) =c
t—0 Ot = sy, Y ’

t—1 t—ty, 7

lim Dézo""’wfl}u(t) — > bj lim Dézo""’%*l}u(t) =d,
k=1

! PaBora BEITIOIHEHA B PAMKAX TOCYIAPCTBEHHOrO 3a1aHUs MUHICTEPCTRO
HayKu U BbIcmiero obpasoBanus Poccuiickoit @enepamuu, npoekt Ne FEGS-
2023-0003.
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p,q = 1 Taxkue, 4To p + q = n, a;k, bjr — 3aJaHHBIE TOCTOSTHHbIE.

s 3amam (1)-(2) moxazama Teopema CyNneCTBOBAHUS ¥ €/HH-
CTBEHHOCTH DEIMEHUA, TTOJIYI€HO YCJI0BUE PA3PEIINMOCTH. PeH_[eHI/Ie
3a/1a9N BBINNCAHO B SIBHOM BH/IE ¥ NMEET BII:

1 &
u(t) = A ch- ZWPS—I(t)MiS +
=1 s=1

n

1
q
DS W Oy + [ 1O\ H - OWalt - )+
j=1 s=1 0

D n

1 n
+ K ; Wps—l (t) ZZI M;s £ _aikWa*pifl‘i’l (tk - f) -

1 & !
O ILAN0) SETATH AR
s=1 j=1

= bWy, alt—6)) | de

k=1

raie A # 0, W, (t) — cnenuanbuasi dbyHKIMsI, CBOHCTBA KOTOPOI
u3ydeHsl B pabore [2].
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O BJ/INAHNN KOPOTKOBOJIHOBOT'O BHEIIHET'O
CUTHAJIA HA YCTONYNBOCTH PABHOBECHUSI
CUCTEMBI XUIMTHNK-—2KEPTBA C TAKCCOM

K. X. Manan
(Poccust, Pocros-na-/lony, UMMuKH FODY)

PaccmoTrpum cpefty, COCTOSIIYIO U3 YACTHUI], KOTOPHIE TYBCTBH-
TeJIbHBI K HECKOJIBKUM CUTHAJIAM U CTUMYJIAM B TOM CMBICJIE, UTO
cpefla pearmpyer Ha, TPAJWEHT WHTEHCHBHOCTH CHUTHAIA HATPAB-
JIGHHBIM JIBUKeHHEeM. TaKyi0 ClIOCOOHOCTh YaCTO HA3BIBAIOT TAKCH-
coM. B wacTHOCTH, HA3BaHME XEMOTAKCUC, KAK ITPABU/IO, IPE/IIOIa-
raeT, 9TO CUTHAJ MPEJCTABIIET CODOM KOHIEHTPAITTIO HEKOTOPOTO
XUMUYIECKOTO BEITIECTBA, 8 PEAKITHS CPEIbl — BOSHUKHOBEHUE €€ II0-
TOKA, HAITPABJIEHHBIOTO BJIOJIb IPAJNEHTa CUIHAIA (TaK Ha3BaeMast
mozens [Tarmaka — Kemrepa — Cerens (PKS)). Oanako, sta Mo-
JIeTh UCTIOB3YeTC 6osiee MMUPOKO, HATPUMED, B TOMYIAINOHHOMN
muHamuke [1].

B narem ucciieoBaHuN pacCMaTPUBAJIACH CJIEIYIONIAS MOJIE/Ib
COODIIEeCTBA XUITHUK-2KEPTBA,

pe+qe.=pf(p,s), q=p(xSz+ xhy) — ppe,

_ (1)
st = Dsgp + 59(10, S)a

3mecb t — Bpems, © € R — mpocrpaHCTBeHHast KOOPIAWHATA,
p =p(x,t), ¢ = q(z,t) — WIOTHOCTH ¥ MOTOK XWIIHUKOB, & (DYHK-
s § = s(x,t) 0603HAYAET MJIOTHOCTH KEPTB. 3ajaHHble (DyHK-
i f u g ONpefeNsdioT KWHETUKY CHCTeMbl. BTopoe ypaBHeHHe
B (1) onpegensier norok no 3akony [Nariaka — Kemepa — Ceresst
(PKS), mpu 5TOM MJIOTHOCTH JOOBIUH, S, CIY?KUT OJHUM CUTHAJIOM,
a HeKoTopas 3ananHasg ¢yaknus, h = h(zx,t), BBICTyIaeT B Kade-
CTBE JIPyroro CUr"aJjia, KOTOpPbld pacCMaTpUBaCTCd KaK BHEIIHUA.
[Mocrostanbie KoM dunuentsr Y > 0 u s (KOTOpHIiA, BOOOIIE TOBO-
pd, HE HOJIO)I{I/ITQJIQH) U3MEPAI0T 9yBCTBUTE/JIBHOCTH XUIIMHUKOB K
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[JIOTHOCTH JI00BIYN ¥ BHEITHEMY CUT'HAJY, & KoddduunenTts! pu D
SIBJIAFOTCS TTOCTOSHHBIMU Kodddurmertamu auddy3un I XuIil-
HUKOB 1 J00brau. Bee oHM mipedmoiaraioTcs 3a aHHBIMA. Y paBHe-
uus (1) cocrasisiior Momens PKS coobmiecTta XuImunK-kepraa ¢
TaKCHCOM U BHENIHUM CHUTHAJOM. PaHee B3amMo/eifiCTBUE TaKCHCa
C BHEIITHUM CHUTHAJIOM U3y4Yasioch B CTaThsx |2, 3|, rue, oxHako uc-
TOJTB3YIOTCSA MOJIe/In Takcuca, ornanabie ot PKS.

Teopema 1. ITycrs B cucreme (1) D = § > 0, u Bce ocraibHbIe
mapaMerpbel CHCTEeMBbI He 3aBHUCAT OT 0. IlycTb BHEIIHHIT CHIHAJ
uMeer BUJ Oeryiei BOJIHBI:

x —ct
6 b

h=h(z,t,n), n= h(z,t,n +2m) = h(x,t,1),

npuieM

L
. 1
<h($,t, )> =0 (Vaz,t,n), rae <f> = lim — f(n) d77-
L—oco 2L
—L
TOFﬂa HMeeT MEeCTO aCHMIITOTHYECKOe paBJIO)KeHI/Ie peLHeHI/IH cu-
crempl (1) 110 HEOTPHIIATEILHBIM CTEIIEHSIM ITapaMerpa 0, HAaYHHAs
¢ HyJIeBoi, rye Bee koahpunuentsr 2m-nepuoamaasr o 1. Pazo-
2KeHnue HAYUHaeTCd C HyﬂeBOﬁ CTeHeHH, " ero rJIaBHBIH 9JIEH UMEET
BHT

so = 8(x,t), =p(x,t)E(x,t,n), EF=———,
0 =5(x,t), po=px,t)E(x,t,n) -

~ ~ oz
H,=h, (H)=0, x=-=,
u
IJ1€ SBOJIIOIUS P, § PETYIUPYETCs TakK Ha3bIBAeMOI IOMOTeHH3UPO-
Barnoii cucremoii (I'C), koropast numeer B

Pt + 4o =Df(D,5), q=p(X5z+¢) — bz, St =54(p,5), (2)

f(p,5) = (Ef(PE,5)), 3(p,5) = (9(PE,3)), (3)
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P XA )
¢ = ( ) ( <exp (en~"H))),
M = <exp( )><exp(—f4f~1)>. (5)

[Tycts h = h(n). Torga I'C TpaHCAANNOHHO MHBAPWAHTHA IO
MepeMeHHON &, W MMeeT CMBICJ PACCMOTPETH ee OJHOPOIHBIE PaB-
HOBECHS, § = S, = const, p = P = const. DTUM pPaBHOBECUAM CO-
OTBETCTBYIOT ACHMIITOTHYECKUE PEITeHNs, OMUCHLIBAIONINE KOPOT-
KOBOJIHOBBIE PEXMMBI 6€3 MEJJIEHHON MOy/simu (Tak HA3bIBAE-
Mble KBasmpaBHoBecus). Ilpm h = (0 KBa3upaBHOBECHs 3aMella-
I0TCS OIHOPOHBIMY PaBHOBecusiMu cucrembl (1) § = s, = const,
P = pe = const.

Paccmorpum smaeiinyio ycroitunocts pasaosecuit I'C orHOCH-
TeJIbHO TaK HA3bIBAEMBIX HOPMAJbHBIX MOJ (P, q, §) exp(ikx + At),
A € C, k € R. Baduxucupyem dyukuuio hy = ho(n) u mosoxum
h = ahgy, rne a € R. Ilycts cucrema (1) mpu o = 0 umeer paBHO-
BeCHe P, So. O003HAUMM a5, 1, ] = 1,2 smeMenTsI MaTpuIs! fkobun

d(pf(p,s),s9(p;s))
8(}?, S) P:pe,SZSE‘

Teopema 2. Ilycrs BbIIOJIHEHBI HEPABEHCTBA
ajpaz —azia1z2 >0, ann +agge <0, anaz <O0.

Torza cymecrsyer 4ncio o, > 0 rakoe, uro Ha [0, o) onpesgeseHa
rragkas BerBb paBHoBecuii I'C pe(a), Sc(av), mpuaem p.(0) = pe,
5.(0) = se.

(Va e 0,a.) 3k € (0,00]) :
(VE:k* € (0,k2)) B e =cu(kxp) =0)

TakKoe, YT0 HOpMaJIbHAasT MOJIa pABHOBECHS P (), S¢(a) ¢ BOMIHOBBIM
ancaom k : k? € (0, k?) ycroitumsa st ¢ < 2, m meycroitansa jist
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c? > 2, re ¢ — CcKOpOCTh, ¢ KOTOPOIT pACHPOCTPAHACTCS BHEITHHIT
CHTHAJI.

B kagecTBe mprMepoB OBLIH pAacCMOTPEHbI KHHeTHKH JIoTka —
Bossreppsr (JIB)

f(p,s):’ys—ﬁ, g(p,s)ZI—p—s, /3>Oa ’7>O
u Apaurun — T'unsbypra [4] (AT)

Vs p
f= —B g=1-s-

, r>0.
s+ p sS+p

B oboux ciaydasx HCCIEI0BATNCH PABHOBECUS COCYIECTBOBAHUS
BUsIOB P > 0, s > 0. B cayuae JIB 6e3 curnana (o = 0) Bce MOBI
TAKOr0 PABHOBECHUSI YCTOWYWBBI [IPH BCEX 3HAYEHUAX MapaMeTpoB,
IpU KOTOPBIX OHO CYIIECTBYET, U TO Ke BepHO i paHoBecuii I'C
mpu JoOBIX «, ¢. B cayuae AT mpu o = 0 mmeerca mapaMerpu-
geckasl 0bs1acTh HeycroiiumBocTu pasHoBecusi [5]. 13 Teopemb 2
CJIEJIyeT, UTO 3Ta 0OJACTh PACIIUPAETCS C POCTOM € IIPH MAJBIX (.
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OTOBPAYKEHIE-CUETUYNK 1 MUHUMAJILHBIE
MHOYKECTBA HEIIPEPBIBHBIX OTOBPAYKEHMNIT
JTEHIPUTOB!

E. H. MaxpoBa
(Poccust, Huzkuuii Hosropoy,
Yuusepcurer JlobaueBckoro)

1. Tlog xKoHMUHYYMOM TIOHIMAEM KOMIAKTHOE CBA3ZHOE MeT-
PUYECKOe MPOCTPAHCTBO. Jlendpumom  HA3bIBAETCSA JIOKATBLHO-
CBYI3HBI KOHTHHYYM, HE COJIEpPKAIlWuil Iyr, TOMEOMOP(MHBIX
OKPY:KHOCTH. V3 onpejiesenns JeHJIpUTa CJIeIyerT, YTO JeHIPUT —
omHOMEPHBIH KoHTHHYyM. OT™MeTnM, uTo 3a mocaegane 30 et Bo3-
pPOC MHTEpeC K U3yYeHUIO JUHAMUYECKUX CHCTEM Ha OJHOMEPHBIX
PA3BETBJIEHHBIX KOHTHHYYMaX, MOCKOJIbKY OHU MOSABJISAIOTCA KaK
muOkecTBa ZKIosina B KOMILIEKCHBIX JMHAMUYECKUX cucremax [1],
KaK IMpeJIebHble MHOKECTBA JUHAMUYECKUX CHCTEM Pa3MepHOCTH,
Gosbieit 1 [2], kKak aTTPaKTOPHI CTATMBAEMbIX ITOJUTOHAJIBHBIX CH-
creM [3], Kak aTTPaKTOPHI KOCBIX TPOM3BEICHUI 1 HHTEIPUPYEMBIX
orobpaxkenuii [4, 5|, Takke B 3aja4ax MareMaTndeckoi (usuku.

[Tycts X — nempput, Touka p € X. Ecau X\ {p} cBasuoe mHO-
JKECTEO, TO TOYKA P HA3BIBAETCH KOHUEB0T moukol dendpuma X;
ecm X \ {p} cocrout m3 Gosree deM JBYX CBSI3HBIX MHOKECTB, TO
P Ha3bIBaeTCsa moukoll eemeaenus dendpuma X. OrMmerum, 4ro
nenapur X uMmeer He Oojiee, YeM CYETHOE UHCJIO TOYEK BETBJIE-
HUIsI, TIPUYEM 9HCII0 CBI3HBIX MHOXKeCTB B X \ {p} Tak:ke He Gostee,
4eMm c4yeTHO (cM., Hanpumep, [6, 1. 6, § 51]). lenapur ¢ KoHedHbIM
YUCJIOM KOHIIEBBIX TOYEK HA3BIBAETCS KOHEUHbIM JEPEGOM.

2. ITycrs X — KOMIIAKTHOE METPUUIECKOE MPOCTPAHCTBO, f :
X — X — mempepniBHOe orobpaxkenne. Hemycroe muox)kectBo M
B X Ha3BIBACTCS MUNUMAALHOIM OMHBOCUMeAbHo f, eclim OHO 3a-
MKHYTO, THBAPDUAHTHO U HE COJEPKUT COOCTBEHHBIX MOIMHOYKECTB,

Wecenenosanue Boionseno 3a cuer rpanrta Poccmiickoro Hayusoro dhonia

Ne 24-21-00242, https://rscf.ru/project/24-21-00242/ .
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Y/IOBJIETBOPSIONINX yKa3aHHBbIM cBoiicTBaM. Kcmm X aBigerca mu-
HUMAJBEHBIM MHOYKECTBOM OTHOCHTEIHHO f, TO f HA3BIBAETCA M-
HUMAALHOIM 0omobpasicenuem. Ilepmonmaeckas opbura — mpocreii-
Uil TpUMep MUHIMAJIBHOTO MHOYKECTBA. BayKHBIM ITPUMEPOM MU-
HUMAJBEHOTO OTOOparkKeHns Ha OECKOHEYHOM MHOYKECTBE SIBJISIET-
cst orobpaxkenne-cuerunk (adding machine/odometer). Hanomunwm
ero ompesesnerne (cM., HampuMep, |7]).

Iycrs @ = (j1,72,...) — MOCJIEI0BATEIBLHOCTh HATYPAJIBHBIX
qnces, Tae j; = 2,

Aa:{(l’l,l’g,...)lCl?iE{O,l,...,ji—l},i}l}.

Ompenennm MeTpuky Ha Ay, TTOJTOKNB

(e 9]

do((1. 220 ), (e, ) = 3 29

WA
i=1

riae 0(zi,y;) = 1, ecn z; # y; w 0(xi,y;) = 0, econ z; = ;.
Omnpenemum ciaoxenne B A, M0 CIEYIONMEMY IPABIILY:

(xlax2a"')+ (ylayQa"') - (215225"')7
TIe
z1=(x1+y1)modj; u zy = (z2 + yo + t1) mod jo.

SBnech t1 =0, ecmm x1+y1 < jruyy =1, ecmm x1 +y1 = j1. U tak
Jastee.

Onpemenum omobpasicerue-cuemyux Wil TPOCTO CYEMYUUK To, :
A, — A, Tak, 9robel T4 (T, T2, .. .) = (T1,22,...) + (1,0,0,...).
B [7] mokazamo, uT0 0TOGpAKEHUE T, SBJISIETCS MUHUMAJTBHBIM 7SI
JIF0O0I IIOC/IEOBATEILHOCTH (L.

ITosmoxum o = 2, ecm j; = 2 st siroboro ¢ > 1. B srom ciry-
qae orobpaxkenne Ty @ Ay — Ag HAZ0BEM 080UHHBIM CUETMUUKOM.
Ormernm, ecin HenmpepbiBHOE orTobpaxkenue f : I — [ orpeska [
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MMeeT HYJIEBYIO TONOJIOIMYECKYIO SHTPOINUIO U DECKOHEYHOe MUHU-
MasibHOe MHOKeCTBO M C I, TO fip; TONOJOTUYECKH CONPAZKEHO
asonaroMmy cuerunky [8, Theorem 15.4.2].

3. Ilycts X — gmemapuT, W HEIpephIBHOE OTOOparKeHwme
f+ X — X nmeer 6eckonednoe MuHIMAIbHOE MHOKeCTBO M C X
B nokmase ycraHaBINBAETCS CBA3b MEXK/Ty TOMOJIOTUYIECKON SHTPO-
mmeit orobpakennst f u coficrBamn mHOKecTBa M. CrpaBeminBa
CJIeJTyIOIAsT TEOPEMA.

Teopema 1. Ilycre X — geHAPHT CO CUETHBIM GHCJIOM KOH-
IIEeBBIX TOYEK, HEmpepbiBHOe orobpazkernme f : X — X mmeer Hy-
JIEBYTO TOIMOJIOTHYECKYI0 SHTPOIHIO0 U OECKOHEUHOe MHUHHMAJIBLHOE
mHOKectBo M B X. Torma cymiecTByeT moCaeg0BaTEIBHOCTD (1
Takasl, 4To f| M HOJIYCONIPSIZKEHO CUYETUHKY To. Ecmm memapur X
SBJISETCS KOHEYHBIM JEPEBOM, TO f‘ M TOIIOJIOTHYECKH COIPSIZKEHO
CUETUUKY Ty .-

st cpaBHeHust oTMeTHM, 9TO B [9] HOJIydeHbl yCa0BHs Ha MU-
HUMaJIbHOE OeCKOHeTHOe MHOXKEeCTBO M orobparkenust f, 3aJiaHHO-
ro Ha JEHJPUTE, PU BHIMOJHEHUNU KOTOPBIX TOMOJIOTAYECKAs JH-
Tpomus f TMOJIOKUATETbHAS.

B noxsaze Takike mMOKa3bIBaeTCs, UTO s OO0 mOCaea0Ba-
TEJILHOCTH (¢ CYIIECTBYIOT JeHAPUT X W HENpepbIBHOE 0TOOparKe-
e f : X — X rmakwe, uro f umeer MUHUMAJHHOE MHOXKECTBO
M C X, u fjpy TONOIOrHYECKH CONPSZKEHO CHETUUKY To. [list
HETPEPBIBHBIX OTOOPasKeHU OTpe3Ka W KOHETHOTO JTepeBa TaKas
curyanust He peanausyercst (cM, nanpumep, [8, Theorem 15.4.2]).
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CTOXACTNYECKUE IJNOOEPEHIMAJIBHBIE
YPABHEHUA JIEOHTBEBCKOT'O TUITA

E. FO. MammkoB
(Poccust, Kypck, FO3TY)

PaccmarpuBaioTcst BBIPOKIEHHBIE CHCTEMBI CTOXACTHIECKUX
muddepenimaababix ypasaeauit 8 popme To, B KOTOPBIX B Jjie-
BOIl M MPaBOil 9aCTAX CTOAT BEIIECTBEHHBIE TOCTOSTHHBIE MaTpH-
b1, 0OPA3YIOIIe PeryIsIpHbIi TydoK. KpoMe 3T0r0, B mpaBoii da-
CTH UMEeTCsT BEKTOP-(DYHKIUSI, 3aBUCAIIAS TOJBKO OT BPEMEHH.
[Ipesmoaraercs, 9To B JIEBOI YACTH YPABHEHUS CTOUT BBIPOK TEH-
Has MaTpulla. B mreparype paccMaTpuBaeMble CUCTEMBI eIlle Ha-
3BIBAIOTCS arebpo-auddepeHuatbabIMu, JecKpunTopabiMu. Ha
si3bIKe 3TMX ypaBHenuit B paborax A. JI. Illecrakosa, I. A. Csu-
pumioka u A. B. Kemnep [1] u3yuaerca nuHaMUYIecKOe HCKarxKe-
HUEe CUTHAJIOB B pajmoycrpoiictBax. B paborax JI. A. Bracenxo,
A. T. Pyrkaca [2], a takxke O. Schein, G. Denk, T. Sickenberger,
R. Winkler [3] paccmarpupaemble cuCTeMbl BO3HUKAIOT IIPH Ma-
TEMATUIECKOM MOJEJIMPOBAHUY KOJIEOAHW U IJEKTPUIECKUX Tie-
meit. CToxacTuIecKue ypaBHEHNs JIEOHTHEBCKOTO THITA, BOZHUKAIOT
B paborax JI. A. Buacenko, FO. I'. JIsicerko, A. I'. PyTkaca npu
MATeMaTHIECKOM MOJETUPOBAHUN TUHAMUKN KOPIIOPAIINN TIPET-
OpUSITHIT P UCTOJIb30BaHUN WHBECTUPOBaHUs. OTMETUM TaK»Ke
paboret FO. E. Bogpunnesa u B. @. Yucrakosa [4], I B. demu-
nenko, C. M. Uyiiko, A. A. Besnosa, A. I1. Kypaiokosa, A. Alabert,
S. L. Campbell, B KoTOpBIX 0UYeHb 00CTOSITE/THHO M3y UeHbI Tudde-
pEeHINAJIBHBIE YPABHEHUS JICOHTHEBCKOTO THUIIA.

Jnsg paccMaTpUBAEMBIX CTOXACTUIECKUX CHUCTEM  ITOJTYIEHBI
YTBEPXKJIEHUsI O WX NPUBEJEHUN K KaHOoHWdeckomy Buuy [5]. Us-
BECTHO, YTO JIJIsT WCCTIETOBAHNS KAHOHUIECKUX CUCTEM Tpebyercs
pPACCMOTpEHNe MPOU3BOIHBIX JOCTATOYHO BBICOKUX MOPSJIKOB OT
MpaBoii 4acTu, a 3HAYUT U BUHEPOBCKOTO Tporiecca. Tak Kak mpo-
M3BOHBIE BUHEPOBCKOTO MPOIECCA CYIIECTBYIOT TOJTHKO B CMBICTIE
000061meHHbIX (DYHKINN, KOTOPbIE KpaiiHe TPYIHBI Jjid ITPUMEHe-
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HUsI B WCCIEJOBAHNN KOHKPETHBIX YPABHEHUI, TPeIJIOXKEH HOBBII
METO/T UCCJIEJIOBAHNUS YPABHEHNSI, OCHOBAHHBIN HA MPUMEHEHUN all-
mapara MpOn3BOIHBIX B cpeareM o Hembcony oT ciyqaitHpix mpo-
11eccoB [6], /s omucaHust KOTOPBIX HE UCIIOJIB3YIOTCS 0600IeHHbIe
dyuknun. OTMETHM, 9TO TOHITHE MPOM3IBOIHBIX B CpEIHEM OBLIO
BBeZeHo O. Hemsconom B 60-x rogax XX Beka JJIst HYXK ]I TOCTPO-
eHHOl MM CTOXAaCTHYECKON MEXaHWKN (BapHaHT KBAHTOBOIl Mexa-
HUKH). A UMEHHO, TPUMEHSAIOTCS CUMMETPUYECKUE TPOU3BO/IHBIE B
cpenmeM (TeKyIe CKOPOCTH) BHHEPOBCKOTO mporecca. Tekyrue
CKOPOCTH, B COOTBETCTBUM C OOIIEH WIE0T0THEH TEOPUH TTPON3BOJI-
HBIX B cpegHeMm 1o HenbCcoHy, SBISIOTCS €CTECTBEHHBIMU AHAJIO-
ramu (pU3MUECKOil CKOPOCTH JI€TEPMUHUPOBAHHBIX TIPOIEccoB [6].
B pesynbrare nosydersr (hopMyIb A7 BEIYUCTCHIS CUMMETPUYE-
CKHUX MPOM3BOHBIX B CPEIHEM BBICIITUX MTOPSIIKOB OT BUHEPOBCKOTO
nporiecca [5]. Tlomyuensr anamnTuaeckne GOPMYIIbI /IS PEIeHii
YPABHEHU B TEPMUHAX CAMMETPUIECKUX TPOU3IBOTHBIX B CPETHEM
BHHEPOBCKOIO nporecca [5, 7].
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KOMILJIEKCUDUKAIINS
AJITEBP JI — PATHXAPTA

A. C. Muinesko
(Poccust, Mocksa, MI'V)

[IpoBomuTCst cpaBHEHNE TE€OMETPUYECKOTO U AJIredpamdecKoro
ommcanmnst anrebpousos JIu. Ha sTom ocHOBaHUM CTpOsITCST Omepa-
U KOMILJIEKCU(DUKAIIUU ¥ OBENIeCTBIeHns ajredpousos JIu kak
anreop JIu — Peiinxapra. Cpasuupatorcs aiarebpst JIu pepusarmii
HaJI TOJIIMU KOMILJIEKCHBIX U BeNIeCTBeHHBIX uuces. [loka3biBaer-
Cs1, UTO JIEPUBAIUU CTPYKTYPHOU ajreOpbl, 3HAYEHUS B KOTOPBIX
MPUHUMAET OTOOpaKeHUsT aHKOpA, COTJIACOBAHBI JIJIsi KOJIbIIA CKa-
JISIDOB U €r0 MPOU3BOJILHOTO PACITUPEHUS HAJl ITOJIeM BeIeCTBEH-
HBIX 4Yuces. B ciaydae moJisi KOMIJIEKCHBIX YHCEJT MOKA3bhIBAETCS,
9TO JIEPUBAIUHU CTPYKTYPHO aaredpbl COBIAIAIOT C JePUBAIUAMEI
HAJI TT0JIEM BEIeCTBEHHBIX YUCEI.

[Tousitue anrebpousa JIlu mmeer o Kpaiineii Mepe JiBe Bepcuw,
OJIHA U3 KOTOPBIX MEOMETPUYECKasi, a JIpyras YucTo ajaredpantde-
ckas. ['eomerpuueckas Bepcus 3ajaer ajaredbpous Jlu B Buje BEk-
TOPHOTO pacciaoeHust A Ha ragkoM MHOT00Opazun M, Ha KOTOpOM
¢UKCHpoBaHa JIOTOJHATEIbHAST CTPYKTYPa KOMMYTATOPHOM CKOO-
ki {e o} B npocrpancree I'A riuajkux cedennii, NpeBpalaoIast
MIPOCTPAHCTBO CedeHuii B aarebpy Jlu.

MoTuBrpoBKOit Takoro ompejenenus: ciayRut uiges M. Croy-
Ha (1948) (Teopema Croyma — Beiiepmrpacca) o cBsi3u TOIOJIO-
TUYECKOr0 MPOCTPAHCTBA C aaredpoil HempepbuIBHBIX (DYHKIIAN HA
HEM U KOTOpasi YyTBEPKJAET, YTO BCE TEOMETPUIECKUE CBOCTBA TO-
[TOJIOTUYECKOTO MMPOCTPAHCTBA MOYKHO ONKCATH MUCKJIOYUTE]IBHO B
TepMUHAX aareOpbl HETPEPBIBHBIX (DYHKIUIT Ha HEM.

s onpenenenus: aarebpouos JIu Hyx)kHO agarebpous JIu 3a-
ITaBaTh HEe KaK paCC/IOeHrne Ha MHOroobpasmm M C ITOMOTHWTEIh-
HBIMU CTPYKTYpaMU HA PAaCC/JIOEHWH, a KAaK MPOCTPAHCTBO BCEX
JIAJKUX CEYEHUIT 9TOTO PACC/IOEHUS, UTO MPUBOIUT K MOHITHUIO
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anarebp JIm — Paiixapra. Takoit momgxom MO3BOJISET eCTECTBEHHBIM
obpa3oM MEePeXoINTh K oneparun Komiiekcudukauu. KitodaeBbiv
MOMEHTOB 3/1€Ch ABJIACTCA

Teopema 1. Bioxenne Derc(C*(M)) C Derg(C>(M)) saB-
JISIETCS U30MOPHU3MOM, T. €.

Derc(C®(M)) = Derg(C>(M)).



I'EHEPAIINS CTIMPAJIBHOCTU U ITEPEJJAUYA
SHEPTUU ITPU AKYCTUYECKOM
CTOKCOBOM JIPEII®E

A. B. Moprynauc

(Poccust, Pocros-na-/Tony, UMMuKH FODY;
Braankaskas, OMU BHII PAH)

B ocrmmupytoremM moToke JKUJIKOCTH YCPeJTHEeHHAs CKOPOCTD
MaTEPUAJIbHBIX YaCTUL, KaK MITPaBUJIO,0TKJIOHACTCA OT YCPEIHEH-
HO#1 3iiylepoBoii ckopocTu. Mbl Oy/1eM Ha3bIBATH CTOKCOBBIM JIpeii-
¢dOM BEKTOPHOM T0JIe, OMUCHIBAIOIIEM PACIPEIETeHue ITUX TI0-
mpaBok 1o objiactu Tedenud. B obmem ciyuae npeiid Crokca B
riaBHOM npubsmkenun uveer sux (€., €]/2, rue depes € obo3Ha-
YEHO 10JIe «OBICTPBIX» MEPEMEIEHNI TP 3aMOPAXKUBAHUN «M€/I-
JICHHBIX» IIEPEMEHHBIX, YepTa CBEPXYy YKa3blBaeT Ha yCpPeJHEHUE
0 «OBICTPOMY» BpeMeHU, a KBaJIpaTHbIE CKOOKU — CTaHAPTHBI
KOMMYTATOP BEKTOPHBIX moJieii B MEIJICEHHBIX TTEPEMEHHbBIX. BBICT—
pble KojiebaHus KUIKOCTH BO3OYXKIAOT [VI0OATBHYIO ITUPKYJIs-
0 — MejJieHHoe BuxpeBoe Teuenne |[1|. Bkiax B Hero crokco-
Ba japeiida ObIBAET JI0BOIBHO 3HAYUTE/IHLHBIM. 31€CH [IPUIArATE b=
HBIE «MEJJIEHHBI» B «OBICTDPBIA» YKa3bIBAIOT Ha CYIIECTBEHHOEe
pas/Mdre BPEMEeHHbBIX 1 /WM MPOCTPAHCTBEHHBIX MaciiTabos. Ha-
IpUMep, PACCMOTPHUM KOJIEOTIOIIHUICS KEeCTKU COCy/I, 30/ THEH-
HBI BSIBKOW HECXKMMAaEMOi *KUIKOCTHIO. Torma mepnoa KoaedaHmit
OTIpeJIeIieT OJMH MaciiTab BpeMeHU, B TO BpEMsi KaK €CTb JIpy-
roit, a mmenno, L? /v, rne L — xapakTepHbIii pasMep coCyaa, a
vV — KUHEMaTHIecKasi BI3KOCTb KuaKocTu. CTOKCOB nipeitd u poj-
CTBEHHBIE ABJIEHNA OTHOCATCA K CJIy4dalOo, KOTJda HepBbIﬁ HAMHOT'O
MEHBIITEe BTOPOTO.

75T HeKOTOPBIX COOTHOIIEHUN MeXKJy MacinTadbamMu BUOpaIiy-
OHHOT'O BO3,B;€I‘/JICTBI/I$I " MMOTOKa CymieCTBYyeT nIpOoCTasd, HO MaTeMaTH-
YECKU IOCJIEIOBATE/IbHAST AaCUMIITOTAYECKAs TEOPUs CPETHEro Te-
gennst [2-4]. Ona onmpaercst Ha BsI3KOe HECKHUMAEMOE MpubmzxKe-
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HUe, HO JIOIyCKAeT PACIIUPEHne Ha, CZKUMAEMbIH cirydail, rje ObicT-
pBble IepeMeITeHnsI MOTYT PACIPOCTPAHITHCA KaK 3BYKOBBIE BOJIHBI.
B oboux caydasix cpeauuit moTok BrItogaet japeiid Crokca B Tias-
HOM TIPUOJINKEHNHN.

Harrte ucciieiopaive coCpeoTOYEHO Ha OOIINX KAYECTBEHHBIX
cBoiicTBax spetica Crokca. VizBecTHO, UTO 9TO TOJIE BCEra He3/1u-
BEPreHTHO W, KaK MPABUJIO, 3aBUXPEHO, XOTS 339aCTYI0 BOSHUKAET
U3 KOMMYyTaruu Oe3BUXPEBBIX IIOJIel, He 00a3aTebHO Oe3auBep-
reHTHBIX. Ha HAI B3I, IPECTABISAIOT HHTEPEC U APYTHe 0bIme
PEe3yIbTATHI, HAIPUMED OIEHKU SHEPTrUu Win WHBapuaHTa Xomda
(ctmpasbHOCTH), 0 KOTOPBIX, HACKOJIBKO HAM W3BECTHO, MOKA HE
COODITAIOCE.

C mesibi0 TPOJIUTH CBET HA, 3TU BOMPOCHI, MBI PACCMOTPEIN
npeiic, BEI3BBAHHBIN TEITOYKAME KOPOTKUX 3BYKOBBIX BOJIH, JTyajlb-
HBIX KOHEUHBIM JUHEHHBIM KOMOUHAIMAM aToMoB Jlupaka Ha emqu-
HUYHOI cpepe B 9aCTOTHOM TPOCTPAHCTBE (B CMBICIE Tpeobpa3o-
Banuss Dypne). Kaxapiii takoit arom 3amaer Hopmaab K (HpoH-
Ty ILIOCKOIl aKyCTHIEeCKO#l BOJHBI. Pe3y/bTaThl MOKA3BIBAIOT, UTO
cpefHsist SHEprus Apeiida BKIIOYAET B Ce0d CUHTYIIPHYIO COCTaB-
JITIOIIYT0, KOTOpasi JIOKAJTM30BaHA Ha OMPEIeIeHHOM PE30HAHCHOM
Habope, KOTOPBIH MBI SIBHO OMHUCAJIN. BoJjiee TOTO, CpemHsist CIH-
PaATBHOCTE Apeticha 0Ka3hIBAETCS MOJHOCTHIO JIOKAJIN30BAHHONW HA,
TOM 2Ke Habope.

Pacnpenenenne crmekTpa MOIITHOCTH IO aTOMaM OKAa3bIBAET CY-
[IIECTBEHHOE BJIMSHUE HA, PE30HAHCHYIO dHepruio. B wactmoCTH,
CYIIIECTBYeT CIenuaabHas HACTPOWKa (ha3bl, KOTOPAS MOJHOCTHIO
yCTPaHsieT Pe30HAHCHYIO YHEPIUio, XOTs B ODIIEM ee BKJI/[ BIIOJIHE
COM3MEPHUM C PeryJIApHON Hepe30HAHCHON cocTapagiomeit. [loctemn-
Helsl 3ABUCUT OT TOJIBKO abCOIOTHBIX 3HAMEHUN CIIeKTPAIBHBIX aM-
IJIATY, ¥ UX HACTPOIKa CyIIecTBeHHO m3MeHgeT 3(h(peKTUBHOCTH
mepenadn dHepTuu. MBI mpwBenn TpUMephl TOTEPU W YCUJIEHUS
SHEPIUU IPU [EPEX0e OT 3BYKOBBIX BOJIH K Jpelidy m3-3a n3Mene-
HUS pacupeieseHns CIeKTPATbHBIX aMIIIUTY/ 71 OJTHOM 1 TO# Ke
koH(puryparmn aromoB. B 1o xe Bpemsi, reomerpusi KOHMUTYPaA-
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O aTOMOB TaKzKe€ MOXKET OKa3bIBaTh CYHICCTBEHHOE BJIWUAHUE Ha
BeJINYMHBI 00€MX YKA3aHHBIX BKJIAJOB, KOTJA CIIEKTP MOIIHOCTHU
buKCUPOBaH, U aXKe MEPEKII0IATh PE30HAHCHI C TOIa9H YHEPTUU
Ha €e OTBOJI.

[TockobKy 1m0JIe CKOPOCTHU 3BYKOBOIT BOJIHBI 00/1a/1aeT HYJIEBOi
CIUPATBLHOCTBIO, MBI 00CY’KaeM TEeHEPAInIO CIUpPaJIbLHOCTH (UH-
BapranTa Xorda). DTO MOJHOCTHIO PE3OHAHCHOE SIBJIEHUE: Hepe-
3oHaHCHAs KoHUrypamusa wudero ne rerepupyet. [logxomsrmast
HACTPOWKa CIEKTPaIbHOM (a3bl MOXKET OOHYJIUTH CHUPAJTHHOCTD
6e3 Kakux-mb0 mM3MeHeHWI B KOHMUIypaIuu aToOMOB, T. €. BOJI-
HOBBIX (bpoHTOB. B TO Ke Bpems, B3amMO/IefICTBUS TATH aKyCTHU-
9eCKMUX BOJIH MOTYT CO3/1aBaTh Apeiidbl C MPOU3BOIBLHO BBICOKOIT
CIUPAJBHOCTHIO, B TO BpeMs Kak 00Ias SHeprus apeiida ocraercs
orpanudennoit. /g kaxmporo mpocroro M > 2 HacTpOWKaA TOJIBKO
reoMerpun 2M BOJIH MOXKET BBI3BATH TO K€ caMoe. 3/1eCh Mbl UMe-
€M B BUJy MAHUIYJIUPOBAHNE TOJHKO BOJHOBBIMU (ppoHTaMu, He3
W3MEHEeHUs CIEKTPAIbHBIX amiinTyn u da3. Bo Bcex mpumepax
B3auMO/IeficTBIe BOH C OJIU3KUMU K TApaJIeibHbIM (DpOHTAMEU
UTPAET PEITAOIIYI0 POTT.

OrcyTcTBrE KOHTPOJIS COUPAJBHOCTY SHEPTHEl PEe3KO KOHTPA-
CTUpyeT C O6H_[el_[pI/IH${TI)IM TMOHMMaHHUEeM CHUPAJIBHOCTU KaK BeJIN-
YUHBI, OTPAHUYEHHOI HA ypOoBHE 3Hepruu. Takoit KOHTPOJIb, a TaK-
7K€ MTHBAPUAHTHOCTH CIIMPAJIBHOCTH OTHOCHUTE/JIBHO ,ZLefICTBI/IH TpyT1i-
Il COXPAHSIOIINX 37IeMEHT 00beMa, quddeoMopdu3MOB 1 ee CBI3b
C 3ay3auBaHmeM (DABOBBIX TPACKTOPHI XOPOIIO M3YUEHBI I BEK-
TOPHBIX TI0JIeH TOJBKO Ha KOMIIAKTHBIX MHOTO0Opa3usax. Takum 06-
pa30oM, HEOT'PAHUYUEHHBIH POCT CHUPATLHOCTH, O KOTOPOM COODIa-
JIOCH BBIIIE, 2KJAET IIPOJACHEHUA €ro CMbBIC/IA.

[Togpobuoe u3IOXKeHMe HAMEUEHHBIX 3/16Ch PE3yJIBTaTOB CM. B
crarbe [5] (oHa mocTynHa CBOGOIHO).
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BUNOYPKAIIUA POXKAEHUA ITNKJTA
B ITMHAMUNYECKNX CUCTEMAX
C KOHEYHBIMU I'PVYIIITAMI CUMMETPUN

. B. MopuraeBa
(Poccust, Pocros-na-/lony, FODY)

PaccmarpuBatorca 3amaun 0 budypKraiuy poxKIeHns [UKIa U3
paBHOBECUS JUHAMUYIECKUX CUCTEM, WBAPUAHTHBIX OTHOCUTETHHO
KOHEYHBIX TPy Lo u Zo X . JIia ucciesoBanus MCIOIb3YyeTCst
Meron JIamyrosa — IlImuara.

Cucrema ypaBHEHUI Pa3BETBJIEHUs B CJIydae WHBAPUAHTHOCTH
UCXOJTHOM 33/]a9U OTHOCUTEIBHO JUHEHHOT0, YHUTAPHOTO, HHBOJIIO-
TuBHOrO oreparopa L Gblia mocrpoena B pabore [1]. Pacemorpe-
HUEe 9TOI CUCTeMbl Ha WHBAPWAHTHBIX MOAMPOCTPAHCTBAX ITO3BO-
JISIET JIOKA3aTh, U9TO B YCJIOBUSAX OOIIETO MOJIOXKEHUSI CYIIECTBYIOT
L -aernniii n L -niceBoHevdeTHbIi (HeIeTHDIH B IuHeHOM Ipnbn-
JKEHWU) [UKJIbL. 331298 OTBICKAHWs IUKJIOB 00Imero suaa (He siB-
JISTFOIIUXCS] HA YeTHBIMU, HU TCEBIOHEYETHBIMU) CBEJEHA K OTBIC-
KAHUIO YHUTAPHBIX KOpHeil (|z| = 1) 3pMHTOBO-CHMMETPHYHOIO
MHOT'OYJIeHa BOCbMOIi crerenn. KajoMy TakKoMy KOPHIO IIPH BbI-
MTOJTHEHUN HEKOTOPBIX YCJIOBUIA MOJIOXKUTEIBHOCTH OTBEYAIOT JBA
L -cBsA3aHHBIX MPEIeNbHBIX IUKJIA ¥ W Lv, JeKalmx Ha, OTHOM
opbure neiicrBus rpynnel {I, L}. AHaTUTHYECKOE W UHUCIEHHOE
OTBICKaHUE YHUTAPHBIX KOpHefI TTOKa3bIBACT, 9YTO B 3aBUCUMOCTH OT
3HaUEHU! KO3 UINEHTOB YPABHEHUI PA3BETB/IEHUS MOXKET BO3-
arkarh o7 0 10 8 map mpemeabHBIX IMKJI0B 00Iero Buma. [lpm
JIOTIOJTHUTE/ILHON CHUMMETPUM HMCXOJHOTO YPABHEHUS OTHOCUTEh-
HO JIMHEHHOTO, YHUTAPHOIO, WHBOJIIOTUBHOIO omeparopa N, aHTu-
KOMMyTHpYIoIero ¢ L, noka3ano [2] cymectBoBanne N-ueTHOrO u
N-TICEeBIOHEYETHOrO IMUKJIOB, L -CBA3AHHBIX MKy CODOIA.

Paccvorpena 3amata 0 BOBHMKHOBEHWN TPEIEIbHBIX ITNKJIOB
B JIMHAMUYECKUX CHCTEMaX, WHBAPUAHTHBIX OTHOCHUTEHHO IPE/I-
crapjenns: rpynnesl KieitHa derseproro nopsaara Gy = Zy X Zo



Mopmnresa H. B. 315

B IMIPOCTPAHCTBO JUHEHHBIX, YHUTAPHBIX, HHBOJIOTUBHBIX OTIEPATO-
poB {I, Ll,LQ,Lg} = {I, Ll} X {I, LQ}, rge oneparop L3 = L1L2.
[Ipumenenue meroma JIsmynosa — [IImuara B 9TOM Citydae npuBo-
JINT K CUCTEME YEeThIPEX ypPaBHEHWII pa3BeTBJICHNS, HACTEIYIONIEi
CUMMETPUIO UCXOIHOM 33 auu. ccaenoBanme cucTeMbl HA HHBAPH-
AHTHBIX MOIIPOCTPAHCTBAX B YCJIOBUSX ODIIET0 MTOJIOKEHUS TT0O3BO-
JISIET JI0KA3aTh CYIECTBOBAHKE IUKJIA, CHMMETPIHYHOTO (Y4eTHOTO)
OTHOCHUTEBHO BCex oneparopos Ly (k = 1,2,3), u Tpex nuk/os,
YeTHBIX OTHOCUTEJILHO OJIHOTO U3 ONEepaTopoB Lj ¥ TCEBIOHEYET-
HBIX OTHOCHUTEJIBHO JIBYX JIPYTHX.

Jlureparypa

1. Mopmmuesa . B., FOgosuu B. . O6 oTBeTB/IeHUHN [IUKJIOB OT PABHOBECHIL
MHBEPCHOHHO- W BPAIIATEIHHO-CAMMETPAIHBIX JTUHAMUYIECKUX CUCTEM //
Cub. mar. xypu.—1985.—T. 26, Ne 1.—C. 124-133.

2. Mopmuesa . B. Bubdypkaius poXIeHns MUKIA B THHAMIIECKIX CHCTe-
Max C CHMMeTpuell m ee IpuioKeHus B ruapomuaamuke.—Pocros u//1.:

N3n-8o FO®Y, 2010.—140 c.



K PEIIEHIIO OBPATHON 3AJTAYN
JJ1d IPEJHATIPSIXKEHHOI OBJIACTU
B ITPOCTOM KJIACCE ®YHKIINIT!

P. 1. Hegun

(Poccust, Pocros-na-/lony, FODY;
Braaukaskas, FOMU BHII PAH)

B mocnennee Bpemsi Bce DOJIBIITYI0 aKTyaJbHOCTH MpUOOPETA-
0T MaTEPHUAJIbl CJIOXKHOM HEOTHOPOJIHON CTPYKTYphl. K TakuMm Ma-
TeprajaM, HAMPUMED, OTHOCSTCA CJAOUCTBIE U (DYHKITMOHAJJIBHO-
CPaJINEHTHBIE MATEepUaJbl, IPU MPOU3BOJCTBE KOTOPHIX MPUMEHSI-
0T PA3JIMIHBIE METOJbI, BKJIOYAS aJINTUBHBIE TEXHOJOIUH, TEP-
MUYecKyio 00paboTKy, MOCJONHYIO HamIaBKy, cnekanwme. l[locse
OCTBHIBAHUSI B TAKUX KOHCTPYKIIUSIX YaCTO 00pa3yioTCs HEydTeH-
HBIE TI0/IsI TTPEBAPUTETbHBIX HAMIPSKEHU, KOTOPbIE MOTYT IIPUBO-
IUTH K JOMOJHATEILHOMY U3HOCY, 1e(eKTO00PA30BAHUIO, PACCIO-
€HUIO U TIPOYNM HEraTUBHBIM (DAKTOPAM U OCTABATHCI HE3aMETHBI-
MU 10 TeX MOp, TOKa He MPOou30iiaeT pa3pyiieraue oobekTa. B cBa3u
C HEBO3MOXKHOCTHIO HEIOCPEJICTBEHHOTO HADJIIOIEHUsT pacIpeie/ie-
HU TPeJIBApUTE/IbHBIX HAMPSIYKEHW W HEJOCTaTKaMW pa3pylia-
FOIIUX METOJ0B W3MepPEHUsl, CYIIECTBEHHBIIT WHTEPEC MPeICTaB/Isi-
€T pa3BUTHE HOBBIX TOJXO/IOB K MJICHTU(DUKAINN XapaKTepa Pac-
npeJie/ieHrs U YPOBHEl TpeBapUTE/IbHBIX HAPSKEHUH B paMKax
HEPA3PYIIAOIIEro MOX0/Ia.

Jammass paboTa MOCBSIIEHa PA3BUTHIO TEOPETHIECKUX OCHOB
PEKOHCTPYKITUU HEOITHOPOIHOTO TPEIBAPUTETHLHOTO HAIPSIXKEHHO-
10 COCTOSTHUSI C MTOMOIIBI0 MEXaHUIECKOTO CHJIOBOTO HAIPYKEHUS.
[Ipetoxken mMOAX0/T K IPOBEIEHUIO AHAJIN3A, 1YBCTBUTEIHHOCTH Pe-
IeHnit B 0OPATHBIX 33/1a9aX W BBISBICHUIO 3(DMHEKTUBHBIX PEXKU-
MOB 30HUPYIOIIEr0 HATDYKEHUS.

"Meccmenosarme soimommeno 3a caer rpanTta Poccmiickoro HayaHoro dhomnma
Ne 22-11-00265-I1, https://rscf.ru/project/22-11-00265/, B FOxxroMm denepasn-

HOM YHHUBepCHUTeTe.
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PaccmarpuBaercst jinHeapu30oBaHHAs MOJEIb IIPEIHANPSIKEH-
HOTO Tejia, MOJIyIeHHasT B PE3y/IbTaTe JIMHeAPW3AIuu HeJTMHEeHHBIX
COOTHOITIEHUY MEXaHUKHU CILIONTHBIX CPeJ C TOMOIIBIO HAJJIOKEHUST
Mabix gedopmaruit Ha Koueunbie. s 3Toit mozenu cdopmy-
JINPOBAHBI YHEPTreTUYEeCKNE COOTHOIIEHUS B OMEPATOPHON (opMme,
BKJIIOYas BAPUAIMOHHBIN IPUHITAIT W CJIA0YI0 TTOCTAHOBKY. Jlrst mc-
CJIeIOBAHUS OOPATHBIX 33734 00 MACHTH(DUKAIINU IIOJIel IpeaBa-
PUTEIbHBIX HANPSKEHWH TPU HAJUIUU JOMOJHATEILHON mHMOP-
Maruu 00 U3MEPEHHOM IT0Jie CMEITeHnit B 00JIACTH TejIa WUCIIOJIhb-
30BAJIUCh PA3JINIHBbIE TEXHUKW, BKJIIOYAs MPOEKIIMOHHBIN METO, B
coueTaHuu co Caaboit mocTaHOBKOW 3amaun. [Ipm sTom HemspecT-
Hble (PYHKIIUU UCKAINUCH B (hOpMe JIMHEITHOW KOMOWHAIINW T10 CH-
cTeMe JIMHEHHO He3aBUCUMBIX CKAJIAPHBIX (DYHKIH, OO MO CH-
cTeMe HAJaJbHBIX COCTOsiHU Tesa. lIpemioxkeno nBa momxoma K
ayirebpamn3aliuu pelnenns Py UCCIeI0BaHN 0bpaTHO# 3a1a4uu. B
paMKax IepBOro MOX0/a PACCMATPUBAJICS HAOOD SKCIIEPUMEHTOB
110 CHUJIOBOMY 30HIWPOBAHUIO, PA3IMIAIONINXCI BUJOM ITPUKJIATHI-
BaeMoii K YacTU T'PAHUIBI HATPY3KU; BTOPOI MOJXOJ] OCHOBAH Ha
BBeJIeHUM HADOPA PASJIUIHBIX TPOOHBIX (DYHKITH [jIs1 OHOTO BUIA
BOHIUPYIONIEro Harpy:keHus. B oboux ciyuasx obpaTHas 3ajada
CBOJIUTCS K CHCTEME JIMHEWHBIX aare0panvdecKnx ypaBHEHUIA.

s mpoBesieHnsT aHAIN3a UYBCTBUTEJBHOCTH Je(OopMaIinoH-
HOT'O OTKJIMKA PACCMATPUBAEMbBIX 00BEKTOB K BU/LY MIPEIBAPUTE b~
HOTO HAIPSI2KEHHOTO COCTOSIHUS TIOCTPOEHBI MHTETrPAIbHBIE COOTHO-
IIeHUsT JIId OTIEHKU XAaPAKTEPUCTUK UyBCTBUTEIBHOCTH; JJI JIBY-
MepHBIX 00jiacTeit (DYHKIMKM UyBCTBUTEIBHOCTH PACCINTHIBAINCH
C TOMOIIBIO MeTOJ[a KOHEUHBIX 3/1eMeHTOB. B 3amade o6 wmmaeHTH-
dukanmu AByMEPHOrO MPEIBAPUTEIHHOTO HAMPIYKEHHOTO COCTOS-
HUsI B HEKOTOPOII W30TPOTHOI T1JIOCKO# 00JIaCTH HEN3BECTHBIE KOM-
[TOHEHTHI TPEIBAPUTEILHBIX HAMPIKEHUI BBIPAXKEHBI 9€PE3 OJIHY
dyuknuo Hanpsxkennii. [Ipoanan3npoBaHo BAMIHUE PABTATHBIX
BHUJIOB MIPEIBAPUTEIHHOTO HAPSI?KEHHOTO COCTOAHUS Ha, medopma-
[IMOHHBIE XaPAKTEPUCTUKN TLIOCKO# objiactu. Vckomas dyHKIMs
HaIpsKeHW B 00PATHON 3a/a4e WINETCAd B BHUIE PA3JIOKEHUS 10
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cucreme crerneHHbix (ynknuit. [IpoBemena cepus BBIYUCIATEH-
HBIX SKCIIEPUMEHTOB [0 PEKOHCTPYKITMH HEOTHOPOTHOTO MPEeIBa-
PUTETHHOTO HATIPSI)KEHHOTO COCTOSTHUST B TIOCKUX 00J1acTsX, chop-
MYJIIPOBAHBI PEKOMEH/IAINN TI0 OCYIIEeCTBACHUIO HanboJiee 3 dek-
TUBHBIX PEXKUMOB CHJIOBOTO 30HIUPOBAHUSA C IEIbI0 IMOJIYIEHUS
HaWIydIneii peKOHCTPYKITNAH.
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KOMITOHEHTHI YCTOMYNBOM N30TOIMNYECKON
CBSA3HOCTU I'PAANEHTHO-IIOJOBHBIX
JINOPEOMOPD®N3MOB 2-COEPHI!

E. B. Ho3apuraoBa
(Poccust, Huzxuuit Hosropox, HITY BIIID)

B pamkax jokjaja paccMaTpUBAIOTCS TPAIUEHTHO-IOI00HBIE
muddeomopdbusmbr 2-cpepnr. Hecmorpss Ha 10, 9To Jt00bIe 1BA
TAKUX COXPAHSIONIX (MEHAIOMNX) opueHTaImio auddeomopdus-
Ma, 1 HeoTon b, Ayra, UX COeAUHSIONasd, BeaeT cebs B 0bIemM
Caydae HempecKa3yeMbIM 00pa30M: B 9aCTHOCTH MOXKET IIpeTepIie-
BaTh OeckoHeuyHo MHOro budypkanuii. B cBs3n ¢ BO3MOXKHO 4dyB-
CTBUTEJIbHOCTBHIO YU K MAaJbIM U3MEHEHUSM B TaKUX CAydasx,
B npocrpanctBe auddeoMopdu3MOB BBIIEIAIOTCH, TaK HA3BIBAE-
Mbl€, KOMIIOHEHTBI YCTOUYNBOU M30TONNYECKON CBA3HOCTHU, XapaK-
TepU3yIOIIUECs CYIIECTBOBAHNEM YCTOWUUBBIX YT MEXKTY JIFOOBIMU
muddeomopduzMamu U3 OHON KOMIIOHEHTHI. PaccMarpuBaeMbrit
kjace auddeoMopdu3MoB pacnaiaeTcs HA CYETHOE MHOYKECTBO
KOMIIOHEHT YCTONYMBO# M30TONMYECKOi CcBsA3HOCTH. B pamkax jo-
KJ1aja Oy/IeT mOKa3aHo, YTO MPUHAIEXKHOCTE auddeomopduzma
TOW WJIM MHOW KOMIIOHEHTE OJHO3HAYHO OIPEJIe/IAeTCA ero nepuo-
JIMIEeCKUMU JTAHHBIMU.

Weenenosanue ocymecrsieno B pamkax IIporpaMmbl (byH/IAMEHTAIBHBIX
uccyenosanuii HIY BIIID.



JIOKAJIBHAA TMHAMUKA
YPABHEHUA KAHA — XUJIJIAPIA

C. II. IlapimieBckaga

(Poccust, Cumdeporosb,
KOV nm. B. 1. Bepuajckoro)

Uccnenyercs obobiennoe ypasuenne Kana — Xuiapma
up = — (auM + Aug +u+bu’ — u3)m, u(t,z42m) = u(t,z). (1)

Buecre ¢ (1) GyaeM paccMaTpuBaTh MEPUOJANIECKHAE KPaeBble
YCJIOBHS

u(t,x + 2m) = u(t, ). (2)

Takoro Buga KpaeBble 33a9i N3ydJasnch B [1].

Y kpaepoii 3agaan (1), (2) mMoryT GbITH TOJBKO OJHOPOHBIE
cocrogHus paBHOBecus u(t, ) = ¢, ¢ € (—00, 00).

B pesysbrare 3amenst B (1) u(t, z) = v(t, ) + ¢, noay4aum cie-
JYIOILYI0 KPAEBYIO 3a/ady:

v = —(QUgz + Avg + B + 0% — Ug)m, (3)
oty +27) = vt ), (4)
rie B = 1+42bc—3c?, v = b—3c. BaskHo OTMETUTh, UTO U3 YCIOBUS

2

/U(to,x) dx =0

0

S

M(v(to, 2)) = 5-

CJIeJTYeT BBITIOJTHEHUE MPU BCeX t > o yCIOBULA

M(v(t, ) = 0. (5)
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IIpn wmccnaemoBanMmM JIOKAJBHON IUHAMWKH KpPaeBoil 3ama-
an (3)—(5) BaXKHYIO POJIb UTPAET PACIIOIOXKEHIe KOPHeii A Xapak-
TEPUCTUIECKOTO YPABHEHUS JIJTS IMHEAPU30BAHHON B HYJIE KPAaeBOH
3a1a91:

Ne = —ak + i3\ + BE?, k=+1,+2, ...

Huxe Oymem mpeamosiaratb, 9TO MMEET MECTO KPUTUIECKWit
cay4gait. Ilycts 3nagenune ¢ = ¢y Takoe, 9TO

a= =1+ 2bcy— 3c3. (6)
DukcupyeM TPOU3BOJBHO 3HAYEHHUE ¢] U MOJOXKUM B (3)
c=cy+ecy, (7)
rje € — MaJIblil IIOJIOKUTEJIbHBINA ITapamerp, T. €.
0<ex 1 (8)

Ilamee mccremyeTcs TOBe/leHNe BCEX PeEIIEHUI KpaeBoil 3a-
maan (3)-(5) m3 HEKOTOpOil JOCTATOYHO MAaJIOfl U He3aBUCAIIEil
OT £ OKPECTHOCTH HYJIEBOIO COCTOSIHWSI PABHOBECHs [IPU YCJIOBH-
ax (6)—(8).

B sroMm ciyuae xapakTepHCTHYECKOe ypaBHEHHE WMEeT Mapy
IUCTO MHUMBIX KOpHEl Ay1 = +i\ + O(g), a Bce ocTasbHBIE €ro
KOPHU MMEIOT OTPUIATENbHBIE (U OT/IEIEHHbIE OT MHUMOI OCH) Be-
IIECTBEHHBIE JaCTH. TeM caMbIM BBITOTHEHBI YCI0BHs OndypKarmm
Angponosa — Xomda.

Beenem B paccmorpenne dbopMaTbHBLI P

v=e? [€(7) exp(iz + iAt) + &(7) exp(—iz — iAt)] +
+evy(t, T,x) + Egvg(t,T,x) +...

Bnech T = et — MejuIeHHOE «BpeMsy; dyHKIun v;(t, T, x) — 27/ A-
MTEPUONYHBI TI0 ¢ U 27T-TIEPUOJIAIHBI 110 X.
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[Moxcrasum (9) B (3)—(5) u Gymem npupaBauBaThH KOO dOUIN-
eHTBI TIPU OJMHAKOBLIX cremensx ¢'/2. Ha TpeTbeM mrare jyist Ha-
xox enust v3(t, T, &) IPUXOIMM K KPaeBoil 3a/a4de, ycjIoBue paspe-
MIAMOCTH KOTOPOil B yKa3aHHOM Kjacce (DYHKIHiI COCTOUT B BbI-
MOJTHEHUU PABEHCTBA

dg

o = 8 +otlel? (10)
:

B KOTOPOM
§=2vc;, 0=2A4y—-3, A=2y[8a—2By+3i\""

Orcioa u U3 00mUX yTBEPXKIEHUIT BBITEKAET CJIEIYIONInil pe-
3YJIbTAT.

Teopema 1. Ilycts 6 # 0 m Reo # 0. Torna npu Bcex jgocra-
TOYHO MaJIbIX € quHaMuka ypasaernns (10) onpexenser 10KaIbHYO
JuHAMHUKY KpaeBoii 3agaqdn (3)—(5).

JIuteparypa

1. Kamenko C. A. Budypkamun B ypaBuennn Kypamoro — CuBammHcKo-
ro // Teoper. m mar. dpu3.—2017.—T. 192, Ne 1.—C. 23-40.



NHTET'PAJIBHBEIINT OTIEPATOP, OBPAIITAFOIIINIT
HK3 /17151 BOJTHOBOT'O YPABHEHI S HA
IT'EOMETPUYECKOM I'PA®E IIPU YCJIOBUSIX
[TOAIIPYKMMHEHHOIT MACCHI B BEPIIIMHAX!

B. JI. Ilpaaues
(Poccust, Boponex, BI'Y)

Hwuxe Bce mousaTHsi, CBI3aHHBIE C TEOMETPUIECKUM TpadoM U
muddepenimpoBanneM (QpyHKIUN, ONPEIETEHHBIX HA HEM, TOHU-
marorcsa Kak u B [1]. [Iycts I' — OTKpBITHIl KOHEUHBI U CBSI3HBII
reomeTpudeckuii rpad, J u ' — MHOXKECTBA €ro, COOTBETCTBEHHO,
BHYTPEHHHMX M I'DAHUYHBIX BepiinH. PaccMorpum 3ajaqy

Ugr (2, t) = uy(x,t), z=e€T\J, t>0, (1)

> ala, h)uf (a,t) = m(a)uy(a,t) + k(a)u(a,t), a€J, t>0,
heD(a)
(2)

u(b,t) =0, bedl, t >0, (3)
u(z,0) = () m w(z,0)=0, z€l =TUJT, (4)

rie uz (a,t) — npasas npoussoaHas u( -,t) B BepIIMHE @ 110 JIOIY-
crumoMy oTHOcuTENbHO I equananoMy BekTopy h, D(a) — MHOXKe-
CTBO TAKOBBIX BEKTOPOB, uncia a(a,h), m(a) n k(a) n dyukus ¢
samamnl. Pererme v : T x [0; +00) — R 3amasan (1)—(4) mormvaercs
KJTACCUYIECKH.

IIycts G : T x I' - R — ¢ynknua ['pura Kpaesoii 3a1a4u

_y”(x) - f(iL‘), rel \Ja (5)
— Y ala,h)yf(a) +kay(e) = f(a), acld,  (6)

heD(a)

! PaBora BBImOTHEHS TIpH (GUHAHCOBOI momAepkKe MUHMCTEPCTBA HAYKH T
BeIcirero obpazosanust Poccuiickoit Pemeparuu, cormamrenne Ne 075-02-2025-
1530.
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y(B) =0, bear, (7)

HOHUMaeMasi B cunmemuueckot ee Bepcun (cm. |1, o, 3, m. 3.2.3
wm . 6, . 6.3]); 3ueck f — npousBosibHAs 3ajaHHAsT QYHKIUA,
PaBHOMEPHO HeMpepbIBHAs Ha KaxK oM u3 pebep I' (B Toukax u3 J
f Moxker ObITH paspbIBHA).

Omnpenenum byukimo g(x,t, s) TpeboBanugMM:
1) g: T x [0;400) x ' = R;
2) g HenpeprIBHA;
3) 9(x,0,s) = G(z, s);
4) g¢(x,0,s) = 0 upu = # s;

5) mua moboit s € '\ J dyukuuga g(-, -, ) yaoBieTBopseT
yPaBHEHUIO

U (2, 1) = ugt (1), (2,1) € (T'\J) x (0;+00)) \x(s),

YCJIOBHAM TPAaHCMUCCHHU

Z a(a, h)u (a,t) = m(a)uy(a,t) + k(a)u(a,t),
heD(a)

(a,t) € (J x (0;+00)) \x(s),

u KpaesbiM ycsioBusM (3); 31ech X(S) — o0benuHeHMe BCEX Xa-
pakTepuctuk ypasuenus (1), Bexoggamux u3 Touku (s;0). Ipyru-
mu ciaosamu, ¢(-, -,S8) — cubHoe pertenne 3agadn (1)—(4) upwu
Y= G( S )

Teopema. Ilycrs 3azada (5)—(7) meBbipoxaena. Ilycts ¢ He-
npepeisaa Ha ', npmaem

1) ¢" paBHOMepHO HempepbiBHA Ha JiH060M pebpe T;

2) ¢ ynosaersopsier yciaosuio (7) u

Y alah)gy (a) = mla)ey (a,1) + k(a)p(a), a € J;
heD(a)

3) opa (a) = it (a) ans Beex a € J u h,n € D(a);
4) @ifF(b) = 0 st Beex b € O u h € D(b).
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Torna perrenne 3asaan (1)—(4) npexcraBumo B Bre

u(z,t) = — / g(z,t,8)¢"(s)ds, x €T, t>0. (8)
T\J

BAMEYAHUE. Kak gokazano B [1, ri. 4], 3agaqa (5)—(7) uesbi-
poxkjiena, Hanpumep, ecan OI' # &, Bce uncna afa,h) noaoxKu-
TesibHBL, a Bee k(a) — meorpunarensusl. Ecan ke O = &, To st
HeBbIpokaernocTr 3aaaun (5)—(7) ot umcen k(a) mocrarouno jo-
MOJIHUTETHHO TTOTPEGOBATE TIOJIOKUTETBHOCTH XOTS OBl OTHOTO W3
HUX.

Jlureparypa
1. ITokopubiii FO. B., Ilenkun O. M., IIpsaues B. JI., BopoBckux A. B.,

Jlazapes K. II., Illa6pos C. A. Tuddepennuaibabie ypaBHEHUs HA IeO-
Merpudeckux rpadax.—M.: PUSMATJIUT, 2004.—272 c.



HOMOGENEOUS WIENER-HOPF EQUATION
IN MEASURES!

M. S. Sgibnev
(Russia, Novosibirsk, IM SB RAS)

In [1, 2| the homogeneous Wiener—Hopf equation

/k y)dy, x>0,
0

has been considered, where S(z) is a function sought and k(z) is
the density of a symmetric probability distribution. In [3] a more
general equation has been studied:

— [ S@-w Py, >0

where S(z) is a function sought and F is a probability distribution.

Let R be the set of all real numbers, R; be the set of all
nonnegative numbers. Denote by 4 the o-algebra of all Borel sets
of the line R. Put

BRy):={AcB: ACR,}.

Let {X}}22, be a sequence of independent random variables with
common distribution F', and let {S,} be the sequence of their
partial sums:

So=0, S,=X1+---+X,, n=1

The random walk {5, } is of oscillating type if limsup,, _, . Sy, =
400 and liminf,, .~ S, = —oo with probability one. If there exists

!The work was carried out within the framework of the State Task to the
Sobolev Institute of Mathematics, project Noe FWNF-2022-0004.
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expectation EXy := f_OOOOxF(dx) and EX; = 0, then the random
walk {S,,} is of oscillating type. A probability distribution G on R
is called nonarithmetic if it is not concentrated on the set of points
of the form 0, £X, £2), ...

Consider the following homogeneous Wiener—-Hopf equation in
measures

) = [HA-n)NRIF@). A€ AR, ()
R

where z is an unknown measure on Z(R) and F' is a nonarithme-
tic probability distribution generating a random walk of oscillating
type; for short, F' is of oscillating type. Put

Ty = min{n} 1:Sn>0}.

The random variable 7, := S _is called the first strong ascending
ladder height. Denote by F, the distributions of the random
variable 7, i. e.,

F.(A) =P €A T <), Ac A

Denote by Uy the renewal measure generated by F., that is, Uy :=
Yoo F7*, where F* is the nth-fold convolution of F:

Fr=F, F"D"—pryep, n>1,

and FE* := §p the atomic measure of unit mass concentrated at 0.

Theorem 1. Let F' be a nonarithmetic probability distribution
of oscillating type on 9. Then the measure z := U, is a solution
to equation (1) such that z([0,z]) — 1 as z — 0.

Let us describe the asymptotic behavior of the solution z to
equation 1 on arbitrary Borel sets of finite Lebesgue measure. For
the sake of simplicity and of visualization, we limit ourselves to
absolutely continuous symmetric distributions F' whose densities
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f(x) vary regularly at infinity. The following definition is given
in [4].

DEFINITION. A positive function L defined on (0,00) varies
slowly at infinity iff for each z > 0 as t — oo

L(tz)
L(t)

is true. U varies regularly with exponent g iff
U(z) = 2%L(x)

holds with —oco < p < oo and L varying slowly.

The relation a(z) ~ cb(x) as x — oo means that a(z)/b(z) — ¢
as r — 00.

Theorem 2. Let F' be an absolutely continuous symmetric
distribution. Suppose that the density f(x) = x“L(x) of F' varies
regularly at infinity with exponent o < —3. Put 0> = EX? and let
A € A, be of finite Lebesgue measure mes(A). Then

V2 mes(A) 2mes(A)x*T3L(x)

s Pllati)at(atsy TET

2(A+x) —

In particular,

2 A
z(A—l—x)—)m as T — oo.
o

References

1. Spitzer F. The Wiener—Hopf equation whose kernel is a probability
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HEJIMHEVHBIM PESOHAHC B CUCTEMAX
C BATYXAIOIINMHI OCHUIJINPYIOIINMN
BO3MVYIIEHUSIMN

O. A. Cyaranos
(Poccust, Yda, IMBIL YOI PAH)

PaccmarpuBatorcs 3aryxaronime CO BpPEMEHEM BO3MYIIEHUS
HEM30XPOHHBIX KOJIEDATEIbHBIX CHCTEM Ha ITocKocTu. Ipemmosia-
TaeTcs, ITO BO3MYIIEHNS OCIIIIUPYIOT C aCHUMITOTHYIECKHN TTOCTO-
AHHOU YaCTOTOH’, IIpejesbHOE 3HaYCHUE KOTOPOU yAOBJIETBOPAET
PE30HAHCHOMY yCa0BHUIO. VI3ydaercs MOgB/eHNe TPUTITUBAIONINX
periennii ¢ pe30HaHCHOM aMILInTy0i. Takue 3pdexThl B On3Knx
3a/ladax C MaJIbIM MapaMeTpoM OOBIYHO CBS3BIBAIOT C SIBIEHUEM
HEJIMHEIHOT0 pe3oHaHca. Vcmoap3ys KOMOMHAITMIO TeXHUKHU YCPE/I-
HEHUs U ToCTpoeHus PyHKIMit JIamyHOBa, BEIBOAATCS MOJIETbHbBIE
YPaBHEHWS, OMUCHLIBAIOIIIE BO3MYIIEHHYIO AuHaMuKy. [loka3biBa-
eTCsl, 9TO PE30HAHCHBIE PEIeHUs BO3HUKAIOT B pexkume (Ha30BoOit
cuaxponu3aiuu. OmuChIBAIOTCA YC/IOBUS CYIIECTBOBAHUS W YCTOM-
YUBOCTU TAKUX PEKUMOB, & TAKYKE ONPEIEIAI0TCI COOTBETCTBYIO-
IIIIEe TOPOTOBbIE 3HAYUEHUS.

Hoxa ocroBan Ha paborax [1, 2].

Jlureparypa

1. Sultanov O. A. Resonance in isochronous systems with decaying oscilla-
tory perturbations // Qualitative Theory Dyn. Sys.—2024.—Vol. 295.—
29 p.

2. Sultanov O. A. Nonlinear resonance in oscillatory systems with decaying
perturbations // Discr. Cont. Dyn. Sys.—2025.—Vol. 45, Ne 5.—P. 1691
1719.



JABYMEPHA{ OBPATHAA 3ATAYA
I MHTETPO-INOOEPEHIINAJIBHOT'O
VYPABHEHN S AKYCTUKIT!

M. P. TomaeB
(Poccust, Bragukaskas, FOMU BHII PAH;
CKIIMU BHIT PAH),

2K. /1. Toruesa
(Poccust, Bragukaskas, FOMU BHII PAH;
CKIIMU BHII PAH)

st (z,2,t), z € R, z > 0, t € R paccmarpuBaercst ciejyoree
unTerpo-1udepennuanbHoe ypaBHeHNe aKyCTUKIH:

t
1 0%u 0 |0u ou
Cz(z)w—% |:8x+/k‘($,t7')8xd7'

Qe
022

0

: (1)
0%u
+ [ k(x,t — 7)@ dr+Vinp(z,2z)V, U, t>0
0

C Ha9aJIbHBIMU U T'DAHUYHBIMU YCJIOBUAMU

rjue

t
VU=V, u(z, z,t) + /k(:v,t —7)Vau(z, z,7)dr.
0

!PaBora Beimommena npu nopepxke Munobprayku Poccuu, corsamerne

Ne 075-02-2025-1633.
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Buech u(z,z,t) — akycruueckoe (n30bITOYHOE) JIABJIEHME,
¢(z) > 0 — CKOpOCTH pACIPOCTPAHEHUS] AKYCTUIECKUX BOJIH,
p(x,z) > 0 — mwiorHocTs cpegpl, §(t) — neasra-byuakuus Jnpaka.
®yuknusa k(z,t), BXOJAAIIAs B UHTErPaJl CBEPTKH, OMUCHIBAET B3~
K€ CBOMCTBA CPEJbl U HA3BIBAETCs AApoM mamaTu. Oyukriun c(z),
p(2, 2) ABAAIOTCS 33JAHHBIMU W JIOCTATOYHO TJIAKAMHU.

Ypasuenue (1) yuuTBIBAET MOIJIONIEHWE WJIEAJBLHO-YIPYTOi
CPeJIbl M BO3BHUKAET B reousnKe npu u3yuennn (uaeHTuduKanmm)
CBOIICTB CpeJIbl C IIOMOIIBIO CeiicMuIecKuX BoH. PaKTHIECKH, IPH
NPEJINOJIOKEHUH O TJIQJIKOCTH cucTeMa ypasaernit Boabivana, (0g1-
Ha 13 HanboJ/iee PACIPOCTPAHEHHBIX I JIMHEHHOW HeyIpyTOoii cpe-
JIbI) B JIBYMEPHOM CJIydae CBOJUTCA K ypasuenuio (1).

ONPEAEJEHUE 1. 3amady onpeeaeHus aKyCTUIECKOrO JIaB-
nennst u(x, z,t), yIOBIETBOPSIONIEro (B 000OIIEHHOM CMBICIE) pa-
sercrBaM (1)—(3), npu 3agannbix bysknusax c(z), p(x, z), k(z,t)
OyaeM Ha3BIBATL NpaAmol 3adayet.

IIpenmonaraem, ato sapo maMmaTw k(z,t) sBIsSeTCs Masoii Be-
JAUIUHOM ¥, BBOAS (DOPMATIBHO IapaMerp MAJIOCTH &, €r0 MOXKHO
IPEJICTABUTE B BHJIE:

k(x,t) = eky(x,t). (4)
Taxxke mosaraem, 9To
pla,2) = pol2) +epa (x, 2). (5)

Pemmenne npsivoii 3azaqan (1)—(3) Oymem uckarb B BHJE Dsija
[0 CTEIEHIM &

u(z, z,t,€) = Zejuj(:c,z,t), (6)
=0

IMoncrasasst (4)—(6) B (1) u cunras, 910 BKJIAJ CAaraeMbix C
wjeHaMu mpu €7, j = 2,3, ... mpeHebpeKuMo MaJjI, IPUPABHUBAEM
wienbl, crosamue npu €/, j = 0,1. B pesysprare moaydaem jBe
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MPSMBIE 33Ia9W OTHOCUTENBHO Ug, U1. 3a7a9a [IJIsT Uy N3YIEHA B
monorpadum [1].

O6paTHasi 3amaqa: maita s7po ki (x,t) € CL([0,00); La2(R)),
t > 0, eciu U3BeCTHA [OMOJHUTEIbHAA WH(MOPMAIUs O PEIeHUuN
OpAMOI 3a/5a9d U1:

u(x, z,t)| =40 = g(z,t), x€R, t>0,

g(x,t) — 3anannas QyHKIMS.

Byzem cuutars, uro ki(v,t) = Fulki](v,t) € Ay(w,T) (06-
pa3 @ypbe NO mepeMeHHON X). TOrJa M TOJBKO TOIJIA, KOTJA
ki(v,t) € CHR x Ry) u mmst moboro dbukcuposannoro t € [0, 7]
supp k1 (v,t) C [~w,w]. Coorsercrsenno, ki(z,t) € Aj(w,T) To-
IJ1a M TOJIBKO Tora, Korpa ky(v,t) = Fyulki](v,t) € Ay(w,T).

Teopema 1. Ilyctb w > 0, T > 0 c¢pukcupoBanbl. Jlis

CYIIIECTBOBAHHUS W €IHMHCTBEHHOCTH DeIIeHHs O00paTHOH 3ajadu
ki(x,t) € Aw,T) Heobxoaumo u JOCTATOTHO, ITOOBI

g(v,t) :== Fylgl(v,t) ECE(RX 0,77), g(¥,0)=0

u s ioboro ¢pukcuposannoro t € [0, supp §(v,t) C [—w,w].

Teopema 2. ITycts k?)(x,t),kg?) (x,t) € AMw,T) — perernst
obparnoii 3agaqm, orsedaromue magopmamuay ¢\ (x,t), @ (z,t)
coorBercTBeHHO. Toryia 1pu BHITOJTHEHUH YCIOBHIT TeopeMbl 1 ume-
€T OL[eHKa yCTOHYUBOCTHU

/Hk@ —k§2)H2 ]dx<0/wH§(l) —§(2)‘2
R

co,T C2[0,7)

—w
e C' — HEKoTopast KOHCTaHTa, 3aBHCAINAs OT BeanduH w,T
suavennii Gyukmuii ¢(z), po(z), p1(v, z).

[ycrs cymectsyer pemenne ki(z,t) € CF([0,00); La(R)), or-
Beuaoree wadopmanuu §(v,t). Oupemesnm MHOKECTBO (byHKITHI
Juw (v, t) o npasuiy: g, (v,t) = 0(w — |v])g(v, ).
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Boigennm cemeiicTBo 00paTHBIX 3a/a9: OMPEAE/TUTh (PYHKIUIO
k¢ (z,t) = F ' [k (v, )] no nadopmarmi g, (v, t).

Teopema 3. /[anHoe ceMeriCTBO SIBISETCST PETYASIPHU30BAHHBIM,
T. e.

1) mast kaxgoro w > 0 obparnast 3aja9a KOPPEKTHA;

2) ec/iu JJaHHBIE TAKOBBI, UYTO PEIIeHHEe HCXOIHOI (KOPPEKTHOI)
38,1490 CYIIECTBYET, TO TPH W — OO IOCIEJ0BATEILHOCTD DeIie-
HHII ceMelicTBa 3aJlad C THMHU JAHHBIMH CTPEMHTCS K DEIIeHUI0
nexoiHON (HEKOPPeKTHON) 3a/a4un.

Jlureparypa

1. Sdxuno B. I. O6parsbe 3agaun s guddepeHnuanbabix  ypaBHEeHUH
yupyroctu.—Hosocubupck: Hayka, 1990.—304 c.



OBPATHAS 3AJTAYA 1719 BOJITHOBOTO
VPABHEHUY C TAMATHIO I AKYCTUUYECKNMN
I'PAHNYHBIMHI YCJIOBUSIMU B CPEJIAX
C JUCIIEPCUEN!

2K. /1. Toruesa

(Poccust, Bragukaskas, FOMU BHII PAH;
CKIIMU BHII PAH)

PaCCManI/IBaeTCH BOJTHOBOE ypaBHEHUYA C MaMATHBIO U aKyCTU-
YECKHMHU I'PaHUYIHBIMU YCJIOBUAMM:

t
Utt — Ugy — 5uxa:tt + / k(t - S)Umm(ilf, 8) ds = 0,
0
(x,t) € I x (0,T),

Ulz=0 =0, 0<t<T, (2)
¢
[ux - /k(t — S)ug(x, s) ds] =y't), 0<t<T, (3)
0 =l
Utle=t = —py'(t) —qy(t), 0<t<T, (4)
ulpmo = up(x), utle=o = ur(z), = €I, (5)

rie u(x,t) ecTb moTenHIman cKopocTH; k(t) sapo mamsTw; y(t) cume-
menne Ha rparume x = [; T, p, ¢ buKcupoBaHHBIE TTOJI0KUTEIHHBIE
nocrosinubie, I = (0,1) C R

A npo uHTErpaILHOTO CaaraeMoro (MamMsaTn) ONMUCHIBAET BA3KHIE
CBOMCTBA CpeJibl U He MOJIAeTCsl HEMIOCPEJICTBEHHOMY U3MEPEHUIO.
[TpeamnooKuM, 9T0 U3BECTHA CJEYIONas HHMOPMAIIHS:

— B () ug(x,t) dx = f(t), te€][0,T], (6)

O\N

!PaBora Beimommena npu nopepxke Munobprayku Poccuu, corsamerne

Ne 075-02-2025-1633.



Toruesa 2K. /I. 335

rie f(t) naHHBIe U3MEpPeHNil, TPeCTABIISIIONINE YCPEAHEHHYIO CKO-
POCTBb pacmpocTpaHeHus BOJH Ha I, ¢ ecTb W3BeCTHAs (DyHKITHS.
Jlaee, MbI MOKEM PACCMATPUBATD (Y KaK BHYTPEHHUI KPOIIEIHbIM
JIATYIUK, KOTOPBII U3MEPSAET CPEJIHIOI0 CKOPOCTD Uy, B 0Y€Hb MAJIOM
noamuoxkecTBe obsactu I, To ecth I’ := supp(y) C I MoxeT ObITH
OY€Hb Y3KUM. q)I/IBI/ILIeCKI/Ie ABJIEHUA, CTOAIINE 3a 9TOI MaTreMa-
TUYECKOU TPOOIeMOil, TOKA3bIBAIOT 3(M@EKT yCpeTHEHUS TAHHBIX
U3MEPEeHU, rje Kak CBepTKa

t
/k(t — $)Ugz(x, $) ds,
0

TaK U UHTErpaJl

l
/ (0(z) — B (@) g (z, 1) da
0

0603Ha"YaeT HEKOTOPBII MPOIECC yCPeIHEH NS .

Ecau dynkuus k() nsBecrna, To HavaabHO-KpaeBasi 3a/ada
(1)-(5) ompenenenus u(z,t) n y(t) Ha3BIBAETCA NpAMOl 3adauerl.
Obpammnas 3adavwa 3aKIIOYALTCI B BOCCTaHOBIeHNN u(x,t), y(t)
k(t) uz cucrembr (1)—(6).

KauectBennoe wucciaemoBanne mpsamoit 3amzadn (1)—(5) mpm
B =0 B orpanudennoit obsacru @ C R™ (n > 1) ¢ rpanunei
I' =TgUT kmacca C%, TyNT| = @, 610 IpPeCTABICHO B Pabo-
te [1]. B monorpaduu [2] 66110 3aMedeH0, 4TO BOTHOBBIE HPOIECCHI
B cpenax ¢ aucnepceneii (mpu k = 0) onuceiBatorcst ypasaeruem (1),
9T0 ABJAAETCA OCHOBHOW MOTHBAIWEN 1A PACCMOTPEHUH 3TOW pa-
6orel. Ypasuenue (1) ¢ k = 0 mogBsieTcss B TEOPUU YIPYTOCTH ISt
ONIMCaHWA TIPOJOJIBHBIX BOJIH B CTEPXKHAX, BOJIH Ha BOJE B HpI/I6JII/I—
JKeHun ByccumHecka i JJIMHHBIX BOJIH W BOJIH B Tiazme. Tep-
MUH Uggt B HEKOTOPBIX CJYYasXx MOXKET ObITh 3aMEHEH Ha Uggyqq-
DTO 3aBUCUT OT JUCIHEPCUOHHOIO cooTHotenust. OaHako s 6os1ee
TOYHOIO ONMUCAHUS BOJTHOBBIX MPOIECCOB B AUCIEPCHOHHBIX CPeIax
HEOOXOIMMO TIPUCYTCTBHE MHTErPAIBHOTO OTepaTopa ¢ sapom k.
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Huxe ncnonp3yrorcs crangapTabie 0003HAYEHUST COOOJIEBCKUX
npocrpascts |3]. [Ipeamonaraercs, aro:
(i) wo(@),u1 (x) € HY(I), p(x) € HF(I).

l
(i2) a1 = Ofgp’(ﬂs)ug(:c) dx # 0.
(i) g(t) € H*(0,T), f(t) € H'(0,T) :
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l
- / o () [ul () — k(O)ull(z)] d = £"(0).
0

Teoperuaeckas 3HAYNMOCTD HCCJIETOBAHNS 3aKTI0IAETCS B IIO-
JIydeHnn HeO6XOL[I/IMbIX n JOCTATOYHBIX yC.HOBI/Iﬁ JIOKAJIBHOM OJI-
HO3HAYHON Pa3permMoCcTi OHOMepHOi obpaTHoit 3amaqn (1)—(6).
UccmenoBanme pa3permmMOCTH 33/[a9H I[eeco00pa3Hee MPOBOIUTD
B TepvmHax byHKuuii v = ug+(py' +qy)§, TaK KaK B ITOM CIydae
JUTsL U IMeeM HyJIeBble T'DAHIYHBIE YCJIOBUS, 9TO HEOOXOTUMO IpH
JIOKA3aTe/IbCTBE CJIEIYIONIEN TeOPeMbl.
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Teopema 1. ITycrs Bbiionnens: ycaosus (i1)—(i3). Torma cy-
mecrByer takoe T € (0,T), uro obparnas 3amada (1)—(6) mmeer
€ITMHCTBEHHOH peIlleHne

(v, k,y) € H* (0,7 Hy(I) N H*(I)) x H'(0,7) x H*(0, 7).
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INITTIAL BOUNDARY VALUE PROBLEM
FOR FRACTIONAL DIFFUSION-WAVE EQUATION
WITH VARIABLE COEFFICIENTS INVOLVING
THE KAPUTO-RIESZ OPERATOR

H. H. Turdiev

(Uzbekistan, Tashkent, IM AS RUz;
Bukhara, BukhSU)

In the domain Qp = {(z,¢) : 0 <z < [,0 <t < T} consider
the full fractional diffusion-wave equation

B
2

(O u)(z, 1) +(=A) 2 u(z, ) +qt)u(z, t) = f(z,1), (z,1)€Qr, (1)

with initial and boundary conditions

u(x,t)‘tzo = (), ut(xvt)‘t:o =Y(z), z€]0,l], (2)
uw(0,t) =u(l,t) =0, 0<t<T, (3)

where 07" is the Caputo fractional derivative of order 1 < ao < 2 in
the time variable ¢ i. e. (see e. g. [1, pp. 69-79]),

o= (-2 )m

D2

is the fractional Laplacian operator with 1 < g < 2 (see e. g.
1, pp. 127-132)).

Given functions ¢(t), f(x,t), ¢(z), ¥(r) and parametrs 1 <
a < 2,1 < <2, the problem of finding the solution to the initial
boundary problem (1)—(3) is called as the direct problem.

For problem (1)—(3), we give the definition of a classical
solution.

DEFINITION 1. A function u(z,t) is called a classical solution
to initial boundary value problem (1)—(3), if:
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(i) (—A)P2u(-,t) € C(Q) for each t > 0;

(i) for each z € R the Caputo fractional derivative dg, ,u(w,?)
is continuous in ¢t > 0;

(iil) u(x,t) satisfies (1)—(3).

Many problems for fractional diffusion-wave differential
equations have been studied in scientific research. These equations
are generalized forms of classical differential equations, expressed
by fractional derivatives with respect to time and space
variables. In the works [2-5], initial-boundary problems for
fractional diffusion-wave equations have been considered. In the
literature [6-8], linear problems of source determination and
nonlinear inverse problems with coefficients are investigated for
the fractional-order diffusion-wave equation.

For the direct problem (1)—(3), the following statement holds.

Theorem 1. Let ¢(t) € C[0,T] and

{p. 0} € CU0.1, {¢" 0"} € L2(0,1), ¢(0) = ¢(1) =0,
$(0) =) =0, ¢"(1) =0, ¥"(1) =0; f(z,") € C[0,T]

and for

t € [0,T), f(-,t) € CY0,1], feu(- 1) € Lo(0,1),
f(ovt) :f(l’t) =0

conditions are satisfied, then there exists a unique solution of the
direct problem (1)—(3), u(z,t) € C*#(Qr) N Cg:tl(ﬁgp), where

C*P(Qr) =
- {u(:v,t) € C(Qr) : 8 qulw,t) € C(Qr), 1 <a <2
and (—A)2u(z,t) € C(Qr); z €[0,1], 1 < B < 2}.
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PASPYHIEHVE PEHIEHN A 3AJTAYNM KON JIJTA
YPABHEHUA ITPOJOJIBHBIX BOJIH TEQOPMAIINN
B HE/IMHENHO-YIIPYTOM CTEPYKHE

X. I'. ¥Ymapos
(Poccust, T'posueiit, AH YUP; UT'TTY)

B nokiajie paccMOTpeHbI yCJIOBUs pa3pyIeHnst PEIeHus 3a,/1a-
an Ko mig wenuneiinoro aud@epenuajibHoro ypaBHEHU CO-
6oseBcKoro Tuma, Mogenupyiormero |1, rr. 4, § 4.3.2] pacnpoctpa-
HEHUE TTPOJI0JIBHBIX BOJIH JedopMalui B 0ECKOHETHOM HEJTMHEHO-
VIPYTOM CTEpIKHE:

2
Vit — O Ugp — (02 (U )m: — 03Vgr + Q4Vpaax =

= ky (Blvx + B9 (’Uz)x + BSUxxx) s

ul_g = ¢(®), wlig =), z€R, (2)

(1)

e

v
0s
— cuMBOJIbI ubdepeHITUPOBaAHUs 10 TepeMeHHoi s, K03 duru-
eHTEl ¢y, [, kg — TMOCTOSHHBIE BEJIMYMHEL, 3aBUCAIIIE OT yIPYTHUX

(t,z) € Ry x R, Ry =]0,+00], R =]oo,+00[, vs = 0sv =

CBOIICTB MaTepHaia CTEP:KHs W MapaMeTPOB BHEITHE CPebl.
Bagaga Komm (1), (2) wucciemyercs B npocrpancrse C[R]
HempepbIBHBIX (bYHKIWI g = g(x), I/Ig KOTOPBIX CyIIECTBYIOT 062
mpejiesia npu £ — 00 u HopMa KoToporo ||g||» = sup,crlg(z)].
Uccrnenosanue 3ama+u Kommu (1), (2) mposeneno [2| mo caeyto-
HIeMy TJIaHY: BHA9aIe yOexK JaeMesi, 9TO OCTaHOBKa 3aaaqu Korm
(1), (2) KOppeKkTHa U JIOKAJBHOE IO BPEMEHHU KJIACCHIECKOE Dellre-
uue ee cymecrByer. C 9Toil 1ebI0 it cooTBercTByfomero (1) -
HEWHOro ypaBHEeHUs HaxoauMm pernerue 3agadu Komu. laree mis
samaun Komm (1), (2) maiizem Bpemenmnoit orpe3ok [0,t1] cymme-
CTBOBaHUA W €JUHCTBEHHOCTU KJIACCHUYIECKOTI'O PEmIEeHNdA W OIeHUM
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Hopmy B C[R] 9T0ro JIOKaJIBHOTO peleHust. 3aTeM HaieM J0CTa-

TOYHBIE YCJIOBUS PA3PYIIEHHs KJIACCUIECKOrO PeIIeHus Ha KOHEed-

HOM BPEMEHHOM OTpe3ke pernenus 3azaqu Komm (1), (2).
Jokazambl |2] BcoMoraTe/ibHbIE YTBEPKICHUST

JIemma 1. Ilycrs kospummentsr ypapaenus (1) ymoBierBo-
DSIIOT YCAOBHUSIM

al, az3>0 mw 204 > ajaz+ \/a%ag + Oégk?lﬁg,

a HavasubHbie QyHknun o(x) u P(xr) BMecre ¢ NPOU3BOIHBIMH
JI0 9E€TBEPTOro MOPsAKA BKIIOYHTEIHHO IIPHHAIEIKAT IIPOCTPAH-
crBy C[R], rorna 3azada Komim jyist inHEHOrO ypaBHeHUS

Vgt — O VUgy — Q3Vitexr T Q4Uzzaa = kd(/glvm + 53vmmm)

paBHOMepHO KoppekTHa, v(t,x) € C**(R,, R) u mra mero cmpa-
BEJIJIUBA OLICHKA

supzeg|v(z, )] < o1(t)supserle(@)| + o2(t)supzer|y ()],

B KOTOpOIi HerpepeiBHbIe GyHKIHIA 01(t) n 0o(t) ompegensorcs
napamerpamu ypasHerusi (1).

Jlemma 2. IlycTp BRIDOJHEHBI yCa0BUS JeMMBI 1, Torga mpm
0 <t <t <1/(ci12¢13) cymecTByer equHCTBEHHOE KJIACCHYECKOe
pemenne 3agadn Komm (1), (2) B npocrpancrse C'[R), g1 koro-
poro Ha BpemenHoMm orpeske t € [0,t1] cupaBeinBa oneHka
C12
sup |v(t,z)] < ———,
z€R 1 —cipca3t
B KOTOPOH KOHCTAHTHI C13 U C13 OIPEIEISIOTCI KOd(bpuimenramMmu
ypasrerns (1) u HagagapabIME QyHKIHAMA O(T) H )(T).

B mambHeimmx paccMOTPEHUAX IPEIIIOIaraeTcs, ITO KIACCH-
veckoe pemtenne v = v(t, x, (t,z) € [0,t1] X R, npuHaiexur Bme-
CT€ C YaCTHBIMU MPOU3BOHBIME, BXOAAUMY B ypasHerue (1), me-
pecevennio npocrparcrsa C[R] ¢ npocrpancrsom La(R) dyHkimit
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C IHTErPUPYEMBIM KBa/JIPATOM:

O™, 0%, 1% v - vy, 2,0 - Vg € C[R] N La(R),
n=12 m=0,2; k=04

Takoe perrenne v = v (t,x) OyJeM Ha3BIBATH KAGCCUMECKUM
pewenuem 3adawy Kowu (1), (2) 6 npocmpancmee La(R).

Haiiziensr [2] qocTarodnble yCI0BHs pA3pyIIEHHsT KIACCHIECKO-
ro pemennst v = v(t,z) 3amaun Komwu (1), (2) B npocrpancrse
Ls(R) na Bpemennom orpeske [0,¢1], TOHIMAsT TOZ STHM BO3HUK-
HOBEHHUEe pa3pbIBa BTOPOTrO POja JIs (DyHKIMOHATA

2 2
y(@) = [[vll3 + vl

Ha HeKoTOpoM BpemenHoMm orpeske [0,ts] C [0, ¢1].

Teopema 1. IIycTp BBITOTHEHBI YCIOBHS JeMM 1 W 2 U IIYCTh
HavaabHble pyHKIH ©(x) 1 Y(x) yI0BI€TBOPSIOT YCIOBHIM

2
lells + aslle'llz >0, (p,0) +as(¢, ¢') > 0;

2 2 2
1915 + asl[¢'l13 — 202(e, (¢')7) — arll¢’ll; — aalle”[l; > 0;
(¢7¢) + 043(<,0/,¢/) >

2 2\ | cr\ /2 2 2\1/2
> (16 (loll3 + aslle'lls) + 50 ) " (llell3 + asliell3)

rorga Bpems T CylIecTBOBAHHS KJIACCHYECKOTO DEIICHHS U =
v(t,x) sagaun Komm (1), (2) B npocrpancree Lo(R) orpanmderno
CBEPXY

~1/4
_ 2 2
T < (el +aslel3)

MIpHYIeM CIPAaBEIIUBA OIEHKa CHU3Y JJIS (DYHKI[HOHAJIA

—4

o\ —1/4
)= (10l + aallel) " )

e IMOCTOSIHHBIE C; OMIPEIEISIIOTCs KOod(uimenraMu ypaBHe-
s (1) u magaapabivn GyakmuaMa ©(x) o Y(x).
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HEJIMHENHOE YPABHEHUE IIPEJNHTEPA
1 HEOTPAZKAIOIINE T'PAHNYHBIE YCJIOBU !

A. /1. OnakoBckuii
(Poccust, Huzxuuit Hosropos, TI® PAH)

Henuwneitnoe ypasuenne [lpesunrepa (HYII) obramaer upes-
BbIUYATHO BLICOKOIA YHUBEPCAJIBHOCTBIO U TIDUMEHACTCHA IJIsA OTTUCa-
HUsI BOJTHOBBIX IIPOIECCOB BO MHOTHX 00/1aCTIX (DUBUKU: B TEOPUU
ITOBEPXHOCTHBIX BOJIH, B MOJIE/ISIX IBOJIIOIUU PACIPEIETEHU T1a3-
MEHHBIX K0Jie0aHuil, HeJIMHelHO# onTuKe, 6uodu3nKe u T.I.

O/ivH W3BECTHBIN K/IACC PENIeHuil STOr0 ypaBHEHUS OMMCHIBA-
eT JIBMJKEHWE YEJMHEHHBIX BOJH (COJMTOHOB), WX 00pa30BaHWE W
pacuas.

O,ZLHI/IM N3 HEIPUATHBIX C.}'Ie,ZLCTBI/Iﬁ HaJIM4Inudg JUCIIEPCHUU B
HYIII aagercda ToO, 9TO UMIYJILC CBETA, PACIPOCTPAHAACH B Cpe-
e, OyIer TMOCTENeHHO Y/JIMHATHCS, MOCKOJBKY OJHU CIEKTPaJIb-
HBIE COCTABJIAIONINE UMITY/IbCA OYIyT OekaTh ObICTpee Npyrux.

OpHako ecin aMILUIATY/a HUMITYJIBCA JOCTATOYHO BBICOKA, TO
HAYMHAIOT UTPATh POJIb TaK HA3bIBaeMble HesnHelHbe 3PdEKTH.
Opua u3 Takux 3MPEeKTOB 3aKAI0IAETCI B TOM, YTO CKOPOCTH Pac-
MPOCTPAHEHUs BOJTHBI HAUMHAET 3aBUCETH €IIe U OT €€ aMILIUTY/IbI.
I/IHTepeCHO, 9TO MOZKET BO3BHUKHYTH TaKad CUTyalusd, KOrJa HaJIA-
qre HeJIWHEWHOCTH MPUBOAUT K YKOPAUYMBAHUIO UMITyIbca. B pe-
ByJIbTATE MPOIECCH HEJTUHEHHOTO YKOPOUEHUS W JUCIIEPCHOHHOTO
VIJINHEHUsT MOTYT OBITH CKOMIIEHCHDOBaHBI. B 3TOM ciaydae uwm-
my/IbC OyIeT PacnpoCTPaHATHLCS 0e3 m3MeHeHus CBOeil hOpMBI B
BU/IC YEJUHEHHOU BOJIHBI, Ha3bIBAEMOU COJIMTOHOM.

Camo siBJIeHME COJIUTOHA BIEPBBIE OBLIO OMUCAHO JIJIst BOJIH Ha
BOZie. A HEJABHO CYIIECTBOBAHUE COJTUTOHOB OBIIO TPOIEMOHCTPH-

'Yccnemopanve BeImoIHEHO mpu mommepikke Hay<ro-06pa30BaTeInHONO
MATEMAaTUIECKOTO IIEHTPa HI/I}KEFOPO,I[CKOI‘O TOCYyaJapCTBEHHOTIO YHUBEPCUTETaA
nm. H. U. JlobaueBckoro B pamkax corsamenusi ¢ MuUHUCTEPCTBOM HAyKU U
BeIcITero obpasoBamusi Poccumiickoit @emeparuu Ne 75-02-2025-1639.
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POBAHO B TaKOW SK30THYECKOW cucTeMe Kak 003e-KOHJeHCAaT aTo-
MOB.

OcobBbIM KJIACCOM HEJIMHEHHBIX BOJIH ABJISIIOTCS Opuzepsl. B oT-
JINYAU OT COJIUTOHOB OHU HE COXPAHSIIOT CBOIO (POPMY MOCTOSTHHO,
HO MEPUONYIECKN MEHSIOT ee BO BPEMEHU, ITOCTOAHHO BO3BPAIIa-
sICh B OJTHO U TO ke cocTosiuue. He Tak maBHO mHTEpec K Opu3epam
MTOBBICHJICS M3-33 TOT'0, 9TO UMEHHO OHU CTAJIA CAUTATHCS TJIABHBIM
MPETEHIEHTOM Ha OObSICHEHUsI ABJICHUS TaK HA3BIBAEMBIX «BOJIH-
yOuiiiyy — TAaWHCTBEHHBIX BOJIH OUPOMHOM AMILINTYbI, BOZHUKA-
IONUX B OTKPBITOM MOpE W HEPEJKO MPUBOMANINX K KPYIIEHUIO
KopabJieit u HepTAHBIX IATMOOPM.

HYII aengerca OCHOBHBIM ypaBHEHWEM HEJWHENHONW BOJIHO-
BOIl ONTHUKWA W AKTUBHO WCIIOJIB3YETCsd, HAIPUMED, MIPU MaTeMa-
TUIECKOM MOJIEJITMPOBAHUN BOJIOKOHHO-ONTUYECKUX JIUHWHN CBA3W,
BOJIOKOHHBIX JIa3€POB U PA3JINIHBIX ONTUIECKUX YCTPONCTB.

Jpyroit He MeHee BaXKHBIN KJIACC PeIIeHWil ONMUCHIBAET 00pa-
30BaHUE 33 KOHEYHOE BpeMs OCODEHHOCTEH — KOJLIATICHPYIONINX
KaBEPH.

B oboux 3THX c/iyuasgx BCTAeT BOIMPOC, KAKOMY (DYHKITHOHA -
HOMy mpocTrpancTBy npunaiexut pererane HYII, u B 06omnx stmx
CIy9IagX CYIIECTBYIOT PeIeHus, He MPUHAJIeKAIINe TPOCTPaH-
ctBy Lo.

st ypaBHeHUit «mapaboimIecKoroy THUIla, K KOTOPBIM OTHO-
cutcsa Hectannonapuoe ypapaenne [llpemunrepa

2
08 OF |EI*E =0, (1)
ot 0x?

Pa3HOCTHBIE CXeMbI 00/1a/Jal0T OUY€Hb KECTKUMU YCTOBUSIMHU yCTOM-
quBoCcTA: A § = hz, 9TO II0 CyTH JeJj1a IIPU U3MEJIbYeHUU CETKU
zamejiger perrenue 3agadu. [loMuMo 3TOTO, B ypaBHEHUSIX THIIA
HYIII BoicOKME TPOCTPAHCTBEHHBIE TADMOHUKHN HE 3aTYXAIOT C Te-
YeHreM BPEMEHU, 8 UMEIOT OBICTPO U3MEHSIONNecd (pa3bl, 9T0 nNpu-
BOJUT JTaKe MPU «OTHOCUTETHHO MATKOMY YCJIOBUU YCTOWIMBOCTHU
K SBJIEHUIO CJYYaiiHBIX (pa3. DTo sBjieHne OBICTPO PACIPOCTPAHSI-
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eTCs JI0 HU3KWX MAPMOHUK U TPEBPAIaeT BECh MPOIECC BBIUUCIE-
Hull B PAKTUYIECKHU CJIYIANHBIN MTPOIIECC.

s HYII u ero o6o6rtiennii momyasgpaa MeTouka “slip-step”
[Ipu 3toM mjist MaTpuil OOJIBIION pa3MepHOCTH Oe3a/IbTePHATUB-
HBIM sBjsieTcss Meron “Scaling and squaring” — wucnosb30BaHUE
npescrapaenns et = (eA/™)™,

st mojiaBasTroniero HOIBITUHCTBA, 33/1a4, W3HAYAIBHO TOCTAB-
JIECHHBIX B HeOFpa,HH‘{eHHOfI O6.J'[aCTI/I, OTpUMEHEeHUEe YUCJIeHHOTO Me-
TO/A PeIIeHust ¢ He0OXOAUMOCTHIO TpebyeT mepexo/ja K HEKOTOpOit
KOHEYTHON pacuerTHoi momgobsactu. Hambosee wacTo mepexom 3ToT
OCYIIECTB/ISIETCS MTOCPEICTBOM yCeUeHUsT UCXOnHo# objactu. Ilpu
9TOM Ha BHEITHEH TPaHUIE PACIeTHON mog00/1acTn BO3SHUKAET TO0-
Tpe6HOCTI) KOHCTPYUPOBaHUA UCKYCCTBEHHBIX I'DAHUYIHBIX yCJIOBI/IfI
(UT'Y), koropsie obecrednn GbI HEOOXOAUMOE 3aMBIKAHUE «yCe-
YeHHOI» MOCTAHOBKU 33/1a49u, U DOJiee WU MEeHee PABHOCUIHLHO 3a-
MeHnIH OBl BMsIHUE BCeil oTOpachiBaeMoil (HeorpaHW<IeHHOil) Ja-
CTU UCXOJHOI 00JIaCTH.

Ob6ecrievuenne BBICOKOI TOYHOCTH KaK MPABUIO TPeOyeT, ITo0bI
NIy nmenn menokaabHbIM XapakTep. B wactnoctn, Tounsie VI'Y,
T. €. Te, YTO HE NMPUBHOCAT HUKAKON IOMOJTHUTEIHLHON OIMMUOKHU 34
cYeT ycedeHus 00JIACTH, BCErJa OKA3BIBAIOTCS HEJTOKAJIbHBIMU, €C-
JI KOJIMYECTBO MPOCTPAHCTBEHHBIX W3MEpeHuil B 3ajade Oosbire
OJTHOTO.

s mocrostauaoro norennmasia V = V. ypasuenue Illpenunre-
pa MOXKeT OBITH MIPEJICTABIEHO B (DAKTOPU3OBAHHOM BUJIE HA BJIEBO
" BIIpaBO 66FyH_[I/Ie BOJIHBI

(636 — 7 3/8, + iVT> (695 +¢'7 /8, + i‘/;«) , T > X

B cayuaae V, = 0 Bolpaxenne /0, = 0Y/? moxer 6bITh HHTED-
MPEeTUPOBAHO KaK JAPOOHAST MPOW3BOHAS 110 BPEMEHU. Y INTHIBAS
B 'DAHUYHON TOYKE T = I, TOJIBKO YXOJAIIWEe BOJIHBI, II0JIydaeM
dbopmanbHo mpaBoe Ge30TpazkaTesbHOE (MIPO3PAYHOE) IPAHUIHOE
ycjioBue, 3almChiBaeMO€ MHOTMMHU aBTOPAaMWB BUAE NMIIEJaHCHOT'O
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TPAHUYIHOTO YCJIOBUA

VT VE=T

t
—7i/4 a
v(x,t) = _C / n0(2,7) dr upu x=x;,2,.
0

TpyaHocTH COCTOST B TOM, UTO (PYHKIIUS \/% JIEYKUT B IIPO-

cTpaHcTBe L1, a He MPUHAIEKUT TPOCTPAHCTBY Lo, 9TO cO37aeT
COOTBETCTBYIOIIME IPOOIEMbI YUCIEHHON pean3auu

B obJsractu rugpo u ra30iMHAMUKA B MIOCJIE/IHEE BPEMsT MHTEH-
CHMBHO Pa3BUBAETCS METOJ rurepOou3amuu, XOPOIIo 3aPeKOMeH-
JIOBABINW Ccebsl TIPU AANTAINN HA aPXUTEKTYPY MapasLIeTbHBIX
BBICOKOITPOUBBOINTE/TLHBIX BBIYUC/IUTEIBHBIX cucTeM. | umepbosim-
3anuell ypaBHEHUI HA3BIBAIOT JTOOABKY JOMOJHUTEIHHOTO HUjIeHA
C MaJIbIM TapaMEeTPOM B KadecTBe KO3 PUIMEHTa Tepel BTOPOil
IIPOU3BOJHONI 110 BPEMEHHU.

UccnenoBana 3BOIONNSA TAPMOHWYECKOTO PEITeHUs, MOIETH-
PYIOIIEro PacipoCTPAHEHNE HJIEKTPUIECKUX CUTHAJIOB B JJIMHHBIX
MHOTOTIPOBOHBIX JIUHUSX, PACCMOTPEHO BaUSHUE (POTOHHOTO CITO-
coba Temmonepenaan B cpeme. OKazamoch, 9T0O mepegade Ha 00Th-
II10€ PACCTOsIHUE DOJIBIIION0 KOJUYIECTBO SHEPTrun Mernaer hoKyCu-
poBKa (I1€pexos1) SHEPrun B OJIMH CBETOBOJHBINA KAHAJ, UTO MPUBO-
AT K er0 Pa3pyIIeHuio.

Jlnst amekBaTHOTO YHCJAEHHOTO pacdera 3ajad B objacTu
BOJIOKOHHO-ONTUIECKUX JIMHWI CBA3W WJIN BOJOKOHHBIX JA3€POB
C JIeTAJbHBIM MPOCTPAHCTBEHHO-BPEMEHHBIM Pa3peIeHneM UUC/IO
TOYEK MO <«IIPOCTPAHCTBEHHOW» IIEPEMEHHOI MOXKET COCTABJIATH
105-107, uTo IPEBOAUT K OrPOMHBIM 3aTpPATaM MAITHHHOIO BpeMe-
HU ¥ ObICTPOMY HAKOMIEHUIO Oomubku. [IpakTudeckn enmHCTBEH-
HBIM IIyTEM pacveTa TaKUX 33/71a4 sIBJIgeTCsd MapaJjaebHas Peasin-
3arus YUCAEHHBIX aJroputmMoB. [Iaa ux 3ddekTuBHOrO IpruMene-
HUUsT TpeOYIOTCS HOBBIE MATEMATUIECKUE MOJIEIN, AJITOPUTMBI U
MaTeMaTHIeCKOe obecredeHue.
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