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Introduction

Let Q7 := Q x (0, T) be a parabolic cylinder, where Q C RN is a bounded domain with
Lipschitz boundary 9, T € (0, +00).
Let 0Q7 := 9Q x (0, T) be the corresponding lateral surface.

Consider the nonlinear problem
Oru — Dpu = NMulP2u+ f(x, t), (x,t) € Qr,
u(x,0) = up(x), x € Q, (P)
u(x,t) =0, (x,t) € 097.
Here, Apu = div(|V,u|P~2V,u) is the p-Laplacian, p > 1, V,u is the spatial gradient, \ € R.
We assume that f € L>°(Q7) and uo € Wy P() N L2(Q).



Introduction

A measurable function v : Q7 — R is called a weak solution of (P) provided

ue C([0,T] — 2(Q)) N LP ((o, T) > W&”’(Q)) ,

/ up dx
Q

and

t=71

. +/ (—u e + [VxulP™2 (Viu, Vip)) dxdt
t= Q

-

:)\/ |u|”*2u<pdxdt+/ f(x, t)pdxdt
Q

T T

for every 7 € (0, T] and for all test functions

p e W2 ((0,7) = L*(Q)) NLP ((0»7) - Wé’p(Q)) '



Elliptic counterpart

The problem (P) is a parabolic counterpart of the elliptic problem

_Apu = )\|u|P—2u + f(X) in Q, (1)
u=20 on 0L2.

In the linear case p = 2, we have the Fredholm alternative:
o If A & o(—A), then the solution of (1) exists and it is unique.

@ If A € o(—A), then the existence takes place only when f is L2(Q)-orthogonal to the
eigenspace of A. (But there is not uniqueness.)
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In the nonlinear case p # 2, the existence theory for this problem is much more complicated,
see, e.g., DEL PINO, DRABEK, FLECKINGER, GIRG, MANASEVICH, TAKAC. In particular,

o lf\¢ U(—Ap), then the solution exists, but it is not necessarily unique. In some cases, the
existence of at least 3 solutions is known.

@ If A € o(—Ap,), then... no natural orthogonality, but both the existence and nonexistence
can occur, depending on f.



Maximum principles

In the linear case p = 2, it is well-known (see, e.g., PROTTER & WEINBERGER) that any
solution u of our problem

Oru—Au=Adu+f(x,t)in Qr, wu(x,0)=upinQ, wu=0o0ndr
satisfies the Weak Maximum Principle (WMP):
Let up >0and f > 0. Then u>0in Q7.

Moreover, the Strong Maximum Principle (SMP) also holds:

Let up > 0 and f > 0. Assume that u(xg, to) = 0 for some (xo, tp) € Q7.
Then u=0in Q¢ 1= Q x (0, tp).
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Oru—Au=Adu+f(x,t)in Qr, wu(x,0)=upinQ, wu=0o0ndr
satisfies the Weak Maximum Principle (WMP):
Let up >0and f > 0. Then u>0in Q7.
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Let up > 0 and f > 0. Assume that u(xg, to) = 0 for some (xo, tp) € Q7.
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Analogous principles in the nonlinear case p # 2 cannot be satisfied, in general, without
additional assumptions on the parameter ), initial and source data; they are significantly
different for the fast diffusion p < 2 and slow diffusion p > 2.



Violation of SMP in the case p > 2

Consider the following shifted Barenblatt solution of the equation 0;u — Ap,u =0 for p > 2:

e dap (<252 (3) (i) )

+
where « >0, C >0, and k= (p—2+p/N)~ L.

This function satisfies zero boundary and nonnegative initial conditions on some Qr; however,
it exhibits a finite speed of propagation, and, in consequence, the SMP does not hold.
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Complete quenching for p < 2

For p < 2, the problem (P) possesses a finite time extinction phenomenon (complete
quenching). Namely, there are solutions of (P) which are strictly positive in €., and vanish in
Q x {to} for some t5 € (0, T).

An explicit example of such solution to d;u — A,u = 0 is given for N =1 as follows (see
DIBENEDETTO (1993)):
_1
u(X7 t) = (to - t)iip V(X)7

where v satisfies the equation —(|v/|P~2v/)’ = v under boundary conditions v(—1) = v(1) = 0.
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SMP

O — Dpu = MulP~2u+ f(x,t) in Qr, u(x,0)=uginQ, wu=0ondRr.
The first eigenvalue of the p-Laplacian in Q:

Alzinf{/ IVulPdx: ue W, P(Q) with /|u|”dx:1}.
Q Q

Theorem (SMP)

Let f >0in Qt and up > 0 in Q. Let u € CLO(Q7) N L>°(Q7) be a weak solution of (P).
Assume that there exists (xp, ty) € Q1 such that u(xp, to) = 0.
Then the following assertions are valid:

(i) Ifp<2and X<\, then u(x,ty) =0 for all x € Q.
(if) If p=2 and X € R, then u(x,t) =0 for all (x,t) € Q x (0, to].
(iii) If p>2 and X € R, then u(xo,t) =0 for all t € (0, tp].

See also NAZARET (2001), DIBENEDETTO, GIANAZZA, VESPRI (2011), VETOIS (2012).



SMP in other form

Theorem (SMP)

Let f >0inQr, up>0inQ, and ug £ 0 in Q. Let u € C1O(Q7) N L>®(Q7) be a weak
solution of (P). Then the following assertions are valid:

(i) If p<2and X\ < )\, then there exists t € (0, T] such that u > 0 in Qz.
(ii) Ifp=2and X\ € R, then u >0 in Q7.

(iii) Ifp>2, A €R, and ess}cinf ug > 0 for any compact subset KC of 2, then u > 0 in Q7.

Remark

The assertion (i) of these theorems remains valid for the case p < 2 and A > \; if we know
a priori that the solution u is nonnegative in Qr, i.e., if u satisfies the WMP. Indeed, in this
case we have A\|u[P=2u+ f > 0in Q7, and hence SMP holds.

But there is a counterexample!



Counterexample to WMP for p < 2 and A > A\;

Let v(t) be a positive solution of the Cauchy problem
orv — [v[P"2v =0, v(0) =0,
which is given by L
v(t) = (2 — p)75 £,
Let w be a positive weak solution to the following logistic problem:
—Apw=Aw/P2w—w in Q, w=0 on 0Q.

Such a solution exists if and only if A > A;.
It is not hard to see that —w(x) v(t) is a negative solution to

Oru — Dpu = NulP2u, (x,t) € Qr,

up(x) =0, x€Q,
u(x,t) =0, (x,t) € 097.



Comparison principles

Consider the following initial-boundary value problems of the type (P):
Oru — Dpu = NulP"2u+fin Qr, u(x,0)=upinQ, u=0ondQr, (2)

Orv — Dpv = Av|P v+ gin Qr, v(x,0)=v inQ, v=0o0ndQr. (3)

Weak Comparison Principle (WCP):
Let f < g and vy < vp. Can we say that v < v?
In the linear case p = 2:
comparison principles <= maximum principles,
and hence they all are satisfied.
In the nonlinear case p # 2:
comparison principles =  maximum principles,

but not in the other direction!



Comparison principles

Theorem (WCP)

Let f < g and ug < vp. Let u, v be weak solutions of problems (2), (3), respectively.
Assume either of the following two conditions:

(i) p<2and A\ <0;
(i) p>2and X € R.

Then u < v inQr.

The counterexample from above shows that WCP does not hold when p < 2 and A > A;.

In fact, there is a counterexample to WCP in the case p < 2 and A > 0.



Counterexample to WCP for p <2 and A > 0

Consider the following elliptic problem:

—Apw = A\w|P72w — w + h(x), x€Q,
w =0, x € 09,
where h € L>=(Q) \ {0} will be specified later.
The corresponding energy functional defined on X = W, ?(Q) N L2(Q) is given by

Ex(w) = /|Vw|pdx——/|w\pdx+ /|W|2 dx—/h(x)wdx

This functional is coercive and weakly lower semicontinuous on X, and hence it possesses a
global minimizer wy, which is a nontrivial weak solution of (4).

Let us show that for some h there exists another solution wy # wj.



Counterexample to WCP for p <2 and A > 0

Fix £ € (0,1) such that B,.(0) C Q. Consider any C?(Q)-function

wo(x) = |x|™ for |x| <e
wo(x) =0 for x € Q\ By(0),
ApWO S C(ﬁ),

where m is sufficiently large. Define now h € C(Q) by
h(x) := —Apwo(x) — A wo (x)]P 2 wo (x) + wo(x).
It can be shown that h is necessarily sign-changing.

By construction, wy € X and wy is a solution of our elliptic equation (4).

However, it can be shown that wg is a saddle point of Ey, and hence wy # wy.



Counterexample to WCP for p <2 and A > 0

Let us fix any 1 € (0,¢) and take any function z € C?(Q) such that

z(x)=1 for |x| < ey,
200 = 2(x) € 0,1] for =1 < x| <5,
z(x)=0 for x € Q\ B.(0),

By the mean value theorem, for any t > 0 there exists t; € (0, t) such that
E)\(Wo + tZ) = E)\(Wo) +t <E;\(W0 + toZ),Z> .
We prove that (Ej(wy + toz), z) < 0 for any small to > 0, which yields Ey(wg + tz) < Ex(wp).

Taking
v(t) = (2 - p)T7 77,

we conclude that wo(x)v(t) and wy(x)v(t) satisfy

Oru — Apu = NulP2u+ h(x) v(t)P 1 in Qr, u(x,0)=0inQ, u=0on3dQr.
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Strong comparison principle

Theorem

Let Q be of class C'** for some a € (0,1) and satisfy the interior sphere condition.
Let p<2and \=0. Let 0 < f < g. Assume that ug,vo € C**#(Q) and 0 < up < vp. If

. BVO BUO 3v0 3u0
e —_— — <
either % = 5 <0 or % < o = 0 on 09,

then, for the maximal time t(v) € (0, T] of the validity of SMP for v,

. ov 0Ou
O0<u<vin QT.‘(v) and % < % <0 on 89;(‘,)

Under imposed assumption, we have u € C*+5:(1+8)/2(Q7) for some 8 € (0,1).

See also PADIAL, TAKAC, TELLO (2010) and BENEDIKT, GIRG, KOTRLA, TAKAC (2019)
for related statements about SCP.



Sketch of the proof

I) Considering w = v — u, we have w > 0 in Q x {0}, w = 0 on 9Q5(,), w > 0 in Qz,).
Subtracting (2) from (3), we see that w formally satisfies the following linear equation:

Orw — div(A(x,t)Vw) =g — f > 0.
Here, the (N x N)-matrix A(x, t) is obtained via the mean value theorem as

A 0) = [ 19,00 = s)u+ 5P 2,(T(1 - 9)u-+ 50) o

where

Q|
Ll

&
ElS
is a symmetric, positive definite (N x N)-matrix with the eigenvalues 1 and p — 1, T is the

identity matrix, ® denotes the tensor product, and integration in the definition of A(x,t) is
taken componentwise.

A3 =T+ (p—-2) for 3eRV\ {0}




Sketch of the proof

For 6,7 > 0 small enough we consider
Os5 :={x€Q: dist(x,00Q) < d} and Of :=Os x (0,t(v) — 7).
Using the Hopf maximum principle, it can be shown that
[Viul + |Ve(v—=u) >0 in Oj.
Estimating A,, we get the existence of C;, G, > 0 such that
CilEP? < (A(x, 1), €) < Gl€)? forall (x,t) € OF and €€ RV,

i.e., uniform ellipticity in Of! Using SMP for the linear problem in OF, we get v < v in Oj.

II) There exists o > 0 such that v+ a < v on 9(2\ Os) x [0,#(v) — 7]. On the other hand,
O(u+a) — Ap(u+a)=0u—Dpu < Ov —Apv in Q7.
Hence, WCP yields u+ a < vin (2\ Os) x (0,t(v) — 7].

Consequently, u < v in Q x (0,%(v) — 7]. Letting 7 — 0, we conclude that v < v in Qz,y. [



The most important slide

Happy Birthday,
Anatoly Fedorovich!



