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1. Annotation

We first present a survey of some results on the existence and
nonexistence of weak solutions of the Dirichlet problem for
nonlinear nondegenerate elliptic equations with right-hand side
in the Lebesgue spaces L™, where m > 1.

Then we consider a class of second-order nonlinear degenerate
elliptic equations whose model representative is as follows:
n

—3 Di(w|VulP™2Dju) = f in Q, (0.1)
i=1

where € is a bounded open set in R" containing the origin,
fell(Q), w: Q— R is a function defined by w(x) = |x|*
with « € (0,1] and p € (1, n).

If « =0, equation (0.1) has the form —A,u = f.



1. Annotation

As is known, if p > 2 — 1/n, the Dirichlet problem
—Apu=1fin Q, u=0in 0Q (0.2)
has a weak solution for every f € L1(Q).

If p<2—1/n, there exists f € L}(£2) such that problem (0.2) has

no weak solution.
For the Dirichlet problem for equation (0.1) with w(x) = |x|¢,
it is known that

(a) if p>2—(1—a)/n, then the problem has a weak solution
for every f € L1(Q);

(b) if p < 2— (1 —a)/n, then there exists a function f € L1(Q)
such that the problem has no weak solution.



1. Annotation

In the talk, we describe similar results for a class of degenerate

equations including equation (0.1).

The growth and coercivity conditions on the coefficients of the

equations of this class involve a weighted function u: Q — R

and a parameter p related to the growth rate of the coefficients

with respect to the gradient of unknown function.

The results we present below show what requirements on the

weighted function p allows to find a number po(u) such that

(a) if p > po(p), then the problem has a weak solution for
every f € L}(Q);

(b) if p < po(u), then there exists a function f € L*(Q) such
that the problem has no weak solution.



2. Nondegenerate equations with L!-data

Let © be a bounded open set in R” (n > 2). We consider the
following Dirichlet problem:

—> Djai(x,Vu)=fin Q, wu=0on Q. (1)
i=1

Here a;: Q@ x R" - R, i =1,...,n, are Carathéodory functions
such that, for a.e. x € Q and every &, ¢ e R", £ #£ ¢/,
S laile£) < alel ! + g,
Sailx )6 > alele
S ail,€) — 3 (& — &) > 0

with p € (1,n), 1,2 >0, g € Lp/(”_l)(Q), g=>0in Q.



2. Nondegenerate equations with L!-data

We define

Let f € LPY/(P=1)(Q).
Definition 1. A generalized solution of problem (1) is a function

u € WHP(Q) such that, for every v € W1P(Q),

n

/Q{Z a,-(x,Vu)D;v}dx:/vadx.

i=1

Theorem 2. If f € LP/(P"=1)(Q), then there exists a unique
generalized solution of problem (1).



2. Nondegenerate equations with L!-data

In the case f € L™(Q2) with m > p*/(p* — 1), the following
assertions hold for any generalized solution u of problem (1):

*

n

a) if <m< —, then uc IMNQ
() if P <m<? @
-1
for every \ such that p*<x\<m;
n—mp

(b) if m= then u € LNRQ) for every )\ > p*;

<13

. n
(c) if m> —, then ue L*®(Q).
P
These results are established, for instance, using the Stampacchia
method. See:
G. Stampacchia, Equations elliptiques du second ordre a coefficients
discontinus. Les Presses de |'Universite de Montréal, 1966.



2. Nondegenerate equations with L!-data

In the case f € L}(R), problems of the form (1) were studied in

[BG1] Boccardo L., Gallouét T. Nonlinear elliptic and parabolic
equations involving measure data. J. Funct. Anal. 87 (1989), no. 1,
149-169.

[BG2] Boccardo L., Gallouét T. Nonlinear elliptic equations with
right hand side measures. Comm. Partial Differential Equations 17
(1992), no. 3-4, 641-655.

[BBGGPV] Bénilan Ph., Boccardo L., Gallouét T., Gariepy R.,
Pierre M., Vazquez J.L. An [!-theory of existence and

uniqueness of solutions of nonlinear elliptic equations. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 22 (1995), no. 2, 241-273.



2. Nondegenerate equations with L!-data

Let f € L1(Q).

Definition 3. A weak solution of problem (1) is a function
u € WL(Q) such that:

(a) Vi € {1,...,n}, ai(x,Vu) € LY(Q);

n

(b) Vv € G°(Q), /Q{Z a,-(x,Vu)D,-v}dx :/vadx.

i=1
Theorem 4 [BG2]. If p > 2 —1/n, then there exists a weak
solution of problem (1) belonging to WY(Q) for every ),
1< A<r, wherer=n(p—1)/(n—1).

Remark 5. If p <2—1/n, then problem (1) in general
may not have weak solutions (see [BBGGPV]).



2. Nondegenerate equations with L!-data

For every k >0, let T4 : R = R, Ty(s) = max{min{s, k}, —k}.
We define

TLP(Q) = {u: Q 5 R:Vk >0, T(u) € WHP(Q)}.

If uc T2P(Q)and i € {1,...,n}, then there exists a unique
function d;u : Q — R such that, for every k > 0,

DiTy(u) = dju - Lijuj<ky a.e. in €.

For every u € %17P(Q) we set du = (O1u,...,0nU).

Definition 6. An entropy solution of problem (1) is a function

uc TLP( ) such that for every v € WLP(Q) N L>°(€2) and every
k >0,

/Q{Za"(x’éu)D"Tk(“_V)}dX:/Qka(u—v)dx,

i=1



2. Nondegenerate equations with L!-data

According to [BBGGPV], the following theorems hold.

Theorem 7. There exists a unique entropy solution
of problem (1).

Theorem 8. Let p > 2 —1/n, and let u be the entropy solution
of problem (1). Then u is a weak solution of problem (1) and

ue V\O/l’)‘(Q) for every A\, 1 < A <'r, where r = n(p —1)/(n—1).

We also note that

if £ e LP/(P"=1)(Q) and u is an entropy solution of problem (1),
then u is a weak solution and a generalized solution of the same
problem.



2. Nondegenerate equations with L!-data

Note: if p > 2 — 1/n, weak solutions of problem (1) generally may not
belong to the space W' (Q) [Boccardo and Gallouét, 1992].

As for additional conditions on f ensuring the existence of weak
solutions of problem (1) belong to W1 (Q), we note

Boccardo and Gallouét, 1992:

p>2—1/n and flIn(1+|f]) € L1(Q);

Boccardo and Gallouét, JDE, 2012:

p=2-1/n and fin(l+ |f]) € L}Y(Q);

AK, Math. Notes, 2001:
p=2—1/n and f[In(1+ |f])]* € L}(Q), where X\ > (n—1)/n.



2. Nondegenerate equations with L!-data

AK, Nonlinear Anal., Vol. 192, 2020:
if p=2—1/nand f[In(1 + |FN]* € LY(Q) with A > (n—1)/n,

then there exists a weak solution u of problem (1) such that
¥y € (0,An%/(n = 1)* = 1), |ul” " DIn(1 + |u)]" € L}(9),

Vy € (0,An/(n—1)—1), |Vu|[ln(1+ |Vu])]" € L}(Q).

This result improves the above results of [AK, Math. Notes,
2001] and [Boccardo and Gallouét, JDE, 2012].



3. Nondegenerate equations with L™-data.

Existence results

Theorem 10. [BG2]. Let p>2—1/n. Let1 < m < p*/(p* — 1),
and let f € L™(Q). Then there exists a weak solution of probl. (1)

belonging to W1(P=)m*(Q), where m* = nm/(n — m).
The next result is proved in [AK, Math. Notes, 2001, Vol. 70].

Theorem 11. Let p <2 —1/n. Let

n/(np—n+1) <m<p*/(p* - 1),
and let f € L™(S2). Then there exists a weak solution of probl. (1)
belonging to W(p-1)m* (Q).

Theorems 10 and 11 imply the following result.

Theorem 12. Let p>2—1/n. Let1 < m < p*/(p* — 1), and
let f € L™(2). Then there exists a weak solution of probl. (1)

belonging to IZ/L(P_”’"*(Q).



3. Nondegenerate equations with L™-data.

Existence results

As for the case p < 2 —1/n, we proved the following result.

Theorem 13. Let p <2 —1/n. Let

n/(np—n+1) <m<p*/(p* 1), (*)
and let f € L™(QQ). Then there exists a weak solution of probl. (1)
belonging to W (P-m" (Q).

see Theorem 1.5.6 in Kovalevsky A.A., Skrypnik I.I., Shishkov A.E.
Singular Solutions of Nonlinear Elliptic and Parabolic Equations, 2010.

Remark 14. We note that if m € [1, n), then
n/(np—n+1)< m<(p—1)m* > 1.



3. Nondegenerate equations with L™-data.

Nonexistence result

Theorem 15. Let p <2 —1/n, and let

I1<m<n/(np—n+1). (*x)
Then there exists f € L™(2) such that problem (1) has no weak
solutions.

This result was proved in

[KN1] Kovalevsky A.A., Nicolosi F. On conditions of the nonexistence
of solutions of nonlinear equations with data from classes close to L.

J. Partial Differ. Equ. 26 (2013), no. 1. 39-47.



3. Nondegenerate equations with L™-data.

Nonexistence result

The proof of Theorem 15 is based on the following result in [KN1].

Proposition 16. Let m>1, /€ N, I <n, 1 < k < n/l, and let
H: L™(Q) — (W"k(Q))* be an operator such that

fel™Q), e () = (Hf,p) :/ fodx.
Q

Then m/(m —1) < nk/(n— k).

Proving Theorem 15 by contradiction, we construct an operator H such
as in the statement of Proposition 16 with /=1 and k=1/(2 — p).
Then, by Proposition 16, m > n/(np — n+ 1), which contradicts
condition (*x) of Theorem 15. The obtained contradiction proves
Theorem 15.



4. Degenerate equations with L!-data

The existence of different types of solutions of the Dirichlet
problem for second-order nonlinear degenerate elliptic equations

with L1-data and measure data was studied in

[Ci] Cirmi G.R. On the existence of solutions to non-linear
degenerate elliptic equations with measures data. Ricerche Mat.
42 (1993), no. 2, 315-329.

[AR] Atik Y., Rakotoson J.M. Local T-sets and degenerate
variational problems. Part |. Appl. Math. Lett. 7 (1994), no. 4,
49-53.

[AAB] Aharouch L., Azroul E., Benkirane A. Quasilinear
degenerated equations with L' datum and without coercivity in
perturbation terms. Electron. J. Qual. Theory Differ. Equ. 2006.
Paper No. 19.



4. Degenerate equations with L!-data

[Li] Li Fengquan. Nonlinear degenerate elliptic equations with
measure data. Commentat. Math. Univ. Carol. 48 (2007), no. 4,
647-658.

[Ca] Cavalheiro A.C. Existence of entropy solutions for degenerate
quasilinear elliptic equations. Complex Var. Elliptic Equ. 53 (2008),
no. 10, 945-956.

[KN] Kovalevsky A.A., Nicolosi F. On a sharp condition for the
existence of weak solutions to the Dirichlet problem for degenerate
nonlinear elliptic equations with power weights and L!-data.
Electron. J. Differ. Equ. 2015. Paper No. 52.



4. Degenerate equations with L!-data

The results we present below have been recently published in

Kovalevsky A.A. Criteria for the existence of weak solutions of the
Dirichlet problem for nonlinear degenerate elliptic equations for any
L!-right-hand side. Mat. Zametki 116 (2024), no. 3, 505-508.

We describe sharp conditions on the parameter p (related to the

growth rate of the coefficients of the considered equations with

respect to the gradient of unknown function) which guarantee
the existence of a weak solution of the Dirichlet problem for any
L-right-hand side.

We show how these conditions depend on the involved weight
function.



4. Degenerate equations with L!-data

Let Q be a bounded open set in R” (n > 2), and let u € L*(Q)
be a nonnegative function such that y > 0 a.e. in Q.

Let p € (1,n), and let ¢;, 2 > 0.

Let g, h € L'(Q) be nonnegative functions, and let ugP € L1(Q).
Let 3;: Q xR" - R, i=1,...,n, be Carathéodory functions.
We assume that, for a.e. x € Q and every £ € R",

n

;Ia:(x SO < ap(x)[EP + u(x)gPH (x),

é 2%, E)6 > cal(x)[EP — h(x).

We also assume that for a.e. x € Q and every £, € R", £ £ ¢/,

Z[BI(X §) = ailx (& — &) > 0

=1



4. Degenerate equations with L!-data

Definition 17. If f € L}(Q), then D(f) is the set of all functions
ue l?Vlvl(Q) such that:

(i) for every i € {1,...,n}, ai(x,Vu) € L}(Q);

(ii) for every function v € C5°(R),

n

/Q{Z a,-(x,Vu)D,-v} dx = /Q fv dx.

i=1

If f € L}(Q), we call a function u € W11(Q) satisfying conditions
(i) and (ii) in Definition 17 a weak solution of the Dirichlet problem

— Z Diaj(x,Vu)=finQ, u=0on Q. (Dy)
i=1

Thus, if £ € L1(Q), then the nonemptiness of the set D(f) is
equivalent to the existence of a weak solution of problem (Ds).



4. Degenerate equations with L!-data

We assume that the set {t > 0:1/u € L*(Q2)} is nonempty and
define

t, =sup{t>0:1/ue L(Q)}.
It is clear that t, € (0, o0).
We also define

00 if t, <n,
nt,
/J/ -
=937 —n if n<t, <oo,
m
n if t, = oo.

Obviously, s, € [n, o0].

The values t, and s, play an important role in the sequel.



4. Degenerate equations with L!-data

We define

n 1 1
Pu = max{—, 2——+ —}.
ty n t,

Since n > 2, we have p, > 1. In addition,
pu < n<=t, >2—sign(n—2).

This and the above assumption p < n imply that the inequality
p > py can hold only if t, > 2 —sign(n — 2).

Theorem 18. Let t, > 2 —sign(n — 2), and let p > p,. Then, for
every function f € L1(Q), the set D(f) is nonempty.



4. Degenerate equations with L!-data

We give two consequences of Theorem 18.

Theorem 19. Let t, > n, and let

p>2—-1/n+1/t,.
Then, for every function f € L1(Q), the set D(f) is nonempty.
We note that for a class of degenerate elliptic equations close to
that considered here, the existence of a weak solution in Wol’l(Q)
of the Dirichlet problem for any L!-right-hand side was proved
in [Ci] under conditions implying in our notation that t, > n
and p>2-1/n+3/(2t,).
Theorem 20. Let n> 2, t, > n(n—1)/(2n—1), and let
p>2—1/n+1/t,. Then, for every function f € L'(Q2), the set
D(f) is nonempty.



4. Degenerate equations with L!-data

The proof of Theorem 18 is based on the use of a result of [KG2]
on the existence of a weak solution of the Dirichlet problem for

a class of degenerate anisotropic equations with L!-data.

In turn, this result was established using a result of [KG1] on the

solvability of degenerate anisotropic variational inequalities with
['-data.

[KG1] Kovalevsky A.A., Gorban Yu.S. On T-solutions of degenerate
anisotropic elliptic variational inequalities with L!-data. /zv. Ross. Akad.
Nauk. Ser. Mat. 75 (2011), no. 1, 101-160.

[KG2] Kovalevsky A.A., Gorban Yu.S. Solvability of degenerate
anisotropic elliptic second-order equations with L!-data. Electron. J.
Differ. Equ. 2013. Paper No. 167.



4. Degenerate equations with L!-data

Next, we set

00 if p>2.

Since p > 1, we have p € (1, o0].
We define

VI (1, Q) = {ve WH(Q) : uDiv € LP(Q), i=1,...,n}.
V1P (1, Q) is a vector space with the norm

n
IVlgs = Vil + > IlDiv] iaqy-
i1

We denote by Vol’ﬁ(#, Q) the closure of C§°(2) in V1P(p, Q).



4. Degenerate equations with L!-data

Theorem 21. Let p < 2. Assume that, for every function f € L1(Q),
the set D(f) is nonempty. Then Vy'P(1,Q) C L().

In the proof of this theorem, we first establish that there exists
an operator H: [1(Q) — (V¥?(u,Q))* such that

fell(Q),ve Q) = (Hf,v) = / fv dx.
Q

A consequence of Theorem 21 is the following result.

Theorem 22. Let t, > n, and let p<2—1/n+1/t,. Assume

that the set Vol’p(,u, Q) \ L>°(Q2) is nonempty. Then there exists
a function f € L1(Q) such that the set D(f) is empty.



4. Degenerate equations with L!-data

For every y € Q, let J,: © — R be the function such that

Jy(x) = ]xiy] [ln (e+ \Xiy‘)}l if x€Q\{y},
0 if x=y.

Theorem 23. Let t, > n, and assume that there exists y € Q
such that pJ, € L*(Q2). Let p<2—-1/n+1/t,, and let p # 2.
Then the set Vol”s(u, Q) \ L*°(Q) is nonempty.

Theorem 24. Let n> 2, and let t, = n. Assume that there exists
y € Q such that (uJ,)(x) — 0 as x — y. Let p=2. Then the set
Vol’ﬁ(,u,, Q) \ L>°(Q2) is nonempty.

(we recall that if t, > n, then 1/s, =1/n—1/t,)



4. Degenerate equations with L!-data

Using Theorems 19, 20, and 22—24, we obtain the following results.

Theorem 25. Let t, > n, and assume that there exists y € Q
such that uJ, € L(Q). Then the inequality p >2—1/n+1/t,
is necessary and sufficient for the fact that for every function
f e L1(Q), the set D(f) is nonempty.

Theorem 26. Let n > 2, and let t, = n. Assume that there exists
y € S such that (uJy)(x) — 0 as x — y. Then the inequality p > 2
is necessary and sufficient for the fact that for every function

f € LY(Q), the set D(f) is nonempty.

Theorem 27. Let t, = co. Then the inequality p >2 —1/n is
necessary and sufficient for the fact that for every function
f € L1(Q), the set D(f) is nonempty.



4. Degenerate equations with L!-data

We give some examples of the function u satisfying the initial
assumptions and the conditions of the above theorems.
We recall these assumptions:
€ L>(Q) is a nonnegative function, > 0 a.e. in £,
and the set {t > 0:1/u € L*(Q)} is nonempty.
By definition, t, =sup{t >0:1/u € L*(Q)}.
Moreover, if t, > n, then 1/s, =1/n—1/t,.
Example 1. Let y € Q, let &« > 0, and let u: Q2 — R be the
function such that for every x € Q,
u(x) = |x = y|*.
It is easy to see that the function u satisfies the above assumptions.

In addition, t, = n/c.



4. Degenerate equations with L!-data

At the same time, we distinguish the following cases:
l.letn>2, a<2+1/(n—1),and p>2—(1—a)/n.

Then t, > n(n—1)/(2n—1)and p>2—-1/n+1/t,.
Therefore, Theorem 20 can be applied to the function p.

2. Lletn>2,2+1/(n—1)<a<n, and p> a.
Then t, >1=2—sign(n—2) and p> a = p,.
Therefore, Theorem 18 can be applied to the function p.



4. Degenerate equations with L!-data

3. Let a < 1. Then t, > n, s, = n/(1 — ), and pJ, € L*+(Q).
Thus, the function p satisfies the conditions of Theorem 25.

Then the inequality p > 2 — (1 — «)/n is necessary and sufficient
for the fact that for every function f € L}(Q), D(f) # @.

This agrees with the main result of the work

[KN] Kovalevsky, A.A., Nicolosi, F. On a sharp condition for the
existence of weak solutions to the Dirichlet problem for degenerate
nonlinear elliptic equations with power weights and [!-data.

Electron. J. Differ. Equ. 2015. Paper No. 52.

4. Let o =1. Then t, =n, and (uJy,)(x) =0 as x = y.
Therefore, if n > 2, Theorem 26 can be applied to the function p.



4. Degenerate equations with L!-data

Example 2. Let k € N, k > 2, and let y() ... (k) be different
points in Q. We define Y = {y(®) ... y(M} and let u: Q - R
be the function such that for every x € Q,

u(x) =d(x,Y).

It is easy to see that u € L°°(£Q2), the function u is nonnegative,
and > 0 a.e. in Q. In addition, the set {t > 0:1/u € L*(Q)}

is nonempty and t, = n.
Setting y = y(1), we find that (uJ,)(x) =0 as x — y.

Thus, if n > 2, Theorem 26 can be applied to the function .



4. Degenerate equations with L!-data

Example 3. Assume that Q = {x e R": |x;| < 1/2,i=1,...,n}.
Let y € Q be such that y; #0,let 0 <a<land 0< B < a/n.
Let i: 2 — R be the function such that for every x € Q,

p(x) = min{|x — y|%, [x|’}.

We have p € L>°(R2), the function u is nonnegative, and >0
a.e. in Q. In addition, the set {t > 0:1/u € L*(Q)} is nonempty
and t, = n/a.

1. Let « < 1. Then t, > n, s, = n/(1 — ), and pJ, € L+(Q).
Therefore, Theorem 25 can be applied to p.

2. Let a=1. Then t, = n, puJ, € L*(), and (uJ,)(x) = 0

as x — y. Therefore, if n > 2, Theorem 26 can be applied to u.



4. Degenerate equations with L!-data

Example 4. Let y € Q, let 8 >0, and let u: Q — R be the
function such that p(y) = 0 and, for every x € Q\ {y},

pl) = [In (e + |xiy|)]ﬂ'

We have p € L>°(R2), the function u is nonnegative, and p >0
a.e. in Q. In addition, the set {t > 0:1/u € L*(Q)} is nonempty

and t, = oo.

Therefore, Theorem 27 can be applied to the function p.



