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Ýëëèïòè÷åñêèå óðàâíåíèÿ ñ ìåðàìè

Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn = {x = (x1, x2, . . . , xn)}, n ≥ 2.

− div a(x,∇u) + b(x, u) = µ, (1)

u
∣∣∣
∂Ω

= 0. (2)

Çäåñü µ ∈Mb(Ω) � ìíîæåñòâî ìåð Ðàäîíà ñ êîíå÷íîé ïîëíîé âàðèàöèåé.

a(x, s) = (a1(x, s), . . . , an(x, s)) : Ω× Rn → Rn, b(x, s0) : Ω× R→ R

êàðàòåîäîðèåâû.

Ñòåïåííûå íåëèíåéíîñòè

Ïóñòü s · t � ñêàëÿðíîå ïðîèçâåäåíèå s = (s1, . . . , sn), t = (t1, . . . , tn) ∈ Rn. Ïóñòü
ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ Φ(x) ∈ Lp′ (Ω), p > 1, p′ = p/(p − 1) è
êîíñòàíòû â, a > 0 òàêèå, ÷òî ïðè ï.â. x ∈ Ω è âñåõ s, t ∈ Rn ñïðàâåäëèâû
íåðàâåíñòâà:

|a(x, s)| ≤ Φ(x) + â|s|p−1;

(a(x, s)− a(x, t)) · (s− t) > 0, s 6= t;

a(x, s) · s ≥ a|s|p .



Ýíòðîïèéíîå ðåøåíèå

Ph. Benilan, L. Boccardo , Th. Gallou�et, R. Gariepy, M. Pierre, J.L. Vazquez
(Annali della Scuola Normale Superiore di Pisa. 1995)

Îáîçíà÷èì Tk(r) = max(−k,min(k, r)). T̊ 1
p (Ω) � ìíîæåñòâî èçìåðèìûõ

ôóíêöèé u : Ω→ R òàêèõ, ÷òî äëÿ ëþáîãî k > 0 Tk(u) ∈ W̊ 1
p (Ω).

Ýíòðîïèéíûì ðåøåíèåì çàäà÷è (1), (2) c µ = f ∈ L1(Ω) íàçûâàåòñÿ
ôóíêöèÿ u ∈ T̊ 1

p (Ω): äëÿ ëþáîãî ξ ∈ C∞0 (Ω) è k > 0 ñïðàâåäëèâî
íåðàâåíñòâî ∫

Ω

(a(x,∇u) · ∇Tk(u − ξ) + a0(x, u)Tk(u − ξ))dx ≤

≤
∫

Ω

fTk(u − ξ)dx.

Äëÿ p ∈ (1, n) äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ýíòðîïèéíîãî
ðåøåíèÿ çàäà÷è (1), (2) â ïðîèçâîëüíîé îáëàñòè Ω.



Ðåíîðìàëèçîâàííîå ðåøåíèå

G. Dal Maso, F. Murat, L. Orsina, A. Prignet (Ann. Scuola Norm. Sup. Pisa
Cl. Sci. 1999)
A. Malusa (Asymptotic Analysis. 2005)

Ââåäåíî ðåíîðìàëèçîâàííîå ðåøåíèå äëÿ îáùèõ ìåð µ ∈Mb(Ω).
Äîêàçàíî ïðåäñòàâëåíèå µ = µ0 + µs , ïðè÷åì µ0 ∈ L1(Ω) + W−1

p′ (Ω), à µs

ñîñðåäîòî÷åíà íà ìíîæåñòâå íóëåâîé p-åìêîñòè. Äîêàçàíû óñòîé÷èâîñòü è
ñóùåñòâîâàíèå ðåíîðìàëèçîâàííîãî ðåøåíèÿ çàäà÷è (1) (b(x, s0) ≡ 0), (2).

A. Malusa, M.M. Porzio (Nonlinear Analysis. 2007)

Äëÿ çàäà÷è (1), (2) óñòàíîâëåíî ñóùåñòâîâàíèå, à ïðè µ = µ0 è
åäèíñòâåííîñòü ðåíîðìàëèçîâàííîãî ðåøåíèÿ çàäà÷è Äèðèõëå â
ïðîèçâîëüíîé îáëàñòè Ω.



Ýëëèïòè÷åñêèå óðàâíåíèÿ ñ ïåðåìåííûìè

íåëèíåéíîñòÿìè â íåîãðàíè÷åííûõ îáëàñòÿõ

Ω ïðîèçâîëüíàÿ îáëàñòü â Rn, n ≥ 2. Àíèçîòðîïíîå óðàâíåíèå

− div a(x, u,∇u) + |u|p0(x)−2u + b(x, u,∇u) = µ. (3)

Ë.Ì. Êîæåâíèêîâà (Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå
íàïðàâëåíèÿ. 2017)

Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ýíòðîïèéíûõ ðåøåíèé çàäà÷è
Äèðèõëå (3), (2) c a(x, s0, s) ≡ a(x, s), b(x, s0, s) ≡ b(x, s0) è µ ∈ L1(Ω).

Ë.Ì. Êîæåâíèêîâà (Ìàòåìàòè÷åñêèé ñáîðíèê. 2019)

Äîêàçàíî ñóùåñòâîâàíèå ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé
çàäà÷è Äèðèõëå (3), (2) ñ µ ∈ L1(Ω).



Àíèçîòðîïíûå óðàâíåíèÿ ñ ïåðåìåííûìè íåëèíåéíîñòÿìè â

íåîãðàíè÷åííûõ îáëàñòÿõ

Ω ïðîèçâîëüíàÿ îáëàñòü â Rn, n ≥ 2.

L.Ì. Kozhevnikova ( Complex Variables and Elliptic Equations. 2019)

Äîêàçàíî ñóùåñòâîâàíèå ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé
çàäà÷è Äèðèõëå (3), (2) ñ äèôôóçíîé ìåðîé µ.

Ë.Ì. Êîæåâíèêîâà (Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2020)

Äîêàçàíà ýêâèâàëåíòíîñòü ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé
çàäà÷è Äèðèõëå (3), (2) c a(x, s0, s) ≡ a(x, s), b(x, s0, s) ≡ b(x, s0) è
äèôôóçíîé ìåðîé µ.

L.Ì. Kozhevnikova (Trends in Mathematics, 2021)

Äîêàçàíî ñóùåñòâîâàíèå ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé
óðàâíåíèÿ (3) â ïðîñòðàíñòâå Rn.



Ìîòèâèðóþùèå ïóáëèêàöèè

M.F. Bidaut-Veron (Adv. Nonlinear Stud. 2003)

Äëÿ íåîãðàíè÷åííûõ îáëàñòåé ââåäåíî ïîíÿòèå ëîêàëüíîãî
ðåíîðìàëèçîâàííîãî ðåøåíèÿ óðàâíåíèÿ

−∆pu ± |u|p0−2u = µ, p ∈ (1, n), 0 < p − 1 < p0. (4)

Äëÿ óðàâíåíèÿ ñ ïîãëîùåíèåì äîêàçàí ðåçóëüòàò îá óñòîé÷èâîñòè è êàê
ñëåäñòâèå óñòàíîâëåíî ñóùåñòâîâàíèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî
ðåøåíèÿ â Rn.

L.Veron

Local and global aspects of quasilinear degenerate elliptic equations: quasilinear
elliptic singular problems
New Jersey : World Scienti�c, 2017.



Ïðîñòðàíñòâî Lp(·)(Q)

Ïóñòü Q ⊆ Rn. Îáîçíà÷èì C+(Q) = {p ∈ C(Q)
∣∣ 1 < p ≤ p̂ < +∞},

p = inf
x∈Q

p(x), p̂ = sup
x∈Q

p(x).

Ëåáåãîâî ïðîñòðàíñòâî ñ ïåðåìåííûì ïîêàçàòåëåì Lp(·)(Q) � ìíîæåñòâî
èçìåðèìûõ ôóíêöèé v : Q → R òàêèõ, ÷òî

ρp(·),Q(v) =

∫
Q

|v(x)|p(x)dx <∞,

c íîðìîé Ëþêñåìáóðãà ‖v‖Lp(·),Q (Q) = inf

{
k > 0

∣∣∣∣∣ ρp(·),Q(v/k) ≤ 1

}
.

Ïðîñòðàíñòâî Lp(·)(Q) ÿâëÿåòñÿ ñåïàðàáåëüíûì ðåôëåêñèâíûì áàíàõîâûì
ïðîñòðàíñòâîì.



Ïðîñòðàíñòâî W 1−→p (·)(Q)

Ïóñòü −→p (·) = (p1(·), p2(·), . . . , pn(·)) ∈ (C+(Q))n, −→p (·) = (p0(·),−→p (·)) ∈
(C+(Q))n+1 è îïðåäåëèì p+(x) = max

i=1,n
pi (x), p−(x) = min

i=1,n
pi (x). Îïðåäåëèì

àíèçîòðîïíûå ïðîñòðàíñòâà ñ ïåðåìåííûìè ïîêàçàòåëÿìè Ëåáåãà
L−→p (·)(Q) = {v = (v1, v2, . . . , vn), vi ∈ Lpi (·)(Q), i = 1, . . . , n} ñ íîðìîé

‖v‖−→p (·),Q =
n∑

i=1

‖vi‖pi (·),Q .

è Ñîáîëåâà
W 1−→p (·)(Q) = {v ∈ Lp+(·)(Q), ∇v ∈ L−→p (·)(Q)}

ñ íîðìîé
‖v‖1−→p (·),Q = ‖v‖p+(·),Q + ‖∇v‖−→p (·),Q .

Ïðîñòðàíñòâî W 1−→p (·)(Q) ÿâëÿåòñÿ ðåôëåêñèâíûì áàíàõîâûì.



Ïóñòü

p(x) = n

(
n∑

i=1

1/pi (x)

)−1

, p∗(x) =

{
np(x)

n−p(x)
, p(x) < n,

+∞, p(x) ≥ n,

p∞(x) = max{p∗(x), p+(x)}.

X. Fan (Complex Variables and Elliptic Equations. 2011)

Ïóñòü Q � ïðÿìîóãîëüíàÿ îáëàñòü è −→p (·) = (p1(·), ..., pn(·)) ∈ (C+(Q))n.
Åñëè q ∈ C+(Q) è

q(·) < p∞(·),
òî èìååò ìåñòî íåïðåðûâíîå è êîìïàêòíîå âëîæåíèå W 1−→p (·)(Q) ↪→ Lq(·)(Q).

Îïðåäåëèì ëîêàëüíûå ïðîñòðàíñòâà L∞,loc(Rn), L1,loc(Rn), W 1−→p (·),loc(Rn)
êàê ïðîñòðàíñòâà, ñîñòîÿùèå èç ôóíêöèé v , îïðåäåëåííûõ â Rn, äëÿ
êîòîðûõ ïðè ëþáîé îãðàíè÷åííîé Q ⊂ Rn èìååò ìåñòî ïðèíàäëåæíîñòü
v ∈ L∞(Q), L1(Q), W 1−→p (·)(Q), ñîîòâåòñòâåííî.



Àíèçîòðîïíîå óðàâíåíèå ñ ïåðåìåííûì ðîñòîì

− div a(x,∇u) + b(x, u,∇u) = f , x ∈ Ω, f ∈ L1,loc(Rn), n ≥ 2. (5)

−
n∑

i=1

(|uxi |
pi (x)−2uxi )xi + |u|p0(x)−1u = f . (6)

Ïðåäïîëàãàåì, ÷òî
p(x) < n.

Îáîçíà÷èì q0(·) = p∗(·)/p′−, p′− = p−/(p− − 1). Ïóñòü âûïîëíåíî
äîïîëíèòåëüíîå ïðåäïîëîæåíèå: p+(·)− 1 < q0(·), êîòîðîå âîçìîæíî ïðè
óñëîâèè, ÷òî

p+(·) < p∗(·).



Óñëîâèÿ P − loc

Ïðåäïîëàãàåì, ÷òî ôóíêöèè

a(x, s) = (a1(x, s), . . . , an(x, s)) : R2n → Rn, b(x, s0, s) : R2n+1 → R

êàðàòåîäîðèåâû. Ïóñòü ñóùåñòâóþò íåîòðèöàòåëüíûå ôóíêöèè Φi ∈
Lp′i (·),loc(Rn), i = 1, . . . , n, Φ0 ∈ L1,loc(Rn), íåïðåðûâíàÿ íåóáûâàþùàÿ

ôóíêöèÿ b̂ : R+ → R+, ïîëîæèòåëüíûå ÷èñëà â, a, b òàêèå, ÷òî ïðè ï.â.
x ∈ Rn, äëÿ âñåõ s, t ∈ Rn, s0 ∈ R ñïðàâåäëèâû íåðàâåíñòâà:

|ai (x, s)| ≤ â
(
P(x, s)1/p′i (x) + Φi (x)

)
, i = 1, . . . , n; (7)

(a(x, s)− a(x, t)) · (s− t) > 0, s 6= t; (8)

a(x, s) · s ≥ aP(x, s), (9)

|b(x, s0, s)| ≤ b̂(|s0|) (Φ0(x) + P(x, s)) ;

b(x, s0, s)s0 ≥ b|s0|p0(x)+1, p+(·)− 1 < p0(·).

Çäåñü P(x, s) =
n∑

i=1

|si |pi (x), s · t =
n∑

i=1

si ti , s = (s1, . . . , sn), t = (t1, . . . , tn).



Ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå

Îïðåäåëåíèå 1-loc

Èçìåðèìàÿ êîíå÷íàÿ ï.â. ôóíêöèÿ u : Rn → R íàçûâàåòñÿ ëîêàëüíûì
ðåíîðìàëèçîâàííûì ðåøåíèå óðàâíåíèÿ (5), åñëè âûïîëíÿþòñÿ óñëîâèÿ:

a− loc) Tk(u) ∈W 1−→p (·),loc(Rn) ïðè ëþáîì k > 0;

b − loc) b(x, u,∇u) ∈ L1,loc(Rn);

c − loc) P(x,∇u)1/p′i (x) ∈ Lq(·),loc(Rn), 1 ≤ q(·) < q2i (·) =
q0(·)

q0(·) + 1
p′i (·), i = 1, . . . , n;

d − loc) |u|p+(·)−1 ∈ Lq(·),loc(Rn), 1 ≤ q(·) < q3(·) =
q0(·)

p+(·)− 1
;

äëÿ ëþáîé ôóíêöèè h ∈ Lip0(R) è ëþáîé ϕ ∈W 1
r(·)(Rn), r(·) > q′2+(·),

ñ êîìïàêòíûì íîñèòåëåì ñïðàâåäëèâî ðàâåíñòâî∫
Rn

(b(x, u,∇u)−f )h(u)ϕdx+

∫
Rn

a(x,∇u) ·(∇uh′(u)ϕ+∇ϕh(u))dx = 0. (10)



Ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå

Îïðåäåëåíèå 2-loc

Èçìåðèìàÿ êîíå÷íàÿ ï.â. ôóíêöèÿ u : Rn → R íàçûâàåòñÿ ëîêàëüíûì
ðåíîðìàëèçîâàííûì ðåøåíèåì óðàâíåíèÿ (5), åñëè âûïîëíÿþòñÿ óñëîâèÿ:
a-loc)� d-loc) è äëÿ ëþáîé ôóíêöèè w ∈W 1−→p (·)(R

n) ∩ L∞(Rn) ñ
êîìïàêòíûì íîñèòåëåì òàêîé, ÷òî

ñóùåñòâóþò k > 0, w+∞, w−∞ ∈W 1
r(·)(Rn), r(·) > q′2+(·),{

w = w+∞ ïî÷òè âñþäó ïðè u > k,
w = w−∞ ïî÷òè âñþäó ïðè u < −k, (11)

ñïðàâåäëèâî ðàâåíñòâî∫
Rn

(b(x, u,∇u)w + a(x,∇u) · ∇w)dx =

∫
Rn

wfdx. (12)

Òåîðåìà 1-loc

Ïóñòü âûïîëíåíû óñëîâèÿ P, òîãäà îïðåäåëåíèÿ 1-loc, 2-loc, ýêâèâàëåíòíû.



Îöåíêè ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ

hk (s) = (1− (|Tk (s)|+ 1)α) sign s, s ∈ R, α < 0.

Óòâåðæäåíèå 1

Ïóñòü u � ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå óðàâíåíèÿ (5), ïîëîæèì

θ̂0 = sup
x∈Rn

p0(x)p+(x)
p0(x)+1−p+(x)

. Òîãäà äëÿ ëþáûõ α < 0, φ ∈ D+(Rn) ñïðàâåäëèâû

îöåíêè:

∫
Rn

(|u|+ 1)p0(x)φθdx ≤ D1

∫
Rn

(
(1 + P′(x,Φ) + |f |)φθ + |∇φ|θ

)
dx

 , θ > θ̂0,

(13)∫
Rn

(|u|+1)α−1P(x,∇u)φθdx ≤ D2

∫
Rn

(
(1 + P′(x,Φ) + |f |)φθ + |∇φ|θ

)
dx

 , θ > θ̂0,

(14)
ñ ïîñòîÿííûìè D1(â, a, b, n, θ, suppφ,−→p ), D2(â, a, b, α, n, θ, suppφ,−→p ),
íåçàâèñÿùèìè îò u.



Îöåíêè ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ

|x| = max
i=1,n

|xi |, Π[R] = {x ∈ Rn : |x| < R}.

Óòâåðæäåíèå 2

Ïóñòü u � ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå óðàâíåíèÿ (5), òîãäà äëÿ
ëþáûõ R, k > 0 âåðíû îöåíêè

meas ({Π[R] : |u| ≥ k}) ≤ D3k
−p0 , k ≥ 1, (15)

meas ({Π[R] : P(x,∇u) ≥ k}) ≤ D4k
−γ0 , γ0 =

p0

p0 + 1
, (16)

|u|p+(·)−1 ∈ Lq(·),loc(Rn),

∫
Π[R]

|u|(p+(x)−1)q(x)dx ≤ D5, 1 ≤ q(·) < q3(·); (17)

P(x,∇u)1/p′i (·) ∈ Lq(·),loc(Rn),

∫
Π[R]

P(x,∇u)q(x)/p′i (·)dx ≤ D6, (18)

1 ≤ q(·) < q2i (·) èëè q4i (·) =
p0(·)

p0(·) + 1
p′i (·), i = 1, . . . , n.



Îöåíêè ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ

M. Sanchón, J.M. Urbano (Transactions of the american mathematical society.2009)

Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ýíòðîïèéíîãî ðåøåíèÿ çàäà÷è
Äèðèõëå äëÿ óðàâíåíèÿ

−div (|∇u|p(x)−2∇u) = µ, x ∈ Ω

ñ µ ∈ L1(Ω) è 1 < p ≤ p̂ < n, à òàêæå ðåçóëüòàòû èíòåãðèðóåìîñòè äëÿ ðåøåíèÿ è
åãî ãðàäèåíòà. Äîêàçàòåëüñòâà îïèðàþòñÿ íà àïðèîðíûå îöåíêè â ïðîñòðàíñòâàõ
Ìàðöèíêåâè÷à ñ ïåðåìåííîé ýêñïîíåíòîé.

Óòâåðæäåíèå 3

Ïóñòü u � ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå óðàâíåíèÿ (5), òîãäà äëÿ
ëþáûõ R, k > 0 ñïðàâåäëèâà îöåíêà∫

{Π[R]:|u|≥k}

|b(x, u,∇u)|dx +
1

k

∫
{Π[R]:|u|<k}

P(x,∇u)dx ≤ D7, (19)

ñ êîíñòàíòîé D7(N), íåçàâèñÿùåé îò u.

Çäåñü D3 − D7(N), ãäå N - íàáîð â, a, b, n,R,−→p (·),‖Φ‖−→p ′(·),Π[R+1], ‖f ‖1,Π[R+1],

íåçàâèñÿùèé îò u.



Ñóùåñòâîâàíèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ

Òåîðåìà 2

Ïóñòü f ∈ L1,loc(Rn), âûïîëíåíû óñëîâèÿ P − loc, òîãäà ñóùåñòâóåò ëîêàëüíîå
ðåíîðìàëèçîâàííîå ðåøåíèå u óðàâíåíèÿ (5). Åñëè f ≥ 0 äëÿ ï.â. x ∈ Rn, òî
u ≥ 0 äëÿ ï.â. x ∈ Rn.

Êîæåâíèêîâà Ë.Ì. (Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ,
2025)

Äëÿ èçîòðîïíîãî óðàâíåíèÿ ñ ïåðåìåííûìè ïîêàçàòåëÿìè íåëèíåéíîñòåé (1) c
µ = f ∈ L1,loc(Ω) óñòàíîâëåíî ñâîéñòâî óñòîé÷èâîñòè è êàê ñëåäñòâèå äîêàçàíî
ñóùåñòâîâàíèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ çàäà÷è Äèðèõëå â
ïðîèçâîëüíîé íåîãðàíè÷åííîé îáëàñòè.

Êîæåâíèêîâà Ë.Ì. (Âëàäèêàâêàçêèé ìàòåìàòè÷åñêèé æóðíàë, 2025),
(Lobachevskii Journal of Mathematics,2025)

Äëÿ èçîòðîïíîãî è àíèçîòðîïíîãî óðàâíåíèé ñ ïåðåìåííûìè ïîêàçàòåëÿìè
íåëèíåéíîñòåé âèäà (5) äîêàçàíî ñóùåñòâîâàíèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî
ðåøåíèÿ â ïðîñòðàíñòâå Rn, óñòàíîâëåíà åãî çíàêîîïðåäåë¼ííîñòü.



Ñõåìà äîêàçàòåëüñòâà òåîðåìû 2

Äëÿ ëþáîãî m ∈ N ñóùåñòâóåò ðåíîðìàëèçîâàííîå ðåøåíèå çàäà÷è

− div a(x,∇um) + b(x, um,∇um) = f , x ∈ Π[m]; (20)

um = 0, x ∈ ∂Π[m],

ãäå f ∈ L1(Π[m]).
Ïðîäîëæèì um íóëåì íà Rn. Î÷åâèäíî, um ÿâëÿåòñÿ ëîêàëüíûì
ðåíîðìàëèçîâàííûì ðåøåíèåì óðàâíåíèÿ (5).
Ïóñòü R > 0 ôèêñèðîâàíî è ϕ ∈W 1

r(·)(Rn), r(·) > q′2+(·) ñ êîìïàêòíûì
íîñèòåëåì suppϕ ⊂ Π[R] . Ñîãëàñíî îïðåäåëåíèþ 1-loc äëÿ ëþáîé
ôóíêöèè h ∈ Lip0(R) ðåøåíèå um óäîâëåòâîðÿåò ðàâåíñòâó

〈(b(x, um,∇um)−f )h(um)ϕ+a(x,∇um)·(∇umh′(um)ϕ+∇ϕh(um))〉 = 0, R ≤ m.
(10m)

Êîìå òîãî, äëÿ ëþáîé ôóíêöèè w ∈W 1−→p (·)(R
n) ∩ L∞(Rn) ñ êîìïàêòíûì

íîñèòåëåì è ñî ñâîéñòâàìè (11) ñîãëàñíî îïðåäåëåíèþ 2-loc ñïðàâåäëèâî
ðàâåíñòâî∫

Rn

(b(x, um,∇um)− f )wdx +

∫
Rn

a(x,∇um) · ∇wdx = 0, R ≤ m. (12m)



Øàã 1: Àïðèîðíûå îöåíêè äëÿ um ðàâíîìåðíûå ïî m.
Èç óòâåðæäåíèÿ 1 ⇒ ∫

Π[R]

(|um|+ 1)p0(x)dx ≤ D1, m ≥ R + 1; (21)

è äëÿ ëþáîãî α < 0 ∫
Π[R]

(|um|+ 1)α−1P(x,∇um)dx ≤ D2. (22)

Èç óòâåðæäåíèÿ 3 äëÿ m ≥ R + 1 ⇒

‖P(x,∇Tk (um))‖1,Π[R] ≤ D7k, k > 0; (23)

‖P′(x, a(x,∇Tk (um))‖1,Π[R] ≤ D8k, k ≥ 1; (24)

‖b(x , um,∇um)‖1,Π[R] ≤ D9. (25)

Èç óòâåðæäåíèÿ 2 ⇒

meas ({Π[R] : |um| ≥ k}) ≤ C7k
−p0 , k ≥ 1, (15m)

meas ({Π[R] : P(x,∇um) ≥ k}) ≤ C8k
−γ0 , γ0 =

p0

p0 + 1
. (16m)



(15m), (16m) ⇒

meas {Π[R] : |um| ≥ ρ} → 0 ðàâíîìåðíî ïî m, ρ→∞; (26)

meas {Π[R] : |∇um| ≥ ρ} → 0 ðàâíîìåðíî ïî m, ρ→∞; (27)

Èç óòâåðæäåíèÿ 2 ⇒∫
Π[R]

|um|(p+(x)−1)q(x)dx ≤ C8, 1 ≤ q(·) < q3(·); (17m)

∫
Π[R]

P(x,∇um)q(x)/p′i (·)dx ≤ C9, 1 ≤ q(·) < q2i (·) (q4i (·)). (18m)

Øàã 2: Cõîäèìîñòü um ïî÷òè âñþäó.
W 1−→p (·)(Π[R]) ↪→ Lp(·)(Π[R])⇒

um → u ï.â. â Rn, m→∞. (28)



Øàã 3: Cëàáàÿ ñõîäèìîñòü ñðåçîê.

Ëåììà 1

Ïóñòü v j , j ∈ N, v � òàêèå ôóíêöèè èç Lp(·)(Q), ÷òî {v j}j∈N îãðàíè÷åíà â

Lp(·)(Q) è v j → v ï.â. â Q, j →∞, òîãäà

v j ⇀ v ñëàáî â Lp(·)(Q), j →∞.

(23), (28), Ëåììà 1 ⇒

Tk (um) ⇀ Tk (u) â W 1−→p (·),loc(Rn).

Øàã 4: Cõîäèìîñòü ∇um ïî÷òè âñþäó.

Ëåììà 2

Ïóñòü γ : Q → [0,+∞], measQ <∞, èçìåðèìàÿ ôóíêöèÿ òàêàÿ, ÷òî
meas{x ∈ Q : γ(x) = 0} = 0. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî

íåðàâåíñòâî
∫̃
Q

γ(x)dx < δ âëå÷åò meas Q̃ < ε.

(27), (26), Ëåììà 2 ⇒

∇um → ∇u ï.â. â Rn, m→∞, (29)

∇Tk (um)→ ∇Tk (u) ï.â. â Rn, m→∞. (30)



(25), (28), (29) ⇒ b(x, u,∇u) ∈ L1,loc(Rn).
(30), (24), Ëåììà 1 ⇒

a(x,∇Tk (um)) ⇀ a(x,∇Tk (u)) ñëàáî â L−→p ′(·),loc(Rn), m→∞.

Øàã 5: Ñèëüíàÿ ñõîäèìîñòü a(x,∇um).
Èç ñõîäèìîñòåé (28), (29) è îöåíîê (17m), (18m) ⇒

|u|p+(·)−1 ∈ Lq(·),loc(Rn), 1 ≤ q(·) < q3(·), P(x,∇u)1/p′i (·) ∈ Lq(·),loc(Rn), 1 ≤ q(·) < q2i (·).

Ëåììà 3 (òåîðåìà Âèòàëè)

Ïóñòü v j , j ∈ N, v � èçìåðèìûå ôóíêöèè â Q, measQ <∞ :
v j → v ï.â. â Q, j →∞, èíòåãðàëû∫

Q

|v j (x)|dx, j ∈ N,

ðàâíîìåðíî àáñîëþòíî íåïðåðûâíû, òîãäà

v j → v ñèëüíî â L1(Q), j →∞.

|um|p+(x)−1 → |u|p+(x)−1 â Lq(·),loc(Rn), 1 ≤ q(·) < q3(·), m→∞,
ai (x,∇um)→ ai (x,∇u) â Lq(·),loc(Rn), 1 ≤ q(·) < q2i (·) (q4i (·)).



Øàã 6: ñèëüíàÿ ñõîäèìîñòü ñðåçîê â W 1−→p (·)(Π[R]).

Ëåììà 4

Ïóñòü â Q âûïîëíåíû óñëîâèÿ (7)�(9), v j , j ∈ N, v ∈W 1−→p (·)(Q), èìåþò ìåñòî
ñõîäèìîñòè

v j → v ï.â. â Q, ∇v j ⇀ ∇v â L−→p (·)(Q), j →∞,

lim
j→∞

∫
Q

qj (x)dx = 0, qj (x) = (a(x,∇v j )− a(x,∇v)) · ∇(v j − v).

Òîãäà ïî íåêîòîðîé ïîäïîñëåäîâàòåëüíîñòè

∇v j → ∇v ñèëüíî â L−→p (·)(Q), j →∞,

a(x,∇v j )→ a(x,∇v) ñèëüíî â L−→p ′(·)(Q), j →∞.

∇Tk (um)→ ∇Tk (u) â L−→p (·),loc(Rn), m→∞,

a(x,∇Tk (um))→ a(x,∇Tk (u)) â L−→p ′(·),loc(Rn), m→∞,

b(x, um,∇um)→ b(x, u,∇u) â L1,loc(Rn), m→∞.



Øàã 7: ïðåäåëüíûé ïåðåõîä.
Äîêàçûâàåòñÿ, ÷òî u óäîâëåòâîðÿåò ðàâåíñòâó (10) è ÿâëÿåòñÿ
ðåíîðìàëèçîâàííûì ðåøåíèåì â ñìûñëå îïðåäåëåíèÿ 1-loc.

F. Mokhtari (Mathematical Methods in the Applied Sciences. 2017)

Ðàññìîòðåíî íåëèíåéíîå àíèçîòðîïíîå ýëëèïòè÷åñêîå óðàâíåíèå

−div a(x,∇u) + b(x, u) = f , x ∈ Ω, f ∈ L1,loc(Rn), (1)

ñ ïåðåìåííûìè ïîêàçàòåëÿìè íåëèíåéíîñòåé è ëîêàëüíî èíòåãðèðóåìûìè
äàííûìè.

−
n∑

i=1

(|uxi |
pi (x)−2uxi )xi + |u|p0(x)−1u = f , 0 < p+(·)− 1 < p0(·).

Ôóíêöèè pi , p0 ∈ C+(Rn), p+(·) > 1 + 1/p0(·). Äîêàçàíî, ÷òî óðàâíåíèå (1)
èìååò ïî êðàéíåé ìåðå îäíî ñëàáîå ðåøåíèå
uxi ∈ Lqi (·),loc(Rn), 1 ≤ qi (·) < q4i (·)(pi (·)− 1).



Bokalo M., Domanska O. (Math. Studii. 2007)

Èññëåäîâàëè êðàåâûå çàäà÷è â íåîãðàíè÷åííûõ îáëàñòÿõ Ω äëÿ
ýëëèïòè÷åñêèõ àíèçîòðîïíûõ óðàâíåíèé ñ ïåðåìåííûìè ïîêàçàòåëÿìè
íåëèíåéíîñòåé âèäà:

−
n∑

i=1

(|uxi |
pi (x)−2uxi )xi + |u|p0(x)−1u = −

n∑
i=1

(φi (x))xi + φ0(x). (6)

À èìåííî, ðàññìàòðèâàåòñÿ ìíîæåñòâî ôóíêöèé
pi (x) ∈ L∞,loc(Ω), i = 0, . . . , n, òàêèõ, ÷òî

p0 = inf
x∈Ω

p0(x) ≥ 1, p̂0 = sup
x∈Ω

p0(x) <∞;

pi = inf
x∈Ω

pi (x) > 1, p̂i = sup
x∈Ω

pi (x) ≤ 2,

qi (x) =
(p0(x) + 1)pi (x)

p0(x) + 1− pi (x)
, n < qi , i = 1, . . . , n.

Ïðè φi ∈ Lp′i (·),loc(Ω), i = 0, . . . , n, M. Bokalo, O. Domanska äîêàçàëè

îäíîçíà÷íóþ ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (6).
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