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×àñòè÷íûå ñóììû ðÿäà Ôóðüå ôóíêöèè f(x) ∈ L1[0, 2π] ïîðÿä-
êà n îïðåäåëÿþòñÿ, êàê èçâåñòíî, ñëåäóþùèì îáðàçîì:

Sn(f, x) =
a0
2

+

n∑
k=1

ak cos kx+ bk sin kx,

ãäå ak =
1

π

2π∫
0

f(t) cos ktdt, bk =
1

π

2π∫
0

f(t) sin ktdt.

Ñðåäíèå Âàëëå-Ïóññåíà ââîäÿòñÿ êàê ñðåäíèå àðèôìåòè÷åñêèå
÷àñòè÷íûõ ñóìì Ôóðüå:

Vn(f, x) =
Sn(x) + Sn+1(x) + . . .+ S2n−1(x)

n
.

Ïðè ïðîâåäåíèè ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ïðèáëèæåíèþ
êóñî÷íî-ãëàäêèõ ôóíêöèé áûëî çàìå÷åíî, ÷òî ñðåäíèå Âàëëå-
Ïóññåíà äàþò íà ïîðÿäîê ëó÷øóþ ñêîðîñòü ïðèáëèæåíèÿ, ÷åì ñóì-
ìû Ôóðüå. Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ àïïðîêñèìàòèâ-
íûõ ñâîéñòâ ñðåäíèõ Âàëëå-Ïóññåíà äëÿ ôóíêöèé èç êëàññà W 2,A

∞ ,
êîòîðûé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì.

Ïóñòü äàíî êîíå÷íîå ðàçáèåíèå îòðåçêà [0, 2π]:

A = {0 = a0 < a1 < . . . < as = 2π}.

×åðåçW 2,A
∞ îáîçíà÷èì êëàññ 2π-ïåðèîäè÷åñêèõ ôóíêöèé, êîòîðûå íà

êàæäîì èíòåðâàëå (ai, ai+1) èìåþò àáñîëþòíî íåïðåðûâíóþ ïðîèç-
âîäíóþ, à ñóùåñòâóþùàÿ ïî÷òè âñþäó íà èíòåðâàëå âòîðàÿ ïðîèç-
âîäíàÿ ñóùåñòâåííî îãðàíè÷åíà.

Ïðåæäå ÷åì ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò, ïðèâåäåì ëåì-
ìû, êîòîðûå áûëè èñïîëüçîâàíû ïðè åãî ïîëó÷åíèè.
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Ëåììà 1. Äëÿ ôóíêöèé

f(x) =

∞∑
k=1

cos kx

kp
, f(x) =

∞∑
k=1

sin kx

kp

èìååò ìåñòî ñëåäóþùàÿ îöåíêà (p ≥ 1)

|f(x)− Vn(f, x)| ≤
1

sin2 ε2
· 1

n(n+ 1)p
, x ∈ [ε, 2π − ε].

Ñëåäóþùàÿ ëåììà áûëà äîêàçàíà â ðàáîòå [1].
Ëåììà 2. Èìååò ìåñòî íåðàâåíñòâî

π∫
−π

|Kn(u)|du ≤ C,

ãäå

Kn(u) = n ·
2n−1∑
m=n

∞∑
k=m+1

cos ku

k2
.

Òåîðåìà. Äëÿ ôóíêöèé f(x) èç êëàññà W 2,A
∞ ñïðàâåäëèâà ñëå-

äóþùàÿ îöåíêà îñòàòêà ïðè ïðèáëèæåíèè ñóììàìè Âàëëå-Ïóññåíà:

|f(x)− Vn(f, x)| ≤
[ 4

π sin2 ε2
+ C0

]
· C(f)
n2

,

ãäå

x ∈
s−1⋃
i=0

[ai + ε, ai+1 − ε],

C(f) = max{‖f‖C(D), ‖f ′‖C(D), ess sup
[0,2π]

|f ′′(x)|},

D =

s−1⋃
i=0

(ai, ai+1) = [0, 2π] \ {ai}si=0.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
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