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Q — obnactb (orpaHuyeHHasi uanM HeorpaHuyeHHasi) npocTpaHcTea R”,
n>2.

—div(a(x, u, Vu)) + bo(x,u,Vu) + bi(x,u)p = f, e L1(Q),

[t - HeoTpuuaTenbHas mepa Pagona

oQ: (a(x,u,Vu),n) = 0.
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C snnunTuyeckoii 3agayeli 0bbIYHO CBA3LIBAIOT HEKOTOPLI onepaTop
A(u), xoTopbIii AEACTBYET N3 HEKOTOPOro NMpocTpaHcTea V B ero
onpsbkenHoe V*. 3agaqa sanuceiBaeTcs B Buae ypaeHewus A(u) = f € V¥,
cnabbiM pelieHnem KOTOpPOro HaswiBaeTcs dpyHkuus u € V,
YOOBIETBOPSIIOLLAS PABEHCTBY

(A(u),v) = (f,v), YveV.

B npocreiiwem cnyyae B kavecTe V BbiCTynaet cobonesckoe
1 *

npoctpatcteo W,. Ho ecan f € L1(Q2), To £ ¢ V* u npunato

paccMaTpuBaTh IHTPONUIIHBIE PELLEHNS 3afaqu.
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B cBsA3n ¢ 3tum noHsituem cownemcs Ha paboty Ph. Benilan, L. Boccardo,
T. Gallouét, R. Gariepy, M. Pierre, and J. L. Vazquez, “An L 1-theory of
existence and uniqueness of solutions of nonlinear elliptic equations,” Ann.
Scuola Norm. Super. Pisa, 22, No. 2, 241-273 (1995) & koTopoii 66110

[JaHO NMOHATWNE SHTPONUIAHOIO peLleHns.
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Bonbwas yacte paboT no saHTPONUAHBIM PELLEHNSIM KacaeTCsl 3a4aquu
[upuxne B orpaHnyeHHoii obnactu gns ypasHeHuii Buga

—div(a(x, u, Vu)) + bo(x, u, Vu) = u, (2)

1 — mepa Pagona. [ns HeorpaHuyeHHbix obnacrteli 3agava Qupuxne ¢
NOCTOSIHHLIMWN HeNnHeliHOCTAMU Bblna paccmoTpeHa B pabote A.Malusa,
M.M.Porzio (2007). B Heili gokasaHbl CyLeCTBOBAaHNE 1 €4UHCTBEHHOCTb
PEHOPMaIN30BaHHOIO PELLEHUS 344N 451 YPABHEHUSI C MOTOKOM
4acTHoro Buga a(x, Vu).

B pabortax JI.M.KoxxeBHUKOBOI B HeOrpaHW4eHHbIX 0bnacTax 3agava
[upuxne paccMaTpueanack ans ypaeHenuii ¢ bonee obwmmn
HEeNNHeWHOCTAMN. Bbinn foKasaHbl CyWwecTBOBaHME SHTPOMMIAHBIX PeLleHnii
W VX SKBUBAJNIEHTHOCTL PEHOPMAJIN30BAHHBIM PELLEHUSIM B

Heped IEKCMBHbIX MPOCTPaHCTBAX.
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B kauecTtse pesynbTtaTta 0 3agade Heiimana npueegem paboty 2013 B.K.
Bonzi, S. Quaro, and F.D.Y. Zongo. B orpatunyennoii obnactu Q2 6biin
JlOKa3aHbl CyLLeCTBOBAHUE W €AUHCTBEHHOCTb SHTPOMUITHOrO peLleHus
3agayn HelimaHa gns HeNMHEWHOro aHN30TPONHOrO ypaBHEHNS C
nepeMeHHbIM NOKa3aTENEM HENNHERHOCTH

8
Za L0 PO = 1 f e (@)

z;a,'(x, 8—Xiu)n,- =0, xeof.

PaKTNYeCKN €ANHCTBEHHOCTb TOJILKO (DOPMYANPYETCS, C KOMMEHTapUeEM,
4TO [OKa3aTeNbCTBO aHanornyHo pabote 1995. OTMETUM, 4TO Ham He
N3BECTHbI paboTbl ApYrMx aBTOPOB MO SHTPONWIHBIM PELLEHUSIM 3a4a4uN
Heiimana B HeorpaHudeHHoii obnacTu.
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B pabote ®.X.Mykmutos, O.C.Crexyn (YMXK, 2024) Bo BHelwHOCTM wapa
[OKa3aHO CYLECTBOBAHUE SHTPONUIAHOrO pelleHns 3ajaum 3apembsl ans
ypasHenus (?7) c nocTosiHHbIMUN HenmHelHoCcTAMU. B cnydae notoka Buga
a(x, Vu) pokasaHa egnncteeHHocTb. OTmeuy, 4To 3agaqa 3apembbi, Kak
YacTHbIE Cy4an, coaepXxuT 3agady Aupuxne n 3agady Heiimana.

Moii goknag B ocHosHOM basmpyeTca Ha pabote B.®.Bunsganoea,
®.X.Mykmunos (/3e. PAH, 2025), B koTOpoii [OKa3aHO CyLLECTBOBaHME
SHTPONMIiHOro pewenunsi 3agaqn Helimana ans ypasvenus (?7). B goknage
yTBEpxaaetcs (He onybAMKOBaHO) eAUHCTBEHHOCTL SHTPOMNUAHOMO
peweHus 3agayn Helimana gns ypasHeHus ¢ notokom obuwiero suaa

a(x, u, Vu). MNo-eugumomy, paHee Ans Takux nNOTOKOB €4UHCTBEHHOCTb He
yCTaHaBAMBaNach.
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B Hawem cny4yae HennHelRHOCTUN, BXOASALLME B S/INNTUHECKOE YPABHEHNE,
onuceiBatoTcs pyHkumeii M(x, z), KOTOPYK NPUHSTO Ha3biBaTb BYHKLNEN
Mysunaka-Opaunya. Torga npuxogntcs paccmMaTpnBaTh NPOCTPAHCTBA, HE

ABASAIOWMECS cenapabenbHbIMU U He peddeKCUBHbIE.
Myctb pyrkuus M(x,z) : Q x R — R, yaosneTrsopsieT cieayrowmm

YCNOBUSAM:

1) M(x, z) — N-cpyrkunsi no z € R, To eCTb OHa SIBASIETCS BbINYKOIA

BHW3, HeybbIBatoLeid, YeTHO, HenpepbiBHOi, M(x,0) = 0 gns n.B. x € Q n

inf M(x,z) >0 pns scex z #0,

xEQ
. M(x, z
lim sup M(x.2) =0,
z—>OXeQ V4
.. M(x,z
lim inf M = 00;
z—00 xE€N V4
0Y4eBu M(x.z) 6 :
AHO, 4TO PyHKUMS — = He ybbiBaeT;
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2) M(x,z) — n3mepumasi pyHkums no x € Q ans aobuix z € R.
Takas dyrkuns M(x, z) naseiBaetcs dyHkunei Mysnnaka-Opanya.
Conpsxennas dynkums M(x,-) k dyrkumm Mysunaka-Opanda M(x, -)
ans n.e. x € Q n nobeix z > 0 onpegenseTcs paBeHCTBOM

M(x,z) = sup (yz = M(x,y)).

Ovcropa cnegyet HepaseHcTBO HOHra:

lzy| < M(x, z) —I—W(X,y), z,yeR, xeQ.
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Onpegenum Tpu knacca Mysunaka-Opnuda.
Lm(Q) — knacc Mysnnaka-Opnnya namepumbix dynkuuii v : Q — R
TakKux, 4To

om.a(v /I\/va x))dx < oo.

Lp(Q2) — npoctpancteo Mysunaka-Opnnya siBNsieTcst HaMMEHbLWINM
JINHERHBIM NPOCTPaHCTBOM, KoTopoe cogepxuT knacc Ly (), ¢ Hopmoii
Jltokcembypra

ullma = lnf{/\>0 ‘ oM.Q ()\) < 1}

Mpoctpancteo Ly (2), Boobuye roeopsi, He pecbeKCUBHOE 1 He
cenapabenbHoe.

Em(€2) — 3ambikanune B Lp(£2) no Hopme [[u||p.q orpannyentbix
N3MepUMBbIX (DYHKLMI C OFpaHUYEHHBIM HOCUTENEM, NeXalyum B Q.
OueBnatbl BAOXKEHUS

E/\/](Q) C EM(Q) C Lm(Q)

* [
MpocTpaHcTeo Ep(§2) cenapabenshoe n (Ep(Q))* = Li;(Q).
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Ons v € Ly(Q) cnpaBeannebl HepaBeHCTBa:

VM < em(v) +1, (6)

ecnn ||vljm <1, 70
om(v) < |[viim, (7)

ecnn [[v|lm > 1, 10
IVlim < om(v)- (8)
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loBopsaT, uto dyHkumsa M(x, z) yaoenetsopsieT Ap-ycnosuto, ecin
cywecteyeT noctosiHiast C n pyHkuns F(x) € L1(Q) Takue, uto

M(x,2z) < CM(x,z) + F(x), Vz€ R, x € Q.

Byaem npeanonarats, 4to M n M nokansHo nxTerpupyemst no x u M
yzoeneTeopsieT Ax—yCNoBui.

N3 Ar-ycnosus Ha dyHkumto M, npu orpannyerHoi dyrkuun F, crnegyer
(cm. [Proposition 2.1] P. Gwiazda, P. Wittbold, A. Wroblewska,

A. Zimmermann, 2012), 4to cywectsytoT uncna p € (1,n), B € (0;1), ko
Takne 4TO npu BCex A > kp BbIMOJHEHO HEPABEHCTBO

BAP < M(x,A), (9)
npu nodutu Bcex x € . B panbHeiiwem uncna p, kg (DPUKCMPOBaHbI B TEKCTE

paboTbl.
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FoBopsiT, 4To dhyHkuus M(x, z) yBOBNETBOPSIET YCIOBUIO (-PETYSIPHOCTH,
ecnn cywecTsyeT bykums ¢ : [0,1/2] x RT — R™ Takas, 4to gzﬁ( zZ) n
¢(r,-) HeybuiBatowwme cyHkuuu u anst Beex x,y € Q, [x —y| < 1, z e RY
N HEKOTOPON KOHCTaHTbl ¢ > 0 BbINONHSIOTCA HEPABEHCTBA

M(x,z) < ¢(|x — y|,z)M(y, z), limsupd(e,ce™") < oo.

e—0t

B pabote Chlebicka, 2018 oTmeuaeTcs, 4TO NOHATHE P-perynsipHOCTH
obobuwaet log-ycnoeue, seeneHnoe B.B.XKukoebiM B CBA3M C achpdrekTOM
JlaBpeHTbeBa.
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MocnenosatenshocTs dyrkumnii {v/}ien € Ly(S2) HasbiBaeTcs MogynsipHo
cxogsweiica K v € Ly(Q), ecan cywectsyet qucno A > 0 Takoe, 4TO

Vj —V
li =0.
_j—l>nc;'0 om ( A )

MogynsipHO CX0AsLLasiCs NOCNEA0BATENBHOCTD SABASETCS *-Cnabo
cxopsaweiics. Ecnn M yposnetsopsiet Ax—yCnoButo, 10 MogyssipHas
CXOQMMOCTb M CXOOMMOCTH MO HOPME COBMAAAtoT.

Ins asyx conpsikenHbix dyHkumnii Mysunaka-Opavua M v M npu
ue Ly(2) n v e Ly;(Q) seinonnsercs obobiieHHoe HepaBeHCTBO
lenbpepa:

< 2| ullpallvlI77- (10)

‘ /Q u(x)v(x)dx

[ns kpaTtkocTn 3anmcm seegem obosHavenns (Ly(Q2))" = Ly (),
(Em(2))" = Em(9).
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[ns nmoboro R > 0 onpegnenum nepecedeHune obnactn ¢ wapom
Qr = {x € Q||x| < R}.

MycTb 370 nepeceyerune He nycto Npu R > rp n xp € 0S) Takas To4ka, 4ToO
|xo| = r1. Yepes Br 0603Ha4MM Takyto CBA3HYIO KOMMOHEHTY MHOXECTBA
Qg, ans kotopoii xg € 0B R. bynem npenonarate, uto B, C Bg npu

r < r < R. O4yeBngHo, 4t0 U~/ B, = Q.
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[na anemeHTOB NpocTpaHCTBa
W = {u € L110c(Q), |Vu| € Lm(R)}
byaem ncnonb3oBaTh NOAYHOPMY

lullv = [[Vullm

1 HOpMY
lullw = llullLy(,, ) + 1V ulllm:
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O6biuHo npu onpegenerun npoctpaHcTs Mysnnaka-Cobonesa-Opnuua
nonaratoT

W = {u € Lm(Q), |Vu| € Lm(Q)}.

B cnyuae HeorpaHunyenHoli obnactu 3To co3gaeT npobaembl npu oueHke
Hopmbl [|ully,,(). B pabotax A.Malusa, M.M.Porzio n J1.M.KoxesHukogoii
OHA PELUAETCS C MOMOLLBK AOMONHUTENbHBIX TpebOBaHNA Ha MAaglume
4neHbl ypaeHenus. [pu Hawem onpegenenumn npoctpanctea W Hopmy

lullLy (@) He TpebyeTcs oueHmBaTh, n Mbl n3beraem AONOAHUTENBHBIX
TpeboeaHuii.
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Definition

Obnactb Q NoguNHAETCS CEerMeHTHOMY CBOWCTBY, €C/IN CyLLECTBYET
oTKpbITOE nokpbiTue {O;}°; mMHoXecTBa Q n cooTeeTcTBYyIOUME
HeHyneBble BekTOpbl Z; € R™ Takue, uto ([ ©;) + tz; C Q ans nobbix
te(0,1)mni=1,00.

Cdbopmynvpyem nemmy 0 NAOTHOCTU FAaAKMUX PYHKLMA B MPOCTPAHCTBE
Mysunaka-Opsunya-Cobonesa (cm. [?, theorem 2]). Mycte Dr(2) cocrout
n3 cyxenuii Ha Q pynkunii ns D(R").
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Lemma

lycte obnacte §2 ynoBAETBOPSIET CErMEHTHOMY CBOMCTBY, a (byHKuns M
yaosneTsopseT ycnosuto ¢-perynsproctu. ycts M, M nokansHo
nHTerpupyemsi. Torga gns moboro u € W cywecrsyer
nocnenosatensHocTs yrkumii ¥ € Dr(Q) Takas, 410

Vil — Vu wmogynspro 8 Ly (Q), j — oo.
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B Hawewm cnyyae, npn [oKa3aTeNbCTBE CYLLECTBOBAaHUS CNaboro pelueHus
annpoKCMMALMOHHON 3a4a4n Mbl NOJyHaeM OLEHKY BMAA

/M(x, |VUN\)dX < G(m) + Cz(m)HuNHL%m.
Q

BaxxHo foKa3aTeNbCTBO OrpaHNYEHHOCTU NPaBO YacTN KOHCTAHTOIA, He
3asucsiweii ot N. B apyrux pabotax, Haanuyne "uckycteenHoro"unena B
YPaBHEHWUN, NO3BOASIET KBAJIN(PULUPOBAHHO OLEHNTL HOPMY Mpu
koappuumente Co(m) Hepes nesyto HacTb.
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MNpakTuyeckn sneMeHTapHbIMU CpeacTBaMu, MeToaom [anepkuna, Mol
CTPOUM PeLUeHne YNPOLLUEHHON annpoOKCNMALMOHHOK 3aga4n.
MNocnenoBaTeNbHOCTL 3TUX PeLUEHUN CXOAUTCS K SHTPONUAHOMY peLUEHUIO.
OTcroga, KCTaTu, Kak YacCTHbIW Ciyyail, BEIBOAUTCS CYLLECTBOBaHUE
cnaboro pelueHuns B obuieii nocTaHOBKe.
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O6o3Ha4eHNs, onpefeneHns, 1 OCHOBHON pesynbTaT

MycTte 1 — mepa PagoHa ¢ KOHe4YHOV nosHOW Bapuauueli 1 HOCUMTENEM,
nexxawum B orpaHuuenHoli obnactu Q C R”. Bygem cuntath, 4To Mepa
npogoJsixkeHa Hynem BHe Q. HanomHuM, 4TO 1 NprMHagnexxuT knaccy
Moppu Ms(R2), s > 1, ecan ans noboro wapa ¢ LEHTPOM B X BbIMOJHEHO
HEPaBEHCTBO

1B/ (X)|, = / dip| < ") = r>0, xeQ.
B:(x)

p

Byaem npeanonaraTb, 4TO CyLlecTByeT s > ﬁ Takoe, YTo

1 € Ms(Q). (11)
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O6o3Ha4eHNs, onpefeneHns, 1 OCHOBHON pesynbTaT

—div(a(x, u, Vu)) + bo(x,u, Vu) + bi(x,u)p=f, wveW; feli(Q).

M(x, [a(x, r,y)]) < g(r) (G(x) + M(x,d|y])), reR, yeR" (12)

(a(x,r,y),y) > aoM(x,|y]) — G(x), reR, ¢ >0, (13)

(a(x,r,y)—a(x,r,z),y—z)>O,y;«éz, y,ZERn, I’ER, x € ).
(14)
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O6o3Ha4eHNs, onpefeneHns, 1 OCHOBHON pesynbTaT

|bo(x, 5, y)| < g(r)(Go(x) + M(x, ly]), Is| < r,|x| < r; (15)
|bi(x,s)| < g(r)Gi(x).|s| < r,|x| < r, (16)
roe 60 S Ll,loc(ﬁ)a 51 S Ll,u,loc(ﬁ);

bi(x,r)r >0, i =0,1. (17)

MycTtb cywecTByeT HeybbiBatowas dyHkuus go(s), s > 0,
lims_ 00 80(S) = 00, Takas, yto npu Bcex r € R, y € R,

|bo(x, r,y)| = &o(lr]) = 0. (18)
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Onpepenexune 3.

Cnabeim pewenunem 3agadum Helimana HasbiBaetcs pyHkunsa u € W,
YAOBNETBOPAIOLLAS UHTErPaNbHOMY TOXKAECTBY

/(a(x, u,Vu),Vv)dx—i—/bo(x, u,Vu)vdx—i—/bl(x, u)vdu:/fvdx

Q Q Q Q
(19)
anst aoboii dpyrkunm v € Dr(Q).
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Onpegenum ynkumio Ti(r) = max(—k, min(k, r)). Yepes T.5(Q2)
0bo3HauYMM MHOXeCTBO namMepumMbix pyHkuuii v : 2 — R Takux, 4To
Ti(u) € W npu nobom k > 0.

OnpepeneHne 4. SuTponuiiHbiM peweHnem 3agadun Helimana gnsa
ypasHerus (?7) HasbisaeTcs pyHkums u € TH(Q) Takas, 4To npu Bex
k >0, £ € Dr(£2) kOppekTHO HEpPaBEHCTBO

/((a(x, 0, V),V Te(u — €)) + (bo(x, 1, Vur) — ) Ti(us — €))dxt
Q

+ / by (x, u) Tie(u — €)dpu < 0
Q

OpHnM 13 CHOBHbIX pe3ynbTaToB paboTbl sBNAETCA
Teopema 1. llycts obaacte ) obnagaer cermeHTHbIM CBOMCTBOM,
BbIMONIHEHBI YNOMSIHYTbIE Bbile ycnosus, a Takxe (77)—17).
Torga cylyecTBYeT aHTponuiiHoe pelueHue 3agayu Heiimana ans
ypasHenus (17).
Cywmecraosanne n equncToeHHoCTs 2HTp 26/1



O6o3Ha4eHNs, onpefeneHns, 1 OCHOBHON pesynbTaT

Mpn pokasaTenbCTBe €4UHCTBEHHOCTU TPEDYIOTCA AOMONHUTENbHBIE
ycnosus. Kapateogopunesasi pyHkunst by n pi-kapateogopuesas yHkuus
b1 yLOBNETBOPSAOT HEPABEHCTBAM:

[bo(x, 5)| < Go(x),|s| < L,x € ; (20)

|bi(x,5)] < Gi(x),]s| < 1,x € (21)
rae Go € L1(R"), Gi € Ly ,(R").
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O6o3Ha4eHNs, onpefeneHns, 1 OCHOBHON pesynbTaT

rﬂaBHblM AnA €ANHCTBEHHOCTN ABAAETCA yCcaoBue
(a(Xv r,_)/) - a(X’ rlyz)ay - Z)+

+C(r0)(Ga(x) + (alx, r,¥),¥) + (alx, 11, 2), 2))|r = n[ 20, (22)
rae v,z € R" ron € (—ro, o), x € Q, Go(x) > 2G(x) — dyHkyus n3

L1(Q).
B cnegyroweii Teopeme ycnosme (?7) ucnonbayercs ¢ g(r) = C > 0.
Teopema 2.[lycte ¢pyHkuymu bi(x,s), i = 0,1 Bospacraror no s un

BbinosnHenbl HepasencTsa (17),(??). lMycte uy, uy — aHTponuMiiHbIE
peiuenns 3agayn Heiimana gns ypasuenus (1?). Ecan soinonvens
yenosus (17)—(??), o up = wp.
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Mpumep 1.

MNycte p > 1,9 > 1, a(r,y) = (|r]9 + 1)|y|P~2y. Vimeem
(1 + DlyP~2y = (Il + 1)z 22)(y — 2) =
= (117 + 1)ly1P2y = (In|? + 1ly[P2y)(y — 2)+
(Il + Dy P2y — (Il + 1)|2P722)(y — 2) =
> (Ir]? = i)y P2y (y - 2).
C NOMOLWbIO HEPABEHCTBA |'OHFa, YCTaHaBANBAEM HEPABEHCTBO
YIP2lyly = 2)| < IylP + yP7Hz| < 2y lP + 2P,
Ons r.n € (—ro, rp) O4EBNAHO HEPABEHCTBO
1P|~ 1]9] < qlrol|r = .
V|3 yCTaHOBﬂeHHle OLEHOK Cﬂe,ﬂ'yeT HEPaBEHCTBO
(19 + DIyIP2y — (I + 1)[2PP22)(y — 2)+
+2qlr0/T|r — nl(|y1? + |2I?) > 0.
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Mpumep 2. MNyctb dyHkums Mysunaka-Opanva M(x,s) nmeer
npouseogHyto M’(x,s) no s. Mponssogras Beinyknoii yrkuyuu M(x, |y|)
ABNSIETC MOHOTOHHOM Lions [rnasa 2, §1.2, MNMpeanoxenne 1.1 |:

(M/(x, Y1) 2 — M'(x,|2)) )y — 2) = 0.
Myctb a(x, r,y) = p(x, r)M'(x, ]y\)c/’—‘ ®yHkumus p(x.r) yRoBneTeopsieT
ycnosuam: 0 < ¢o < p(x,r) <1, \%\ < F(ro) npn |r] < rp, x € Q.
Nmeem

(p(x, )M'(x, |y\>|§| — p(x, n)M'(x, |z|)§)(y —2)=

= x, r)M'(x A
= (p(x, r)M( ’M)!y\

+(p(x, )M/ (x, M)ﬁ — p(x, )M (x, |z|)m)(y —2)>

— p(x, n)M'(x, Iy\)j)( —2)+

> (p(x, r) = p(x, n))M'(x, Iy\), ‘(y— z).
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C nomouwbto HepaeeHcTea FOHra, ycTaHaBnMBaeM HepaBEHCTBO
y JE—
[M'(x, Wm(y—Z)l < M0, [y D(lyl+1z]) < M'Cx, [y DIy [+M(x, M (x, [y ]))

Mo dopmyne [?, rnasa 1,§2,(2.7)] nmeem pasenctso
W, M (1)) + M(x, Iy]) = M(x, ly])ly|. Takum obpasom,

IM'(x, Iy D(y=2)] < 2M'(x, ly[)ly[+M'(x, |z])|2| < ;((a(x, r,y),y)+(alx, n

Ons r.n € (—ro, rp) OHEBNAHO HEPABEHCTBO

p(x, r) = p(x, n)| < F(ro)lr — n.

Us YCTAHOBJIEHHbIX OLUEHOK CneayeT HEPABEHCTBO

(p(x, r) = P(x, n))M'(x, \y|)|§|><y —2)>

> —CQOF(ro)Ir —nl((alx, r,y),y) + (a(x, n, 2), 2)).

Nrak, ycnosue (?7) BoinonneHo.
Venosus (77), (77) TaK)Ke BbIMOJIHEHbI:

[RVIR YRV V  AVIREVIA
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CNACNBO 3A BHUMAHWE!
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