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The problem

We consider the following parabolic equation with nonlinear
memory and absorption

ut = ∆u + a
∫ t

0
uq(x , τ)dτ − bum, x ∈ Ω, t > 0, (1)

under nonlinear nonlocal boundary condition

∂u(x , t)
∂ν

=

∫
Ω

k(x , y , t)ul(y , t)dy , x ∈ ∂Ω, t > 0, (2)

and initial datum

u(x ,0) = u0(x), x ∈ Ω, (3)

where a,b, q, m, l are positive numbers, Ω is a bounded
domain in RN for N ≥ 1 with smooth boundary ∂Ω, ν is unit
outward normal on ∂Ω.
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We suppose that the functions k(x , y , t) and u0(x) satisfy the
following conditions:

k(x , y , t) ∈ C(∂Ω× Ω× [0,+∞)), k(x , y , t) ≥ 0;u0(x) ∈ C1(Ω),

u0(x) ≥ 0 in Ω,
∂u0(x)
∂ν

=

∫
Ω

k(x , y ,0)ul
0(y)dy on ∂Ω.
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Over the last 50 years, many physical phenomena were
formulated into nonlocal mathematical models.
A lot of papers have been devoted to the blow-up phenomena
for the Cauchy problem and initial boundary value problems in
a bounded domain for parabolic equations with nonlocal
nonlinearities (L.I. Kamynin, N.I. Ionkin, A.I. Kozhanov, V.A.
Galaktionov, M. Fila, P. Souplet, J.W. Bebernes, Bressan, K.
Deng, H.A. Levine, A. Friedman, C.V. Pao, ...).
Initial boundary value problem for nonlinear parabolic equations
with linear nonlocal boundary condition has been analyzed by
many authors. Local and global existence, comparison
principle and various qualitative properties, including
asymptotic behavior of the solution, have been discussed.
Not so many papers have been devoted to initial boundary
value problems with nonlinear nonlocal equations and nonlinear
nonlocal boundary conditions.
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Blow-up problem

Let us consider the Cauchy problem for semilinear parabolic
equation {

ut = ∆u + up, x ∈ Rn, t > 0,
u(x ,0) = u0(x) for x ∈ Rn,

(4)

where u0(x) ≥ 0, u0(x) ̸= 0. The well-known result of Fujita’s
(1966) states that if p > 1 + 2/n, then (4) possesses both
global and nonglobal solutions, and in particular, if
u0(x) ≤ δ exp(−k |x |2), for some k > 0 and for δ > 0 sufficiently
small, depending on k ,p and n, then the solution to (4) is
global. On the other hand, if 1 < p < 1 + 2/n, then (4) does not
possess any global solution. In the borderline case,
p = 1 + 2/n, it was shown by Hayakawa (1973) for dimensions
n = 1,2 and by Kobayashi, Sirao and Tanaka (1977) for all
n ≥ 1 that (4) possesses no global solution.
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Let QT = Ω× (0,T ), ΓT = ∂Ω× (0,T ) ∪ Ω× {0}, T > 0.

Definition
We say that a nonnegative function
u(x , t) ∈ C2,1(QT ) ∩ C1,0(QT ∪ ΓT ) is a supersolution of (1)–(3)
in QT if

ut ≥ ∆u + a
∫ t

0
uq(x , τ)dτ − bum, (x , t) ∈ QT , (5)

∂u(x , t)
∂ν

≥
∫
Ω

k(x , y , t)ul(y , t)dy , x ∈ ∂Ω, 0 < t < T , (6)

u(x ,0) ≥ u0(x), x ∈ Ω, (7)

and u(x , t) ∈ C2,1(QT ) ∩ C1,0(QT ∪ ΓT ) is a subsolution
of (1)–(3) in QT if u ≥ 0 and it satisfies (5)–(7) in the reverse
order. We say that u(x , t) is a solution of problem (1)–(3) in QT
if u(x , t) is both a subsolution and a supersolution of (1)–(3) in
QT .
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Local existence

First of all we prove the existence of a local solution of (1)–(3).
Let {εm} be decreasing to 0 sequence such that 0 < εm < 1.
For ε = εm let u0ε(x) be the functions with the following
properties: u0ε(x) ∈ C1(Ω), u0ε(x) ≥ ε, u0εi (x) ≥ u0εj (x) for
εi > εj , u0ε(x) → u0(x) as ε→ 0 and

∂u0ε(x)
∂ν

=

∫
Ω

k(x , y ,0)ul
0ε(y)dy ,

for x ∈ ∂Ω. For min(q,m, l) < 1 the Lipschitz condition in the
right half-neighborhood of the point u = 0 is not satisfied for at
least one nonlinearity in (1) and (2), and thus we need to
consider the following auxiliary problem:
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Local existence


ut = ∆u + a

∫ t
0 uq(x , τ)dτ − bum + bεm, (x , t) ∈ QT ,

∂u(x ,t)
∂ν =

∫
Ω k(x , y , t)ul(y , t)dy , (x , t) ∈ ST ,

u(x ,0) = u0ε(x), x ∈ Ω,

(8)

where ε = εm. The notion of a solution uε for problem (8) can be
defined in a similar way as in the previous Definition.
To prove the existence of a local solution for problem (8) we
introduce the set

B =
{

h(x , t) ∈ C(QT ) : ε ≤ h(x , t) ≤ exp(t)ψ(x), h(x ,0) = u0ε(x)
}
,

where ψ(x) is a some smooth function, and consider the
problem

ut = ∆u + a
∫ t

0 vq(x , τ)dτ − bum + bεm, (x , t) ∈ QT ,
∂u(x ,t)

∂ν =
∫
Ω k(x , y , t)v l(y , t)dy , (x , t) ∈ ST ,

u(x ,0) = u0ε(x), x ∈ Ω,
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where v ∈ B. We introduce the operator Av = u, where v ∈ B
and u is a solution of problem (8).
Using the Schauder - Tychonoff fixed point theorem we
conclude that A has a fixed point in B if T is small.

Theorem

Problem (8) has a unique solution uε(x , t) in QT for small
values of T .

Theorem

Problem (1)–(3) has a maximal solution
um(x , t) = limε→0 uε(x , t) in QT for small values of T .
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Comparison principle

To prove main results we use the comparison principle and the
positiveness of a solution.

Theorem

Let u and u be a supersolution and a subsolution of problem
(1)–(3) in QT , respectively. Suppose that u(x , t) > 0 or
u(x , t) > 0 in QT ∪ ΓT if min(q, l) < 1. Then u(x , t) ≥ u(x , t) in
QT ∪ ΓT .

Theorem

Let u be a solution of problem (1)–(3) in QT . Let u0(x) ̸≡ 0 in Ω
and m ≥ 1. Then u(x , t) > 0 in QT ∪ ST . If u0(x) > 0 in Ω and
m < 1 then u(x , t) > 0 in QT ∪ ΓT .
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Blow-up in finite time

To formulate finite time blow-up result we introduce the
following conditions

inf
Ω

∫
∂Ω

k(x , y ,0)dSx > 0 (9)

and for some k1 > 0, t1 > 0∫
∂Ω

k(x , y , t)dSx ≥ k1 for any y ∈ Ω and t ≥ t1. (10)
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Blow-up in finite time

Now we formulate blow-up result.

Theorem
Let q > max(m,1) or l > max(m,1) and (10)
hold. Then solutions of (1)–(3) blow up in finite
time for any u0(x) ̸≡ 0. If l > max(m,1) and (9)
holds then solutions of (1)–(3) blow up in finite
time for large enough initial data.
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Sketch of the proof
Suppose that q > max(m,1) and u0(x) ̸≡ 0.
To prove blow-up result we introduce auxiliary functions

J1(t) =
∫
Ω

u(x , t)dx ,

J2(t) =
∫ t

0

∫
Ω

uq(x , τ)dxdτ.

Deducing integral estimates we obtain system of differential
inequalities:

J ′
1(t) ≥ aJ2(t)− b|Ω|(q−m)/q (J ′

2(t)
)m/q

,

J ′
2(t) ≥ |Ω|1−qJq

1 (t),

and after we prove that

lim
t→T

(J1(t) + J2(t)) = ∞

for some T ∈ (0,∞).
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Sketch of the proof
Let l > max(m,1) and (10) hold now. Then we deduce the
following differential inequality:

J ′
1(t) ≥

k1

2
|Ω|1−lJ l

1(t) (11)

for large values of t and∫ t

0

∫
Ω

uq(x , τ)dxdτ.

After we prove that∫ ∞

0

∫
Ω

uq(x , τ)dxdτ = ∞

and therefore solutions of (1)–(3) blow up in finite time for any
u0(x) ̸≡ 0.
In a similar way we prove the second part of the theorem.
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Global existence

Theorem

Let at least one from the following conditions
hold:
a). max(q, l) ≤ 1;
b). l ≤ 1 and 1 < q ≤ m;
c). 1 < l < m and q ≤ m.
Then every solution of (1)–(3) is global.
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Sketch of the proof

The proof of a global existence result relies on the continuation
principle and the construction of a supersolution.
In the cases max(q, l) ≤ 1 or l ≤ 1 and 1 < q ≤ m we construct
a supersolution in the following form

u(x , t) =
C exp(µt)
cφ(x) + 1

,

φ(x) is the eigenfunction corresponding to the first eigenvalue
λ1 of the following problem

∆φ(x) + λφ(x) = 0, x ∈ Ω, φ(x) = 0, x ∈ ∂Ω, (12)

which is chosen to satisfy that∫
Ω
φ(x)dx = 1. (13)
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Sketch of the proof

For the case 1 < l < m, q ≤ m to construct a supersolution we
use the change of variables in a neighborhood of ∂Ω. Let
x ∈ ∂Ω and n̂(x) be the inner unit normal to ∂Ω at the point x .
Since ∂Ω is smooth it is well known that there exists δ > 0 such
that the mapping ψ : ∂Ω× [0, δ] → Rn given by
ψ(x , s) = x + sn̂(x) defines new coordinates (x , s) in a
neighborhood of ∂Ω in Ω.
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Sketch of the proof

For points in Qδ,T = ∂Ω× [0, δ]× [0,T ] of coordinates (x , s, t)
define

v(x , t) = v((x , s), t) =
([

(s + ε)−γ − ω−γ
]β
γ

+ + A
)
exp(rt),

where s+ = max(s,0). For points in QT \ Qδ,T we set
v(x , t) = A exp(rt). We prove that v(x , t) is the supersolution
of (1)–(3) in QT .
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Remark.
In the case q ≤ m, l = m > 1 global existence and blow-up
results depend on b and k(x , y , t).

Results have been published in the journal "Lobachevskii
Journal of Mathematics", Volume 45, Issue 4, 2024, P. 1703 –
1712.
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Problem with another boundary condition
Now we consider similar problem with another boundary
condition

ut = ∆u + a
∫ t

0
uq(x , τ)dτ − bum, x ∈ Ω, t > 0, (14)

under nonlinear nonlocal boundary condition

u(x , t) =
∫
Ω

k(x , y , t)ul(y , t)dy , x ∈ ∂Ω, t > 0, (15)

and initial datum

u(x ,0) = u0(x), x ∈ Ω, (16)

where a,b, q, m, l are positive numbers, Ω is a bounded
domain in RN for N ≥ 1 with smooth boundary ∂Ω. Here,
k(x , y , t) is a nonnegative continuous function defined for
x ∈ ∂Ω, y ∈ Ω and t ≥ 0. The initial data u0(x) is a nonnegative
continuous function satisfying the boundary condition at t = 0.
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Blow-up problem for (14) – (16) with a = 1 and
k(x , y , t) = f (x , y) was considered in the paper of D. Liu, C. Mu,
I. Ahmed (2013). To formulate these results we denote

L = max
Ω

φ(x) and m0 = min
∂Ω×Ω

f (x , y).

Here φ(x) is the eigenfunction corresponding to the first
eigenvalue λ1 of the problem (12), (13).
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The main global existence and blow-up results of the paper of
D. Liu, C. Mu, I. Ahmed are stated as follows.

Theorem

Assume that q ≤ m and l ≤ 1. Then problem (14)–(16) has
global solutions for any f (x , y) and u0(x).

Theorem

Assume that q > m ≥ 1. Then a solution of problem (14)–(16)
blows up in finite time for any f (x , y) and u0(x) ̸≡ 0.

Theorem

Assume that l ≥ m ≥ q > 1 and m0λ1 > bL. Then a solution of
problem (14)–(16) blows up in finite time for provided that u0(x)
satisfies

∫
Ω u0(x)φ(x)dx >> 1.
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Global existence

Theorem
Let at least one from the following conditions
hold:
a). max(q, l) ≤ 1;
b). max(q, l) > 1 and l < (m + 1)/2, q ≤ m.
Then every solution of (14)–(16) is global.
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Blow-up in finite time

We shall suppose that

k(x , y , t) ≥ k0 > 0, x ∈ ∂Ω, y ∈ Ω, 0 < t < β.
(17)

Theorem

Let l > max{1, (m + 1)/2} and (17) hold. Then
solutions of (14)–(16) blow up in finite time for
large enough initial data. If q > max(m,1) then
solutions of (14)–(16) blow up in finite time for
any u0(x) ̸≡ 0.
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Remark.
In the case q ≤ m, l = (m + 1)/2 > 1 global existence and
blow-up results depend on b and k(x , y , t).

Results have been published in the journal "Ufa Mathematical
Journal", Volume 16, Issue 1, 2025, P. 131 – 137.
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Thank you for the attention!


