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Îáîçíà÷åíèÿ

Îòêðûòàÿ ïðàâàÿ ïîëóïëîñêîñòü

Π+ ≡ {z ∈ C : Re z > 0} .

Åå çàìûêàíèå áåç òî÷êè z = 0

Π
◦
+ ≡ {z ∈ C \ {0} : Re z > 0} .

Ëîãàðèôì, êîðåíü è àðêòàíãåíñ

ln z = ln |z| + i arg z =

z∫
1

dζ

ζ
, z ∈ Π

◦
+,

√
z =

√
|z| e

i
2
arg z = e

1
2
ln z, z ∈ Π

◦
+,

arctg z =

z∫
0

dζ

ζ2 + 1
, z ∈ Π+.
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Áàçîâûå ñâåäåíèÿ

Ãàììà-ôóíêöèÿ

Γ(z) =

+∞∫
0

tz−1 e−t dt, z ∈ Π+.

Ôóíêöèÿ 1/Γ(z) � öåëàÿ, ñ ïðîñòûìè íóëÿìè z = −n, n ∈ N ∪ {0}.
Ïðîèçâåäåíèå Âåéåðøòðàññà

1

Γ(z)
= z eγz

∞∏
n=1

{(
1 +

z

n

)
e−z/n

}
, z ∈ C,

ãäå γ � êîíñòàíòà Ýéëåðà�Ìàñêåðîíè.
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Ôîðìóëû Áèíå

Ïåðâàÿ ôîðìóëà Áèíå

Γ(z) =

√
2π

z
exp

z ln z − z +

+∞∫
0

(
1

2
− 1

t
+

1

et − 1

)
e−zt

t
dt

 , z ∈ Π+.

Âòîðàÿ ôîðìóëà Áèíå

Γ(z) =

√
2π

z
exp

z ln z − z + 2

+∞∫
0

arctg(t/z)

exp(2πt)− 1
dt

 , z ∈ Π+.

Whittaker E. T. and Watson G.N.

A Course of Modern Analysis.

Cambridge University Press, Cambridge, 1927.
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Ôîðìóëà Ìàëüìñòåíà

Ê. Ìàëüìñòåí (1847 ã., z = x > 0).
Äëÿ âñåõ z ∈ Π+ ñïðàâåäëèâî
èíòåãðàëüíîå ïðåäñòàâëåíèå

Γ(z) = exp


+∞∫
0

(
e−zt − e−t

1− e−t + (z − 1) e−t
)
dt

t

 .

Ôîðìóëà Ê.Ô. Ãàóññà

Γ′(z)

Γ(z)
=

+∞∫
0

(
e−t

t
− e−zt

1− e−t

)
dt .

Malmst�en C. J.

Sur la formule hu′
x = ∆ux − h

2 ∆u′
x +

B1h2

2! ∆u′′
x − B2h4

4! ∆uIV
x + etc. .

J. Reine Angew. Math. 1847. Vol. 35. � 1. P. 55�82.

Blagouchine I.

Rediscovery of Malmsten's integrals, their evaluation by contour integration methods
and some related results.

The Ramanujan Journal. 2014. Vol. 35. � 1. P. 21�110.
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Âñïîìîãàòåëüíàÿ çàäà÷à

Çàäà÷à. Ðàñïðîñòðàíèòü ïåðâóþ ôîðìóëó Áèíå è ôîðìóëó Ìàëüìñòåíà
íà ìíîæåñòâî Π

◦
+ ⊃ Π+.

Óòâåðæäåíèå. Óêàçàííûå ôîðìóëû ñïðàâåäëèâû ïðè âñåõ z ∈ Π
◦
+.

Êîñòèí À. Á., Øåðñòþêîâ Â. Á.

Îá èíòåãðàëüíûõ ïðåäñòàâëåíèÿõ âåëè÷èí, ñâÿçàííûõ ñ ãàììà-ôóíêöèåé.

Óôèìñêèé ìàòåì. æóðíàë. 2021. Ò. 13. � 4. Ñ. 51�64.
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Âñïîìîãàòåëüíàÿ ôóíêöèÿ

Γ(z) =

√
2π

z
exp

z ln z − z +

+∞∫
0

g(t) e−zt dt

 , z ∈ Π+,

g(t) ≡
(

1

2
− 1

t
+

1

et − 1

)
1

t
, t > 0, g(0) ≡ lim

t→0
g(t) =

1

12
.

Ïîâåäåíèå íà áåñêîíå÷íîñòè

g(t) ∼ 1

2t
, g′(t) ∼ − 1

2t2
, t→ +∞.

Ðàçëîæåíèÿ íà ïðîñòûå äðîáè

g(t) =

∞∑
n=1

2

t2 + 4π2 n2
> 0, t > 0,

g′(t) = −
∞∑
n=1

4t

(t2 + 4π2 n2)2
< 0, t > 0, g′(0) = 0.
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Ïåðâàÿ ôîðìóëà Áèíå

Òåîðåìà

Ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå

Γ(z) =

√
2π

z
exp

z ln z − z +

+∞∫
0

g(t) e−zt dt

 , z ∈ Π
◦
+.

Â ÷àñòíîñòè, äëÿ z = iy, ãäå y > 0, èìååì

|Γ(iy)| =

√
2π

y
exp

− πy

2
+

+∞∫
0

g(t) cos(yt) dt

 ,

y ln y − y − π

4
−

+∞∫
0

g(t) sin(yt) dt ∈ Arg Γ(iy),

+∞∫
0

g(t) cos(yt) dt =
πy

2
− 1

2
ln
(

2 sh(πy)
)
.
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Ïîëåçíûå èíòåãðàëû

Âåùåñòâåííûìè è êîìïëåêñíûìè ìåòîäàìè
âû÷èñëÿþòñÿ ñëåäóþùèå èíòåãðàëû

+∞∫
0

e−t − cos t

t
dt = 0,

+∞∫
0

(
1

t
− 1

et − 1
− e−t

2

)
dt

t
=

1

2
ln 2π,

ln z =

+∞∫
0

e−t − e−zt

t
dt, z ∈ Π

◦
+,

z ln z − z =

+∞∫
0

(
ze−t +

e−zt − 1

t

)
dt

t
, z ∈ Π

◦
+.
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Ôîðìóëà Ìàëüìñòåíà

Òåîðåìà

Ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå

Γ(z) = exp


+∞∫
0

(
e−zt − e−t

1− e−t + (z − 1) e−t
)
dt

t

 , z ∈ Π
◦
+.

Â ÷àñòíîñòè, äëÿ z = iy, ãäå y > 0, èìååì

+∞∫
0

cos(yt)− 1

et − 1

dt

t
=

1

2
ln

πy

sh(πy)
,

+∞∫
0

(
ye−t − sin(yt)

1− e−t

)
dt

t
∈ Arg Γ(iy).
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Ïîâåäåíèå ìîäóëÿ ãàììà-ôóíêöèè íà ìíèìîé îñè

Ïðîèçâåäåíèå Âåéåðøòðàññà

1

Γ(z)
= z eγz

∞∏
n=1

{(
1 +

z

n

)
e−z/n

}
, z ∈ C.

Îòñþäà

|Γ(iy)|2 =
1

y2

∞∏
n=1

n2

n2 + y2
=

π

y sh(πy)
, y > 0,

ñ èçâåñòíîé àñèìïòîòèêîé

|Γ(iy)| ∼
√

2π

y
exp

(
−πy

2

)
, y → +∞.

arg Γ(iy) = ?
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Ïðèìåíåíèÿ â çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè

Âòîðîå óðàâíåíèå Ïåíëåâå è óðàâíåíèå Êîðòåâåãà�äå Ôðèçà.

Ãåîìåòðè÷åñêàÿ îïòèêà.

Painlev�e P.

Sur les �equations di��erentielles du second ordre et d'ordre sup�erieur
dont lint�egrale g�en�erale est uniforme.

Acta Mathematica. 1902. Vol. 25. P. 1�85.

Hastings S. P., McLeod J. B.

A boundary value problem associated with the second Painlev�e transcendent
and Korteveg-de Vries equation.

Archive for Rational Mechanics and Analysis. 1980. Vol. 73. � 1. P. 31�51.

Segur H., Ablowitz M. J.

Asymptotic solutions of nonlinear evolution equations and a Painlev�e transcendent.

Physica D.: Nonlinear Phenomena. 1981. Vol. 3. � 1-2. P. 165�184.

Ñóëåéìàíîâ Á.È.

Ñâÿçü àñèìïòîòèê íà ðàçíûõ áåñêîíå÷íîñòÿõ ðåøåíèé âòîðîãî óðàâíåíèÿ Ïåíëåâå.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 1987. Ò. 23. � 5. Ñ. 834�842.

Ñóëåéìàíîâ Á.È.

Âëèÿíèå ìàëîé äèñïåðñèè íà ñàìîôîêóñèðîâêó â ïðîñòðàíñòâåííî îäíîìåðíîì ñëó÷àå.

Ïèñüìà â Æóðíàë ýêñïåðèìåíòàëüíîé è òåîðåòè÷åñêîé ôèçèêè. 2017. Ò. 106. Âûï. 6.
Ñ. 375�380.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Àðãóìåíò ãàììà-ôóíêöèè â òî÷êàõ ìíèìîé îñè

Èç ïåðâîé ôîðìóëû Áèíå

Φ(y) ≡ y ln
y

e
− π

4
−

+∞∫
0

g(t) sin(yt) dt ∈ Arg Γ(iy), y > 0,

ãäå ôóíêöèÿ g îïðåäåëåíà ôîðìóëîé

g(t) =

(
1

2
− 1

t
+

1

et − 1

)
1

t
, t > 0, g(0) =

1

12
.

Ñèíóñ-ïðåîáðàçîâàíèå Ôóðüå

+∞∫
0

g(t) sin(yt) dt , y > 0.

Ñåäëåöêèé À.Ì.

Êëàññû àíàëèòè÷åñêèõ ïðåîáðàçîâàíèé Ôóðüå è ýêñïîíåíöèàëüíûå àïïðîêñèìàöèè.

Ôèçìàòëèò, Ì., 2005.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ïðîñòåéøàÿ äâóñòîðîííÿÿ îöåíêà ôóíêöèè Φ

Îöåíêà ñâåðõó:

Φ(y) < y ln
y

e
− π

4
, y > 0.

Îöåíêà ñíèçó:

Φ(y) > y ln
y

e
− π

4
− 1

6y
, y > 0.

Â òåîðåìå íèæå èñïîëüçóþòñÿ êîðíè óðàâíåíèÿ âèäà

y ln
y

e
= A ,

âûðàæàåìûå â òåðìèíàõ W -ôóíêöèè Ëàìáåðòà.

Äóáèíîâ À. Å., Äóáèíîâà È.Ä., Ñàéêîâ Ñ.Ê.

W -ôóíêöèÿ Ëàìáåðòà è å¼ ïðèìåíåíèå â ìàòåìàòè÷åñêèõ çàäà÷àõ ôèçèêè.

ÐÔßÖ-ÂÍÈÈÝÔ, Ñàðîâ, 2006.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Áîëåå òî÷íûå îöåíêè ôóíêöèè Φ

Òåîðåìà

Äëÿ ôóíêöèè Φ ïðè âñåõ y > 0 âåðíà äâóñòîðîííÿÿ îöåíêà

Φ(y) < Φ(y) < Φ(y) ,

â êîòîðîé ìèíîðàíòà Φ è ìàæîðàíòà Φ çàäàþòñÿ ôîðìóëàìè

Φ(y) =

{
y ln y

e −
π
2 , 0 < y < 2

3π ,

y ln y
e −

π
4 − 1

6y , y > 2
3π ,

Φ(y) =

{
y ln π

2 − π
2 , 0 < y < y0 ,

y ln y
e −

π
4 , y > y0 .

Çäåñü
2

3π
= 0.21 . . . , y0 = − π

4W−1(− 1
2e

)
= 0.29 . . . , à ñèìâîëîì W−1

îáîçíà÷åíà ñîîòâåòñòâóþùàÿ âåòâü W-ôóíêöèè Ëàìáåðòà.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ãðàíèöû âñïîìîãàòåëüíûõ èíòåðâàëîâ

Ïðè êàæäîì m ∈ N ïîëîæèì

ym =
(8m− 3)π

4W0

( (8m−3)π
4e

) ,

y
m

=
3(8m− 3)πym + 2

12ymW0

( 3(8m−3)πym+2
12eym

) ,

ym =
(8m+ 5)π

4W0

( (8m+5)π
4e

) ,
ãäå W0 îáîçíà÷àåò îñíîâíóþ âåòâü W-ôóíêöèè Ëàìáåðòà.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ïðàâèëî äëÿ âû÷èñëåíèÿ arg Γ(iy)

Òåîðåìà

Ïóñòü Φ � îïðåäåëåííàÿ âûøå ôóíêöèÿ. Òîãäà ãëàâíîå çíà÷åíèå

àðãóìåíòà âåëè÷èíû Γ(iy) ïðè

y ∈
(

0,
5π

4W0( 5π
4e

)

)
= ( 0, 5.52 . . . )

âû÷èñëÿåòñÿ ïî ïðàâèëó arg Γ(iy) = Φ(y), à ïðè y ∈ ( y
m
, ym )

ñ çàäàííûì m ∈ N � ïî ïðàâèëó arg Γ(iy) = Φ(y)− 2πm.

Êîñòèí À. Á., Øåðñòþêîâ Â. Á.

Î ïîâåäåíèè ãàììà-ôóíêöèè íà ìíèìîé îñè.

Ìàòåðèàëû ìåæäóíàðîäíîé Âîðîíåæñêîé çèìíåé ìàòåìàòè÷åñêîé øêîëû.

Âîðîíåæ. Èçä. äîì ÂÃÓ. 2025. Ñ. 189�191.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ïðèìåð 1 (ãðóáàÿ îöåíêà)

Φ(y) ≡ y ln
y

e
− π

4
−

+∞∫
0

g(t) sin(yt) dt ∈ Arg Γ(iy), y > 0,

y ln
y

e
− π

4
− 1

6y
< Φ(y) < y ln

y

e
− π

4
, y > 0.

Ïóñòü y = ln 2/(2π). Òîãäà ýòà ïðåäâàðèòåëüíàÿ îöåíêà äà¼ò

ln 2

2π
ln

ln 2

2πe
− π

4
− π

3 ln 2
< arg Γ

(
ln 2

2π
i

)
<

ln 2

2π
ln

ln 2

2πe
− π

4
.

Çäåñü ëåâàÿ ÷àñòü = −2.649 ... , ïðàâàÿ ÷àñòü = −1.138 ... .
Èñòèííîå çíà÷åíèå

arg Γ

(
ln 2

2π
i

)
= −1.633 ... .

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ïðèìåð 1 (óòî÷í¼ííàÿ îöåíêà)

Φ(y) ≡ y ln
y

e
− π

4
−

+∞∫
0

g(t) sin(yt) dt ∈ Arg Γ(iy), y > 0,

y ln
y

e
− π

2
< Φ(y) < y ln

π

2
− π

2
, 0 < y < 0.22.

Ïóñòü y = ln 2/(2π) = 0.11 . . . Òîãäà òàêàÿ óòî÷í¼ííàÿ îöåíêà äà¼ò

ln 2

2π
ln

ln 2

2πe
− π

2
< arg Γ

(
ln 2

2π
i

)
<

ln 2

2π
ln
π

2
− π

2
.

Çäåñü ëåâàÿ ÷àñòü = −1.924 ... , ïðàâàÿ ÷àñòü = −1.520 ... , ñóùåñòâåííî
óëó÷øàÿ ãðàíèöû äëÿ èñòèííîãî çíà÷åíèÿ

arg Γ

(
ln 2

2π
i

)
= −1.633 ... .

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ïðèìåð 2

Âçÿâ y = 1, ïî òåîðåìå ïîëó÷èì

arg Γ(i) = Φ(1) =

+∞∫
0

et − 1− t
(et − 1)t2

sin t dt− 1− π

2
= −1.87 . . .

ñ ïðèåìëåìûìè äëÿ ïðàêòè÷åñêèõ âû÷èñëåíèé ãðàíèöàìè

−1.95 . . . = −7

6
− π

4
= Φ(1) < arg Γ(i) < Φ(1) = −1− π

4
= −1.78 . . .

Äðóãàÿ ôîðìóëà

arg Γ(i) =

π/2∫
0

{tg t} dt− 1− π

2
, {·} � äðîáíàÿ ÷àñòü.

Çàäà÷à îïóáëèêîâàíà â 2017 ãîäó â ¾La Gaceta de la RSME¿ (vol. 20,
num. 2, probl. 327).

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Ïðèìåð 3

Ïðè âûáîðå y = 3e ∈ ( y
1
, y1 ) = ( 5.54 . . . , 8.74 . . . ) ïîëó÷èì

arg Γ(3ei) = Φ(3e)− 2π =

= 3e ln 3− 5π

2
+

+∞∫
0

et − 1− t
(et − 1)t2

sin(3et) dt = 1.88 . . . ;

ñîãëàñíî æå òåîðåìàì èìååì

1.86 . . . = 3e ln 3− 9π

4
− 1

18e
= Φ(3e)− 2π < arg Γ(3ei) < Φ(3e)− 2π

= 3e ln 3− 9π

4
= 1.89 . . . ,

÷òî äà¼ò âåñüìà íåïëîõîå ïðèáëèæåíèå.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Àëüòåðíàòèâíîå ïðåäñòàâëåíèå

Âñþäó {·} � äðîáíàÿ ÷àñòü. Îäíî èç çíà÷åíèé àðãóìåíòà

π/2∫
0

{y tg τ} dτ + y ln
y

e
− π

2
∈ Arg Γ(yi), y > 0.

Ñïðàâåäëèâû òîæäåñòâà

π/2∫
0

{y tg τ} dτ = y

+∞∫
0

{s}
s2 + y2

ds =

+∞∫
0

et − 1− t
(et − 1)t2

sin yt dt, y > 0.

Ãëàâíîå çíà÷åíèå àðãóìåíòà

arg Γ(yi) = π − 2π

3

4
− y

2π
ln
y

e
−

1/4∫
0

{y tg(2πτ)} dτ

 , y > 0.

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



Âñïîìîãàòåëüíîå óòâåðæäåíèå. Ïðîñòûå ïðèìåðû

Ýëåìåíòàðíîå ñîîáðàæåíèå

Ïóñòü a ∈ C, Φ ∈ Arg a, ϕ = arg a ∈ (−π, π].

Òîãäà ϕ = π − 2π

{
π − Φ

2π

}
.

Ïðèìåðû ïðèìåíåíèÿ ôîðìóëû

y = 1 ⇒ arg Γ(i) =

π/2∫
0

{tg τ} dτ − 1− π

2
.

y = y0 ≡
π

2W0( π
2e

)
⇒ arg Γ(y0i) =

π/2∫
0

{y0 tg τ} dτ.
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Áîëåå ñëîæíûé ïðèìåð

z = −2025 + i ⇒ arg Γ(−2025 + i) = ?

Òî÷íûé îòâåò:

1

2
ln
(
20252 + 1

)
− 3π

2
+

π/2∫
arctg 2025

{tg τ} dτ −
(

1− 2025 arctg
1

2025

)
.

arg Γ(−2025 + i) ≈ ln 2025− 3π

2
ñ ïîãðåøíîñòüþ < 5 · 10−4,

arg Γ(−2025 + i) = 2.901182... , ln 2025− 3π

2
= 2.900935...

Êîñòèí À. Á., Øåðñòþêîâ Â. Á.

Àíàëèòè÷åñêàÿ ôîðìóëà äëÿ àðãóìåíòà ãàììà-ôóíêöèè êàê êîìïëåêñíîé âåëè÷èíû.

Ìàòåì. çàìåòêè (íàïðàâëåíà â ïå÷àòü).

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè



ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!

Ñ ÞÁÈËÅÅÌ, ÀËÅÊÑÀÍÄÐ ÂÀÑÈËÜÅÂÈ×!

Øåðñòþêîâ Â. Á. Î ïîâåäåíèè ãàììà-ôóíêöèè


