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1. Annotation

We �rst present a survey of some results on the existence and

nonexistence of weak solutions of the Dirichlet problem for

nonlinear nondegenerate elliptic equations with right-hand side

in the Lebesgue spaces Lm, where m ⩾ 1.

Then we consider a class of second-order nonlinear degenerate

elliptic equations whose model representative is as follows:

−
n∑

i=1
Di (ω|∇u|p−2Diu) = f in Ω, (0.1)

where Ω is a bounded open set in Rn containing the origin,

f ∈ L1(Ω), ω : Ω → R is a function de�ned by ω(x) = |x |α

with α ∈ (0, 1] and p ∈ (1, n).

If α = 0, equation (0.1) has the form −∆pu = f .



1. Annotation

As is known, if p > 2− 1/n, the Dirichlet problem

−∆pu = f in Ω, u = 0 in ∂Ω (0.2)

has a weak solution for every f ∈ L1(Ω).

If p ⩽ 2− 1/n, there exists f ∈ L1(Ω) such that problem (0.2) has

no weak solution.

For the Dirichlet problem for equation (0.1) with ω(x) = |x |α,
it is known that

(a) if p > 2− (1− α)/n, then the problem has a weak solution

for every f ∈ L1(Ω);

(b) if p ⩽ 2− (1− α)/n, then there exists a function f ∈ L1(Ω)

such that the problem has no weak solution.



1. Annotation

In the talk, we describe similar results for a class of degenerate

equations including equation (0.1).

The growth and coercivity conditions on the coe�cients of the

equations of this class involve a weighted function µ : Ω → R
and a parameter p related to the growth rate of the coe�cients

with respect to the gradient of unknown function.

The results we present below show what requirements on the

weighted function µ allows to �nd a number p0(µ) such that

(a) if p > p0(µ), then the problem has a weak solution for

every f ∈ L1(Ω);

(b) if p ⩽ p0(µ), then there exists a function f ∈ L1(Ω) such

that the problem has no weak solution.



2. Nondegenerate equations with L1-data

Let Ω be a bounded open set in Rn (n ⩾ 2). We consider the

following Dirichlet problem:

−
n∑

i=1
Diai (x ,∇u) = f in Ω, u = 0 on ∂Ω. (1)

Here ai : Ω× Rn → R, i = 1, . . . , n, are Carath�eodory functions

such that, for a.e. x ∈ Ω and every ξ, ξ′ ∈ Rn, ξ ̸= ξ′,

n∑
i=1

|ai (x , ξ)| ⩽ c1|ξ|p−1 + g(x),

n∑
i=1

ai (x , ξ)ξi ⩾ c2|ξ|p,

n∑
i=1

[ai (x , ξ)− ai (x , ξ
′)](ξi − ξ′i ) > 0

with p ∈ (1, n), c1, c2 > 0, g ∈ Lp/(p−1)(Ω), g ⩾ 0 in Ω.



2. Nondegenerate equations with L1-data

We de�ne
p∗ =

np

n − p
.

Let f ∈ Lp
∗/(p∗−1)(Ω).

De�nition 1. A generalized solution of problem (1) is a function

u ∈
◦
W 1,p(Ω) such that, for every v ∈

◦
W 1,p(Ω),∫

Ω

{ n∑
i=1

ai (x ,∇u)Div

}
dx =

∫
Ω
f v dx .

Theorem 2. If f ∈ Lp
∗/(p∗−1)(Ω), then there exists a unique

generalized solution of problem (1).



2. Nondegenerate equations with L1-data

In the case f ∈ Lm(Ω) with m > p∗/(p∗ − 1), the following
assertions hold for any generalized solution u of problem (1):

(a) if
p∗

p∗ − 1
< m <

n

p
, then u ∈ Lλ(Ω)

for every λ such that p∗ < λ <
nm(p − 1)

n −mp
;

(b) if m =
n

p
, then u ∈ Lλ(Ω) for every λ > p∗;

(c) if m >
n

p
, then u ∈ L∞(Ω).

These results are established, for instance, using the Stampacchia
method. See:

G. Stampacchia, �Equations elliptiques du second ordre �a coe�cients

discontinus. Les Presses de l'Universite de Montr�eal, 1966.



2. Nondegenerate equations with L1-data

In the case f ∈ L1(Ω), problems of the form (1) were studied in

[BG1] Boccardo L., Gallou�et T. Nonlinear elliptic and parabolic
equations involving measure data. J. Funct. Anal. 87 (1989), no. 1,
149�169.

[BG2] Boccardo L., Gallou�et T. Nonlinear elliptic equations with
right hand side measures. Comm. Partial Di�erential Equations 17
(1992), no. 3-4, 641�655.

[BBGGPV] B�enilan Ph., Boccardo L., Gallou�et T., Gariepy R.,
Pierre M., Vazquez J.L. An L1-theory of existence and
uniqueness of solutions of nonlinear elliptic equations. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 22 (1995), no. 2, 241�273.



2. Nondegenerate equations with L1-data

Let f ∈ L1(Ω).

De�nition 3. A weak solution of problem (1) is a function

u ∈
◦
W 1,1(Ω) such that:

(a) ∀i ∈ {1, . . . , n}, ai (x ,∇u) ∈ L1(Ω);

(b) ∀v ∈ C∞
0 (Ω),

∫
Ω

{ n∑
i=1

ai (x ,∇u)Div

}
dx =

∫
Ω
f v dx .

Theorem 4 [BG2]. If p > 2− 1/n, then there exists a weak

solution of problem (1) belonging to
◦
W 1,λ(Ω) for every λ,

1 ⩽ λ < r , where r = n(p − 1)/(n − 1).

Remark 5. If p ⩽ 2− 1/n, then problem (1) in general
may not have weak solutions (see [BBGGPV]).



2. Nondegenerate equations with L1-data

For every k > 0, let Tk : R → R, Tk(s) = max{min{s, k},−k}.
We de�ne

◦
T 1,p(Ω) = {u : Ω → R : ∀ k > 0, Tk(u) ∈

◦
W 1,p(Ω)}.

If u ∈
◦
T 1,p(Ω) and i ∈ {1, . . . , n}, then there exists a unique

function δiu : Ω → R such that, for every k > 0,

DiTk(u) = δiu · 1{|u|<k} a.e. in Ω.

For every u ∈
◦
T 1,p(Ω), we set δu = (δ1u, . . . , δnu).

De�nition 6. An entropy solution of problem (1) is a function

u ∈
◦
T 1,p(Ω) such that for every v ∈

◦
W 1,p(Ω) ∩ L∞(Ω) and every

k > 0,∫
Ω

{ n∑
i=1

ai (x , δu)DiTk(u − v)

}
dx =

∫
Ω
f Tk(u − v)dx .



2. Nondegenerate equations with L1-data

According to [BBGGPV], the following theorems hold.

Theorem 7. There exists a unique entropy solution

of problem (1).

Theorem 8. Let p > 2− 1/n, and let u be the entropy solution

of problem (1). Then u is a weak solution of problem (1) and

u ∈
◦
W 1,λ(Ω) for every λ, 1 ⩽ λ < r , where r = n(p − 1)/(n − 1).

We also note that

if f ∈ Lp
∗/(p∗−1)(Ω) and u is an entropy solution of problem (1),

then u is a weak solution and a generalized solution of the same
problem.



2. Nondegenerate equations with L1-data

Note: if p > 2− 1/n, weak solutions of problem (1) generally may not

belong to the space
◦
W 1,r (Ω) [Boccardo and Gallou�et, 1992].

As for additional conditions on f ensuring the existence of weak

solutions of problem (1) belong to
◦
W 1,r (Ω), we note

Boccardo and Gallou�et, 1992:

p > 2− 1/n and f ln(1+ |f |) ∈ L1(Ω);

Boccardo and Gallou�et, JDE, 2012:

p = 2− 1/n and f ln(1+ |f |) ∈ L1(Ω);

AK, Math. Notes, 2001:

p ⩾ 2− 1/n and f [ln(1+ |f |)]λ ∈ L1(Ω), where λ > (n − 1)/n.



2. Nondegenerate equations with L1-data

AK, Nonlinear Anal., Vol. 192, 2020:

if p = 2− 1/n and f [ln(1+ |f |)]λ ∈ L1(Ω) with λ > (n − 1)/n,

then there exists a weak solution u of problem (1) such that

∀γ ∈ (0, λn2/(n − 1)2 − 1), |u|n/(n−1)[ln(1+ |u|)]γ ∈ L1(Ω),

∀γ ∈ (0, λn/(n − 1)− 1), |∇u|[ln(1+ |∇u|)]γ ∈ L1(Ω).

This result improves the above results of [AK, Math. Notes,
2001] and [Boccardo and Gallou�et, JDE, 2012].



3. Nondegenerate equations with Lm-data.
Existence results

Theorem 10. [BG2]. Let p > 2− 1/n. Let 1 < m < p∗/(p∗ − 1),
and let f ∈ Lm(Ω). Then there exists a weak solution of probl. (1)

belonging to
◦
W 1,(p−1)m∗

(Ω), where m∗ = nm/(n −m).

The next result is proved in [AK, Math. Notes, 2001, Vol. 70].

Theorem 11. Let p ⩽ 2− 1/n. Let

n/(np − n + 1) < m < p∗/(p∗ − 1),

and let f ∈ Lm(Ω). Then there exists a weak solution of probl. (1)

belonging to
◦
W 1,(p−1)m∗

(Ω).

Theorems 10 and 11 imply the following result.

Theorem 12. Let p ⩾ 2− 1/n. Let 1 < m < p∗/(p∗ − 1), and
let f ∈ Lm(Ω). Then there exists a weak solution of probl. (1)

belonging to
◦
W 1,(p−1)m∗

(Ω).



3. Nondegenerate equations with Lm-data.
Existence results

As for the case p < 2− 1/n, we proved the following result.

Theorem 13. Let p < 2− 1/n. Let

n/(np − n + 1) ⩽ m < p∗/(p∗ − 1), (∗)

and let f ∈ Lm(Ω). Then there exists a weak solution of probl. (1)

belonging to
◦
W 1,(p−1)m∗

(Ω).

see Theorem 1.5.6 in Kovalevsky A.A., Skrypnik I.I., Shishkov A.E.

Singular Solutions of Nonlinear Elliptic and Parabolic Equations, 2010.

Remark 14. We note that if m ∈ [1, n), then

n/(np − n + 1) ⩽ m ⇐⇒ (p − 1)m∗ ⩾ 1.



3. Nondegenerate equations with Lm-data.
Nonexistence result

Theorem 15. Let p < 2− 1/n, and let

1 < m < n/(np − n + 1). (∗∗)
Then there exists f ∈ Lm(Ω) such that problem (1) has no weak

solutions.

This result was proved in

[KN1] Kovalevsky A.A., Nicolosi F. On conditions of the nonexistence
of solutions of nonlinear equations with data from classes close to L1.

J. Partial Di�er. Equ. 26 (2013), no. 1. 39�47.



3. Nondegenerate equations with Lm-data.
Nonexistence result

The proof of Theorem 15 is based on the following result in [KN1].

Proposition 16. Let m > 1, l ∈ N, l < n, 1 < k < n/l , and let

H : Lm(Ω) → (
◦
W l ,k(Ω))∗ be an operator such that

f ∈ Lm(Ω), φ ∈ C∞
0 (Ω) =⇒ ⟨Hf , φ⟩ =

∫
Ω
f φ dx .

Then m/(m − 1) ⩽ nk/(n − kl).

Proving Theorem 15 by contradiction, we construct an operator H such

as in the statement of Proposition 16 with l = 1 and k = 1/(2− p).

Then, by Proposition 16, m ⩾ n/(np − n + 1), which contradicts

condition (∗∗) of Theorem 15. The obtained contradiction proves

Theorem 15.



4. Degenerate equations with L1-data

The existence of di�erent types of solutions of the Dirichlet

problem for second-order nonlinear degenerate elliptic equations

with L1-data and measure data was studied in

[Ci] Cirmi G.R. On the existence of solutions to non-linear
degenerate elliptic equations with measures data. Ricerche Mat.

42 (1993), no. 2, 315�329.

[AR] Atik Y., Rakotoson J.M. Local T -sets and degenerate
variational problems. Part I. Appl. Math. Lett. 7 (1994), no. 4,
49�53.

[AAB] Aharouch L., Azroul E., Benkirane A. Quasilinear
degenerated equations with L1 datum and without coercivity in
perturbation terms. Electron. J. Qual. Theory Di�er. Equ. 2006.
Paper No. 19.



4. Degenerate equations with L1-data

[Li] Li Fengquan. Nonlinear degenerate elliptic equations with
measure data. Commentat. Math. Univ. Carol. 48 (2007), no. 4,
647�658.

[Ca] Cavalheiro A.C. Existence of entropy solutions for degenerate
quasilinear elliptic equations. Complex Var. Elliptic Equ. 53 (2008),
no. 10, 945�956.

[KN] Kovalevsky A.A., Nicolosi F. On a sharp condition for the
existence of weak solutions to the Dirichlet problem for degenerate
nonlinear elliptic equations with power weights and L1-data.
Electron. J. Di�er. Equ. 2015. Paper No. 52.



4. Degenerate equations with L1-data

The results we present below have been recently published in

Kovalevsky A.A. Criteria for the existence of weak solutions of the

Dirichlet problem for nonlinear degenerate elliptic equations for any

L1-right-hand side. Mat. Zametki 116 (2024), no. 3, 505�508.

We describe sharp conditions on the parameter p (related to the
growth rate of the coe�cients of the considered equations with
respect to the gradient of unknown function) which guarantee
the existence of a weak solution of the Dirichlet problem for any
L1-right-hand side.

We show how these conditions depend on the involved weight
function.



4. Degenerate equations with L1-data

Let Ω be a bounded open set in Rn (n ⩾ 2), and let µ ∈ L∞(Ω)

be a nonnegative function such that µ > 0 a.e. in Ω.

Let p ∈ (1, n), and let c1, c2 > 0.

Let g , h ∈ L1(Ω) be nonnegative functions, and let µgp ∈ L1(Ω).

Let ai : Ω× Rn → R, i = 1, . . . , n, be Carath�eodory functions.

We assume that, for a.e. x ∈ Ω and every ξ ∈ Rn,

n∑
i=1

|ai (x , ξ)| ⩽ c1µ(x)|ξ|p−1 + µ(x)gp−1(x),

n∑
i=1

ai (x , ξ)ξi ⩾ c2µ(x)|ξ|p − h(x).

We also assume that, for a.e. x ∈ Ω and every ξ, ξ′ ∈ Rn, ξ ̸= ξ′,
n∑

i=1
[ai (x , ξ)− ai (x , ξ

′)](ξi − ξ′i ) > 0.



4. Degenerate equations with L1-data

De�nition 17. If f ∈ L1(Ω), then D(f ) is the set of all functions

u ∈
◦
W 1,1(Ω) such that:

(i) for every i ∈ {1, . . . , n}, ai (x ,∇u) ∈ L1(Ω);

(ii) for every function v ∈ C∞
0 (Ω),∫

Ω

{ n∑
i=1

ai (x ,∇u)Div

}
dx =

∫
Ω
f v dx .

If f ∈ L1(Ω), we call a function u ∈
◦
W 1,1(Ω) satisfying conditions

(i) and (ii) in De�nition 17 a weak solution of the Dirichlet problem

−
n∑

i=1

Diai (x ,∇u) = f in Ω, u = 0 on ∂Ω. (Df )

Thus, if f ∈ L1(Ω), then the nonemptiness of the set D(f ) is
equivalent to the existence of a weak solution of problem (Df ).



4. Degenerate equations with L1-data

We assume that the set {t > 0 : 1/µ ∈ Lt(Ω)} is nonempty and
de�ne

tµ = sup{t > 0 : 1/µ ∈ Lt(Ω)}.

It is clear that tµ ∈ (0,∞].

We also de�ne

sµ =


∞ if tµ ⩽ n,

ntµ
tµ − n

if n < tµ < ∞,

n if tµ = ∞.

Obviously, sµ ∈ [n,∞].

The values tµ and sµ play an important role in the sequel.



4. Degenerate equations with L1-data

We de�ne

pµ = max
{ n

tµ
, 2− 1

n
+

1

tµ

}
.

Since n ⩾ 2, we have pµ > 1. In addition,

pµ < n ⇐⇒ tµ > 2− sign(n − 2).

This and the above assumption p < n imply that the inequality

p > pµ can hold only if tµ > 2− sign(n − 2).

Theorem 18. Let tµ > 2− sign(n − 2), and let p > pµ. Then, for

every function f ∈ L1(Ω), the set D(f ) is nonempty.



4. Degenerate equations with L1-data

We give two consequences of Theorem 18.

Theorem 19. Let tµ > n, and let

p > 2− 1/n + 1/tµ.

Then, for every function f ∈ L1(Ω), the set D(f ) is nonempty.

We note that for a class of degenerate elliptic equations close to
that considered here, the existence of a weak solution in W 1,1

0 (Ω)
of the Dirichlet problem for any L1-right-hand side was proved
in [Ci] under conditions implying in our notation that tµ > n
and p > 2− 1/n + 3/(2tµ).

Theorem 20. Let n > 2, tµ ⩾ n(n − 1)/(2n − 1), and let

p > 2− 1/n + 1/tµ. Then, for every function f ∈ L1(Ω), the set

D(f ) is nonempty.



4. Degenerate equations with L1-data

The proof of Theorem 18 is based on the use of a result of [KG2]

on the existence of a weak solution of the Dirichlet problem for

a class of degenerate anisotropic equations with L1-data.

In turn, this result was established using a result of [KG1] on the

solvability of degenerate anisotropic variational inequalities with

L1-data.

[KG1] Kovalevsky A.A., Gorban Yu.S. On T -solutions of degenerate
anisotropic elliptic variational inequalities with L1-data. Izv. Ross. Akad.
Nauk. Ser. Mat. 75 (2011), no. 1, 101�160.

[KG2] Kovalevsky A.A., Gorban Yu.S. Solvability of degenerate

anisotropic elliptic second-order equations with L1-data. Electron. J.

Di�er. Equ. 2013. Paper No. 167.



4. Degenerate equations with L1-data

Next, we set

p̃ =


1

2− p
if p < 2,

∞ if p ⩾ 2.

Since p > 1, we have p̃ ∈ (1,∞].

We de�ne

V 1,p̃(µ,Ω) = {v ∈ W 1,1(Ω) : µDiv ∈ Lp̃(Ω), i = 1, . . . , n}.

V 1,p̃(µ,Ω) is a vector space with the norm

∥v∥p̃,µ = ∥v∥L1(Ω) +
n∑

i=1

∥µDiv∥Lp̃(Ω).

We denote by V 1,p̃
0 (µ,Ω) the closure of C∞

0 (Ω) in V 1,p̃(µ,Ω).



4. Degenerate equations with L1-data

Theorem 21. Let p ⩽ 2.Assume that, for every function f ∈ L1(Ω),

the set D(f ) is nonempty. Then V 1,p̃
0 (µ,Ω) ⊂ L∞(Ω).

In the proof of this theorem, we �rst establish that there exists
an operator H : L1(Ω) → (V 1,p̃(µ,Ω))∗ such that

f ∈ L1(Ω), v ∈ C∞
0
(Ω) =⇒ ⟨Hf , v⟩ =

∫
Ω

fv dx .

A consequence of Theorem 21 is the following result.

Theorem 22. Let tµ ⩾ n, and let p ⩽ 2− 1/n + 1/tµ. Assume

that the set V 1,p̃
0 (µ,Ω) \ L∞(Ω) is nonempty. Then there exists

a function f ∈ L1(Ω) such that the set D(f ) is empty.



4. Degenerate equations with L1-data

For every y ∈ Ω, let Jy : Ω → R be the function such that

Jy (x) =


1

|x − y |

[
ln
(
e +

1

|x − y |

)]−1
if x ∈ Ω \ {y},

0 if x = y .

Theorem 23. Let tµ ⩾ n, and assume that there exists y ∈ Ω

such that µJy ∈ Lsµ(Ω). Let p ⩽ 2− 1/n + 1/tµ, and let p ̸= 2.

Then the set V 1,p̃
0 (µ,Ω) \ L∞(Ω) is nonempty.

Theorem 24. Let n > 2, and let tµ = n. Assume that there exists

y ∈ Ω such that (µJy )(x) → 0 as x → y . Let p = 2. Then the set

V 1,p̃
0 (µ,Ω) \ L∞(Ω) is nonempty.

(we recall that if tµ ⩾ n, then 1/sµ = 1/n − 1/tµ)



4. Degenerate equations with L1-data

Using Theorems 19, 20, and 22�24, we obtain the following results.

Theorem 25. Let tµ > n, and assume that there exists y ∈ Ω

such that µJy ∈ Lsµ(Ω). Then the inequality p > 2− 1/n + 1/tµ

is necessary and su�cient for the fact that for every function

f ∈ L1(Ω), the set D(f ) is nonempty.

Theorem 26. Let n > 2, and let tµ = n. Assume that there exists

y ∈ Ω such that (µJy )(x) → 0 as x → y . Then the inequality p > 2

is necessary and su�cient for the fact that for every function

f ∈ L1(Ω), the set D(f ) is nonempty.

Theorem 27. Let tµ = ∞. Then the inequality p > 2− 1/n is

necessary and su�cient for the fact that for every function

f ∈ L1(Ω), the set D(f ) is nonempty.



4. Degenerate equations with L1-data

We give some examples of the function µ satisfying the initial

assumptions and the conditions of the above theorems.

We recall these assumptions:

µ ∈ L∞(Ω) is a nonnegative function, µ > 0 a.e. in Ω,

and the set {t > 0 : 1/µ ∈ Lt(Ω)} is nonempty.

By de�nition, tµ = sup{t > 0 : 1/µ ∈ Lt(Ω)}.
Moreover, if tµ ⩾ n, then 1/sµ = 1/n − 1/tµ.

Example 1. Let y ∈ Ω, let α > 0, and let µ : Ω → R be the
function such that for every x ∈ Ω,

µ(x) = |x − y |α.

It is easy to see that the function µ satis�es the above assumptions.

In addition, tµ = n/α.



4. Degenerate equations with L1-data

At the same time, we distinguish the following cases:

1. Let n > 2, α ⩽ 2+ 1/(n − 1), and p > 2− (1− α)/n.

Then tµ ⩾ n(n − 1)/(2n − 1) and p > 2− 1/n + 1/tµ.

Therefore, Theorem 20 can be applied to the function µ.

2. Let n > 2, 2+ 1/(n − 1) < α < n, and p > α.

Then tµ > 1 = 2− sign(n − 2) and p > α = pµ.

Therefore, Theorem 18 can be applied to the function µ.



4. Degenerate equations with L1-data

3. Let α < 1. Then tµ > n, sµ = n/(1− α), and µJy ∈ Lsµ(Ω).

Thus, the function µ satis�es the conditions of Theorem 25.

Then the inequality p > 2− (1− α)/n is necessary and su�cient

for the fact that for every function f ∈ L1(Ω), D(f ) ̸= ∅.

This agrees with the main result of the work

[KN] Kovalevsky, A.A., Nicolosi, F. On a sharp condition for the
existence of weak solutions to the Dirichlet problem for degenerate
nonlinear elliptic equations with power weights and L1-data.

Electron. J. Di�er. Equ. 2015. Paper No. 52.

4. Let α = 1. Then tµ = n, and (µJy )(x) → 0 as x → y .

Therefore, if n > 2, Theorem 26 can be applied to the function µ.



4. Degenerate equations with L1-data

Example 2. Let k ∈ N, k ⩾ 2, and let y (1), . . . , y (k) be di�erent

points in Ω. We de�ne Y = {y (1), . . . , y (k)}, and let µ : Ω → R
be the function such that for every x ∈ Ω,

µ(x) = d(x ,Y ).

It is easy to see that µ ∈ L∞(Ω), the function µ is nonnegative,

and µ > 0 a.e. in Ω. In addition, the set {t > 0 : 1/µ ∈ Lt(Ω)}
is nonempty and tµ = n.

Setting y = y (1), we �nd that (µJy )(x) → 0 as x → y .

Thus, if n > 2, Theorem 26 can be applied to the function µ.



4. Degenerate equations with L1-data

Example 3. Assume that Ω = {x ∈ Rn : |xi | < 1/2, i = 1, . . . , n}.
Let y ∈ Ω be such that y1 ̸= 0, let 0 < α ⩽ 1 and 0 < β ⩽ α/n.

Let µ : Ω → R be the function such that for every x ∈ Ω,

µ(x) = min{|x − y |α, |x1|β}.

We have µ ∈ L∞(Ω), the function µ is nonnegative, and µ > 0

a.e. in Ω. In addition, the set {t > 0 : 1/µ ∈ Lt(Ω)} is nonempty

and tµ = n/α.

1. Let α < 1. Then tµ > n, sµ = n/(1− α), and µJy ∈ Lsµ(Ω).

Therefore, Theorem 25 can be applied to µ.

2. Let α = 1. Then tµ = n, µJy ∈ L∞(Ω), and (µJy )(x) → 0

as x → y . Therefore, if n > 2, Theorem 26 can be applied to µ.



4. Degenerate equations with L1-data

Example 4. Let y ∈ Ω, let β > 0, and let µ : Ω → R be the

function such that µ(y) = 0 and, for every x ∈ Ω \ {y},

µ(x) =
[
ln
(
e +

1

|x − y |

)]−β
.

We have µ ∈ L∞(Ω), the function µ is nonnegative, and µ > 0

a.e. in Ω. In addition, the set {t > 0 : 1/µ ∈ Lt(Ω)} is nonempty

and tµ = ∞.

Therefore, Theorem 27 can be applied to the function µ.


