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PaccmarpuBaercs ogHa n3 ABYX CIAEAYIONIAX CHEKTPATbHBIX 331a4:

Bagaqa (A):
y W (@) = (pl2)y' (@) = My(a),
y(0) =y'(0) =¢"(1) =0,
(aA+b)y(1) — (eA+d)Ty(1) =0,
Bagaqa (B):

y (@) = (p(2)y (@) = Ny(z),

y"(0) =0, Ty(0)—aly(0) =0,
y"(1) — by’ (1) = 0,
Ty(1) — exy(1) =0,

rJie p — BelleCTBeHHas abCcOMIOTHO HenpepbiBHas Ha [0, 1] dyHKus,
Ty =y" —py u A\ — cuekrpasbhbiii napamerp. s 3agaun (A)
COOTHOLIEHHE HMEEM CJIEJIyIONIee COOTHOUICHHE apaMeTpoB: a, b, ¢,
d € R, 0 = bc — ad > 0. Coorsercrsenno, ais 3aua4u (B): a > 0,
b>0,c<0.
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[lesns: UcenenoBaTs aCHMIITOTHKY COOCTBEHHBIX 3HAUEHUI 1
dbopmyny crena st 3agau (A) u (B). J

.M. Ilonsakos



C ¢dusnyeckoil TOUYKU 3peHns ypaBHEHHe YeTBEPTOrO MOPsSIKa
OTNUCHIBAET M3rubHBIE KOJIebaHus IIACTUH, 000J09eK WIn
crepxkueit. Paccmarpusaemast B HacTosmeM Jokaae 3agaqa (A)
COOTBETCTBYET TOMY, UTO JIEBBIIl KOHEI CTePXKHS YKECTKO
3aKPETLIeH, a Ha TIPABOM KOHIIE COCPeIOTOYeHa NWHEePIMOHHAS
macca (eM. [1]). B qacTHOCTH, ec/m B TPaHIIHOM yCTOBIMT
nonokuth b =c¢=0wu d =1, To 3a5a4a (A) Bo3HUKaeT 1pH
OIUCAHUU MTONEPEYHBIX KOJIeOaHuii MasTHIKa, 0OPa30BAHHOIO U3
BEPTUKAIBHO PACIIONIOKEHHOTO OJIHOPOJHOTO CTEPIKHSA C KECTKO
3aKPEIIEPHHBIM BEPXHUM KOHIIOM W C TPY30M Ha HUKHEM
KOHIIE, Macca KOTOPOro pasHa —a. 3agaqa (B) onmuceiBaer
MaJible n3rubHbIe KosiebaHusi OJHOPOIHON OAJIKK, HA [IPABOM
KOHIIE KOTOPO# COCPESOTOUEHA HEKOTOPas Macca, a Ha JIEBOM
’Z[eﬁCTByeT TPUZKUMHaA CHUJIA.

'Roseau M. Vibrations in mechanical systems. Analytical methods and
applications. Berlin: Springer-Verlag, 1987.
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Hoxknaa onmpaeTcs Ha CAeTYIONINE N3BECTHLIE PE3YIbLTATHI.

Enuabiv cumBosiom py,, n € N, obosuagmm coOCTBEHHBIE
swadenns 3ama9 (A) u (B). B crarwe [?] paccmaTpusamach
criekTpasibHas 337a49a (A) 1 BBIIMCHIBAIACH CJIe/IyONas
ACHMIITOTHKA!

(—37?/4+7rn)4—|—(’)(n2), ecrm ¢ =0,
(—377/2—1—7m)4+(9(n2), ecim ¢ # 0,

n =

n € N.

*Kepumos H.B., Ames 3.C. BasucHbie CBOICTBA OIHOM CIIEKTPAIBHOM
3a/1a9H CO CIEKTPAJIBHBIM [1apaMeTPOM B I'PaHUYHOM ycjouu. Marem. c6.

2006. T. 197(10). C. 65-86.



Bamava (B) m3ygamach B pabote [}]. Oma mocesmena cpoticTBaM
0a3UCHOCTY CUCTEMbI KOPHEBBIX (DYHKITHN B PA3INIHBIX
mpocTpancTBax. KpoMe TOro, BEIINCHIBATACEH CJIEIYOIIAST
ACUMIITOTUKAQ

i = mH(n — 11/4)* + O(n?), n € N.

3 Aliyev Z.S., Mamedova G.T. Some properties of eigenfunctions for the
equation of vibrating beam with a spectral parameter in the boundary
conditions. J. Diff. Equat. 2020. V. 269. P. 1383-1400.
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Temeps mepeiiieM K 0030pPY U3BECTHBIX PE3YJIBTATOB B JAHHOM
HaITPaBJIEHWH.

Kpaesbie 3agaun mis 06bIKHOBEHHBIX AudepeHIInaabHbIX
0TIEPATOPOB CO CIEKTPAJBHBIM TTAPAMETPOM B TDAHUIHBIX
YCIOBHAX OLLIH PacCMOTpeHbl B cTaThe [1]. Jlia sTux
omepaTopoB OBLIN YCTAHOB/IEHBI HanbO Iee 00IIIe Pe3yaAbTATH O
MTOJTHOTE, MUHUMAJIBHOCTH U 0a3UCHOCTH CODCTBEHHBIX U
MIPUCOEIMHEHHBIX (DYHKITAI.

NITkammkor A. A. KpaeBble 33,1a4m 7151 OOBIKHOBEHHEIX
g epeHnmaIbHbIX yPaBHEHUN CO CIIEKTPAJIHHBIM MTapPaMETPOM B
rpaHuvHbIX ycaoBusx. Ip. cem. mm. W.I'. Tlerposckoro. 1983. T. 9.
C. 190-229.
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B crarbax [°], [¢], [7], [}] usyuanacs noxammsanus coberBenmbx
3HAYEHHU, & TaKKe BBIITHCLIBAJICA TJIABHBLIA IIeH aCHMIITOTHKHI
nas auddepeHuaabHbIX OMePaTOPOB PACCMATPUBAEMOTO BUIA
C PA3/IMIHLIMA TPAHHIHBIME YCIOBUSIMHE, COMEPAKAITUMIU
CIIEKTPAJIBHBIN ITapaMeTp.

SMoller M., Pivovarchik V. Spectral properties of a fourth order
differential equation. Z. Anal. Anwend. 2006. V. 25. P. 341-366.

5Msller M., Zinsou B. Self-adjoint fourth order differential operators
with eigenvalue parameter dependent boundary conditions. Quaest. Math.
2011. V. 34(3). P. 393-406.

"Mobller M., Zinsou B. Spectral asymptotics of self-adjoint fourth order
differential operators with eigenvalue parameter dependent boundary
conditions. Complex Anal. Oper. Theory. 2012. V. 6. P. 799-818.

8Msller M., Zinsou B. Asymptotics of the eigenvalues of self-adjoint
fourth order differential operators with separated eigenvalue parameter
dependent boundary conditions. Rocky Mount. J. Math. 2017. V. 47(6).
P. 2013-2042.
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Bazucubie cBoiicTBa COOCTBEHHBIX W MPUCOEINHEHHBIX (DYHKIINI B
Pa3IMYHBIX TIPOCTPAHCTBAX ObLIN HccIenoBanbl B paborax [°], [19],

[11], [12]’ [13], [14]'

9C. Tretter, Boundary eigenvalue problems for differential equations
Nn = APn with A\-polynomial boundary conditions. J. Differ. Equat. 2001.
V. 170. P. 408-471.

YKepumos H. B., Aimmes 3. C. Basucusie cBOACTBA OIHOI CIIEKTPATBHOM
3a/1a9H CO CIEKTPAJIBHBIM [IapaMeTPOM B ITPaHUYHOM ycjouu. Marem. c6.
2006. T. 197(10). C. 65-86.

"Kepumos H. B., Ammes 3. C. O 6a3uCHOCTH CHCTEMBI COBCTBEHHBIX
byHKIHI 0qHON CIIeKTPAIHHON 33/Ia9l CO CIIEKTPAJIHHBIM [TAPAMETPOM B
rpaamaaoM ycaosuu. Inddepent. ypasrenmsa. 2007. T. 43(7). C. 886-895.

127.S. Aliyev. Basis properties of a fourth order differential operator with
spectral parameter in the boundary condition. Cent. Eur. J. Math. 2010.
V. 8(2). P. 378-388.

13 Ammmes 3. C. BasucHeie cBOfiCTBA B IPOCTPAHCTBE Lj, CHCTEM KOPHEBBIX
byHKIHI 0qHON CIIeKTPAIbHON 33/1a9i CO CIIEKTPAIHHBIM [TaPaMEeTPOM B
rpaamaaoM ycaosuu. Inddepenn. ypasrenmsa. 2011. T. 47(6). C. 764-775.

" Aliyev Z. S., Mamedova G. T. Some properties of eigenfunctions for the
equation of vibrating beam with a spectral parameter in the boundary
conditions. J. Differ. Equat. 2020. V. 269. P. 1383-1400.

.M. Ilonsakos




OCTIHTATIMORHBIM CBOHCTBaM GbLTA TOCBsIeHs! cTaTen [], [H6]
u [17].

Ben Amara J., Vladimirov A.A. On a fourth-order problem with
spectral and physical parameters in the boundary condition. Izv. Math.
2004. V. 68(4). P. 645-658.

YBen Amara J., Vladimirov A.A. On oscillation of eigenfunctions of a
fourth-order problem with spectral parameters in the boundary conditions.
J. Math. Sci. 2008. V. 150(5). P. 2317-2325.

'"Bramuvupos A.A., HIkamko A.A. OCIMINSIIOREEE CBOMCTB
CaMOCOIIPSKEHHBIX TPAHUYHBIX 33129 YeTBEPTOro nopsaka. Asrebpa u
amayms. 2023. T. 35(1). C. 109-133.



HanomuanM, 910 MBI pacCMaTPUBAEM OIHY W3 ABYX CJIELYTOIINX
CIIEKTPAJIbHBIX 3a/1a4:

Bagaqa (A):
y (@) = (p(2)y (z)) = Ny(=),
y(0) =y'(0) =y"(1) =0,
(ax+b)y(1) — (eA+d)Ty(1) =0,
u
Bagaua (B):
¥ (@) - Py (@)) = )
J(0) =0, Ty(0) - ary(0)
y"(1) — by (1)
Ty( ) —edy(1) = 0,
rJie p — BEIEeCTBEHHAA abCcOMOTHO HenpepbiBHas Ha [0, 1] dbynkmus,
Ty =vy" — py' m A\ — cuekrpanbubri mapamerp. na 3amaan (A)
COOTHOLIEHHE HMEEM CJIEJIyIONIee COOTHOUICHHE apaMeTpoB: a, b, ¢,

d € R, 0 = bc — ad > 0. Coorsercrenno, ays 3agaquu (B): a > 0,
b>0,c<0.

.M. Ilonsakos



Bagauay (B) moxkuO cBecru K 3ajaue Ha COOCTBEHHbIE 3HAYEHUS J1Jisd
COOTBETCTBYIOIIEro JuHeiiHoro oneparopa H. B ruabbeproBom
npoctpanctie H = Lo(0,1) @ C3 co ckaspHBbIM TTPOU3BeIeHIEM

1
(y,v) = / y(x)v(x) de + |a| = m3s + |b| " tnt + |¢| " TR,
0

y(=) o)
m S
y = n € H, vV = ¢ € H,
T K
MblI OIPEJIEIUM OIEPATOD
y() (Ty())
Ao | ety
Y= ya) | = ety
y(1) 1 Ty(1)
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Ha oOsacTh

(z)

pom (1) = {yly = | %) | ¢ 7.y e wi0.1),
y(1)

(Ty)' € Ls(0,1), 4" (0) = 0}.

<

<

ra obaacts onpenenenns mwiorsa B H (em. ['8, Jlemma 1.5]).
Oueparop H xoppekTHo onpezesed B H. Takum obpasom, 3a1ada (B)
9KBHUBAJIEHTHA CHeKTpaﬂbHOﬁ 3a/1a4e

Hy = Ny, y € Dom (H),

T. €. COOCTBEHHbIE 3HAYEHUS A, 3a1a9u (B) n cobcTBeHHbBIE 3HAYEHMS
. Jlemma 1.4 U3 CCBUIKH BBIIIE).

L8 Ixammkos A. A. Kpaesnble 33704 17151 OOBIKHOBEHHBIX
muddepeHnaIbHbIX YPABHEHNH CO CIIEKTPAJIHHBIM [IAPAMETPOM B
rpaHuvHbIX ycaoBusx. Ip. cem. mm. W.I'. Tlerposckoro. 1983. T. 9.

C. 190-229.

.M. Ilonsakos



Beenem xoaddurmentsr Pypre dyukrmn f € Li(0,1)
CIIETYIONIAM 00Pa3oM:

fo= / 1f(rc) dr,  fo= / lf(x)e‘”“”“)” dz,
Fon(0 / f(x)cosm(2n — )z dx,

Fan(0 / f(z)sinm(2n — O)xdx, nE€Z,

rie 0 — HeKOTOpOoe YHCIO.

.M. Ilonsakos
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Bagaga (A):

[ycrs p € W(0,1). Ecm ¢ # 0, To cobCcTBeHHbIe 3HAUeHHsT [y,
ABIAAIOTCA BEIIECTBEHHBIMU U YA0BJIETBOPAIOT CIEAYIOMIEH
ACHMIITOTHKE

iy = (—3—7T—|—7Tn>4+(—3§—|—77n)2p0—|—0(n)

Ipu N —> —+00.
Eciu ¢ = 0, To cobcTBeHHBIE 3HAYMEHUS UMEIOT CJIETYIONTUN BUT

o (5] s (3 ) (= 2) 5009

.M. ITonskos
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Bagaua (A):

Jonomaurensro npeanonoxum, aro p € Wi(0,1) u p(0) = p(1). Ecam
¢ # 0, TO uMeeT MeCTO CJIEeAYIOUAs ACUMITOTUKS

3r 4 3T z
pn= (=L +mn) + (== +mn) po+3p()m(2n - 3)

p—lel® ., da pin + Den(3) 2
Bo— W _ o)+ = — Bin T Penrd) |
p(1)+ c 4m(2n — 3) +0(™)

opu n — +00, TIe

1
PLn = / 6777(27173)5(12///(1 _ 8) . pl//(s)) ds
0

1
3
—_ 8/ e T(n=3/2)s (p”l(s) +p"(1 - 8)) = ( _ ?ﬂ- + 7Tn)8d8.
0

.M. Ilonsakos
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Bamaga (A):

Teopema 1.

Ecmm ¢ = 0, To cobCTBEHHbBIE 3HAYMEHNS (L, TMEIOT BUI

an(—3£+wn)4+(—3j+ﬂn)2(po—%)—(—3£—|—7rn)(p(1)+dj)

4 4 a 4 a?
2 2 / 2 3
M _p (1) _ pod  d° _ a
T3 2 20 22 34
7dp(1) | p2.n — Pen(3/2) —2
2a 2m(4n — 3) +0(n™)

opu n — +00, Tae

1 1
P2, = / e T3/ () ds + 8/ e T3V () sinw(n — 3/4)s ds.
0 0

v

.M. Ilonsakos
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Basaqa (B):

[ycrs p € Wi(0,1). Torma cobCTBeRRbIC 3HATEHUS [y, SBIAIOTCS
BEIIECTBCHHBIMU U YJIOBJIETBOPAIOT Cﬂe/:[yfomeﬁ ACUMIITOTHUKE

b= ) o 0 1) 0

IIpu n — +00, T1e

.M. Ilonsakos
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Bamaga (B):

JlomonauTe pHO mpeamomoxuM, uto p € Wi (0,1) u p(0) = p(1). Torma
aCUMIITOTHKA COOCTBEHHDBIX 3HAYEHMH [IPUMET BU/T

(1= ) (o= B o 00) (- )
Mn—ﬂ(n 1 +7°(n 1 po + 4 T(n 1 T

3 2 _ 2

Lot por— 2 4 op? RO IPIT 4

3 8 b

3p(0) | P'(0) | —psm +Pen 2
: o

et T e —1jn YO

opu n — +00, Tae
4
T = p(0) + 45° + —
ac

n

1
P3,n :/ p"(s)e”T(nT11/40U=9) (efﬁ("711/4)<178)+8sinﬂ(n711/4)(1fs)) ds.
0

.M. ITonskos




[Mpemnonoxum, ato HYHKIUST P ABAIETCI TEPUOIUTECKON
dbyuxmmeit. Bynem paccMaTpuBaTh COOTBETCTBYIONIHE 33,1351
(A) u (B) co capurom pr = p(- +1t), t € T =R/Z. Yepes un(t)
MBI OyZeM 0003HAYATHL COOTBETCTBYIOIINE COOCTBEHHBIE
snadenust. Ormernm, 410 iy, (0) — coberBeHHbIE 3HAYEHMS 33124
(A) u (B) upu mymesom casure (cm. Teopemsr 1 u 2).

.M. Ilonsakos
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Bamaga (A).

ITycts p € W(T). Ecau ¢ # 0, To mMeeT MeCTO Ciemyiomast hopMyIa
crena:

oo

(n(®) = 1 (0) = 37(2n = 3)(p(t) — p(0))

n=1

p'(t) —p'(0) . 7d(p(t) — p(0))
ki 2 ° 2a )
5(p7(0) —p"(®) | d(@'(t) —9'(0))

IIpuBemeHHBbIE PAIBI CXOAATCS aOCOTIOTHO W paBHOMEpHO Ha T.

.M. ITonskos




22

CpaBHuM ¢ TeopeMoil st ortepaTopa Hy € yCIAOBUSIMHU
y(0) = y(1) =4'(0) =y'(1) = 0.

[Tycts p € W14(TF). NMwmeer mecto cremyromtas dpopmyna caena:

- ™ p"(t) —p"(0)
_p'(t) —p"(0) n p*(t) — p*(0)
2 4

JIaHHBIA PsIT CXOAUTCA aOCOTFOTHO W PABHOMEPHO Ha 1.

.M. Ilonsakos




Teopema 4.

I[ycts p € W(T). Torma mMeer MecTo ciepyomas ¢hopumyIia
cea:

5 (3l = 2 +7(n = 21 (o(0) — p(0)

n=1

~ (o(t) ~ p(0)) (e + 2) - PO

2
_5("(0) —p"(1) N 3(p%(t) — p*(0))
6 32
+ @0 -P0) (5 + ).

JIaHHBIA PSIT CXOAUTCA aOCOTFOTHO W PABHOMEPHO Ha 1.

.M. ITonskos



Boubioe criacu6o 3a BuuMmanue!

.M. Ionsakos



