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Ðàññìàòðèâàåòñÿ îäíà èç äâóõ ñëåäóþùèõ ñïåêòðàëüíûõ çàäà÷:
Çàäà÷à (A):

y(4)(x)− (p(x)y′(x))′ = λy(x),

y(0) = y′(0) = y′′(1) = 0,

(aλ+ b)y(1)− (cλ+ d)Ty(1) = 0,

è
Çàäà÷à (B):

y(4)(x)− (p(x)y′(x))′ = λy(x),

y′′(0) = 0, T y(0)− aλy(0) = 0,

y′′(1)− bλy′(1) = 0,

T y(1)− cλy(1) = 0,

ãäå p � âåùåñòâåííàÿ àáñîëþòíî íåïðåðûâíàÿ íà [0, 1] ôóíêöèÿ,
Ty = y′′′ − py′ è λ � ñïåêòðàëüíûé ïàðàìåòð. Äëÿ çàäà÷è (A)
ñîîòíîøåíèå èìååì ñëåäóþùåå ñîîòíîøåíèå ïàðàìåòðîâ: a, b, c,
d ∈ R, σ = bc− ad > 0. Ñîîòâåòñòâåííî, äëÿ çàäà÷è (B): a > 0,
b > 0, c < 0.

Ä.Ì. Ïîëÿêîâ
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Öåëü: Èññëåäîâàòü àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé è
ôîðìóëó ñëåäà äëÿ çàäà÷ (A) è (B).

Ä.Ì. Ïîëÿêîâ
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Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà
îïèñûâàåò èçãèáíûå êîëåáàíèÿ ïëàñòèí, îáîëî÷åê èëè
ñòåðæíåé. Ðàññìàòðèâàåìàÿ â íàñòîÿùåì äîêëàäå çàäà÷à (A)
ñîîòâåòñòâóåò òîìó, ÷òî ëåâûé êîíåö ñòåðæíÿ æåñòêî
çàêðåïëåí, à íà ïðàâîì êîíöå ñîñðåäîòî÷åíà èíåðöèîííàÿ
ìàññà (ñì. [1]). Â ÷àñòíîñòè, åñëè â ãðàíè÷íîì óñëîâèè
ïîëîæèòü b = c = 0 è d = 1, òî çàäà÷à (A) âîçíèêàåò ïðè
îïèñàíèè ïîïåðå÷íûõ êîëåáàíèé ìàÿòíèêà, îáðàçîâàííîãî èç
âåðòèêàëüíî ðàñïîëîæåííîãî îäíîðîäíîãî ñòåðæíÿ ñ æåñòêî
çàêðåïëåðííûì âåðõíèì êîíöîì è ñ ãðóçîì íà íèæíåì
êîíöå, ìàññà êîòîðîãî ðàâíà −a. Çàäà÷à (B) îïèñûâàåò
ìàëûå èçãèáíûå êîëåáàíèÿ îäíîðîäíîé áàëêè, íà ïðàâîì
êîíöå êîòîðîé ñîñðåäîòî÷åíà íåêîòîðàÿ ìàññà, à íà ëåâîì
äåéñòâóåò ïðèæèìíàÿ ñèëà.

1Roseau M. Vibrations in mechanical systems. Analytical methods and
applications. Berlin: Springer-Verlag, 1987.

Ä.Ì. Ïîëÿêîâ
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Äîêëàä îïèðàåòñÿ íà ñëåäóþùèå èçâåñòíûå ðåçóëüòàòû.

Åäèíûì ñèìâîëîì µn, n ∈ N, îáîçíà÷èì ñîáñòâåííûå
çíà÷åíèÿ çàäà÷ (A) è (B). Â ñòàòüå [2] ðàññìàòðèâàëàñü
ñïåêòðàëüíàÿ çàäà÷à (A) è âûïèñûâàëàñü ñëåäóþùàÿ
àñèìïòîòèêà:

µn =

{(
− 3π/4 + πn

)4
+O(n2), åñëè c = 0,(

− 3π/2 + πn
)4

+O(n2), åñëè c ̸= 0,
n ∈ N.

2Êåðèìîâ Í.Á., Àëèåâ Ç.Ñ. Áàçèñíûå ñâîéñòâà îäíîé ñïåêòðàëüíîé
çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íîì óñëîâèè. Ìàòåì. ñá.
2006. Ò. 197(10). Ñ. 65�86.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (B) èçó÷àëàñü â ðàáîòå [3]. Îíà ïîñâÿùåíà ñâîéñòâàì
áàçèñíîñòè ñèñòåìû êîðíåâûõ ôóíêöèé â ðàçëè÷íûõ
ïðîñòðàíñòâàõ. Êðîìå òîãî, âûïèñûâàëàñü ñëåäóþùàÿ
àñèìïòîòèêà

µn = π4(n− 11/4)4 +O(n2), n ∈ N.

3Aliyev Z.S., Mamedova G.T. Some properties of eigenfunctions for the
equation of vibrating beam with a spectral parameter in the boundary
conditions. J. Di�. Equat. 2020. V. 269. P. 1383�1400.

Ä.Ì. Ïîëÿêîâ
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Òåïåðü ïåðåéäåì ê îáçîðó èçâåñòíûõ ðåçóëüòàòîâ â äàííîì
íàïðàâëåíèè.

Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ
óñëîâèÿõ áûëè ðàññìîòðåíû â ñòàòüå [4]. Äëÿ ýòèõ
îïåðàòîðîâ áûëè óñòàíîâëåíû íàèáîëåå îáùèå ðåçóëüòàòû î
ïîëíîòå, ìèíèìàëüíîñòè è áàçèñíîñòè ñîáñòâåííûõ è
ïðèñîåäèíåííûõ ôóíêöèé.

4Øêàëèêîâ À. À. Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íûõ óñëîâèÿõ. Òð. ñåì. èì. È.Ã. Ïåòðîâñêîãî. 1983. Ò. 9.
Ñ. 190�229.

Ä.Ì. Ïîëÿêîâ
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Â ñòàòüÿõ [5], [6], [7], [8] èçó÷àëàñü ëîêàëèçàöèÿ ñîáñòâåííûõ
çíà÷åíèé, à òàêæå âûïèñûâàëñÿ ãëàâíûé ÷ëåí àñèìïòîòèêè
äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ðàññìàòðèâàåìîãî âèäà
ñ ðàçëè÷íûìè ãðàíè÷íûìè óñëîâèÿìè, ñîäåðæàùèìè
ñïåêòðàëüíûé ïàðàìåòð.

5M�oller M., Pivovarchik V. Spectral properties of a fourth order
di�erential equation. Z. Anal. Anwend. 2006. V. 25. P. 341�366.

6M�oller M., Zinsou B. Self-adjoint fourth order di�erential operators
with eigenvalue parameter dependent boundary conditions. Quaest. Math.
2011. V. 34(3). P. 393�406.

7M�oller M., Zinsou B. Spectral asymptotics of self-adjoint fourth order
di�erential operators with eigenvalue parameter dependent boundary
conditions. Complex Anal. Oper. Theory. 2012. V. 6. P. 799�818.

8M�oller M., Zinsou B. Asymptotics of the eigenvalues of self-adjoint
fourth order di�erential operators with separated eigenvalue parameter
dependent boundary conditions. Rocky Mount. J. Math. 2017. V. 47(6).
P. 2013�2042.

Ä.Ì. Ïîëÿêîâ
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Áàçèñíûå ñâîéñòâà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé â
ðàçëè÷íûõ ïðîñòðàíñòâàõ áûëè èññëåäîâàíû â ðàáîòàõ [9], [10],
[11], [12], [13], [14].

9C. Tretter, Boundary eigenvalue problems for di�erential equations
Nη = λPη with λ-polynomial boundary conditions. J. Di�er. Equat. 2001.
V. 170. P. 408�471.

10Êåðèìîâ Í. Á., Àëèåâ Ç. Ñ. Áàçèñíûå ñâîéñòâà îäíîé ñïåêòðàëüíîé
çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íîì óñëîâèè. Ìàòåì. ñá.
2006. Ò. 197(10). Ñ. 65�86.

11Êåðèìîâ Í. Á., Àëèåâ Ç. Ñ. Î áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ
ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íîì óñëîâèè. Äèôôåðåíö. óðàâíåíèÿ. 2007. Ò. 43(7). Ñ. 886�895.

12Z.S. Aliyev. Basis properties of a fourth order di�erential operator with
spectral parameter in the boundary condition. Cent. Eur. J. Math. 2010.
V. 8(2). P. 378�388.

13Àëèåâ Ç. Ñ. Áàçèñíûå ñâîéñòâà â ïðîñòðàíñòâå Lp ñèñòåì êîðíåâûõ
ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íîì óñëîâèè. Äèôôåðåíö. óðàâíåíèÿ. 2011. Ò. 47(6). Ñ. 764�775.

14Aliyev Z. S., Mamedova G. T. Some properties of eigenfunctions for the
equation of vibrating beam with a spectral parameter in the boundary
conditions. J. Di�er. Equat. 2020. V. 269. P. 1383�1400.

Ä.Ì. Ïîëÿêîâ
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Îñöèëëÿöèîííûì ñâîéñòâàì áûëè ïîñâÿùåíû ñòàòüè [15], [16]
è [17].

15Ben Amara J., Vladimirov A.A. On a fourth-order problem with
spectral and physical parameters in the boundary condition. Izv. Math.
2004. V. 68(4). P. 645�658.

16Ben Amara J., Vladimirov A.A. On oscillation of eigenfunctions of a
fourth-order problem with spectral parameters in the boundary conditions.
J. Math. Sci. 2008. V. 150(5). P. 2317�2325.

17Âëàäèìèðîâ À.À., Øêàëèêîâ À.À. Îñöèëëÿöèîííûå ñâîéñòâà
ñàìîñîïðÿæåííûõ ãðàíè÷íûõ çàäà÷ ÷åòâåðòîãî ïîðÿäêà. Àëãåáðà è
àíàëèç. 2023. Ò. 35(1). Ñ. 109�133.

Ä.Ì. Ïîëÿêîâ



11

Íàïîìíèì, ÷òî ìû ðàññìàòðèâàåì îäíó èç äâóõ ñëåäóþùèõ
ñïåêòðàëüíûõ çàäà÷:
Çàäà÷à (A):

y(4)(x)− (p(x)y′(x))′ = λy(x),

y(0) = y′(0) = y′′(1) = 0,

(aλ+ b)y(1)− (cλ+ d)Ty(1) = 0,

è
Çàäà÷à (B):

y(4)(x)− (p(x)y′(x))′ = λy(x),

y′′(0) = 0, T y(0)− aλy(0) = 0,

y′′(1)− bλy′(1) = 0,

T y(1)− cλy(1) = 0,

ãäå p � âåùåñòâåííàÿ àáñîëþòíî íåïðåðûâíàÿ íà [0, 1] ôóíêöèÿ,
Ty = y′′′ − py′ è λ � ñïåêòðàëüíûé ïàðàìåòð. Äëÿ çàäà÷è (A)
ñîîòíîøåíèå èìååì ñëåäóþùåå ñîîòíîøåíèå ïàðàìåòðîâ: a, b, c,
d ∈ R, σ = bc− ad > 0. Ñîîòâåòñòâåííî, äëÿ çàäà÷è (B): a > 0,
b > 0, c < 0.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷ó (B) ìîæíî ñâåñòè ê çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ äëÿ
ñîîòâåòñòâóþùåãî ëèíåéíîãî îïåðàòîðà H. Â ãèëüáåðòîâîì
ïðîñòðàíñòâå H = L2(0, 1)⊕ C3 ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(y,v) =

∫ 1

0

y(x)v(x) dx+ |a|−1ms+ |b|−1nt+ |c|−1τκ,

y =


y(x)
m
n
τ

 ∈ H, v =


v(x)
s
t
κ

 ∈ H,

ìû îïðåäåëèì îïåðàòîð

Hy = H


y(x)
y(0)
y′(1)
y(1)

 =


(Ty(x))′

a−1Ty(0)
b−1y′′(1)
c−1Ty(1)



Ä.Ì. Ïîëÿêîâ
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íà îáëàñòè

Dom(H) =

{
y|y =


y(x)
y(0)
y′(1)
y(1)

 ∈ H, y ∈ W 4
1 (0, 1),

(Ty)′ ∈ L2(0, 1), y
′′(0) = 0

}
.

Ýòà îáëàñòü îïðåäåëåíèÿ ïëîòíà â H (ñì. [18, Ëåììà 1.5]).
Îïåðàòîð H êîððåêòíî îïðåäåëåí â H. Òàêèì îáðàçîì, çàäà÷à (B)
ýêâèâàëåíòíà ñïåêòðàëüíîé çàäà÷å

Hy = λy, y ∈ Dom(H),

ò. å. ñîáñòâåííûå çíà÷åíèÿ λn çàäà÷è (B) è ñîáñòâåííûå çíà÷åíèÿ
îïåðàòîðà H ñîâïàäàþò (ñì. Ëåììà 1.4 èç ññûëêè âûøå).

18Øêàëèêîâ À. À. Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íûõ óñëîâèÿõ. Òð. ñåì. èì. È.Ã. Ïåòðîâñêîãî. 1983. Ò. 9.
Ñ. 190�229.

Ä.Ì. Ïîëÿêîâ
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Ââåäåì êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(0, 1)
ñëåäóþùèì îáðàçîì:

f0 =

∫ 1

0
f(x) dx, f̂n =

∫ 1

0
f(x)e−iπ(2n−θ)x dx,

f̂cn(θ) =

∫ 1

0
f(x) cosπ(2n− θ)x dx,

f̂sn(θ) =

∫ 1

0
f(x) sinπ(2n− θ)x dx, n ∈ Z,

ãäå θ � íåêîòîðîå ÷èñëî.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (A):

Òåîðåìà 1.

Ïóñòü p ∈ W 1
1 (0, 1). Åñëè c ̸= 0, òî ñîáñòâåííûå çíà÷åíèÿ µn

ÿâëÿþòñÿ âåùåñòâåííûìè è óäîâëåòâîðÿþò ñëåäóþùåé
àñèìïòîòèêå

µn =
(
− 3π

2
+ πn

)4
+
(
− 3π

2
+ πn

)2
p0 +O(n)

ïðè n → +∞.
Åñëè c = 0, òî ñîáñòâåííûå çíà÷åíèÿ èìåþò ñëåäóþùèé âèä

µn =
(
− 3π

4
+ πn

)4
+
(
− 3π

4
+ πn

)2(
p0 −

2d

a

)
+O(n)

ïðè n → +∞.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (A):

Òåîðåìà 1.

Äîïîëíèòåëüíî ïðåäïîëîæèì, ÷òî p ∈ W 3
1 (0, 1) è p(0) = p(1). Åñëè

c ̸= 0, òî èìååò ìåñòî ñëåäóþùàÿ àñèìïòîòèêà

µn =
(
− 3π

2
+ πn

)4

+
(
− 3π

2
+ πn

)2

p0 + 3p(1)π(2n− 3)

+
p20 − ∥p∥2

8
− 2p′(1) +

4a

c
− ρ1,n + p̂′′′cn(3)

4π(2n− 3)
+O(n−2)

ïðè n → +∞, ãäå

ρ1,n =

∫ 1

0

e−π(2n−3)s
(
p′′′(1− s)− p′′′(s)

)
ds

− 8

∫ 1

0

e−π(n−3/2)s
(
p′′′(s) + p′′′(1− s)

)
sin

(
− 3π

2
+ πn

)
s ds.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (A):

Òåîðåìà 1.

Åñëè c = 0, òî ñîáñòâåííûå çíà÷åíèÿ µn èìåþò âèä

µn =
(
− 3π

4
+ πn

)4
+

(
− 3π

4
+ πn

)2(
p0 −

2d

a

)
−

(
− 3π

4
+ πn

)(
p(1) +

d2

a2

)
+

p20 − ∥p∥2

8
− p′(1)

2
− p0d

2a
+

d2

2a2
− d3

3a3

− 7dp(1)

2a
+

ρ2,n − p̂′′′cn(3/2)

2π(4n− 3)
+O(n−2)

ïðè n → +∞, ãäå

ρ2,n =

∫ 1

0

e−π(2n−3/2)sp′′′(s) ds+ 8

∫ 1

0

e−π(n−3/4)sp′′′(s) sinπ(n− 3/4)s ds.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (B):

Òåîðåìà 2.

Ïóñòü p ∈ W 1
1 (0, 1). Òîãäà ñîáñòâåííûå çíà÷åíèÿ µn ÿâëÿþòñÿ

âåùåñòâåííûìè è óäîâëåòâîðÿþò ñëåäóþùåé àñèìïòîòèêå

µn = π4
(
n− 11

4

)4
+ π2

(
n− 11

4

)2(
p0 + 4κ

)
+O(n)

ïðè n → +∞, ãäå

κ =
1

2a
− 1

c
.

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (B):

Òåîðåìà 2.

Äîïîëíèòåëüíî ïðåäïîëîæèì, ÷òî p ∈ W 3
1 (0, 1) è p(0) = p(1). Òîãäà

àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé ïðèìåò âèä

µn = π4
(
n− 11

4

)4

+ π2
(
n− 11

4

)2(
p0 + 4κ

)
− π

(
n− 11

4

)
Υ

+Υκ + p0κ − 4κ3

3
+ 2κ2 +

p20 − ∥p∥2

8
+

4

b

+
3p(0)

a
+

p′(0)

2
+

−ρ3,n + p̂′′′sn
8π(n− 11/4)

+O(n−2),

ïðè n → +∞, ãäå

Υ = p(0) + 4κ2 +
4

ac
è

ρ3,n =

∫ 1

0

p′′′(s)e−π(n−11/4)(1−s)
(
e−π(n−11/4)(1−s)+8 sinπ(n−11/4)(1−s)

)
ds.

Ä.Ì. Ïîëÿêîâ



20

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ p ÿâëÿåòñÿ ïåðèîäè÷åñêîé
ôóíêöèåé. Áóäåì ðàññìàòðèâàòü ñîîòâåòñòâóþùèå çàäà÷è
(A) è (B) ñî ñäâèãîì pt = p(·+ t), t ∈ T = R/Z. ×åðåç µn(t)
ìû áóäåì îáîçíà÷àòü ñîîòâåòñòâóþùèå ñîáñòâåííûå
çíà÷åíèÿ. Îòìåòèì, ÷òî µn(0) � ñîáñòâåííûå çíà÷åíèÿ çàäà÷
(A) è (B) ïðè íóëåâîì ñäâèãå (ñì. Òåîðåìû 1 è 2).

Ä.Ì. Ïîëÿêîâ
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Çàäà÷à (A).

Òåîðåìà 3.

Ïóñòü p ∈ W 4
1 (T). Åñëè c ̸= 0, òî èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà

ñëåäà:

∞∑
n=1

(
µn(t)− µn(0)− 3π(2n− 3)

(
p(t)− p(0)

)
+2

(
p′(t)− p′(0)

))
=

3
(
p2(0)− p2(t)

)
4

.

Â òîì ñëó÷àå, åñëè c = 0, òî

∞∑
n=1

(
µn(t)− µn(0) +

(
− 3π

4
+ πn

)(
p(t)− p(0)

)
+

p′(t)− p′(0)

2
+

7d
(
p(t)− p(0)

)
2a

)
=

5
(
p′′(0)− p′′(t)

)
16

+
d
(
p′(t)− p′(0)

)
2a

.

Ïðèâåäåííûå ðÿäû ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî íà T.

Ä.Ì. Ïîëÿêîâ
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Ñðàâíèì ñ òåîðåìîé äëÿ îïåðàòîðà Ht ñ óñëîâèÿìè
y(0) = y(1) = y′(0) = y′(1) = 0.

Òåîðåìà.

Ïóñòü p ∈ W 4
1 (T). Èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà ñëåäà:

∞∑
n=1

(
µn(t)− µn(0)− 3(p(t)− p(0))

(π
2
+ πn

)
+

p′′(t)− p′′(0)

2π(2n+ 1)

)
=

p′′(t)− p′′(0)

2
+

p2(t)− p2(0)

4
.

Äàííûé ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà T.

Ä.Ì. Ïîëÿêîâ



23

Çàäà÷à (B).

Òåîðåìà 4.

Ïóñòü p ∈ W 4
1 (T). Òîãäà èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà

ñëåäà:

∞∑
n=1

(
λn(t)− λn(0) + π

(
n− 11

4

)(
p(t)− p(0)

)
−
(
p(t)− p(0)

)(
κ +

3

a

)
− p′(t)− p′(0)

2

)
=

5
(
p′′(0)− p′′(t)

)
16

+
3
(
p2(t)− p2(0)

)
32

+
(
p′(t)− p′(0)

)( 1

8c
+

5

16a

)
.

Äàííûé ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà T.

Ä.Ì. Ïîëÿêîâ



Áîëüøîå ñïàñèáî çà âíèìàíèå!

Ä.Ì. Ïîëÿêîâ


